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1. INTRODUCTION

A tter introducing the fuzzy sets by Zadeh [24] in 1965 and fuzzy topology by
Chang [11] in 1967, several studies have been conducted on the generalizations of the
notions of fuzzy sets and fuzzy topology. The concept of intuitionistic fuzzy sets was
introduced by Atanassov [4, [5] as a generalization of fuzzy sets. In the last 20 years
various concepts of fuzzy mathematics have been extended for intuitionistic fuzzy
sets. In 1997 Coker [12] introduced the concept of intuitionistic fuzzy topological
spaces. Recently many fuzzy topological concepts such as, fuzzy compactness [14],
fuzzy connectedness [23], separation axioms [7], fuzzy metric spaces [22], fuzzy con-
tinuity [16] fuzzy multifunctions [17] have been generalized for intuitionistic fuzzy
topological spaces. Some authors have studied the developments of dimension theory
in fuzzy topological spaces. Adnadjevic [I}, 2] introduced the concept of generalized
fuzzy spaces (GF spaces ) and defined two dimension functions, F-ind and F-Ind.
Later, Cuchillo and Tarres [15] extended them into fuzzy topological spaces in the
case of zero dimensionality. Ajmal and Kohli [3] have studied the concept of covering
dimension in fuzzy topological spaces, in [8] T Baiju and Sunil Jacob John studied
the covering dimension of fuzzy topological space by using concept of Q- covering [9],
and in [10] they studied the covering dimension of normality in L-topological spaces
(for further studies, see [20, 21] ). However, all these studies have been carried out
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in the fuzzy topological spaces and in L-topological spaces. In the present paper, we
have introduce and investigate the concepts of intuitionistic fuzzy covering dimen-
sion of intuitionistic fuzzy topological space, in view of the definition of Chang [11]
and study some of their properties.

2. PRELIMINARIES

Definition 2.1 ([4,5]). Let X be a nonempty fixed set. An intuitionistic fuzzy set A
(IFS for short) in X is an object having the form A = {< z, pa(z),va(z) >: z € X}
where the functions ps : X — I and 4 : X — I denote the degree of membership
(namely pa(x)) and the degree of non-membership (namely v4(x)) of each element
x € X to the set A, respectively, and 0 < pa(x) + vya(zr) <1 for each z € X.

Obviously, every fuzzy set A = {< pa(x),z >: 2 € X} on X is an intuitionistic
fuzzy set of the form

A={<z,pa(x),1 —pa(x) >z e X}

Definition 2.2 ([6]). Let X be a non-empty set, and consider the intuitionistic
fuzzy sets A = {< z,pa(z),va(x) >z € X}, B={< z,up(x),v(x) >z € X}
and let {A) : A € A} be an arbitrary family of intuitionistic fuzzy sets in X. Then
(a) AC Bif [ua(z) < pp(x) and ya(z) > vp(z)],Vor € X
(b)A=BifACBand BC A
(c) A° = {< z,ya(x), pa(z) >z € X}
(d) NAy = {< x,Apa, (x),Vya, () >: © € X}, in particular
AN B = {< 2, 4(2) A (), 74(2) V 15(2) >: 2 € X}
(e) UAN ={< &, Vpa, (z), A4, (z) >: 2 € X}, in particular
AUB ={<z,ua(x)V pp(®),ya(x) ANyp(z) >z € X}
(f) 0y ={<2,0,1 > 2€ X} and 17 = {<2,1,0 >: 2z € X}

Definition 2.3 ([13]). Let a, 8 € [0,1], « + # < 1. An intuitionistic fuzzy point
(IFP for short) of nonempty set X is an IFS of X defined by

if ©=
ot ={ g8 ey

In this case, x is called the support of z(, 5 and «, are called the value and
non-value of z(, 3 respectively.

Clearly an intuitionistic fuzzy point can be represented by an ordered pair of
fuzzy point as follows:

x(a”g) = (.%'a,l — wlfg)
In IFP z(, g) is said to belong to an IFS A = {< z,pa(x),va(z) >: 2 € X}
denoted by (. 5) € A, if @ < pa(z) and 8 > ya ().

Definition 2.4 ([6]). Let X and Y be two nonempty sets and f : X — Y be a
function. Then

(a) If B={<wy,us(y),v8(y) >:y € Y} is an intuitionistic fuzzy set in Y, then
the preimage of B under f denoted by f~!(B) is the IFS in X defined by

f7UB) ={< 2, f (up) (@), f(vB)(2) 1z € X}
486



AbdulGawad. A. Q. Al-Qubati/Ann. Fuzzy Math. Inform. 7 (2014), No. 3, 485-493

(b) If A={< z, a(x),va(x) > 2 € X} is an intuitionistic fuzzy set in X, then
the image of A under f denoted by f(A) is the intuitionistic fuzzy set in Y defined
by

f(A) ={<y, fQAa)(y), 1 = f(1 —va)(y) >y €Y}

Where,
sup  {Aa(z)} if f(z) £ @,
FA(y) =3 =ef~'w
0 ) otherwise
in i —1
1—f<1—uA><y>={ se () Palel) f /) # 2
1 ) otherwise

Definition 2.5 ([12]). An intuitionistic fuzzy topology (IFT for short) on a non-
empty set X is a family of intuitionistic fuzzy sets in X satisfy the following axioms:

(T1) 0%,1% €T

(TZ) If Al,AQ eT, then A1 N Ay € 7.

(T3) If Ay € 7 for each A in A, then U Ay eT.

AEA

In this case the pair (X, 7) is called an intuitionistic fuzzy topological space (IFTS

for short) and each intuitionistic fuzzy set in 7 is known as an intuitionistic fuzzy

open sets (IFOSs for short) of X, and the complement an intuitionistic fuzzy closed
set (IFCSs for short).

Example 2.6. Let X = [0,1] and let A = {< z,pa(z),v4(z) > 2 € X},B = {<
x,up(x),vp(x) >z € X} be IFSS on X defined by

(2) = 0 , 0<z <3
HAWT) = 94 -1 , %gxgl’
(2) = 1 , 0<z <4
TAT 20 —2) , L<a<id
1 ,O§z§%

pp(z)=q 2—4z %Sl’ég,
0 ,ong%

yp(r) =4 4z -1 %gx&

Then 7 = {0%,1%,B,AU B} is an IFTS on X.

Definition 2.7. An intuitionstic fuzzy set in X is said to be clopen if it is intu-
itionstic fuzzy closed and open.

Definition 2.8 ([12]). Let (X,7) be an IFTS and A =< z, pa(x),va(z) > be an
IFS in X. Then the intuitionistic fuzzy interior and intuitionistic fuzzy closure of A

are defined by

cd(A)=n{F:Fis an IFCs in X and A C F},
int(A) =U{G:Gis an IFOS in X and G C A}
487
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Definition 2.9 ([14]). Let (X, 7) and (Y, ¢) be intuitionistic fuzzy topological spaces
then a map f: X — Y is said to be

(1) Continuous if f~1(B) is an intuitionistic fuzzy open set in X, for each intu-
itionistic fuzzy open set B in Y, or equivalently, f~!(B) is an intuitionistic fuzzy
closed set in X, for each intuitionistic fuzzy closed set B in Y,

(2) Open if f(A) is an intuitionistic fuzzy open set in Y, for each intuitionistic
fuzzy open set A in X,

(3) Closed if f(A) is an intuitionistic fuzzy closed set in Y for each intuitionistic
fuzzy closed set A in X,

(4) A homeomorphism if f is bijective, continuous, and open.

Definition 2.10 ([13]). Two intuitionstic fuzzy sets A and B of X said to be quasi-
coincident AgB if and only if there exists an element x in X such that pa(z) > vp(x)
or v4(z) < pp(z). In this, case A and B are said to be quasi-coinciden at x.

Otherwise A is not quasi-coincident with B, denote AgB) and. AgB if and only
if A C B¢

Remark 2.11. If AgB, we have that AN B # 0%. (uaqup implies that ua A up #
0%, then AN B # 0%).

Definition 2.12. Let X be a nonempty set. A family U = {Uy}xea of IFS in X is
said to be quisi-coincident family if there exists, » € X such that uy, (v) > yu, (z),
for all o, 3 € A.

A family {Uy}aea is not quisi-coincident that is for every x € X, there exist
a, 3 € A. Such that

nu, (x) < YUs ()

Definition 2.13 ([12]). A family U = {U, : A € A} where Uy = (z, pu,, Vv, ), (A €
A) of IFOS in IFTS X = (X, 7) is said to be an intuitionistic fuzzy open cover (or
intuitionistic covering for short) of IFS A if and only if A C U U,.

AEA
A sub cover of an intuitionistic fuzzy open cover U of A is a subfamily of U,

which is still an intuitionistic fuzzy open cover of A.

Definition 2.14. A family U = {U, : A € A} of IFOSs in IFTS X = (X, 7) is
said to be an intuitionistic fuzzy open cover of X if and only if U Uy = 1%, and
AEA
a collection V = {V, : @ € A} where V, = (z, uv,,vv, ), (@ € A) is said to be
intuitionistic fuzzy refinement of U if U Vo = 1%, and each V,, is contained in
a€EA

some members Uy of U.

Definition 2.15. Let Y be IFS in IFTS X = (X, 7) then the set of restriction
7y = {U|Y : U € 7} is an intuitionistic fuzzy topology on Y, and Y = (Y, 7y} is
called an intuitionistic fuzzy subspace of IFTS. X = (X, 7).

3. INTUITIONSITIC FUZZY COVERING DIMENSION

Definition 3.1. Let X be a nonempty set. A family U = {Uy}recp of IFSs in X is
said to be of order n(n > —1) written ordiU = n, if n is the greatest integer such
that there exists a quisi-coinsident subfamily of U having n + 1 elements.
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Remark 3.2. From the above definition if ordiU = n then for each n + 2 distinct
indexes A1, A2, ..., App2 € A we have Uy, NUx, N...NUy,,, = &, then it is non
quisi-coinsident, in particular if ordifU = —1, then U consists of the empty IFS and
ordifU = 0, then U consist of pairwise disjoint IFSs which are not all empty.(For
ordinary case see [18])

Definition 3.3. The covering dimension of a IFTS X = (X, 7) denoted dimi¢(X) is
the least integer n such that every finite intuitionistic fuzzy open cover of 1% has a
finite open refinement of order not exceeding n or +oo if there exists no such integer.

Thus it follows that dim(X) = —1 if and only if X = & and dimp(X) < n
if every finite intuitionistic fuzzy open cover of 1% has a finite open refinement of
order < n. We have dimp(X) = n if it is true that dim(X) < n, but it is false that
dimi(X) <n—1.

Finally dimp(X) = +oo if for every positive integer n it is false that dimy(X) < n.

Remark 3.4. The notion of covering dimension of a IFTS X is an intuitionistic
fuzzy topological invariant. Moreover, the covering dimension of a topological space
is m if and only if the covering dimension of its characteristic IF'TS is n.

The following theorem is an important result in this paper.

Theorem 3.5. The following statements are equivalent for IFTS X = (X, 1)

(1) dimp(X) < n.

(2) For every finite intuitionistic fuzzy open cover {Uy,..., Uy} of 1% there exists
a finite intuitionistic fuzzy open cover {m1,..., Nk} of 1% of order less than or equal
ton andn; <U; fori=1,2,... k.

(3) If {U1,...,Unt2} is an intuitionistic fuzzy open cover of 15 then there exists
a non- quasi-coinsident intuitionistic fuzzy open cover {m, ... ,Mni2} of 15 such that
n <U;, fori=1,2,...,n+2
Proof. (1) = (2) Suppose that dimy(X) < n and let U = {U,...,U;} be an
intuitionistic fuzzy open cover of 1%. Let V be a finite intuitionistic fuzzy open
refinement of U such that ordi(V) < n, if V € V, then V C U,, for some i, let each
V' € 'V be associated with one IFSs U; containing it. Let n; be the union of all those
members of V' thus associated with U;. Then each 7; is an IFOS and n; C U;.

Let N = {n;,...,mx}, we want to show that ord;IN < n, that is, every quasi-
coinsident subfamily of N contains at most n + 1 members.

Suppose if possible, there exists a quisi-coinsident subfamily N; of N containing
(n + 2) members. Then there exists x € X such that

Hnq (SL’) + Hng (.’L‘) > 1, ie. g, (.’E) > Tng (.’L‘)

for every pair 14,13 € N;.
Now, since

Ne = U{V}d eV :V, <U, as associated in the construction of 7.},
(0 = a, ), and since V is a finite cover of 1% and
Hng (:17) = mam{/ﬁvlﬁ ($)7 s 7/’LV5[3 (1‘)}
Choose Vi, and Vi, such that

fine (%) = pvy () and pu, (2) = pv, , (2).
489
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Clearly Vi, and V;, quasi-coincident at z.

In this way we obtain corresponding to every quasi-coincident pair 14,73 at z,
a pair V; and Vj, of V’s which are distinct in themselves as well as distinct from
others and quasi-coincident at x.

The collection of all these members of V chosen above constitute a quasi-coincident
subfamily of V having n 4+ 2 members.

This is contradiction to the fact that ordi(V) < n. Thus ordi(V) < n.

The statement (2) = (1) and (2) = (3) are trivial.

To complete the proof, we will show that (3) = (2). To this end. Let X be a
IFTS. satisfying (3), and let {Us,...,Ux} be an intuitionistic fuzzy open cover of
1%. Assume that &£ > n + 1.

Let 6, =U; if 1 <i<n+1.

k
And let 40 = U U;. Clearly, {01,...,0n42} is an intuitionistic fuzzy open
i=n+2
cover of 1%.

By hypothesis, there exists an open cover N = {n1,...,n,42} of 1% such that
1; < 9; for each i, and N is non-quasi-coincident family.

Define intuitionistic fuzzy open sets V; = U; if 1 <i: <n+1,and V; = U; N np42
ifi>n+1

Then V = {V1,..., Vi } is intuitionistic fuzzy open cover of 15 such that V; C U,
for each 4 and the subfamily {Vi,...,V, 12} of v is non-quasi-coincident.

If there is a subset B of {1,..., K} having n + 2 elements such that the family
{V; : j € B} is quasi-coincident, then let the members of v be renumbered to give a
family P = {p1,...,pk} such that the subfamily {pi,...,pnt2} is quasi-coincident.

By applying above construction to P, we obtain an intuitionistic fuzzy open cover
V' ={V{,...,V/} of 1% such that V; C P; and the subfamily {V/,...,V, ,} is non-
quasi-coincident. Clearly, if C is a subset of {1, ..., K} with n+2 elements such that
the family {p; : ¢ € C'} is non-quasi-coincident, then so is the family {V/ : i € C}.
Thus by a finite number of repetitions of this process we obtain an intuitionistic
fuzzy open cover W = {Wy,..., Wk} of 1% such that W; < U; for each i and
ordi (W) < n. O

The following proposition follows directly from Theorem 3.5.

Proposition 3.6. Let Y = (Y, 7y) be a intuitionistic closed fuzzy subspace of IFTS
X = (X,7). Then dimy(Y) < dimp(X).

Proof. Since Y is an intuitionistic closed fuzzy subspace of X, uy is a intuitionistic
closed fuzzy set in X. We must show that if dimi(X) < n, then dimp(Y) < n.
Clearly if dimps(X) = —1 then X = & and hence Y = &, then dim(Y) = —1, and
if dim¢(X) = oo, then the theorem is obvious. Suppose that dim(X) < n < oo,
and let UY = {UY,...,UY} be an intuitionistic fuzzy open cover of 13. Then
U = {Uy,...,Uk,Y*°} is an intuitionistic fuzzy open cover of 1%, and so U has an
intuitionistic fuzzy open refinement V such that ordy(V) < n,let V¥ ={V|Y :v €
V}, we claim that ordyVY < n. Let {Vf;, cee V}:H} be a subfamily of VY, since
ordyv < n, and since {V;,...,V;, ., } is a subfamily of v having n+ 2 members which
is non-quasi-coincident. That is for each x € X and in particular for each x € Y
490
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there exists subscripts ¢, and 4, such that
pv,, () + py,, (2) < 1 de. py, (2) < v, (2).

This in turn implies that every subfamily of v¥ having n 4+ 2 members is non-
quasi-coincident and hence ordy VY < n. Thus dimy(Y) < dime(X). O

Remark 3.7. The condition that Y is closed is necessary for this theorem to hold,
as well as in classical topological space (see Pears [18]).

We prove the following theorem.

Theorem 3.8. If X = (X, 7) andY = (Y, 0) are two IFTS, and f is an ituistionistic
fuzzy homeomorphism between them, then dim(X) = dimy(Y).

Proof. If f: X — Y is an [F-home. And U is a finite

intuitionistic fuzzy open cover of 13, then f~1(U) is a finite

intuitionistic fuzzy open cover of 1%, also if A is a finite

intuitionistic fuzzy open cover of 1% then f(A) is a finite

intuitionistic fuzzy open cover of 15. (See. 2.4)

The case dim(X) = oo follows directly

Now, clearly if dim(X) = —1 and Y is IF homeomorphic to X then ¥ = &
and dimy;(Y) = —1, since as the only IFTS.X homeomorphic to the empty IFTS.
is itself, and as the only IFTS, with covering dimension —1 is the empty IFTS.

Let dimy¢(X) = n and let Y be IFTS. homeomorphic to X then clearly dimy¢(Y) >
n. To show that dim(Y) < n.

Let A be a finite intuitionistic fuzzy open cover of 1% , since f is an ituistionistic
fuzzy homeomorphism then f~!(U) = A for a finite intuitionistic fuzzy open cover
U of 13.

As dimie(X) = n, then there is an intuitionistic fuzzy open refinement B of A
such that ordyB < n, as f is an intuitionistic fuzzy homeomorphism then B =
f~Y(W), W is an intuitionistic fuzzy open refinement of U, and the order of B is
homeomorphic to the order of W then ordiWW < n and hence dimp(Y) < n =
dimi(X), as dim(Y) > n = dimg(X), it follows that dimye(X) = dimye(Y). O

4. ZERO DIMENSIONAL IN ITUITIONISTIC FUZZY TOPOLOGICAL SPACES

Many authors studied zero- dimensionality in fuzzy topological spaces such as
L.Pujate and A.B.Sostak[19],they used precisely the definition for a zero dimensional
Chang’s space, that is, a Chang’s space is zero dimensional if there is a base for the
space consisting of clopen fuzzy sets, we study this concepts for covering dimension
in IFTS. According to covering dimension of IFTS, we introduced some results about
zero-dimensional in Ifts as follows.

Proposition 4.1. Let X = (X,7) be a IFTS, then dimp(X) = 0 if and only
if every finite intuitionistic fuzzy open cover of 1% has a refinement consisting of
disjoint crisp clopen intuistionistic fuzzy sets.

Proof. (<) By Remark (3.2) if U = {Uj}aea is a disjoint crisp intuitionistic clopen
cover of 1% then order;U = 0 and hence dim;(X) = 0.
491
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~

(=) let U = {Ux}ren be a finite intuitionistic fuzzy open cover of 1%, since
dims(X) = 0 there exists a finite intuitionistic fuzzy open refinement V.= {V4,...,
Vi } of U such that ordsV = 0, it follows that every pair of elements of V are non-
quasi-coincident. Now, we show that each member of V is crisp intuitionistic clopen
fuzzy set, let V; € V then V; is non-quasi-coincident with the union of remaining
members of V which is an intuitionistic fuzzy open set, since V' is also intuitionistic

fuzzy cover of 1% i.e. V;U(U V;) = 1%, and since for each i, V; is non-quasi-

i#]
coincident with UVJ’ we have V; ﬂ(UVJ) =0, for each 1.
i#] i#]
Hence V; + UVJ = 1%, by definition each V; = 1% — UVJ is crisp and clopen
i#£j i#j
intuitionistic fuzzy set in X and by Remark (3.2) the members of V are pairwise
disjoint. m

For a singleton space, we prove the following proposition.

Proposition 4.2. If X = {z} is singleton space and X = (X, 1) is an IFTS Then
dimlf(X) =0.

Proof. Let U = {U} be a singleton family of intuitionistic fuzzy open sets which is
cover of 1%, there is an intuitionistic fuzzy open refinement of U which is U, then
U = 1% but the ordi{U} = 0 it follows that dimy(X) = 0. O

Now, we give and prove the following theorem.

Theorem 4.3. A closed subspace Y = (Y, 1y) of zero dimensional IFTS X = (X, 1)
is also zero-dimensional.

Proof. Let UY = {UY,...,UY} be an intuitionistic fuzzy open cover of 1§, then
U = {Uy,...,U,, Y%} is an intuitionistic fuzzy open cover of 1%, by Proposition
(4.1) U has an intuitionistic fuzzy open refinement V consisting of disjoint crisp
clopen intuistionistic fuzzy sets such that ord;V = 0, let VY = {V|Y,V € V} we
claim that ordVY = 0, since V consisting of disjoint crisp clopen intuistionistic
fuzzy sets, this implies that VY consisting of disjoint crisp clopen intuistionistic
fuzzy set, since ordi’V = 0 and dim(X) = 0, then by Proposition (4.2) we get
OTdIfVY =0 and dimIf(Y) =0. O

In the final of this section we prove the following proposition.

Proposition 4.4. If dimi(X) = 0, then for every pair A1, Ay of disjoint intuition-
istic closed fuzzy sets, there exist crisp clopen intuitionistic fuzzy sets B1 and Bs
such that Ay C By, A2 C By and By + By = 1%.

Proof. Let Ay, Ay be a pair of disjoint intuitionistic closed fuzzy sets in X, then

{A$, AS} is an intuitionistic fuzzy open cover of 1%, since dimy¢(X) = 0 by Proposi-

tion (4.1) the cover {A§, A5} has an intuistionistic fuzzy open refinement { By, Ba}

consisting of crisp clopen intuitionistic fuzzy sets, such that B; N By = 0%, and

By + By = 1%, thus By C AS, By C Af, this implies that Ay C Bf = By and

AlngzBl i.e. A1 gBl and AQQBQ. Il
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