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ABSTRACT. In this paper , we state and prove some fixed point theorems
in fuzzy metric spaces in the sense of Kramosil and Michalek. Our results
extend the famous fixed point theorems due to Caccioppoli and Edelstein
on classical metric spaces. In particular , we deduce the Banach contraction
theorem on fuzzy metric spaces due to Grabiec as a corollary. Further we
support our results with a suitable example.
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1. INTRODUCTION

With the advent of the concept of fuzzy metric spaces, a new era of studying
Fixed Point Theory in these spaces sets in. There are several notions of fuzzy
metric spaces as introduced by various authors such as [3, [4, 12 13]. In particular,
Kramosil and Michalek [13] introduced a notion of fuzzy metric spaces in the year
1975 by generalizing the concept of probabilistic metric spaces introduced by Menger
to fuzzy setting. George and Veeramani [5] modified the notion of fuzzy metric
spaces introduced by Kramosil and Michalek with the help of continuous t-norm
and obtained a Hausdorff topology for this kind of fuzzy metric spaces. Many
authors think that the George and Veeramani’s definition is an appropriate notion
of metric fuzziness in the sense that it provides rich fuzzy topological structure
which can be obtained, in many cases, from classical theorems. In recent years,
many mathematicians such as [1}, 2, [0, 10, 1T}, 22] etc., established several fixed point
theorems in fuzzy metric spaces. Our present work is in the direction of extending
the classical fixed point theorems due to Caccioppoli and Edelstein in fuzzy metric
spaces. Recent literatures on fixed point theory in fuzzy metric spaces can also
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be viewed in [7, 8, (14} [16} 17, [18], [19]. For basic analysis we refer to [9, [15]. The
structure of the paper is as follows. After the preliminaries, we prove the fuzzy
version of Caccioppoli and Edelstein fixed point theorems in section [3] and deduce
fuzzy Banach contraction theorem due to Grabiec [6] as a corollary. We have also
incorporated an example to support the fuzzified Caccioppoli fixed point theorem.

2. PRELIMINARIES
In this section, we recall some definitions and known results.

Definition 2.1 ([23]). A fuzzy set A in X is a mapping A : X — [0, 1]. For zeX, A(x)
is called the grade of membership of = .

Definition 2.2 (|21]). A binary operation x : [0,1] x [0,1] — [0,1] is called a
continuous t-norm, if ([0,1],%) is an abelian topological monoid with unity 1 such
that a % b < ¢* d, whenever a < ¢,b < d, for all a,b, ¢, de[0, 1].

Definition 2.3 ([13]). The 3-tuple (X, M, %) is called a fuzzy metric space, if X
is an arbitrary set, * is a continuous t-norm and M is a fuzzy set in X2 x [0, o0,
satisfying the following conditions:

For all z,y, zeX and s,t > 0,

M(z,y,0) =0, (2.3.1)
M(z,y,t) =1, for all t > 0 if and only if z = y, (2.3.2)
M(z,y,t) = M(y,z,t) , (2.3.3)
M(z,z,s+1t) > M(x,y,s) * M(y, z,1), (2.3.4)
M(z,y,.) : [0,00[— [0,1] is left continuous, and (2.3.5)
limi—oo M (x,y,t) = 1. (2.3.6)

Example 2.4 ([5]). Let (X, d) be a metric space and axb = min{a, b}orab for every
a,bef0,1]. Let My be a fuzzy set in X? x [0, 00[ given by Ma(z,y,t) = gray if
t >0 and My(z,y,0) = 0. Then (X, My, %) is a fuzzy metric space and My is called
the standard fuzzy metric induced by the metric d. For further examples of fuzzy
metric spaces we refer to [20].

Definition 2.5 ([6]). A sequence {z,} in a fuzzy metric space (X, M, x) is called
(a) a Cauchy sequence, if lim,_oco M (Zy, Tptp,t) =1, for all t > 0,p > 0.
(b) convergent to x(in symbols, lim ,, = z or x,, — ), if limy, oo M (2, x,t) =
1, for all t > 0.

Definition 2.6 ([6]). A fuzzy metric space (X, M, x) is said to be complete,if every
Cauchy sequence in X is convergent.

Definition 2.7 ([1]). Let (X, M,*) be a fuzzy metric space and ¢ > 0. A fi-
nite sequence x = xg,%1,...,Tn_1,T, = Yy is called an e-chain from z to y if
M(x(i—1),vi,t) > 1 —¢, forall t > 0,i =1,2,...,n. A fuzzy metric space (X, M, )
is said to be e-chainable if for every x,yeX, there is an e-chain from z to y.

Definition 2.8. Let (X, M, *) be a fuzzy metric space and T : X — X be a

mapping.
(a) T is said to be continuous, if for every zeX, x,, — = implies Tz, — Tz.
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(b) For ¢ > 0,0 < A < 1,T is called (g, \) uniformly locally contractive, if
M (z,y,t) > 1—¢ implies M (T, Ty, t) > M(x,y, %), (2.7.1)
for all z, yeX,t > 0. Clearly a uniformly locally contractive mapping 7" is continuous.

Theorem 2.9. (Caccioppoli) Let (X, p) be a complete metric space and T : X — X
be a mapping. Suppose for each positive integer n, p(T"x, T™y) < anp(x,y) for all
z,yeX and a, > 0 is independent of x,y. If the series Ya, is convergent, then T
has a unique fized point.

Theorem 2.10. Let (X, p) be a complete metric space and T : X — X be a con-
tinuous mapping. If for some positive integer m, T™ is a contraction mapping, i.e.,
p(T7x, T™y) < ap(z,y) for all z,yeX, and some 0 < o < 1, then T has a unique
fixed point.

Theorem 2.11. (Edelstein) Let (X, p) be a complete, e-chainable metric space and
T:X — X be (e,\) uniformly locally contractive. Then there exists a unique fixed
point of T.

Theorem 2.12. (Grabiec [6]) Let (X, M, *) be a complete fuzzy metric space and
T:X — X be a contraction, i.e., a mapping satisfying M (Tx, Ty, kt) > M(x,y,t),
for all z,yeX,t > 0 and some 0 < k < 1. Then T has a unique fized point.

3. MAIN RESULTS

In this section, we state and prove the main results of our paper. We extend the
theorems 2.9,2.10 and 2.11 to fuzzy metric spaces and deduce theorem 2.12 as a
corollary. We further construct an example in support of the fuzzy version of the
theorem 2.9

Theorem 3.1. Let (X, M, *) be a complete fuzzy metric space and T : X — X be a
mapping satisfying the followings:

For every positive integer n and t > 0,

M(T™x, T™y, knt) > M(z,y,t), (3.1.1)
for all x,yeX, k,, > 0 being independent of x,y. If k,, — 0, then T has a unique fized
point in X.

Proof. Let xeX,x, = T"x,neN. Now {z,} is a sequence of points of X such that
r1=Txr,xo =Txq,... ... s Tnt+1 = Tz, neN. We get
1> M (Tp, Tngp,t)

> M (xn,a:nﬂ, %) x« M (mn+1,xn+2, %) * o * M <:cn+p,1,a:n+p, %)

ZM(sc,xl,p%n)*M(x,ml,ﬁ)* ...... *M(m,xl,m) (by 3.1.1).
— 1x1x*.... x1 = 1, asn — oo, forallt > 0,p > 0 by(2.3.6). Therefore
limp—ocoM (2, Tnyp,t) = 1, for all ¢ > 0,p > 0 and so {x,} is a Cauchy se-
quence in X. As X is complete,JyeX such that x, — y, as n — co. We thus have
1> M(y’Ty7t) > M(yv Ln+1, %) * M(:CTL-H?Ty’ %) > M(xn+1,y, %) * M(xn,y, i)
by (3.1.1). = 1%1 =1, as n — oo,for all ¢ > 0.
Hence M (y,Ty,t) = 1, for all t > 0, and thus Ty = y, a fixed point of T".To show
uniqueness , let zeX such that Tz = z. We get T"y = y,T"z = z, for all neN .Now
1> My, z,t) = M(T"y, T"z,t > M(y,z,kin) — 1,as n — oo for all t > 0.
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Therefore M (y,z,t) = 1, for all ¢ > 0. Hence y = z and so the fixed point is
unique. U

We now deduce the theorem 2.12 due to Grabiec [6] as a corollary:

Corollary 3.2. Let (X, M, *) be a complete fuzzy metric space and T : X — X be
a contraction , i.e., a mapping satisfying

M(Txz, Ty, kt) > M(z,y,t), (3.2.1)
for all z,yeX,t > 0 and some 0 < k < 1. Then T has a unique fized point.

Proof. For any positive integer n, we have
M(T"x, Ty, k™t) > M(T" o, T 1y, k"), by(3.2.1).
> M(T=2g, T2y E=28) > .. > M(z,y,t),
for all z,yeX,t > 0 and some 0 < k < 1. As k™ — 0, as n — o0, we have by the
preceding theorem, T" has a unique fixed point. O

Example 3.3. Let X = [0,1] and d(z,y) = |z — y| for every z, yeX. Then (X, d) is
a complete metric space. Let M be a fuzzy set in X2 x [0, oo[ given by M (z,y,t) =
m ift > 0and M(z,y,0) = 0. With axb = min{a, b} for every a, be[0, 1], (X, M,
*) is a complete fuzzy metric space. Let T': X — X be given by Tz = £, for every
zeX. Now

M(T 2, T"y, k™) = wratmeTg)
_ o : 1
= %-HTix—T"y\’Wlth k= 5-
t t
= T 2 ey — M@t
for every x,yeX,t > 0,n > 0. Also k™ = 2% — 0. Therefore , the conditions of the

theorem 3.1 are satisfied. We note that 0eX is the unique fixed point of T'.

Theorem 3.4. Let (X, M, *) be a complete fuzzy metric space and T : X — X be a
continuous mapping. Let there exist a positive integer m such that

M(T™x, Ty, kt) > M(x,y,t), for all z,yeX,t > 0 and some 0 < k < 1. (3.4.1)
If vy, — x,yn — y in X implies M (Zp, Yn,t) — M(x,y,t) , (3.4.2)
for allt >0, then T has a unique fixed point in X.

Proof. We put B =T"™. Then for any zgeX and any positive integer n, we have
M (B"Txq, Bz, k™t) > M(B" 'Txg, B" txg, k" ~1t) by (3.4.1).
> M(B" 2Txg, B" 2z, k" 2t)

> M(Txo,l'o,t). (343)
As B is a contraction, we have B has a unique fixed point xeX. As in the proof of
the fuzzy Banach contraction Theorem, we get B"xy — = as n — oco. This gives
TB"zy = B"Txzy — Tx. By (3.4.2), we have
M(B"Txg, B"xo,t) — M(Tx,z,t), as n — oo, for all ¢ > 0. (3.4.4)
Using (3.4.3), we get 1 > M(B"Txq, B xo,t) > M(Tz, xo, ki) — 1, as n — oo,
for all ¢ > 0. Therefore , lim, ..o M(B"Tx, B"xg,t) = 1, for all ¢ > 0. Then by
(3.4.4), we obtain ,M(Tx,z,t) = 1, for all ¢ > 0. Hence Tx = z, a fixed point of T.
If Ty = y, for some yeX we get By =Ty =T "1y = ... =y, and so y is a fixed
point of B = T"™. Therefore, x = y and so the fixed point of T" is unique. O
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Theorem 3.5. Let (X, M,*) be a complete, e-chainable fuzzy metric space and
T:X — X be an (g, X) uniformly locally contractive mapping. Then T has a unique
fixed point.

Proof. Let xzeX be arbitrarily fixed. Let Tx # x (otherwise a fixed point is as-

sured). Let © = xg,x1,... ... yTn—1,Tn = Tx be an e-chain from = to Tx. We get
M(zi—q,24t) >1—¢ , forallt >0,i=1,2,...... ,n. Let us first prove the result:
M(T™x;—1, T™x;,t) > M (mi,l,xi, ﬁ) , (3.5.1)
forallt>0,m>0,i=1,2,...... , .

By (2.7.1) , we get M(Tw;—1, Txi, t) > M (zi—1,3;, %) ,forallt > 0,i=1,2,...... T

So (3.5.1) holds for m = 1. To apply induction , let m > 1 and assume (3.5.1) for
allj<m. Wegetl —e< M (xl-_17xi7 ﬁ)

<M (Tmflxi,l,Tm’lmi, %) , by induction hypothesis.

< M(T™xz;—q, T™a;, t)by(2.7.1), for all t > 0,i =1,2,... ... M.

Therefore, (3.5.1) holds for m. Hence by induction, (3.5.1) holds for all meN. We
now get,

1> M(T™z, T, t) = M(T™zo, T, t)

> M(T™xo, T™xy, L)« M(T™xy, T™x, L) .. ... * M(T™m 21, T™2,, L)

n

> M (20, %1, ) * M(21, 22, ) % oo .o * M(2n—1,Tn, —)by(3.5.1).
—1x1x*.... x*1=1,as m — oo, for all ¢ > 0.

Therefore, lim., oo M (T™z, T™ 2,t) =1, for all t > 0. (3.5.2)
Then we get, 1 > M (T™z, T™ Pz,t) > M (Tmm,Tm+1a:, %) *

M (Tm+1x,Tm+2x, %) * o * M (Tm‘*‘p_lx,Tm”’x, %) —1sl*.... x1=1,as

m — oo, for all t > 0,p > 0, by (3.5.2). Hence lim,, oo M (T™z, T™ Pz, t) = 1,
for all ¢ > 0,p > 0 and so {T™x} is a Cauchy sequence in X. As X is com-
plete, JyeX such that lim,, ..T™x = y. As T is obviously continuous, we get
liMu—ooT™ T x = Ty. Hence Ty = y, a fixed point of T. To show uniqueness, let
Tz = z for some zeX. Let y = wp, wq, ... ... ,Wk—1, W, = 2z be an e-chain. Now for
any positive integer [,
1 >M(y,zt) = M(T'y,T'z,t) = M(T'wo, T'wy, )
> M(T'wo, T'wy, L)« M(T'wy, T'wa, £) ... ... * M(T'wp—1, T'wy, £)
> M (wo, wy, g5 * M (w1, wa, 757) * ... ... * M (wp—1, wi, 757) by (3.5.1).

—1x1x*.... x1=1,asl — oo, for allt >0
Therefore, M(y,z,t) = 1, for all t > 0, and so y = z. Hence the fixed point is
unique. O
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