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ABSTRACT. The concept of fantastic filters is introduced in B E-algebras.
A necessary and sufficient condition is established for every filter of a BE-
algebra to become a fantastic filter. Fuzzification of fantastic filters is also
considered in BF-algebras. Some properties of fuzzy fantastic filters are
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1. INTRODUCTION

The notion of BE-algebras was introduced and extensively studied by H.S. Kim
and Y.H. Kim in [6]. Some properties of filters of BFE-algebras were studied by S.S.
Ahn and K.S. So in [I] and then by H.S. Kim and Y.H. Kim in [6]. The concepts
of a fuzzy set and a fuzzy relation on a set was initially defined by L.A. Zadeh
[11]. Fuzzy relations on a group have been studied by Bhattacharya and Mukherjee
[2]. In 1996, Y.B. Jun and S.M. Hong [5] discussed the fuzzy deductive systems of
Hilbert algebras. Later, W.A. Dudek and Y.B. Jun [3] considered the fuzzification
of ideals in Hilbert algebras and discussed the relation between fuzzy ideals and
fuzzy deductive systems. In [8], the author introduced the notion of fuzzy filters in
BE-algebras and discussed some related properties. Recently, the concept of fuzzy
implicative filters [9] is introduced in B E-algebra and studied the properties of these
implicative filters. Later in [10], the author studied some more properties of fuzzy
filters and also normal fuzzy filters of B FE-algebras.

In this paper, the notion of fantastic filters is introduced in B E-algebras analogous
to that in a lattice implication algebra. A necessary and sufficient condition is
established for every filter of a BFE-algebra to become a fantastic filter. The concept
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of fuzzy fantastic filters is also introduced in a B E-algebra. Some properties of fuzzy
fantastic filters are studied. A necessary and sufficient condition is derived for every
fuzzy filter of a BFE-algebra to become a fuzzy fantastic filter. Properties of fuzzy
fantastic filters are studied in terms of fuzzy relations and cartesian products.

2. PRELIMINARIES

In this section, we present certain definitions and results which are taken mostly
from the papers [6], [8], [9] and [11] for the ready reference of the reader.
Definition 2.1 ([0]). An algebra (X, *,1) of type (2,0) is called a BE-algebra if it
satisfies the following properties:

(1) zxx=1
(2) zx1=1
(3) lxz==x

(4) zx(y*x2)=yx(x*2) for all z,y,z € X
Theorem 2.2 ([6]). Let (X, *,1) be a BE-algebra. Then we have the following:
(1) z*(y*xz)=1
(2) zx((wxy)xy)) =1

We introduce a relation < on a BFE-algebra X by x < y implies zxy = 1. A
BE-algebra X is called self-distributive if x*(yxz) = (x*y)*(zxz) for all z,y, z € X.

Definition 2.3 ([6]). Let (X,*,1) be a BE-algebra. A non-empty subset F of X
is called a filter of X if, for all ,y € X, it satisfies the following properties:
(a) 1e F
(b) z € F and x xy € F imply that y € F'
Definition 2.4 ([11]). Let X be a set. Then a fuzzy set in X is a function y :
X —[0,1].
Definition 2.5 ([§]). Let X be a BE-algebra. A fuzzy set u of X is called a fuzzy
filter if it satisfies the following properties, for all z,y € X:
(F1) p(1) = p()
(F2) p(y) = min{p(x), p( +y)}
Definition 2.6 ([8]). Let u be a fuzzy set in a BE-algebra X. For any « € [0, 1],
the set po = {z € X | u(x) > a} is called a level subset of X.
Definition 2.7 ([9]). A fuzzy relation on a set S is a fuzzy set p: S x S — [0, 1].
Definition 2.8 ([9]). Let u be a fuzzy relation on a set S and v a fuzzy set in S.
Then p is a fuzzy relation on v if for all z,y € 5, it satisfies
pl,y) < min{v(z), v(y)}
Definition 2.9 ([9]). Let p and v be two fuzzy sets in a BE-algebra X. Then the
cartesian product of p and v is defined by
(,LL X V)(xay) = mm{ﬂ(f)a V(y)}
for all z,y € X.
5H4
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3. FANTASTIC FILTERS

In this section, the notion of fantastic filters is introduced in B FE-algebras. Some
properties of fantastic filters of BFE-algebras are studied. A necessary and sufficient
conditions is derived for any filter of a BE-algebra to become a fantastic filter.

Definition 3.1. A subset F' of a BFE-algebra X is called a fantastic filter if, for all
x,y,z € X, it satisfies the following properties.

(F1) 1eF

(F2) zx(y*z) € Fand z € F imply that ((z*y)*xy)xz € F

Example 3.2. Let X = {1,a,b,c} be a non-empty set. Define a binary operation
x on X as follows:

x| 1 a b ¢ d
111 a b ¢ d
all 1 b ¢ b
bl a 1 b a
c|l a 1 1 a
dl{1 1 1 b 1
Then it can be easily verified that (X, x, 1) is a BE-algebra. It is easy to check that

F ={b,c,1} is a fantastic filter in X.
Proposition 3.3. Fvery fantastic filter of a BE-algebra is a filter.

Proof. Let F be a fantastic filter of a BFE-algebra X. Let x,y € X be such that
x € Fand xxy € F. Then we get z x (1xy) =z xy € F and x € F. Hence by
condition (F2), we get y = ((y* 1) x 1) xy € F. Therefore F is a filter in X. O

Since every fantastic filter of a BE-algebra is a filter, the following corollary is a
direct consequence of the above proposition.

Corollary 3.4. Let F' be a fantastic filter of X. Then the following hold.

(1) z € F and x <y imply that y € F
(2) = <yx*z impliesz€ F

The converse of the above Proposition 3.3 is not true in general. It can be seen
in the following example.

Example 3.5. Let X = {1,a,b,c} be a non-empty set. Define a binary operation
+x on X as follows:

*|1 a b ¢ d
1{1 a b ¢ d
all 1 b ¢ d
b1l a 1 ¢ ¢
cl1l 1 b 1 b
dl{l1 1 1 1 1

Then (X, x,1) is a BE-algebra. It is clear that F' = {1} is a filter in X but it is not
a fantastic filter because of 1% ((cxa)+xc) =1 € F and 1 € F. We can see that
((axc)xc)xa=(cxc)xa=1xa=a¢ F.
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However, we now derive a set of equivalent conditions for every filter of a BFE-
algebra to become a fantastic filter.

Theorem 3.6. Let F' be a filter of a BE-algebra X. Then F' is a fantastic filter if
and only if it satisfies the following condition.

y*xx € F implies (xxy)xy)*z € F forallz,y € X
Proof. Assume that F' is a fantastic filter of X. Let z,y € X and y *x € F. Then
clearly 1 x (y*xx) =y*x € F and 1 € F. Since F is a fantastic filter, we get that
((x xy) *y) xx € F. Conversely, assume the condition. Let z,y,z € X. Suppose

z*(yxx) € F and z € F. Since F is a filter, we get that y * x € F. Hence by the
condition, we get ((z xy) * y) xx € F. Therefore F is a fantastic filter in X. O

We now discuss the fuzzification of fantastic filters in B FE-algebras.

Definition 3.7. A fuzzy set p of a BF-algebra X is called a fuzzy fantastic filter
of X if it satisfies the following properties.

(1) p(1) = p(z)

(2) p(((z*y)*y)*xz) >min{u(z),p(zx(y*xxz))} forallz,y,ze€ X
Proposition 3.8. Fvery fuzzy fantastic filter of a BE-algebra is a fuzzy filter.
Proof. Let p be a fuzzy fantastic filter of a BFE-algebra X. Hence we get the follow-

ing.
ply) = p(((y+1)*1)*xy))
> min{p(z), u(z * (1 xy))}
= min{u(z), u(z *y)}
Therefore p is a fuzzy filter in X. 0

The converse of the above proposition is not true. That is a fuzzy filter of a
BE-algebra is not a fuzzy fantastic filter as shown in the following example.

Example 3.9. Let X = {1,a,b, ¢,d} be a non-empty set. Define a binary operation
x on X as follows:

*|1 a b ¢ d
111 a b ¢ d
all 1 b ¢ d
b1l a 1 ¢ ¢
c|ll 1 b 1 b
d|l1 1 1 1 1

-+

Then it can be easily verified tha
X as follows:

(X, *,1) is a BE-algebra. Define a fuzzy set p on

08 ifz=1
p(x) = ,
0.3 otherwise

for all x € X. Then clearly u is a fuzzy filter of X, but u is not a fuzzy fantastic
filter of X since p(c) #? min{u(a), p(a* ((b*c) xb))}.

We now derive a necessary and sufficient condition for every fuzzy filter of a
BE-algebra to become a fuzzy fantastic filter.
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Theorem 3.10. A fuzzy filter p of a BE-algebra X is a fuzzy fantastic filter if and
only if it satisfies the following condition.

p(((z*y) *y) «x) 2 p(y = x) for all v,y € X

Proof. Let p be a fuzzy filter of X. Assume that p is a fuzzy fantastic filter in X.
Let z,y € X. Since u is a fuzzy fantastic filter, we get

(@ xy)*y)«x) = min{u(l), p(1x(y =)}
= p(lx(yxx))
= uy*z)
Conversely, assume that the condition holds in X. Clearly p(1) > u(x) for all
xz € X. Let z,y € X. Since p is a fuzzy filter, by the assumed condition, we get

(@ xy)xy)xax) = ply*z)
> min{p(z), (= (y )}
Therefore p is a fuzzy fantastic filter in X. O

Theorem 3.11. Let F' be a non-empty subset of a BE-algebra X. Define a fuzzy
set up : X — [0,1] as follows:

] F
MF(x):{ a ifxe

0 ifax¢F

where 0 < « < 1 s fired. Then pp is a fuzzy fantastic filter in X if and only if F
s a fantastic filter in X.

Proof. Assume that pp is a fuzzy fantastic filter in X. Since pp(1) > pp(z) for
all x € X, we get pup(l) = « and hence 1 € F. Let z,y,z € X be such that
z,z% (y*xx) € F. Then pp(z) = pur(z * (y *x)) = a. Since pup is a fuzzy fantastic
filter, we get the following:

pr(((@xy) xy) « x) = min{pp(2), pr(z * (y « )} = min{a, o} = o

Hence we get that pp(((z*y)*y) *x) = o and so ((z *y) xy) *x € F. Therefore it
concludes that F' is a fantastic filter in X.

Conversely, assume that F' is a fantastic filter of X. Since 1 € F, we get that
pr(1) = a. Hence pp(l) > pp(z) for all 2 € X. Let z,y,z € X. Suppose
z,zx (yxx) € F. Since F is a fantastic filter, we get ((z xy) xy) * & € F. Then
pr(z) = pr(z« (yx2)) = pp(((x *y) xy) *x) = a. Hence pp(((z*y) xy) *z) >
min{ur(2), ur(z * (y *x z))}. Suppose z* (y+x) ¢ F and z ¢ F. Then up(z) =
pr(z* (y*xx)) = 0. Hence pp(((z*xy) xy) *xx) > min{up(2), ur(z * (y * x))}. If
exactly one of z and zx (y=*z) is in F, then exactly one of up(z) and ppr(z*(y*x)) is
equal to 0. Hence pp(((z*y)+y)*z) = min{ur(z), pr(zx(y*x))}. By summarizing
the above results, we get pp(((z *y) *y) * x) > min{up(2), ur(z * (y x x))} for all
z,y,z € X. Therefore pup is a fuzzy fantastic filter of X. O

Proposition 3.12. Let p be a fuzzy set in a BE-algebra X. Then u is a fuzzy
fantastic filter in X if and only if for each o € [0, 1], the level subset fio s a fantastic
filter in X, when pu, # <.
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Proof. Assume that p is a fuzzy fantastic filter of X. Then u(1) > p(x) for all
x € X. In particular, u(1) > p(x) > « for all x € p,. Hence 1 € pu,. Let
2, 2% (y*x) € po. Then p(z) > o and p(z* (y*x)) > a. Since p is a fuzzy fantastic
filter, we get u(((z *xy) *y) *x) > min{u(z), u(z * (y * ))} > «. Thus it concludes
that ((x *y) *y) * € . Therefore p, is a fantastic filter in X.

@. Suppose there exists g € X such that u(1) < p(zo). Let ag = 5(p(1) + p(zo)).

Then u(1) < ap and 0 < ap < p(xo) < 1. Hence g € i, and g, # . Since
Loy is a fantastic filter in X, we get 1 € pgo, and hence u(l) > g, which is a
contradiction. Therefore (1) > p(zx) for all z € X. Let z,y,z € X be such that
wzx(yxx)) = and p(z) = ag. Then z* (y*x) € pg, and z € p,,. Without loss
of generality, assume that ay < ag. Then clearly pa, C po,. Hence z € pig,. Since
Lo, is a fantastic filter in X, we get ((z * y) *y) * & € po,. Thus it concludes that
w(((z*y) xy) xx) > a3 = min{ag, as} = min{u(z * (y *x)), u(z)}. Therefore u is a
fuzzy fantastic filter of X. O

Conversely, assume that p,, is a fantastic filter of X for each o € [0, 1] with p, #
(

For any « € [0, 1], the above fantastic filter u, of a BE-algebra is called a level
fantastic filter. Now, in the following, we derive a necessary and sufficient condition
for two level fantastic filters of a B F-algebra to become equal.

Theorem 3.13. Let u be a fuzzy fantastic filter of a BE-algebra X. Then two level
fantastic filters pio, and po, (With a1 < ag) of u are equal if and only if there is no
x € X such that oy < p(z) < as.

Proof. Assume that p,, = fa, for oy < as. Suppose there exists some z € X
such that oy < p(z) < ag. Then p,, is a proper subset of 1,, which is impossible.
Conversely, assume that there is no € X such that a3 < p(z) < ag. Since a1 < aa,
we get that pa, C pa,- If © € piq,, then p(x) > aq. Hence by the assume condition,
we get u(x) > ag. Hence x € pg, and so pa, C fia,. Therefore g, = pia,- O

Definition 3.14. Let f : X — Y be a homomorphism of BE-algebras and p is a
fuzzy set in Y. Then define a mapping uf : X — [0, 1] such that u/(z) = u(f(z))
for all x € X.

Clearly the above mapping uf is well-defined and a fuzzy set in X.

Theorem 3.15. Let f: X — Y be an onto homomorphism of BE-algebras and
wis a fuzzy set in' Y. Then u is a fuzzy fantastic filter in' Y if and only if uf is a
fuzzy fantastic filter in X.

Proof. Assume that u is a fuzzy fantastic of Y. For any x € X, we have p/(1) =
u(f(1) = u(l') = p(f(x)) = ' (). Let 2,y,z € X. Then

W ((@xy)sy)xz) = p(f(((xry)*y)*z))
= w(((f(x)* f(y) * f(y) * f(z))
min{u(f(2)), u(f(z) = (f(y) = f(z)))}
= min{u(f(2)), u(f(z* (y*x)))}

z
min{p! (), p! (z  (y
558
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Hence pf is a fuzzy fantastic filter of X. Conversely, assume that p/ is a fuzzy
fantastic filter of X. Let z € Y. Since f is onto, there exists y € X such that
f(y) = x. Then p(1') = u(f(1)) = p/ (1) > p/ (y) = u(f(y)) = p(x). Let 2,y,2 € Y.
Then there exist a,b, ¢ € X such that f(a) = z, f(b) =y and f(c) = z. Hence we
get

*

(@) *y)xa) = p(((F(a)* FB)) * F(B)) * f(a)
u(f(((ax ) *b) )
= ! (((axb)*)

a
*a)

> min{p! (c), pf (c+ (bxa))}
= min{u(f(c)), u(f(c) * (f(b) = f(a)))}
= min{p(z), p(z * (y + )}
Therefore u is a fuzzy fantastic filter in Y. O

The following Lemma is a direct consequence.

Lemma 3.16. Let o and v be two fuzzy sets in a BE-algebra X. Then the following
conditions hold.

(1) pxvisa fuzzy relation on X
(2) (X V)a = fia X Vo for all a € [0,1]
For any two BFE-algebras X and Y, define an operation * on X X Y as follows:
(z,y) * (@',y") = (zxa',yxy) forall z,2’ € X and y,y €Y
Then it can be easily observed that (X x Y, x,(1,1)) is a BFE-algebra.

Theorem 3.17. Let p and v be two fuzzy fantastic filters of a BE-algebra X. Then
WX v is a fuzzy fantastic filter in X x X.

Proof. Let (z,y) € X x X. Since p, v are fuzzy fantastic filters in X, we get
(e x W)(1L1) = mindu(1),v(1)}

man{u(x),v(y)} for all z,y € X

= (pxv)(z,y)

Let (z,2'), (y,y'),(2,2") € X x X be such that zo = (z,2'),y0 = (y,y’) and zp =
(2,2'). Put t = z* (yxx) and t' = 2’ x (v * z’). Clearly (t,t') = 2 * (yo * To). Since
w1 and v are fuzzy fantastic filters in X, we can obtain the following consequence.

Y

(1 x V) (w0 *y0) *yo) ¥ o) = (nxv)(((x*y)+y)xz,((2"*y) xy') x2')
min{p(((@ +y) xy) * ), v(((2" ')+ y) = 2")}
min{min{u(z), u(t)}, min{v(z"),v(t')}}
min{min{pu(z),v(2')}, min{u(t),v(t')}}

= min{(px v)(z,2), (pxv)(t,t)}

= min{(u xv)(20), (1 X v)(20 * (yo * x0))}
Therefore p x v is a fuzzy fantastic filter in X x X. 0
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Definition 3.18. Let v be a fuzzy set in a BE-algebra X. Then the strongest fuzzy
relation pu, is a fuzzy relation on X defined by

p (2, y) = min{v(z),v(y)}
for all z,y € X.

Theorem 3.19. Let v be a fuzzy set in a BE-algebra X and p, the strongest fuzzy
relation on X. Then v is a fuzzy fantastic filter in X if and only if p, is a fuzzy
fantastic filter of X x X.

Proof. Assume that v is a fuzzy fantastic of X. Then for any (z,y) € X x X, we
have the following:

() = min{u (@), v(y)} < min{u(1), Y1)} = (1,1
Let (z,2'), (y,¥'),(2,2") € X x X be such that o = (z,2'),y0 = (y,¥’) and zy =
(2,2'). Put t =z (yxx) and ¢ = 2’ x (v x2'). Clearly (¢,¢') = 20 * (yo * o).
(@0 * yo) xyo) xwo) = (% y) xy) x z, (2" x ') ) x ')
min{u(((z +y) * ) ), (7' + 1) 5 ') )}
)
)

Y

main{min{v(z),v(t)}, min{v(z’),v(t')}}
min{min{v(z),v(z")}, min{v(t),v(t')}}
min{p, (2, 2"), o (t, 1)}

— i (2 ), (5 % (g5 2), 2 5 (4 +2))}
= min{pu(20), b (20 * (Yo * o))}

Therefore p, is a fuzzy fantastic filter in X x X. Conversely, assume that p, is a
fuzzy fantastic filter in X x X. Then

v(1) = min{v(1), (1)} = p,(1,1) > p,(2,2) = min{v(z), v(z)} = v(z)

for all z € X. Hence it yields that v(x) < v(1) for all x € X. Let x,y,2 € X. Then
we have the following consequence.

v(((z+y) xy) * x)

min{v((z *y) *y) *x),v(1)}
o (((z % y) *y) * 2, 1)

= min{p(2,1), w((2,1) * ((y,1) = (x,1)))}
= min{p,(2,1), p (2% (y + ), 1+ (1x 1))}
= min{p,(2,1), p (2 * (y* ), 1)}
= min{min{v(z),v(1)},min{v(z x (y * z)),v(1)}}
= min{v(z),v(z x (y* x))}
Therefore v is a fuzzy fantastic filter in X. O
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