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ABSTRACT. Recently, linear system of equations whose parameters are
Trapezoidal fuzzy numbers is introduced (see in [8]). In this paper, the
main aim is to develop a method for solving a m X n linear system of
equations with trapezoidal fuzzy numbers for m > n. Conditions for the
existence of a fuzzy solution are derived and a numerical procedure for
calculating the solution is illustrated with some examples.
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1. INTRODUCTION

A general model for solving a fuzzy linear system whose coefficients matrix is
crisp and the right-hand side column is an arbitrary fuzzy vector, was first proposed
by Friedman et al. [6]. Friedman and its colleagues used the embedding method
and replaced the original fuzzy linear system by a crisp linear system and then they
solved it. after that Several methods for solving fuzzy linear systems have been
introduced by many authors [I} 2} 3 [4, 5, [7]. In all cases, the authors just assumed
that parameters are fuzzy numbers in which the core of fuzzy number is including
just one point. Recently, we generalized those systems and assumed the parameters
be trapezoidal fuzzy numbers (see in [8]). In Continution to our previous work, in
this paper we focus on liner system of equations with trapezoidal fuzzy numbers
and will develop similar approach to solve the m x n linear system of equations
with trapezoidal fuzzy numbers by a 2m X 2n crisp. In Section 2, we discuss some
basic definitions and reselts on fuzzy numbers. then, in Section 3, we define an
m X n fuzzy linear system of equations and a new method for solving these systems.
In particular, we give an alternative method to find an orthogonal matrix which
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helps us to solve overdetermied linear system of equations with trapezoidal fuzzy
numbers. The algorithms are illustrated with two examples in Section 4 and finally
the conclusions are drawn in Section 5.

2. PRELIMINARIES

We represent an arbitrary fuzzy number by an ordered pair of functions (u(r),u
(r)), 0 < r <1 which satisfy the following requirements (as given in [6]):
1. u(r) is a bounded left continuous nondecreasing function over [0, 1].
2. w(r) is a bounded left continuous nonincreasing function over [0, 1].
3. u(r) <u(r),0<r <1
For every fuzzy number x = (z(r), Z(r)), y = (y
(a) =y if and only if z(r) = y(r) and Z(r) = 7(r).
(b) 2 +y = (z(r) +y(r), =(r) +7(r)).
kz, k%), k>0,
“”“:{Em¢$,k<0
Definition 2.1. The linear system

a11T1 + a12T2 + - - - + A1pTn = Y1,

a21T1 + A22T2 + - -+ + G2pTn = Y2,
(2.1)
Am1%1 + 22 + - + GmpTn = Ym,

where the coefficient matrix A = (a;5), 1 < ¢ <m, 1 < j < nis an m x n crisp
matrix and y;, 1 <14 < m are fuzzy numbers, is called a Fuzzy Linear System (FLS).
In this paper, we assume that rank (4)=n for (n < m).

Definition 2.2. A fuzzy number vector x = (x1, 22, ,2,)", where
z; = (z;(r),Ti(r)), 1<i<n,0<r<1,

is called a solution of fuzzy linear system if:

n n
(2.2) D gy = ayr =y,
j=1 j=1

n n
E AT = E a;T; =Y;, t=1,...,m.
Jj=1 Jj=1

Now, let s;5, 1 <i<m, 1< j < nis defined as follows:

aij 2 0= Sij = Qij, Siymj+n = Gij,

(2.3)
aij < 0= Sij4n = —Qij; Sitm,j = —Qij,

and any s;; that is not determined by (2.3) is zero. Then (2.2) is equivalent to the
system

(2.4) SX =Y
464
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where S = (s;5), 55 > 0,1 <i<2m,1<j<2nand

Ly Y
Lo Q2
|5 |15 | 5 |3
—T1 —T —Y1 -y
T2 ~Ya
L 75” u L _ym u
In fact, the structure of S implies that
B C
=2 5]

where B contains the positive entries of A, C the absolute values of the negative
entries of A and A = B — C. In the following we only consider triangular fuzzy
numbers, i.e. y,(r), ¥;(r) and consequently z;(r), Z;(r) are all linear functions of r.
Let X satisfies (2.4)), then the fuzzy solution of (3.3) is defined in the below.

Definition 2.3. Let X = {(z;(r),Ti(r)), 1 <i < n} denotes the unique solution of
(3:3). The fuzzy number vector u = {(u,;(r),u;(r)), 1 <i < n} defined by
25 w(r) = minfa, (1) (1), :(1)}

' wi(r) = max{z;(r), T:(r), z:i(1)}
is called the fuzzy solution of SX =Y. Moreover if (z,(r),Z;(r)), 1 <i < n are all
fuzzy numbers then we have z;(r) = u;(r), T;(r) = u;(r), 1 <i < n, and u is called
a strong fuzzy solution. Otherwise, u is a week fuzzy solution.

Theorem 2.4. The rank of matriz S is 2n if and only if the rank of matrices
A=B—C and B+ C are both n.

Proof. See in [6] O

2.1. Overdetermined fuzzy system of linear equation. To solve the fuzzy
system of linear equations (2.4), where the coefficient matrix S = s;;, 1 < i < 2m,
1 < j < 2n,is a crisp 2m X 2n matrix where m > n is named overdetermined. Such
system cannot be solved.

Instead of solving the original system, we attempt to minimize the norm ||| of the
residual vector

(2.6) r=Y —SX,
we discuss the least-squares norm and obtain the normal equation, which, in our
formulation, have the form
(2.7) StSX = StY.
Theorem 2.5. The solution X of Eq. (2.4) is a fuzzy vector for an arbitrary Y if
and only if ((StS)~1S) is non-negative, i.e.
(StS)~1shH) >0, 1<i<2m, 1<j<2n.
465
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Proof. See in [2] O

It can be shown that the matrix S*S is positive definite and hence non-singular
if the columns of S are linearly independent. Nevertheless, the matrix S'S may be
ill conditioned and for moderate values of m, the solution Y will not be accurate.
Hence, an alternative method must be used. Some of such methods are used of or-
thogonal polynomials, use of elementary Hermitian matrices or Householder trans-
formation, and Givens transformations.

With the aid of this result, we can find an orthogonal (2m) x (2m) matrix, @, which
when applied to S yields a matrix of the form (R, 0), where (2n) x (2n) matrix R
is an upper triangular matrix where r; > 0, 1 < ¢ < 2n. Thus

R c

o8 as=[ 1] er=]¢]

Corollary 2.6. Matriz R in Eq. (2.8) must have the special structure, i.e.,
| R O

20 e 2]

By Eq. (2.6) we have

c c R c— Rz
s ar=] 5] asx=[ 5] [ R]x= o],
Since Q is orthogonal,
(2.11) Il = lQrli3 = llc — RX|I3 + [|d]13

and ||r]|2 is minimized if ¢ — RX = 0; thus, our least-squares solution is

(2.12) [jm]:[Rgl R?le]

where

(2.13) c= { 2 }

and cq,co are n X 1 matrices and hence

(2.14) x = Rl_lcl, T = le_lcl
and the residual vector r is given by

(2.15) r=qQt0 d.

3. LINEAR SYSTEM OF EQUATIONS WITH TRAPEZOIDAL FUZZY NUMBERS

The following definition is concerning to a new achievement to the fuzzy linear
systems.
466



S. H. Nasseri et al./Ann. Fuzzy Math. Inform. 7 (2014), No. 3, 463-471

Definition 3.1. The linear system
a11%1 + a1z + - + A1pTn = 1

a21T1 + ao2Tg + -+ + A2, Ty = Yo

(3.1)

Am1T1 + Q2T + - - + GpnTn = Um
where the coefficient matrix A = (aij), 1<:<m,1< 5 <mnisanmXn crisp
matrix and §; = (y*,yY, v, y;g ), 1 <i < m are trapezoidal fuzzy numbers, is called
a Linear System of Equations with Trapezoidal Fuzzy Numbers (LSETFN).

Definition 3.2. A trapezoidal fuzzy number vector & = (1, %o, -+ ,%,)T, where

~ _ (L U _a B :
Z; = (zy, 2,28, 2)), 1<i<m,

is called a solution of LSETFN if:
(3.2) Z @ijTj = Yi-
j=1

In the following definition we give an associated triangular fuzzy number for each
trapezoidal fuzzy number which will be used in throughout the paper.

Definition 3.3. For every trapezoidal fuzzy number @ = (a”,a?,a®, a?), we define

. . ~ ~ ~ L U
an associated triangular fuzzy number ¢ = (a™,a®,a”) such that o™ = %

a® =a®+ (a™ —ar) and @® = a® + (aV — a™).

)

In fact, the support and the core of the associated triangular fuzzy number are
(@™ — a®,a™ + @”) and the single point (real number) a™, respectively. Note that
the support of the trapezoidal fuzzy number @ = (a”, a?,a®, a”) and its associated
triangular fuzzy number is same.

According to the above definition we may define an associated fuzzy linear system
of equations for every LSETFN which is defined in (6) as follows:

1121 + a12%2 + + - + 1Ty = Y1

a21%1 + agnZa + - -+ + a2n Ty = Yo

(3.3)
amlil + amZi'Q + -+ CLmni'n = gm
Ly,uv ~
where §; = (yim,yio‘,yiﬁ) such that y™ = %, 3% = y& + (y™ — yF) and y,ﬁ =

yzﬁ + (y¥ — y™). We name the above fuzzy linear system as “auxiliary fuzzy linear
system” (AFLS). Also according to Definition 6, it is clear that there exist a unique
auxiliary fuzzy linear system for every TFLS.

Now we are in place that can describe how to solve the linear system of equations
with trapezoidal fuzzy numbers.

For achieving to this objective, we first solve the auxiliary fuzzy linear system (18)
by one of the various methods which have proposed for solving these systems (see
in [1, 2, 13, 4, 5]). So if we assume that & = (£1,...,2j,...,2n)7 be a weak or strong
solution for system (18) such that &; = (27", 2%,

467
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must obtain a trapezoidal fuzzy solution. This aim is also complied by the following
process.
For the i-th right-hand-side §; = (y*,yY, v, yf ), we first define

y? —yk

WY + ) — (yF -y

and then set

(3.5) v = max {R;}.

1<i<n

Now for all j =1,...,n set

(3.6) vj = *min{z9, 37},

Then the j—th component of the approximated trapezoidal fuzzy solution will be
defined as follows:

Z; = ( ]ngm]@,xf),

7 — 1, xJU =2 45, 2§ =2F — % and xf :.53@ — ;.

Thus, the support and the core of the mentioned trapezoidal fuzzy numbers are
respectively (zF — z%, 2§ + x]ﬁ) and [z}, 2¥].

Now based on the above discussion we can propose the following algorithm for

solving TFLSs.

where JJJL =

Algorithm 3.1 (TFLS Solver):
Assumption The i-th component of the right-hand-side of ISETFN is given by
Ui = (yiL,le,yf‘,yiﬁ), foralli=1,..,n.

Step 1: For every i = 1, ...,n, compute the parameters y!", 4;~, y}ﬂ and R; by

R i
yit = B g =y (= yE), 9 =y + (4 — yi), and also
L

U
R, = Yi —Yi .
CT W) —(yE—ye)
Step 2: Solve the fuzzy linear system (18) by each algorithm which is proposed for
solving fuzzy linear system solver and assume that the i—th component of

the triangular fuzzy solution is &; = (£]", %, :%;6)

Step 3: Compute the parameter ~y;, for all i = 1,...,n by

i = * min{z¢, 27},

where
= R;}.
7= max {Ri}
Step 4: Compute the i—th component of the approximated trapezoidal fuzzy solution
by
;= (xiL’szvxzqvx?)a
where zF = &7 — ~;, 2V = @™ Lad =89 —; and 2 = 27 — 4, d
=2 =,y =3y, 2 =28 — vy and o) = 2 — 7, an
then stop.
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4. NUMERICAL EXAMPLES

Here, we give some illustrative examples to show how Algorithm 3.1 solves the
ISETFNs.

Example 4.1. Consider the following ISETFN

The associated fuzzy linear system of equations for the above ISETFN is as follows:

2i1 =91 = (y,(r),51(r)) = (=14 + 9r, =br),

9

—i1 = g = () =) = G T = 30)

1. Using pseudo inverse of S, the strong fuzzy solution of the current fuzzy linear

system is as follows:
. _ 9 5
71 = (@ (1), 21(r)) = (=T + 57, —57),

Thus the approximated trapezoidal fuzzy solution is as follows:
Z1 = (—4.43,-0.57,2.57,0.57).
Note that the trapezoidal fuzzy solution of the mentioned ISETFN is as follows:
1 = (—4,-1,3,1).
2. Using orthogonal matrix

2//5 0 0 1/V5
B 0 1/V5 2/V/5 0
@= 0 —2/v/5 1/v/5 0
—1/V/5 0 0 2/V5

thus
5/V6 0 22.5/\/5r — 35/\/5
0 5/\V5 12.5/V/5
as-| 0 | |

0 0 0

and hence
[ z,(7) ] _ { 1/v/5 0 ] [ 22.5/y/5r — 35//5 } _ [ 4.5r -7 }
—Z1(r) 0 1/V5 12.5/y/5 2.5

and therefore least-square solution is
z,(r) =4.5r =7, T1(r) = —2.5r.
Thus the approximated trapezoidal fuzzy solution is as follows:

7y = (—4.43,—0.57,2.57,0.57).
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Example 4.2. Consider the following ISETFN
2% = 1 = (—32,40, 8, 20)
—&1 = g2 = (—20,16,10,4)
—2%; = g3 = (—40, 32,20, 8)

The associated fuzzy linear system of equations for the above ISETFEN is as follows:

281 = g1 = (y,().51(r)) = (~40 + 447,60 — 56r),

—T1 =192 = (gz(r), g2(r)) = (=30 + 28r,20 — 22r),

=221 = g3 = (y,(r), y3(r)) = (=60 + 567,40 — 44r).

1. Using pseudo inverse of S, the strong fuzzy solution of the current fuzzy linear
system is as follows:

21 = (z1(r), z1(r)) = (22r — 20, —28r + 30),

Thus the approximated trapezoidal fuzzy solution by the 4-th step of Algorithm 3.1
is as follows:

71 = (2, (r), 71 (r)) = (—18.16,22.16, 1.84,7.84),

Note that the exact trapezoidal fuzzy solution of the mentioned ISETFN is as
follows:
1 = (—16,20,4, 10).

2. Using orthogonal matrix

2/3 0 0 0 1/3 2/3
0 1/3 2/3 2/3 0 0
0= 0 —2/v5  1/V5 0 0 0
- 0 —2/3v5  —4/3v5  /5/3 0 0
—1/v/5 0 0 02//5 0
—4/3v/5 0 0 0 —2/3V5 /5/3
thus
30 66r — 60
0 3 84r — 90
00 0
RQS=1, o Q= 0
00 0
00 0
and hence

z(r) 1 _[1/3 0 66r —60 | [ 22r —20
—Z1(r) | 0 1/3 84r —90 | | 28r—30
and therefore least-square solution is

z,(r) =22r — 20, T(r) = —28r + 30.
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Thus the approximated trapezoidal fuzzy solution is as follows:
Z; = (—18.16,22.16,1.84,7.84).

5. CONCLUSION

In this paper, we introduced a general model for solving the trapezoidal fuzzy
linear system of equations with n(m > n) variables. The trapezoidal origignal
system is replaced by a triangel crisp linear system and we find least-square solution
by using pseudo inverse and an orthogonal matrix. For finding the trapezoidal
solution, we proposed a new algorithm. Here according to our suggestion we may
obtain a unique trapezoidal fuzzy solution for the given ISETFN. We examined some
numerical examples to show how solve these systems by Algorithm 3.1.
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