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ABSTRACT.  The interval-valued prime fuzzy ideals (in brevity, the i-
v. prime fuzzy ideals) of a semigroup have been recently studied by Kar,
Sarkar and Shum [18]. As a continued study of i-v fuzzy ideals, we are going
to investigate the properties of i-v fuzzy quasi-ideal and i-v fuzzy bi-ideal
of a semiring and then we characterize the regularity and intra-regularity
of a semiring in terms of the above i-v fuzzy ideals.
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1. INTRODUCTION

uasi-ideals of rings and semigroups were introduced and investigated by O.
Steinfeld ([24], [25], [26]). In 1975, R. A. Good and D. R. Hughes [11] also considered
the bi-ideals in semirings. The quasi-ideals are generalization of left ideals and right
ideals whereas the bi-ideals are the generalization of quasi-ideals. The properties
of fuzzy subquasi semigroup of a quasigroup were investigated by W. A. Dudek in
[7. S. Kar and P. Sarkar considered the fuzzy quasi-ideals and fuzzy bi-ideals of a
ternary semigroup in [16].

The notion of i-v fuzzy set was introduced by L. A. Zadeh in 1975 [29]. Later on,
I. Grattan-Guiness [12], K. U. Jahn [14] and R. Sambuc [23] studied the i-v fuzzy sets
and they regarded this kind of fuzzy sets as a generalization of the ordinary fuzzy
set. In fact, i-v fuzzy sets (in short, IVFS ) are defined in terms of i-v membership
functions.

After the i-v fuzzy sets have been introduced (see [3], [4], [5], [6], [13], [15],
[17], [20], [21], [27]), some theories related with i-v fuzzy sets have been developed.
There are natural ways to fuzzify various algebraic structures and the approaches
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have already been extensively studied in the literature. In particular, A. Rosenfeld
[22] studied the fuzzy subgroups in 1971. Also, N. Kuroki in 1979 [19] further
mentioned the fuzzy semigroups. In 1993, J. Ahsan, K. Saifullah and M. Farid Khan
[1] introduced the fuzzy semirings. Recently, many interesting results of semirings
have been obtained and given by using the context of fuzzy sets.

In this paper, we first introduce i-v fuzzy quasi-ideals and i-v fuzzy bi-ideals of a
semiring. Then, we proceed to characterize the regular and intra-regular semirings
by using the i-v fuzzy quasi-ideals and i-v fuzzy bi-ideals of the semirings. Our study
of i-v fuzzy quasi-ideals in this paper is a continued study of our recent work on i-v
fuzzy ideals of a semigroup [18].

2. PRELIMINARIES

Definition 2.1 ([10]). A non-empty set S together with two binary operations ‘+’
and -’ is said to be a semiring if (i) (S,+) is an abelian semigroup; (ii) (S,) is a
semigroup and (iii) a- (b+¢) =a-b+a-cand (b+c)-a =b-a+c-aforalla,b,ceS.

Let (S,+,+) be a semiring. If there exists an element ‘Og’ € S such that a +0g =
a=0g+aand a-0g =0g =0g-a for all a € S; then ‘Og’ is called the zero element
of S.

Throughout this paper, we consider a semiring (.5, 4+, -) with a zero element ‘Og’.
Unless otherwise stated, a semiring (S, +,-) will be simply denoted by S and the
multiplication ‘-’ will be denoted by juxtaposition. In this paper, by the product

n

AB of two subsets A and B of a semiring S, we mean the finite sum Zaibi, for
i=1
some a; € A, b; € B and n € Z+.

Definition 2.2 ([I5]). An interval number on [0, 1], denoted by @, is defined as the
closed subinterval of [0,1], where @ = [a~, a™] satisfying 0 < a~ <at < 1.

For any two interval numbers @ = [a~, a™] and b= [b~,bT], we define the follow-
ings:

(i) @a<bifandonlyifa” <b~ and a* < bT.

(i) @="bif and only if a~ = b~ and a™ = b*.

(i) @ < b if and only if @ # b and @ < b.
Note 2.3. We write a > b whenever b §~E and @ > b qheneverfl; <a.
We denote the interval number [0,0] by 0 and [1,1] by 1.

Definition 2.4 ([6]). Let {a; : i € A} be a family of interval numbers, where a; =
[a;,a]]. Then we define sup{a;} = [supa; ,supa;] and inf{a;} = [inf a; , inf a;].
N ieA i i€A icA g
We denote the set of all interval numbers on [0, 1] by DJ0, 1].
Let us recall the following known definitions.

Definition 2.5 ([28]). Let S be a non-empty set. Then a mapping p: S — [0, 1]
is called a fuzzy subset of S.
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Definition 2.6 (|29]). Let S be a non-empty set. Then, a mapping fz :(— D[0, 1]
is called an i-v fuzzy subset of S.

Note 2.7 ([8]). We can write i(z) = [u~ (z), ut(z)] for allx € S, for any i-v fuzzy
subset [i of a non-empty set S, where = and u are some fuzzy subsets of S.

We state below several definitions which will be useful in further study of this
paper.
Definition 2.8 ([8]). Let p7 and pz be two i-v fuzzy subsets of a set X # &.
Then 7 is said to be subset of s, denoted by py; C ug if pi(x) < pa(z) ie.
w7 () < i () and pif (z) < pif (2), for all & € X where i1 (x) = [y (2), if (2)] and
fiz(z) = [py (), 3 (2)]-
Definition 2.9 ([15]). The interval Min-norm is a function Min® : D[0,1]xD][0,1] —
DJ0, 1], defined by :
Mint(a,b) = [min(a=,b~),min(a™,b")] for all @, b € D[0,1], where @ = [a~,a™]
and b= [b~,bT].
Definition 2.10 ([§]). The interval Max-norm is a function Maz® : D[0,1] x
D[0,1] — D|[0,1], defined by : Max'(a,b) = [max(a=,b"), maz(at,b")] for all
a, b € D[0,1], where @ = [a~,a™] and b= [b—,bT].
Definition 2.11 ([8]). Let X # & be a set and A C X. Then the i-v characteristic
function x4 of A is an i-v fuzzy subset of X which is defined as follows :

Ya(@) 1 when z € A.
T) =4~
xa 0 when z¢ A.

Definition 2.12. Let p; and pz be two i-v fuzzy subsets of a non-empty set X.
Then we define their intersection and union by (u1 N fz)(x) = Min'(uy(z), pz(z))
and (g1 U iz)(x) = Max® (i (z), pz(x)) for all x € X.

The following results can be easily observed.
Lemma 2.13. Let S be a non-empty set and A, B be two subsets of S. Then
XaUXB = Xaup and Xa N XB = XAnB-
Lemma 2.14 ([9]). Let A and B be two non-empty subsets of a semiring S. Then
XAXB = XAB-

We first state the definition of a fuzzy point in a semiring S.

Definition 2.15 ([§]). Let S be a semiring and z € S. Let @ € D[0,1]\ {0}. Then
an i-v fuzzy subset zz of S is called an i-v fuzzy point of S if

n_Jaifz =y
ra(y) = { 0 otherwise.

We now state the definitions of i-v fuzzy left(right) ideals of a semiring.

Definition 2.16 ([9]). Let g be a non-empty i-v fuzzy subset of a semiring S (i.e.
f(x) # 0 for some x € S). Then [ is called an i-v fuzzy left (resp. i-v fuzzy right)
ideal of S if the following conditions hold.
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() p(z+y) = Min'(a(x), 1(y))

(ii) p(zy) > p(y) [resp. p(zy) > p(x)], for all x,y € S.

An i-v fuzzy ideal of a semiring S is a non-empty i-v fuzzy subset of S which is
an i-v fuzzy left ideal as well as an i-v fuzzy right ideal of S.

Definition 2.17 ([9]). Let u1 and iz be two i-v fuzzy subsets of a semiring S. Then
their product, denoted by u1p2, is defined by :

n
wup { it {Mml (/]vl(uz), ﬁvz(vl))} tr =) v
o i=1

(H1p2)(z) = u;,v; € S,n €T

n

0 if x can not be expressed as x = Zuivi; for any w;,v; € S.

i=1

Throughout this paper, we assume that any two interval numbers in D[0,1] are
comparable, i.e. for any two interval numbers @ and b in D[0,1], we have either
a<bora>bh.

3. 1I-V FUZZY QUASI-IDEALS OF A SEMIRING

We begin with the following definition of i-v fuzzy quasi-ideal of a semiring. Some
properties of the quasi subsemigroups of a quasigroup have already been studied in
[7].

Definition 3.1. A non-empty i-v fuzzy subset g of a semiring S is said to be an
i-v fuzzy quasi-ideal of S if for any x,y € S, f(xr +y) > Min'(u(x), i(y)) and
pxs N Xsp C [
Lemma 3.2. For any three i-v fuzzy subsets u1, pa, i3 of a semiring S,we have the
following properties :

(1) pia(pe U pis) = (ajiz) U (finpia); (12 U ia)iin = (jizfin) U (Jiaia)

(i) pn (2 Nps) € (uapz) N (paps); (B2 0 ps)pn © (p2pn) O (Hspn).

For i-v fuzzy quasi-ideals of a semiring .S, we have the following lemmas.

Lemma 3.3. A non-empty subset A of a semiring S is a quasi-ideal of S if and
only if X4 is an i-v fuzzy quasi-ideal of S.

Lemma 3.4. Let S be a semiring. Then the following statements hold.

(i) Every i-v fuzzy left (or right) ideal of S is an i-v fuzzy quasi-ideal of S.

(ii) The intersection of an i-v fuzzy left ideal and an i-v fuzzy right ideal of S is
an 1-v fuzzy quasi-ideal of S.

(iii) If @ be a non-empty i-v fuzzy subset of S, then Xsi is an i-v fuzzy left ideal,
Xs s an i-v fuzzy right ideal, XspXs is an i-v fuzzy ideal and Xsp N gxs i an i-v
fuzzy quasi-ideal of S.

Note 3.5. It can be easily seen that each i-v fuzzy left ideal or an i-v fuzzy right
ideal of a semiring S is an i-v fuzzy quasi-ideal of S. But the converse is in general
not true. We have the following example.
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Example 3.6. We consider the semiring S = M(Ny) with respect to the usual
addition and multiplication of matrices. Suppose that P is the set

00
fi: Ma(No) — D0, 1] by

HA) = {[0.8,0.9] when A€ P;

P= ( a 0 ) € MQ(NO)}. Now we define an i-v fuzzy subset

[0.3,0.4] otherwise.

We can easily check that g is an i-v fuzzy quasi-ideal of S but is not an i-v fuzzy
left ideal and an i-v fuzzy right ideal of S either.

We state the following proposition concerning the i-v fuzzy quasi-ideals of a semir-
ing.
Proposition 3.7. Let xg and y; be two idempotent i-v fuzzy points of a semiring S.
Also let i and 0 be an i-v fuzzy left ideal and i-v fuzzy right ideal of S, respectively.
Then, we deduce the following equalities:

e = xaxs N, Oy = Xsy; N0, TaXsy; = vaxs N Xsy; and so each of these i-v
fuzzy subsets is an i-v fuzzy quasi-ideal of S.
Proof. We first prove that xzu = xzxs N . Clearly, xzin C zzxs. Also since
is an i-v fuzzy left ideal of S, we have zzu C XYsp € p. It hence follows that
zap C xgXs N[

For the reverse inclusion, we let y € S. Then, we have
(zaza)y) =  swp { inf {(Min'(ea(pi),2a(@)} } I (eaza)(y) = @, then

m 1<i<
y= E Didi
i=1
m

there exists at least one expression y = Z piq;, for which
i=1
. -9 - . - . _ e~
nf (M (wapr), wa(a)} =
m
= Min*(zz(p;),73(¢q;)) = a for each 1 < i < m, where y = Zpiqi

i=1
m

= p;=x=g¢q; foreach 1 <i<m, Wherey:Zpiqi.

i=1
m

Now z5(y) = (xzrz)(y) implies that y = x. Hence, we have © = Zpiqi. Thus we
i=1
get x = ZxQ. Let z € S. Then (zzXs Np)(z) = Mml((xa%g)(z),ﬁ(z)) Let T be
i=1
the set .
T = {Zaﬂ)i : ai,bi € S,n € N}
i=1

Casel : If z ¢ T, then (z3Xs)(z) = 0. Therefore, (zaXs N f)(z) = 0 and also

(wa)(z) = 0.
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Casell : Let z € T. Then, we have

(eaXs Ni)(z) = Min' (- sup  { inf Min'(@a(a). s(b) } ()
z = Z a;b; o
=min' (- sup { inf {ra(a)} | i(2).
z = Z a;b; o
=1

Now, we let T7 be the set T = {Zaibi eT:aq =xzforall<i< n} If
i=1

n
z € Ty, then, (x3Xs N @) (2) = Min'(a,n(z2)). Again, z € T} = 2z = bei =

i=1
n m n m n

bei = (Z z?) Z b; = z(zz b;). Therefore,

i=1 i=1 i=1 =1

() (2) > 1, (M (aato) (3 0) )
i=1

1<i<m

— inf {Mm (a, ﬁ(z))} = Min'(a, fi(2)) = (zaXs N )(2).

1<i<m

If z € T\ T1, then (z5Xs N7i)(z) = 0 = (xafi)(z). Thus we get z3Xs N C 3]
Consequently, zzu = xzXs N ji-

Again, we see that xz is an intersection of an i-v fuzzy left ideal and an i-v fuzzy
right ideal of S. Hence xzp is an i-v fuzzy quasi-ideal of S, by Lemma [3.4] (¢7).

Similarly, we can prove that gyl; = Xsy; N 0 and gyg is an i-v fuzzy quasi-ideal of
S, where 6 is an i-v fuzzy right ideal of S and y; is an idempotent i-v fuzzy point of S.

Now, zaXsy; € TaxsXs € TaXs- Also, zaXsy; € XsXsy; € Xsy;- This implies
that zgxsy; € 2aXs N Xsy;. To prove the reverse inclusion, let ¢ € S. Since,

mi mo
2z and y; are both idempotent, we have z = sz and y = ng for some
i=1 j=1

ni
mi,my € N. If £ can not be expressed as t = Zaibi, for any a;,b; € S, then
i=1 o
(raxs N Xsy;)(t) = 0 = (zaXsy;)(t). Now, Suppose that ¢ = Zaibi, for some
i=1
a;,b; € S. Then
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(zaXs N Xsy;)(t)
= Min’ ((ma%s)(t), (%S%)(ﬂ)
- Mm( sup {  Jnf {Min'(2(a:), %s(bi))}}
t= Z a;b; o
=1

sup | inf {Min'(Ys(ai) 50} })

ny 1<i<nmy
t:Zaibi
i=1
= Mint(swp { nf faa(a)}) s {nf {500 }).
t:Zaibi t:Zaibi
i=1 i=1

Now if a; = z and b; = y for each 1 < ¢ < nq, then
(eaXsNTsw;) (1) = Min' (| inf {wa(@)}, inf {y;(9)}) = Min'(,5). Again, a; =

ni ny  mi m2
x and b; = y for each 1 < i < ng implies that t = Zmy = Z(Z :rz)(z y?). Then,
i=1 i=1 i=1 j=1

we deduce that
(wa¥sy)®) = sup  { inf {Min'(za¥s)(as), y;(0:)} }

k 1<i<
t= E C(,Z‘bi
i=1

inf {Mini((xa)zg)(i z?), sz(i y2))}

>
1<i<ng
- = i=1 j=1
> . . g . G ~
> it {Mint (| inf  Min (wa(z), Xs(@). 55(0)) }

= Min'(a,b) = (zaxs N Xsy;)(t)-
Now let us consider the case where a; # = or, b; # y for some 1 < i < nj. Then
(raxs N Xsy;)(t)
— i b 3 (. ; )
= Min ( sup {Klirlgfm{wa(az)}}, sup {lgl?gnl{yz;(bz)}})
t:Zaibi t:Zaibi
i=1 i=1

=0 < (zaXsyy) (t).

This implies that (zaxs N Xsy;) € (raXsy;). Consequently, we get that (zzXs N
Xs¥;) = TaXsy;. Being an intersection of i-v fuzzy left ideal and i-v fuzzy right
ideal, g X sy; is an i-v fuzzy quasi-ideal of S. g

Definition 3.8. Let i be a non-empty i-v fuzzy subset of a semiring S. The
intersection of all i-v fuzzy left ideals of S containing g is said to be the i-v fuzzy
427
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left ideal of S generated by [z and it is denoted by (i);. The i-v fuzzy right ideal
(i), and i-v fuzzy quasi-ideal (1), of S, generated by i can be defined similarly.

Definition 3.9. Let i be an i-v fuzzy subset of a semiring S. \ZLVe define an i-v fuzzy
subset < 1 > of S by <> (z) = sup{ 1%rilin{u(ai)} cr= ;ai,ai e S;ne N},
for all x € S.

Lemma 3.10. Let i1 be a non-empty i-v fuzzy subset of a semiring S. Then

(i) () = < BURsH >, (i) () = < AURKs > and (i) () = < FU(AXNTsE) >
Proof. (i) We first prove that < gUXgu > is an i-v fuzzy left ideal of .S containing .

Let SU:ZCM andy:ij for some a;,b; € S, where 1 <i<mand 1< j<n.
i=1 j=1

Then
<pUXsp> (z+y)
mi
=sup{ inf {(FUXsP(c)}:aty=) c}
=r=" =1

> sup { Min'(inf (iU Rsfi)(a,), inf (BURsP)(0)) @ = Ezjy = jE_Ilbj)}

> Min'( < iU Xsfi > (@), < iU Xsli > (1)),
Now Xs(rUXsH) = XsitUXsXsit € XsftUXsp = Xsit € XsppUfi. This implies that
<Xs(f U Xsp) >C < Xsit U > Thus Xs < U Xspi > C < Xs(i U Xsp) >
C < xsp U p >. Therefore, < xgpt U p > is an i.v. fuzzy left ideal of S and
clearly, it contains pi. Let z € S and IFL(S) be the set of all i-v fuzzy left ideals

of §. Then (ji)i(z) = ( N 5)(z) —  inf B(2) << ¥sfi U fi> (2),
LCOEIFL(S) iCOETFL(S)
since < YXgit U g > is an i-v fuzzy left ideal of S containing . Thus we obtain
that (1) C < Xsfi U i >. Again (i)i(2) = ( N 9>(z) = inf  O(z)>
LCOCIFL(S) iCOCIFL(S)
_inf p(z) = p(z). Also, ()i(z) = . N 0(z) = _inf O(z) >
[iCOETFL(S) iCOETFL(S) [iCOETFL(S)

Y

inf (Xs0)(z) > _inf  (Xsi)(z) = (Xsi)(z). This shows that ();(z)
iCOEIFL(S) iCOEIFL(S)
Mazx' (ﬁ(z), ()Zsﬁ)(z)> = (B U Xspt)(z). Therefore (n U Xsft) C (@); which implies
that < (LU Xspm) > C < (@); > = (1);- Hence, we get that (n); = < pU Xsit >.

(ii) Proof of this part is similar to (i).

(iii) We first prove < pU(axsNXsi) > is an i-v fuzzy quasi-ideal of S containing

. We have < g U (axs N Xsp) > = < (RUpxs) N (U Xsp) > = < pU fixs >

N<pUxsi > Now, < pUpxs > and < U Xsit > are i-v fuzzy left ideal and

i-v fuzzy right ideal of S containing fi respectively. Therefore, < U (ixs N Xsft) >

is an intersection of i-v fuzzy left ideal and an i-v fuzzy right ideal of S respectively
428
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and clearly, it contains . Thus, < U (Xs N Xsi) > is an i-v fuzzy quasi-ideal
of S containing fi. Suppose that IFQ(S) denotes the set of all i-v fuzzy quasi-

ideals of S. Let x € S. Then (n)q(x) =( _ N 0)(z) = inf (z) < <
RCOEIFQ(S) RCOEIFQ(S)

U (xs N %Sﬁ) (z), since < g U (ixXs N Xsit) > is an i-v fuzzy quasi-ideal of

S containing fi. This implies that () € < pU(xs Nxsp) >. Again, ()q(z) =
N 0)(z) = _inf (z) = inf  (EUO)(z) > _inf  (EU(OxsN

ACOEIFQ(S) RCOETFQ(S) BCOEIFQ(S) RCOETFQ(S)

Xs0))(@) = inf  (pU(pXs NXsp))(x) = (BU(IXs NXsh))(x). So, pU (iXs N

FCBEIFQ(S)
Xsft) € (f1)q. This shows that < ﬁU( ExXs N xsi) > C < () > = (i1)q- Thus we
obtain that (1), =< U (axs N Xsk) > O

Definition 3.11 ([10]). An element ‘a’ of a semiring S is said to be regular if there
exists an element z € S such that a = axa. A semiring S is said to be regular if its
every element is regular.

The following theorem is known in regular semirings.

Theorem 3.12 ([9]). A semiring S is regular if and only if ﬁgz s gfor any i-v
fuzzy right ideal i and i-v fuzzy left ideal 0 of S.

Theorem 3.13. The following statements are equivalent in a semiring S.

(i) S is regular.

(ii) For each i-v fuzzy right ideal i and i-v fuzzy left ideal 0 of S, ﬁg— N 0.

(111) For each i-v fuzzy right ideal i and each i-v fuzzy left ideal 0 of S, a) i* = 11,
b)92 =9, c) 110 is an i-v fuzzy quasi-ideal of S.

(iv) The set IFQ(S) of all i-v fuzzy quasi-ideals of S forms a regular semigroup
with respect to the usual product of i-v fuzzy subsets of S.

(v) Each i-v fuzzy quasi-ideal 1] of S satisfies 1 = nXs7].

The statements (iii)(a) and (iii)(b) imply that each i-v fuzzy quasi-ideal 77 of S
can be written as the intersection of an i-v fuzzy left ideal and an i-v fuzzy right
ideal of .S, since it satisfies 7 = x5 N NXs.

The proof of this theorem is straightforward. We hence omit the proof.

In the following theorem, we study the type of i-v fuzzy quasi-ideals in a regular
semiring .S.

Theorem 3.14. The following statements are equivalent in a semiring S.
(i) u9 =pun 6 C 9,u for any i-v fuzzy right ideal 1 and i-v fuzzy left ideal 7] of S.
(ii) TFQ(S) forms an idempotent semigroup with respect the usual product of i-v
fuzzy subsets of S.
(iii) 7 = n? for any i-v fuzzy quasi-ideal 7 of S.

Proof. (i) = (ii) : Suppose that (i) hold. Then it follows from Theorem [3.13| that

TFQ(S) forms a regular semigroup with respect to the usual product of the i-v fuzzy

subsets of S. It remains to prove that IFQ(S) is idempotent. Let 7 € IFQ(S).
429
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Then, by Theorem [3.13, we get that 77 = nx 7. Thus, we obtain that :
1= 1Xs1

= (nxsM)Xs (1NXsM)

= nXs(MXsXsn)Xs1 (since, by Theorem 3.13, XsXs7 C Xs7 = Xs7Xs7 € XsXs7)

C nxs(Xsmnxs)xsn (by our assumption)

= (MXsXsM)(1MXsXsM)

= (Mxs) (MxXsm) = 7.

This shows that 7 C 7%2. Now 7? C Xs7 and as well as 77> C 7xs imply that
1% C Xsn N7Xs C 7, since 7 is an i-v fuzzy quasi-ideal of S. Hence 77 = 7. Thus
IFQ(S) forms an idempotent semigroup with respect to the usual product of i-v
fuzzy subsets of S.

(ii) = (iii) : This is just a restriction.

(iii) = (i) : Let 7 = 7? for any i-v fuzzy quasi-ideal 7 of S. Let f1 and 0 be an i-v
fuzzy right ideal and an i-v fuzzy left ideal of S respectively. Then /75 Cuxs C i as
well as, 16 C xs6 C 6. This implies that 16 C zN6. Now being an intersection of an
i-v fuzzy right ideal and an i-v fuzzy left ideal of S, 1N 6 is an i-v fuzzy quasi-ideal
of S. Hence, we have pNé = (1N 9)2~: (rN0)(pN) C pb. Similarly, (£N0) C Op.
Thus we have proved that g6 = pnN 6 C Gu. O

4. INTERVAL-VALUED FUZZY BI-IDEALS OF A SEMIRING :

Definition 4.1. A non-empty i-v fuzzy subset i of a semiring S is said to be an i-v
fuzzy bi-ideal of S if for any z,y,2 € S, fi(z +vy) > Min'(i(x), i(y)), pop C i and
filzyz) > Min' (ji(x), i(2).

We characterize the i-v fuzzy bi-ideals of a semiring in the following lemma.

Lemma 4.2. A non-empty i-v fuzzy subset 1 of a semiring S is an i-v fuzzy bi-ideal
of 8 if and only if fi(z +y) > Min'(ji(z), fi(y)) for any x,y € S and fiXsfi C f.

In the following proposition, we state the relation between i-v fuzzy quasi-ideal
and i-v fuzzy bi-ideal of a semiring.

Proposition 4.3. Fvery i-v fuzzy quasi-ideal of a semiring S is also an i-v fuzzy
bi-ideal of S.

Proof. Let i be an i-v fuzzy quasi-ideal of a semiring S. Then

iz +y) > Mini(7i(z), fi(y)), for any 2,y € S. Now fixsfi C fiXs¥s C fiXs. Also,
uxst € Xsxstt € xsp- Hence, we get uxsie € Xsp N xs. Since, i is an i-v fuzzy
quasi-ideal of S, it follows that pxsi C Xsp N pxs C . Consequently, ji is an i-v
fuzzy bi-ideal of S. g

We note that the converse of the above Proposition does not hold in general.

Definition 4.4. Let i be a non-empty i-v fuzzy subset of a semiring S. Then
the i-v fuzzy bi-ideal of S generated by fi is denoted by (j1), and is defined as the
intersection of all i-v fuzzy bi-ideals of S containing .
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Lemma 4.5. Let it be a non-empty i-v fuzzy subset of a semiring S. Then, we have
the following equality.

() =< BURE*URXsh >.

Proof. We first prove that < U2 ULix s/t > is an i.v. fuzzy bi-ideal of S, containing
fi. Similar to the proof given in Lemma/l3.10l (7), we can show that < pUp2Upuxsi >
(z+y) > Mm( <BURPURXsh > (), < BU R U IXsi > (y)), for any z,y € S.
Now, we easily deduce that

(RU B U iixsi)Xs (U i* U X sit)
= (LU U pxsi) (Xsi U Xsi® U XsiXs i)
C (U * U ixsi)(Xsh U XsXsh U XsXsXsh)
C (RUR* U ixsi)(Xsi U Xsit U Xsh)
= (BU U iXsi)Xsh
= AXsA U EPX AU X SAX ST
C piXsp U pXsXsh U X s
C fixsi C (U i* U iXsfi).-

Therefore, < (AURZURYXsH)Xs(RUR2URX ) > C < U2 Ufixsii >. This shows
that < AUEPURXsI) > Xs < AURPURXsE > C < (RUEPURX s X s (BURPURIX s fL) >
C< pUp?Upxsp >. Consequently, < g U 2 U fixsit > is an i-v fuzzy bi-ideal
of S and clearly, it contains fi. Suppose that TFB(S) denote the set of all i-v

fuzzy bi-ideals of S. Let x € S. Then, we have ()p(z) = ( N 5) (z) =
COIFB(S)
_inf O(z) < < pUR?Uxs > (2), since < U B2 U fixsii > is an i-v
HCOIFB(S)
fuzzy bi-ideal of S, containing fi. Thus, (1), € < p U % U fixspi >. Again, we

have (ﬁ)b(w):( N 9)(@: Cinf O(x)= inf  (FURRUB)(x)
HCOEIFB(S) RCOIFB(S) RCOEIFB(S)

(since, 11 C 0, and 6 is an i.v fuzzy bi-ideal of S, it follows that ji2 = fifi C 06 C 5)
> inf  (AUEPUOXsO)(z) > inf  (RURPURXsE) () = (BURPURX s ) (2)-

T jCBeIFB(S) RCOEIFB(S)
Thus, we obtain that (7 U2 U iXs/t) € (f1). This implies that < U p? U ixsp >
C < (W)p > = (). Hence, < pUE* U fixshi > = (/1)s- O

For i-v fuzzy bi-ideals of a semiring, we have the following Proposition.

Proposition 4.6. The product of an i-v fuzzy bi-ideal and an i-v fuzzy sub-semiring
of a semiring S is still an i-v fuzzy bi-ideal of S.

The following corollaries are easy consequence of the above Proposition.

Corollary 4.7. The product of two i-v fuzzy bi-ideals of a semiring is again an i-v
fuzzy bi-ideal of S.

Corollary 4.8. The product of two i-v fuzzy quasi-ideals of a semiring is an i-v
fuzzy bi-ideal of S.
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In the following theorem, we state some properties of i-v fuzzy quasi-ideals of a
regular semiring.

Theorem 4.9. Let S be a reqular semiring. The following properties of an i-v fuzzy
quasi-ideal of S hold. B N N

(i) Each i-v fuzzy quasi-ideal i of S satisfies i = 0 N7j = 01, where 0 = (i),
and 1 = (fi);.

(ii) Fach i-v fuzzy quasi-ideal i of S satisfies i? = [1°.

(iii) Fach i-v fuzzy bi-ideal of S is an i-v fuzzy quasi-ideal of S.

(iv) Each i-v fuzzy bi-ideal of a two-sided ideal T of S is an i-v fuzzy quasi-ideal
of S.

Proof. (i) In a regular semiring S, each i-v fuzzy quasi-ideal 1 of S satisfies 1 =
Xsit N pixs, by Theorem 3.13. Hence, it suffices to prove that (i), = Xsp and
(1) = iXs. Now, we deduce the followings:
Xsh C <pUxsp >
=< pUXsi ><pUXsit > (since, in a regular semiring S,
(112 = Ji1, where, fi7 is an i-v fuzzy left ideal of S, by Theorem 3.13)
C < B URXsh U Xsii U XsAx s >
C < XstUXsiUXsitUXsii > (since, by Theorem B.14, 1 = i°)
= < Xsp > = Xsh-
Thus, we obtain Xsfi € < iU Xsfi > C Xsfi. So, Xsfi = < pUXsp > = (A
Similarly, we can get that uxs = (f),. Therefore, g = xspNpxs = < pU Xsp >
N<pUpxs > = ()N (i) = (1) (1)1, by Theorem 3.12!

(i) Let g be an i-v fuzzy quasi-ideal of S. Then by Theorem [3.14} it follows that 2
is a i-v fuzzy quasi-ideal of S, since S is regular. Then by Theorem [3.13, we have

7 = [P = HERsTOR = 7 =

(iii) Let g be an i-v fuzzy bi-ideal of S. Then pfixs N Xsit = aXsXsit € pxXsit C
(since 1 is an i-v fuzzy bi-ideal of S). Thus i is an i-v fuzzy quasi-ideal of S.

(iv) Suppose that 11 be an i-v fuzzy bi-ideal of a two sided ideal T of S. Let t € T C S.
Since S is regular, there exist u € S such that ¢t = tut. This implies that ¢t = t(utu)t.
Since T is a two-sided ideal of S, utu € T and hence T is also regular. Now,

H1Xs N Xsp1
= (piXTp1)Xs N Xs(HXTH1)
(follows from the regularity of T and Theorem [3.13)
= (paxr)(pixs) N (Xspa) (Xrpa)
€ (11xs)(XrXs) N (Xsxr)(XshH1)
= 1 (XsXTXs) N (XsXTXs)H1
C uixXT N XTp1 (since, T is a two sided ideal of S implies that Y7
is an i-v fuzzy two sided ideal of S)
C u1 (since, T is regular, 7 is also an i-v fuzzy quasi-ideal of T').
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Consequently, 17 is an i-v fuzzy quasi-ideal of S. O
Definition 4.10 ([2]). An element ‘z’ of a semiring S is said to be intra-regular
m
if there exist a;,b; € S such that x = Z a;x?b;. A semiring S is said to be intra-
regular if its every element is intra—reglilzaulr.
In the following theorem, we characterize the intra-regular semirings.

Theorem 4.11 ([2]). A semiring S is intra-regular if and only if LN R C LR, for
any left ideal L and right ideal R of S.

Theorem 4.12. A semiring S is intra-regular if and only if @0 6 C ﬁg, for any i-v
fuzzy left ideal i1 and i-v fuzzy right ideal 6 of S.

Proof. Let S be an intra-regular semiring. Let 1 and 0 be an i.v. fuzzy left ideal
and an i-v fuzzy right ideal of S respectively. Suppose that x € S. Since, S is

n
intra-regular, there exist a;, b; € S such that z = Zaiwzbi. So, x = Z(alzr)(:rbl)
i=1 i=1
Then, we deduce that

k
(WX@mm{ﬁghMmOMMﬁ@m:xEQM%mm%ES}

> inf {Mml(ﬁ(azw% (wb;)) }

T 1<i<n

> inf {Mini(i(z),0(z))}

T 1<i<n
(since, [ is an i-v fuzzy left ideal and g is an i-v fuzzy right ideal of S)

— Min' (i), 8())
= (rN0)(x).
Thus, we obtain gz N 6C ﬁg B

Conversely, suppose that N6 C p16, for any i-v fuzzy left ideal p and i-v fuzzy right
ideal 6 of S. Let L and R be a left ideal and a right ideal of S respectively. Then,
by our assumption, we have xr N Xr € XrXgr- This implies that Xrnr € XLg, by
Lemma 2.13 and Lemma 2.14. Thus, we have shown that LN R C LR. Hence, S is
an intra-regular semiring, by Theorem 4.11. O

Now we state the main theorem. This theorem is a characterization theorem of
a regular and intra-regular semiring .S in terms of their i-v fuzzy quasi-ideal and i-v
fuzzy bi-ideal of S.

Theorem 4.13. Let S be a semiring. Then the following statements are equivalent.
(i) S is regular and intra-regular.
(ii) Ewvery i-v fuzzy quasi-ideal of S is idempotent.
(iii) Fvery i-v fuzzy bi-ideal of S is idempotent.
(iv) gnN 6C ﬁg for all i-v fuzzy quasi-ideals @ and ] of S.
(v) gn 6C ﬁg for every i-v fuzzy quasi-ideal 11 and i-v fuzzy bi-ideal 0 of S.
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(vi) pN 0 C u9 for every i-v fuzzy bi-ideal @t and i-v fuzzy quasi-ideal 0 of S.
(vii) N g C u@ for all i-v fuzzy bi-ideals 1 and 0 of S.

Proof. (i) = (vii) : Let () hold and x € S. Since S is regular, there exists a € S
such that © = zax. So we can write z = xzazaxr ......... (1). Again since S is

intra-regular, there exist a;,b; € S such that x = Zaiaszi, where m € N. Then

=1
m m

from (1), we have z = xa(z a;x?b;)ar = Z(xaaix)(xbiax). Now let fi and 6 be

i=1 i=1
two i-v fuzzy bi-ideals of S. Then, the following conditions hold :

(1i6) () = sup { élgén{MW(ﬁ(pi)’ 0(a:)} 1w =" pigiipinai € S}

i=1

Y]

inf {Min'(fi(raa;z), 9(1?bz'a$))}

1<i<m

> inf {Mind (MinGi(z), i), Min' (0(), 0(2))) }

1<i<m

V

(since [i and 0 are i-v fuzzy bi-ideals of S)
= Min'(ji(x), 0(x))
— ([EN)().

Consequently, N 6C ﬁg.
(vii) = (vi) : This implication is clear since each i-v fuzzy quasi-ideal of S is also
an i-v fuzzy bi-ideal of S.
(vi) = (v) : Suppose that (vi) holds. Let /i be an i-v fuzzy quasi-ideal and 8 be
an i-v fuzzy bi-ideal of S. Then p is also an i-v fuzzy bi-ideal of S. Now, by our
assumption, we have g N (9) ,u(é))q = <OUBXsNXsH) > ......... (2). As 0Ys
is an i-v fuzzy right ideal of S it is an i-v fuzzy quasi-ideal as well as an i-v fuzzy
bi-ideal of S. Again X59 is an i-v fuzzy left ideal and hence an i-v fuzzy quasi-ideal
of S. Thus, by our assumption, we conclude that 9XS QXSG C ‘9XSX39 - GXSG C 9
since 6 is an i-v fuzzy bi-ideal of S. Then by( ), we haveuﬁ(@) Cli<fuf>C
< il > = [if. Thus, uﬂGC,uﬂ(G) C 7.
(v) = (iv) : It is clear since each i-v fuzzy quasi-ideal of S is also an i-v fuzzy
bi-ideal of S.
(iv) = (iil) : Suppose that (iv) holds. Let i be an i-v fuzzy bi-ideal of S. Now, by
our assumption, we have 11 C (1), = (0)q N g C (1) g(R)g = < U (iXs N Xsp) ><
U (EXs NXSHE) > ovvennnn. (3).
Finally, by our assumption, we have uxsNxsit C uxsXspt C pxsit C f since 1 is an
i-v fuzzy bi-ideal of S. Hence, from (3), it follows that 1 C < i >< i > C < ji® >
= 2. Again, since [ is an i-v quasi-ideal of S, it follows that 12 C ji. Consequently,
we have i = 2.
(iii) = (ii) : This part is clear since each i-v fuzzy quasi-ideal of S is also an i-v
fuzzy bi-ideal of S.
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(i) = (i) : This implication follows from Theorem in [3.14, Theorem 3.12] and
Theorem 4.12. O

5. CONCLUSIONS

We have characterized regular and intra-regular semiring in terms of i-v fuzzy
quasi-ideals and i-v fuzzy bi-ideals of a semiring. So this paper helps us to realize
that we can study different properties of semirings and even some other algebraic
structures from the view of i-v fuzzy set theory. For example, as a continuation
of this paper we shall study the k-regularity and k-intra-regularity of a semiring in
terms of i-v fuzzy k-quasi ideal and i-v fuzzy k-bi-ideal of semirings.
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