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Abstract. Modeling and solving optimization problems is one of the
most important issues in our real world problems. This paper presents a
new method for solving Fully Fuzzy Linear Programming (FFLP) prob-
lems. Although, it has been considered and expanded from many various
points of view in more than a decade, but still it is useful to develop new
procedures to present better fit into real world problems as much as pos-
sible. After introducing FFLP, we propose a new method to solve these
kinds of problems. The method is based on the definition of membership
function and using the convenient techniques for solving the classical multi-
objective programming. Furthermore, for describing the solution process,
we have gave two examples. The computational results show that this
method has a good performance in compare with others in the literature.
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1. Introduction

Linear programming is one of the most important applied operations research
techniques. Due to adapt the real world situations, various attempts were proposed
by researchers. Although the concept of decision making in fuzzy environment was
first proposed by Belman and Zadeh [3], however the concept of fuzzy linear pro-
gramming on general level was first proposed by Tanaka et al. [15] in the framework
of the fuzzy decision of Bellman and Zadeh [3]. Many researchers adopted this con-
cept for solving fuzzy linear programming problems, but less attention has focused
on formulation of fully fuzzy linear programming. Zimmermann [17] proposed the
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first formulation of fuzzy linear programming in different objective. Campos and
Verdegay [4] studied linear programming problem with fuzzy constraints and co-
efficients in both matrix and right hand side of the constraints sets. Kumar [10]
proposed a new method to solve Fully Fuzzy Linear Programming (FFLP) where
the constraints are all inequality. Mariano Jimenez et al. [9] presented a method for
solving linear programming problems where all the coefficients are, in general, fuzzy
numbers. They used a fuzzy ranking method to rank the fuzzy objective values and
to deal with the inequality relation on constraints. Nasseri and Ebrahimnejad [14]
proposed a fuzzy primal simplex algorithm for solving the flexible linear program-
ming problem and then suggested the fuzzy primal simplex method to solve the
flexible linear programming problems directly without solving any auxiliary prob-
lem. Ebrahimnejad and Nasseri [7] used the complementary slackness theorem to
solve fuzzy linear programming problem with fuzzy parameters without the need of
a simplex tableau. Allahviranloo et al. [1] solved the fuzzy integer linear program-
ming problem by reducing it into a crisp integer linear programming problem. After
that Allahviranloo et al. [2] proposed a new method for solving fully fuzzy linear
programming problems by use of a ranking function. Lotfi et al. [8] discussed FFLP
problems by representing all parameters and variables as triangular fuzzy numbers.
Dehghan et al. [6] proposed a fuzzy linear programming approach for finding the
exact solution of Fully Fuzzy Linear System (FFLS) of equations. Kumar et al. [11]
presented a new method for solving FFLP and showed the deficiency of the methods
which were given in [6, 8]. Mishmast Nehi and Hajmohamadi [13] presented a new
method in which the comparison of fuzzy numbers was used by a linear ordered func-
tion for solving multi-objective linear Programming (MOLP) where the parameters
and objectives were fuzzy. Kumar and Singh [12] proposed a new method for finding
the optimal solution of FLP problems. The main advantage of the proposed method
over existing methods was that the fuzzy linear programming problems which can be
solved by the existing methods can also be solved by the proposed method but there
exist several fuzzy linear programming problems which can be solved only by using
the proposed method. In this study we proposed a new method for solving Fully
Fuzzy Linear Programming (FFLP) where all constraints, coefficients, parameters
and variables are fuzzy numbers. This method is based on membership function
and multi objective concepts. This paper is organized in 5 sections. In Section 2,
we present some basic notations and definitions of fuzzy set theory. In Section 3
we introduce the FFLP program and then propose a new method for solving these
programs. The mentioned algorithm is presented in 6 Steps. Illustrative examples
in Section 4 demonstrate the efficiency of our proposed method. Finally conclusions
are presented in Section 5.

2. Preliminaries

In this section we review some basic backgrounds and notions of fuzzy set theory,
which is taken from [5] and[14].

2.1. Terminology and notation.

Definition 2.1. Let X be a collection of objects denoted generically by x, a fuzzy
set Ã in X is defined to be a set of ordered pairs Ã = {(x, µÃ(x)) | x ∈ X} , where
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µÃ(x) is called membership function for fuzzy set Ã. The membership function maps
each element to a membership degree.

Definition 2.2. The support of a fuzzy set Ã is the set of points x in X with
µÃ(x) > 0.

Definition 2.3. A fuzzy subset A of universe set X is normal, iff there is at least
one x ∈ X, that µÃ(x) = 1.

Definition 2.4. The α–cut or α–level set of a fuzzy set is a certain set defined as
follow:

Ãα = {x ∈ X | µÃ(x) > α}.

Definition 2.5. A fuzzy set Ã of universe set X is convex if and only if for any
x, y ∈ X and λ ∈ [0, 1], we have

µÃ(λx + (1− λ)y) ≥ min{µÃ(x), µÃ(y)}.

Definition 2.6. A fuzzy set Ã is a fuzzy number if and only if Ã satisfies in normality
and convexity conditions on the real line.

Definition 2.7. A triangular fuzzy number Ã = (a, b, c) is a fuzzy number on R.
with a membership function µÃ defined by:

µÃ (x) =





x− a

b− a
, x ∈ [a, b]

x− c

b− c
, x ∈ [b, c]

0, o.w.

We also denote the set of all triangular fuzzy numbers with F(R).

Definition 2.8. A triangular fuzzy number Ã = (a, b, c) is said to be nonnegative
triangular fuzzy number, iff a ≥ 0.

2.2. Arithmetic on triangular fuzzy numbers. Let Ã = (a, b, c) and B̃ =
(d, e, f) be two triangular fuzzy numbers. Define:

1) Ã⊕ B̃ = (a + d, b + e, c + f).

2) −Ã = (−c,−b,−a),

3) Ãª B̃ = (a− f, b− e, c− d),

4) Ã = B̃ if and only if a = d, b = e, c = f ,

5) Suppose Ã be any triangular fuzzy number and B̃ be a non-negative triangu-
lar fuzzy number according to Definition 2.8, then we define:
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Ã⊗ B̃ '





(ad, be, cf), a ≥ 0

(af, be, cf), a < 0, c ≥ 0

(af, be, cd), c < 0

3. FFLP problem and a new solving method

In this section, we first define FFLP problem, and after that give a new method
to solve the mentioned problem.

Definition 3.1. FFLP problems with µ fuzzy constraints and n variables may be
formulated as follows:

maximize (or minimize)
n∑

j=1

c̃j ⊗ x̃j

(3.1) s.t.





∑n
j=1 ãij ⊗ x̃j ¹, =,º b̃i, ∀i = 1, . . . ,m

x̃j is nonnegative fuzzy number

where C̃ = [c̃j ]1×n, Ã = [ãij ]m×n, b̃ =
[
b̃i

]
m×1

X̃ = [x̃j ]n×1 .

3.1. Main steps of the proposed algorithm. In this section we propose a novel
method for solving Fully Fuzzy Linear Programming (FFLP) problems in 7 steps.
The steps of this method are as follows:

Step 1: Suppose our FFLP problem is similar to (3.1). If all c̃j , ãij , b̃i and x̃j ,
are represented by triangular fuzzy numbers (pj , qj , rj), (aij , bij , cij), (bi, gi, hi) and
(xj , yj , zj) respectively, then the FFLP problem, may be written as:

max (min)
n∑

j=1

(pj , qj , rj)⊗ (xj , yj , zj)

(3.2) s.t.





∑n
j=1 (aij , bij , cij)⊗ (xj , yj , zj) ¹,=,º (bi, gi, hi), ∀i = 1, . . . , m

(xj , yj , zj) is nonnegative fuzzy number

Step 2: By using the arithmetic operations defined in subsection 2.2, the fuzzy
linear programming problem obtained in Step 1, is converted into the following
equivalent problem:

max (min)
n∑

j=1

(pj , qj , rj)⊗ (xj , yj , zj) =
n∑

j=1

(αj , βj , γj)
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(3.3) s.t.





∑n
j=1 mij ≤, =,≥ bi, ∀i = 1, . . . ,m

∑n
j=1 nij ≤, =,≥ gi, ∀i = 1, . . . ,m

∑n
j=1 oij ≤, =,≥ hi, ∀i = 1, . . . , m

yj − xj ≥ 0, zj − yj ≥ 0

where
(aij , bij , cij)⊗ (xj , yj , zj) = (mij , nij , oij)

(pj , qj , rj)⊗ (xj , yj , zj) = (αj , βj , γj)

Step 3: Suppose the problem is in form of maximizing, (we can easily expand
the problem to the minimizing form), then we convert the objective function into
three objectives as follows:

• Minimize
∑n

j=1 βj − αj

• Maximize
∑n

j=1 βj

• Maximize
∑n

j=1 γj − βj

Therefore our problem would change as follows:

Z1 = Minimize

n∑

j=1

βj − αj

Z2 = Maximize

n∑

j=1

βj

Z3 = Maximize

n∑

j=1

γj − βj

(3.4) s.t.





∑n
j=1 mij ≤, =,≥ bi, ∀i = 1, . . . ,m

∑n
j=1 nij ≤, =,≥ gi, ∀i = 1, . . . ,m

∑n
j=1 oij ≤, =,≥ hi, ∀i = 1, . . . , m

yj − xj ≥ 0, zj − yj ≥ 0
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Step 4: Determine the Positive Ideal Solution (PIS) and Negative Ideal Solution
(NIS) for each objective function by solving the corresponding model as follows:

(3.5) Z1
PIS = Minimize

n∑

j=1

βj − αj

x ∈ F

(3.6) Z1
NIS = Maximize

n∑

j=1

βj − αj

x ∈ F

(3.7) Z2
PIS = Maximize

n∑

j=1

βj

x ∈ F

(3.8) Z2
NIS = Minimize

n∑

j=1

βj

x ∈ F

(3.9) Z3
PIS = Maximize

n∑

j=1

γj − βj

x ∈ F

(3.10) Z3
NIS = Minimize

n∑

j=1

γj − βj

x ∈ F

Assume that, F be the set of all constraints. Obtaining the above ideal solutions
requires solving six linear programming problems. To reduce the computational
time, the negative ideal solutions can be determined by using the positive ideal
solutions. Let v∗h and Zh(v∗h) denote the decision vector associated with the PIS
of hth objective function and the corresponding value of hth objective function,
respectively. So, the related NIS could be estimated as follows:

ZNIS
1 = maxk=1,2,3{Z1(v∗k)} ZNIS

h = mink=1,2,3 {Zh (v∗k)} ; h = 2, 3

Step 5: Determine a linear membership function for each objective function
according to positive and negative ideal points as follows:
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(3.11) µ1 (v) =





1, if Z1 < ZPIS
1

ZNIS
1 − Z1

ZNIS
1 − ZPIS

1

, if ZNIS
1 ≥ Z1 ≥ ZPIS

1

0, if Z1 > ZNIS
1

(3.12) µ2 (v) =





1, if Z2 > ZPIS
2

ZNIS
2 − Z2

ZNIS
2 − ZPIS

2

, if ZNIS
2 ≤ Z2 ≤ ZPIS

2

0, if Z2 < ZNIS
2

(3.13) µ3 (v) =





1, if Z3 > ZPIS
3

ZNIS
3 − Z3

ZNIS
3 − ZPIS

3

, if ZNIS
3 ≤ Z3 ≤ ZPIS

3

0, if Z3 < ZNIS
3

In practice, µi (v) ; i = 1, 2, 3 presents the satisfaction level of ith objective func-
tion for the given solution vector v. The graphs of these membership functions were
represented in Figures 1 and 2 see also in [16]

Fig.1. Linear membership function for Z1 Fig.2. Linear membership function for Z2(Z3)

Step 6: Convert the auxiliary LP model into an equivalent single-objective LP
by using the following auxiliary crisp formulation:

max γλ + (1− γ)
3∑

i=1

θiZi(v)

361



Seyed Hadi Nasseri et al./Ann. Fuzzy Math. Inform. 7 (2014), No. 3, 355–368

(3.14) s.t.





0 ≤ λ, γ ≤ 1

λ ≤ µi (v) ; i = 1, 2, 3

v ∈ F (v)

where µi (v) ; i = 1, 2, 3 presents the satisfaction level of ith objective function for
the given solution vector v and λ denote the minimum satisfaction degree of all
objectives. This formulation has a new achievement function defined as a convex
combination of the lower bound for satisfaction degree of objectives (λ), and the
weighted sum of the objective functions to ensure yielding an adjustably balanced
compromise solution. Moreover, θi and γ indicate the relative importance of the ith
objective function and the coefficient of compensation, respectively. The selection
of ,θi depends to the aims and opinion of decision maker. The main aim in this
problem is to find the maximum of minimum satisfaction degree of all objectives in
order to find a better solution for the primal FFLP problem.

Step 7: After solving, the solutions must be put into the objective function of
primal FFLP problem in order to find the fuzzy objective value of problem. In this
section, a numerical example is considered to indicate the performance of proposed
method. To illustrate our method, we will solve the following FFLP and then we
compare our answer with the answer solving by A. Kumar et. al method in [5].

4. Numerical examples

Example 4.1. Consider the following FFLP problem. By solving this problem, we
are going to explain the main steps of our proposed algorithm. Due to explaining
our method in maximum form, here we solve a problem in minimum form to expand
it:

min Z = ((1, 6, 9)⊗ x̃1 ⊕ (2, 2, 8)⊗ x̃2)

(4.1) s.t.





(0, 1, 1)⊗ x̃1 ⊕ (2, 2, 3)⊗ x̃2 < (4, 7, 14)
(2, 2, 3)⊗ x̃1 ⊕ (−1, 4, 4)⊗ x̃2 4 (−4, 14, 22)
(2, 3, 4)⊗ x̃1 ª (1, 2, 3)⊗ x̃2 4 (−12,−3, 6)

x̃1 and x̃2 are non-negative triangular fuzzy numbers
According to Step 1, let x̃1 = (x1, y1, z1) and x̃2 = (x2, y2, z2). Then the original

FFLP problem changes as follows:

min Z = ((1, 6, 9)⊗ (x1, y1, z1)⊕ (2, 2, 8)⊗ (x2, y2, z2))

(4.2) s.t.





(0, 1, 1)⊗ (x1, y1, z1)⊕ (2, 2, 3)⊗ (x2, y2, z2) < (4, 7, 14)

(2, 2, 3)⊗ (x1, y1, z1)⊕ (−1, 4, 4)⊗ (x2, y2, z2) 4 (−4, 14, 22)

(2, 3, 4)⊗ (x1, y1, z1)ª (1, 2, 3)⊗ (x2, y2, z2) 4 (−12,−3, 6)
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By using Step 2 and arithmetic operations defined in subsection 2.2, the men-
tioned FFLP problem changes as following problem:

min Z = ((x1+2x2, 6y1 + 2y2, 9z1 + 8z2))

s.t.





2x2 ≥ 4
y1 + 2y2 ≥ 7
z1 + 3z2 ≥ 14
2x1 − z2 ≤ −4
2y1 + 4y2 ≤ 14
3x1 + 4z2 ≤ 22
2x1 − 3z2 ≤ −12
3y1 − 2y2 ≤ −3
4z1 − x2 ≤ 6
y1 − x1 ≥ 0, y2 − x2 ≥ 0
z1 − y1 ≥ 0, z2 − y2 ≥ 0

By using Step 3, the objective function is converted into three objective functions
as follows:

Z1 = max{6y1 + 2y2 − x1 − 2x2 }

Z2 = min{6y1 + 2y2 }

Z3 = min{9z1 + 8z2 − 6y1 − 2y2}

the problem changes as follow:

Z1 = max{6y1 + 2y2 − x1 − 2x2}
Z2 = min{6y1 + 2y2}
Z3 = min{9z1 + 8z2 − 6y1 − 2y2}

(4.3) s.t.





2x2 ≥ 4
y1 + 2y2 ≥ 7
z1 + 3z2 ≥ 14
2x1 − z2 ≤ −4
2y1 + 4y2 ≤ 14
3x1 + 4z2 ≤ 22
2x1 − 3z2 ≤ −12
3y1 − 2y2 ≤ −3
4z1 − x2 ≤ 6
y1 − x1 ≥ 0, y2 − x2 ≥ 0
z1 − y1 ≥ 0, z2 − y2 ≥ 0

In Step 4, we determine the positive and negative ideal points for each objective.
The result is obtained as follows:
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v∗1 =
{

(x1, y1, z1)z2
= (0, 1, 0)

(x2, y2, z2)z2
= (2, 3, 5.5)

v∗2 =
{

(x1, y1, z1)z1
= (0, 0, 2)

(x2, y2, z2)z1
= (2, 3.5, 4)

v∗2 =
{

(x1, y1, z1)z3
= (0, 1, 0)

(x2, y2, z2)z3
= (2, 3.4.6667)

According to Step 4, we have:

ZPIS
1 = 8, ZNIS

1 = 3; ;

ZPIS
2 = 7 , ZNIS

2 = 12;

ZPIS
3 = 76/3 ≈ 25.3334, ZNIS

3 = 43.

Therefore, according to (4.4), and Step 5, the membership functions of these objec-
tive functions are as below:

µ1 (v) =





1, if Z1 > 8

Z1 − 3
5

, if 3 ≤ Z1 ≤ 8

0, if Z1 < 0

µ2 (v) =





1, if Z2 < 7

12− Z2

5
, if 7 ≤ Z2 ≤ 12

0, if Z2 > 12

µ3 (v) =





1, if 3 > 38

43− Z3

43− 25.3334
, if 0 ≤ Z3 ≤ 38

0, if Z3 < 0

Finally converting the auxiliary LP model into an equivalent single-objective LP by
using the following auxiliary crisp formulation is obtained as follows:

max γλ + (1− γ)
3∑

i=1

θiZi = max0.5γ + 0.5(Z1 + 4Z2 + Z3)
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(4.4) s.t.





5λ− Z1 ≤ −3
5λ + Z2 ≤ 12
17.6667λ+Z3 ≤ 43
2x2 ≥ 4
y1 + 2y2 ≥ 7
z1 + 3z2 ≥ 14
2x1 − z2 ≤ −4
2y1 + 4y2 ≤ 14
3x1 + 4z2 ≤ 22
2x1 − 3z2 ≤ −12
3y1 − 2y2 ≤ −3
4z1 − x2 ≤ 6
y1 − x1 ≥ 0, y2 − x2 ≥ 0
z1 − y1 ≥ 0, z2 − y2 ≥ 0

This problem is a conventional linear programming problem. The optimal solution
of this problem for γ = 0.5, θ1 = 1, θ2 = 4 and θ3 = 1 is obtained as follows:

x̃1 = (x1, y1, z1) = (0, 0, 0) , x̃2 = (x2, y2, z2) = (2, 3.5, 4, 6667)

By these values, the objective value of the (4.1) is as follows:

Z∗ = (1, 6, 9)⊗ (0, 0, 0)⊕ (2, 2, 8)⊗ (2, 3.5, 4, 6667) = (4, 7, 37.333)

The optimal solution of the proposed method is Z∗ = (4, 7, 37.333). By solving
this problem with the proposed method by Kumar et. al in [10] the optimal solution
is Z0 = (4, 7, 37.333). In comparison with Z0, our solution for this problem is equal
with the solution achieving in[10].

Example 4.2. Consider the following FFLP problem. By solving this problem,
which is the same as Kumar et. al example in[10]. we solve the following FFLP and
then compare our solution with the solution which was obtained in [10].

maxZ = ((1, 2, 3)⊗ x̃1 ⊕ (2, 3, 4)⊗ x̃2)

s.t.

{
(0, 1, 2)⊗ x̃1 ⊕ (1, 2, 3)⊗ x̃2 < (1, 10, 27)
(1, 2, 3)⊗ x̃1 ⊕ (0, 1, 2)⊗ x̃2 4 (2, 11, 28)

x̃1 and x̃2 are non-negative triangular fuzzy numbers
According to Step 1, let x̃1 = (x1, y1, z1) and x̃2 = (x2, y2, z2). Then the original

FFLP problem changes as follows:

maxZ = ((1, 2, 3)⊗ (x1, y1, z1)⊕ (2, 3, 4)⊗ (x2, y2, z2))

s.t.





(0, 1, 2)⊗ (x1, y1, z1)⊕ (1, 2, 3)⊗ (x2, y2, z2) < (1, 10, 27)

(1, 2, 3)⊗ (x1, y1, z1)ª (0, 1, 2)⊗ (x2, y2, z2) 4 (2, 11, 28)
By using Step 2 and arithmetic operations defined in subsection 2.2, the men-

tioned FFLP problem changes as following problem:

max Z = ((x1+2x2, 2y1 + 3y2, 3z1 + 4z2))
365
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s.t.





x2 ≤ 1
y1 + 2y2 ≤ 10
2z1 + 3z2 ≤ 27
x1 ≤ 2
2y1 + y2 ≤ 11
3z1 + 2z2 ≤ 28
y1 − x1 ≥ 0, y2 − x2 ≥ 0
z1 − y1 ≥ 0, z2 − y2 ≥ 0

By using Step 3, the objective function is converted into three objective functions
as follows:

Z1 = min{2y1 + 3y2 − x1 − 2x2}
Z2 = max{2y1 + 3y2}
Z3 = max{3z1 + 4z2 − 2y1 − 3y2}

s.t.





x2 ≤ 1
y1 + 2y2 ≤ 10
2z1 + 3z2 ≤ 27
x1 ≤ 2
2y1 + y2 ≤ 11
3z1 + 2z2 ≤ 28
y1 − x1 ≥ 0, y2 − x2 ≥ 0
z1 − y1 ≥ 0, z2 − y2 ≥ 0

Then, we determine the PIS and NIS for each objective. The result is as below:

ZPIS
1 = 0, ZNIS

1 = 17;

ZPIS
2 = 17 , ZNIS

2 = 0;

ZPIS
3 = 38, ZNIS

3 = 0.

Therefore, the membership functions of these objective functions are as below:

µ1 (v) =





1, if Z1 < 0

Z1 − 17
17

, if 0 ≤ Z1 ≤ 17

0, if Z1 > 17

µ2 (v) =





1, if Z2 > 17

0− Z2

−17
, if 0 ≤ Z2 ≤ 17

0, if Z2 < 0
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µ3 (v) =





1, if Z3 > 38

0− Z3

−38
, if 0 ≤ Z3 ≤ 38

0, if Z3 < 0

Finally converting the auxiliary LP model into an equivalent single-objective LP by
using the following auxiliary crisp formulation is obtained as follows:

Z = max{γλ + (1− γ)
3∑

i=1

θiZi} = max{0.5 γ + 0.5(−Z1 + 4Z2 + Z3)}

s.t.





0 ≤ λ ≤ 1
17λ + Z1 ≤ 17
17λ− Z2 ≤ 0
38λ− Z3 ≤ 0
0 ≤ Z1 ≤ 17
0 ≤ Z2 ≤ 17
0 ≤ Z3 ≤ 38
x2 ≤ 1
y1 + 2y2 ≤ 10
2z1 + 3z2 ≤ 27
x1 ≤ 2
2y1 + y2 ≤ 11
3z1 + 2z2 ≤ 28
y1 − x1 ≥ 0, y2 − x2 ≥ 0
z1 − y1 ≥ 0, z2 − y2 ≥ 0
0 ≤ γ ≤ 1

This problem is a conventional linear programming problem. The optimal solution
of this problem for γ = 0.5, θ1 = 1, θ2 = 4 and θ3 = 1 is obtained as follows:

x̃1 = (x1, y1, z1) = (2, 4, 6) , x̃2 = (x2, y2, z2) = (1, 3, 5)

By these values, the objective value of the (4.2) is as follows:

Z∗ = (1, 2, 3)⊗ (2, 4, 6)⊕ (2, 3, 4)⊗ (1, 3, 5) = (4, 17, 38)

The optimal solution of the proposed method is Z∗ = (4, 17, 38). In comparison
with Kumar et. al [10], both methods have the same solutions.

5. Conclusion remarks

This paper proposed a novel method for solving Fully Fuzzy Linear Programming
problem by representing all parameters as triangular fuzzy numbers. After intro-
ducing FFLP problem, we express a new algorithm for solve FFLP problem, which
is based on membership function definition and interactive fuzzy programming so-
lution approach. Computational results and illustrative numerical examples show
that this method has good performance in comparing with others in literature.
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