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ABSTRACT. In this paper, we give a constructive proof of Hahn-Banach
extension theorem in finite dimensional generating spaces of quasi-norm
family (G.S.Q-N.F). On the other hand we establish Hahn-Banach exten-
sion theorem on generating spaces of semi-norm family(G.S.S-N.F) and
some consequences of the same theorem are studied.
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1. INTRODUCTION

It is well known that metric and norm structures play pivotal role in func-
tional analysis. So in order to develop this one has to take care of the suitable
fuzzification of these structures. Historically, the problem of generalization of the
metric structure came first. Different authors introduced ideas of fuzzy-metric
space([6], [13]), probabilistic metric spaces [12],quasi metric space, statistical metric
space[12], soft inner product spaces[d] fuzzy normed linear space[l], fuzzy soft topo-
logical spaces[10], generalized open fuzzy set[11], 2-fuzzy inner product space[2]etc.
S. S. Chang, Y. J. Cho, B. S. Lee, J.S. Jung and S. M. Kang [3] first introduced
a definition of generating spaces of quasi-metric family, which generalizes those of
fuzzy metric spaces in the sense of Kaleva & Seikkala [6] and Menger probabilistic
metric spaces [12]. They also proved several fixed point theorems in quasi-metric
family. J. S. Jung, B. S. Lee and Y. J. Cho, [5] established some fixed point the-
orems in generating spaces of quasi-metric family. In 2006, Xiao & Zhu [14] intro-
duced a concept of generating spaces of quasi-norm family (G.S.Q-N.F) and studied
linear topological structures. They introduced the concept of convergent sequence,
Cauchyness, completeness, compactness etc. and established some fixed point the-
orems specially Schauder-type fixed point theorem in such spaces. In [8], we have
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established some results in finite dimensional G.S.Q-N.F and derived a G.S.Q-N.F
from a generalized B-S fuzzy normed [I] linear space. We have also introduced in
[9], the idea of continuity, boundedness of linear operators and deduced quasi-norm
family of bounded linear operators leading to the development of dual space.

In this paper, we give a constructive proof of Hahn-Banach extension theorem
in finite dimensional generating spaces of quasi-norm family. On the other hand we
establish Hahn-Banach extension theorem on generating spaces of semi-norm family
and some consequences of the same theorem are studied.

The organization of the paper is as follows:

Section 1, comprises some preliminary results.

In section 2, we establish the Hahn-Banach extension theorem in finite dimensional
G.S.Q-N.F.

In section 3, an idea of operator semi-norm family is introduced and Hahn-Banach
extension theorem is proved in G.S.S-N.F.

Throughout this paper straightforward proofs are omitted.

2. PRELIMINARIES

In this section some preliminary results are given which are related to this paper.

Definition 2.1 ([9]). Let X be a linear space over E(Real or Complex) and 6 be
the origin of X. Let
Q={|la:a€(0,1)}

be a family of mappings from X into [0,00). (X, Q) is called a generating space
of quasi-norm family and ), a quasi-norm family, if the following conditions are
satisfied:

(QN1) |z|o =0 Va € (0,1) iff x = 6;

(QN2) |ex|q = le||zla V2 € X,Va e (0,1) and Ve € E;

(QN3) for any « € (0,1) there exists a 3 € (0, a] such that

2+ yla < ol + lyly for all 7,y € X;

(QN4) for any = € X, |z|, is non-increasing for « € (0,1).

(X, Q) is called a generating space of sub-strong quasi-norm family, strong quasi-
norm family, and semi-norm family respectively, if (QN-3) is strengthened to (QN-
3u), (QN-3t) and (QN-3e), where

(QN—Su) for any o € (0,1] there exists 3 € (0, o] such that

le\a<2|x25f0ranyn€Z x, € X =1,2,.....,n);

(QN 3t) for any a € (0,1] there exists a 8 € (0, «] such that
| +yla < [zla +]yls fora,yc X;
(QN-3e) for any « € (0,1], it holds that |z + y|o < |2|a + |y|la for z,y € X.

Definition 2.2 ([9]). Let T': (X1,Q1) — (X2,Q2) be an operator. Then T is said
to be bounded if corresponding to each a € (0,1), 3 M, > 0 such that

IT(x))2 < Mglz|}_, Vze Xi.

Definition 2.3 ([9]). Let (X7,@Q1) and (X2, @2) be two generating spaces of quasi-
norm family and o € (0,1). An operator T : (X1,Q1) — (X2,Q2) is said to be a—
level bounded if 3 M, > 0 such that |T'(z)|2 < M,lz}i_, Vz € Xi.
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Theorem 2.4 ([9]). Let (X1,Q1) and (X2,Q2) be two G.S.Q-N.F. We denote by
B(Xy,X3) the set of all bounded linear operators from (X1,Q1) to (Xa,Q2). Then
B(X1, X5) is also a linear space.

Theorem 2.5 ([9]). Let (X1,Q1) and (X2, Q2) be two G.S.Q-N.F where Q1 satisfies
(QN6): if x(#£ 0) € Xy then |zt > 0Va € (0,1). For T € B(X1,Xs) and
a € (0,1) we define

T(x i
z(£0)€ X, lzli—a
Then (B(X1,X2),Q) is a G.S.Q-N.F.

Note 2.6. Let (X1,Q1) and (X2,Q2) be two G.S.Q-N.F where Q1 satisfies
(QN6). If T is an a-level bounded linear operator for some a € (0,1) then |T|q
exists.

Definition 2.7 ([7]). Let X be a linear space and p be a function from X to R. Then
p is said to be a sub-linear functional on X if the followings hold:

(i) p(A z) = |A| p(z) forall A€ RandVz € X;

(i) p(z +y) < p(z) +p(y) YV, ye X.

Theorem 2.8 ([7]). Let X be any linear space (Real or Complex) and p be a sub-
linear functional on X. Let f be a linear functional which is defined on a subspace
Z of X satisfying |f(z)] < p(z) Y @€ Z. Then f has a linear extension f from
Z to X satisfying

1f(x)] < plz) Yoee X and f(z) = f(z) Yze Z.

Note 2.9 ([9]). Let (X, Q) be a G.S.Q-N.F satisfying (QNG). If T is an a-level
bounded linear functional on X for some o € (0,1) then T is continuous on X.

3. HAHN-BANACH EXTENSION THEOREM IN FINITE DIMENSIONAL G.S.Q-N.F

In this section we define a quasi sub-linear functional on a linear space X and
establish the Hahn-Banach extension theorem in finite dimensional G.S.Q-N.F.

Definition 3.1. Let X be a linear space and P = {p, : @« € (0,1)} be a family of
functions from X to R. Then P is called a family of quasi sub-linear functional on
X if the followings hold:

(1) pa(A ) = |A] palz) forall A € R, Vz € X and Va € (0,1);

(ii) for any « € (0,1) there exists a 3 € (0, ] such that

pa(+y) < pp(z) +psly) Va, ye X.

Theorem 3.2. Let X be any finite dimensional vector space and P = {p, : « € (0,1)}
be a family of quasi sub-linear functional on X. Let o € (0,1) and f be a linear func-
tional which is defined on a subspace Z of X satisfying |f(x)| < po(x) Yo € Z. Then
f has a linear extension f from Z to X satisfying

|f(z)| < pa(z) Vaee X for some e (0,a] and fl@)=fx) Yaze Z.

Proof. Let o € (0,1) and f be a linear functional which is defined on a subspace Z

of X satisfying |f(z)| < pa(x) Y2 € Z.

If Z = X then nothing to prove. Let Z # X, then there exists o € X — Z. Clearly
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xo # 0 and the space Z; generated by Z U {zo} is also a subspace of X and has
higher dimension than Z.

Let z,y € Z, then

f@)=fy) = fle—y) < palz —y) = pa(®+ 20— 20 —Y)

< pg(x+x0)+ps (vo+y) Yeo € X, for some 81 € (0,q]

= flz) - p,al( +z0) < fy )+pﬁ1(y+wo) Vo, y€ Z

= V@ —ps@+z0)} < N\ A{fW) +psy+20)}

€ Z ye Z
Let v € R such that

V {f@) —ps,(r+20)} < v < A\ W) +ps (v +20)}
€ Z ye Z
Let z € Z; then z is of the form z = x + txg, where t € R and z € Z. Clearly this
representation is unique. If we define
fi(z) = f(x) —ty Yy € Z, then f; will be a linear functional defined on Z; such
that
filx) = f(z) Vo e Z.
If t > 0 then
fi(2) =t{f(F) =7} < tps, (§ + x0) = pp, (x + tao) = ps, (2).
If t <0 then
f(%)_’y > _pﬁl(%—i—‘ro) |t‘p51(x—|—tx0) tpﬁ1( )
Hence f1(z) < pg, (2).

If t = 0 then
f1(z) = f(2) < palz) < pp,(2).
Now _f1<z) = fl(_z) < pﬁl(_z) = | - 1|p51 (2) = DB (Z)

Hence |f1(2)] < pp,(2) Vz € Z.

Since X is finite dimensional, after a finite number of steps we will get a linear
extension f,, of f defined on Z,, = X such that

a2 < pa(2) Vze X

We choose f,, = f and (3, = [, then the theorem follows. O

Remark 3.3. If there is a decreasing sequence {«,} in (0, &) with lim «, =

n—oo
B> 0 and
|z +Yla; < |T|aisy +1Ylary, forallz,y € X, then the Theorem 3.2 can be extended
to a countably infinite dimensional space.

Theorem 3.4. Let (X, Q) be a finite dimensional generating space of quasi-norm
family satisfying (QN6) and [ be a bounded linear functional which is defined on
a subspace Z of X. Then f has a linear extension f from Z to X which is (-level
bounded on X for some B € (0,1) and |flg < |flz < |flis-

Proof. Let a € (0,1) and we define
Pa(z) = |fla |2l Y2z eE X.
Then clearly P = {p, : a € (0,1)} is a family of quasi sub-linear functional on X.
Let ag € [0.5,1) then
@IS Flay 7100 < Fl1-an 121100 V2 € Z;
= f(z) < p1_ay(z) Yz E Z
So by Theorem 3.2, f has a linear extension f from Z to X satisfying
242
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Pg, () Ve X, for some By € (0,1 — ap).
S |f|ﬁo |zlg, V€ X.
— fo) € (0,1) then

)
f s a (- level bounded linear functional on X and

o=V M@,

e(#0)e X [#l1-5
Since Z is a subspace of X and f(z) = f(z) Vz € Z,

\/ |f($)|2 \/ |f(fﬂ)|;

2(£0)e X l2l1-5 e(£0)e Z [@l1-5
= il ISl
Hence |flg < |flg < |fli-p- 0

Theorem 3.5. Let (X, Q) be a generating space of semi-norm family satisfying
(QN6) and f be a bounded linear functional which is defined on a subspace Z of
X. Then for each « € (0,1), f has a linear extension fa from Z to X which is
a-level bounded on X and |fla = |fala

Proof. Let aw € (0,1) and we define

Pa(T) = |fla |Z/1—a Vz € X.

Then clearly p,, is a sub-linear functional on X and

[f@)] < [fla [#)1i—a = palz) Vo € Z. )

So by the Hahn-Banach theorem on linear space, f has a linear extension f, from
Z to X satisfying

[fa(z)] < pafz) Vze X.

= |fa@)] < |flal2li-a Yz e X.

Hence fa is a-level bounded on X and

| fala < |fla- .

Again from definition |fola = |fla-

Hence |fola = |fla Yo € (0,1). O
Application:

Let (X, Q) be a finite dimensional generating space of quasi-norm family satis-
fying (QN6). Then there exists a nontrivial continuous linear functional defined on
X.

Proof. Let DimX = n and {e1, eg,..cccouen. , €n} be a basis of X. Let Z be a
subspace of X generated by {e;}. Let us define a functional f : Z — R by f(z) = A
if x = A e1. Then clearly f is a linear functional on Z.

Now |f(@)] = ]\l = lfiip=s:

\€1|1 a

= |f(@)] = m A erli- azm |Z|1-a;

= |f(z)|= Mylz)i—a Y2x€ Z, Yae (0, 1), where M, = Mﬁ

Hence f is a bounded linear functional on Z. By Theorem 3.5, f has a linear extension
f from Z to X which is -level bounded on X for some 8 € (0,1). Since f is B-level
bounded on X, it is continuous on X. O
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4. REDEFINED OPERATORS SEMI-NORM FAMILY AND HAHN-BANACH EXTENSION
THEOREM

In this section, we introduce a concept of operator semi-norm family and prove
the Hahn-Banach extension theorem on generating spaces of quasi-norm family.

Theorem 4.1. Let (X1,Q1) be a G.S.Q-N.F and (X2, Q2) be a generating space of
semi-norm family (G.S.S-N.F) satisfying (QN6). For T € B(X1,X32) and a € (0,1)
we define
IT]e = V {172}

z€ Xu,|zli__, <1
Then (B(X1,X2),Q°) is a G.S.S-N.F satisfying (QN6), where Q° = {|.|5 : a €
(0,1}
Proof. Clearly |T):, > 0 Va € (0,1) and the condition (QN2) is directly followed
from definition.
For (QN1), if T = O then T'(z) = Vx € X,
= |T|5=0 Yae (0,1).
Conversely let |T'|5, = 0 Va € (0,1). We have toprove T' = O ie. T(x) = 0Vx € X;.
If possible let zo € X7 and T'(zg) # 6. Since T is linear oy # 6. Then by (QN1)
there exists ap € (0,1) such that |zo|}_,, # 0.

Lety:ﬁe Xi.

[zol1 _
Then [T'(y)|2, - 0
= |T(x0)|%, = 0. But T'(xq) # 0, which contradicts the fact that (X2, Q) satisfies
(QNG).
Hence T'(z) =0Ver e X; = T=0.
For (QN3e), let Ty, T € B(X;,X5) and a € (0,1) then
T+Bli= VG +R)@R)

z€ Xq,|zli__ <1

< \V {ITh ()2} + \V {|ITa(=)2}
z€ Xq,|z]i__ <1 z€ X1,lz|l__ <1
= [T1[ + [T2[5-

For (QN4), let o > 3 then,
l—a<l=8 = |zli_o > |2li_4

= V {IT1(2)[2} < V {I71(2)[3}-
TE X1,|:L’H_a§ 1 z€ X1,|z\}7ﬁg 1
For (QNG6), let T # O then there exists a z(# 0) € X such that T'(z) # 6.
Let ag € (0, 1) then,
e, = V {IT(@)3,} >0if[2]_o, < 1.
€ Xylalj_, <1

If [2]]_o, > 1,let 20 = -F— € Xy, then T(z) # 6 and hence [T}, > 0.

l2[i _a

Hence (B(X1, X2),Q%) is a G.S.S-N.F satisfying (QN6). O

Note 4.2. Let (X1,Q1) be a G.S.Q-N.F and (X2, Q) be a generating space of semi-
norm family (G.S.S-N.F) satisfying (QN6). Then for each o € (0,1), |.|2, is a norm
on B(Xl, X2)
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Definition 4.3. Let (X, Q) be a generating space of semi-norm family (G.S.S-N.F)
satisfying (QN6). Then (X, Q) is said to be a generating space of norm family
(G.S.N.F).

Note 4.4. Let (X1,Q1) and (X2,Q2) be two G.S.Q-N.F where Q1 satisfies
(QN6). For T € B(X1,X2) and a € (0,1) we define

T 2
‘T|a _ \/ |T( )‘oz

1
z(£0)€ X1 |.’17|1_a

\V {IT(2)2}.
xe X1,|xH_a§ 1

Then |T|o = |T)5, Va € (0,1).

and
T

Proof. If possible let |T'|, > |T'];, for some ag € (0, 1). Then there exists an element
zo € X; such that

T (x0) 2,
\IOH_QOO > |T‘io'
Let z = ﬁ Then |z|j_,, = 1 and |T'(z)|2, > |T'|5,, which is a contradiction

because an elen?lent can not greater than its supremum.

Conversely if |T[5, > |T|a, for some ag € (0,1). Then there exists an element
Yo € Xj such that

T(yo)[2, > T]ay where [yoli_o, < L.

Clearly yo # 6. Let y = —4>—. Then

|Z/0H,ao
T(y)la T(yo)l2 o -
“yl(?)‘ao = l‘ygz‘!f”% > [T(yo)|2, > |T|ao, which is a contradiction because an element
l—aqg 1—«ag
can not greater than its supremum. Hence the theorem. O

Theorem 4.5. Let (X1,Q1) and (X2, Q2) be two generating spaces of quasi-norm
family (G.S.Q-N.F). If T € B(Xy,Xs), then
TR < [Thlell_, Yae (0,1) Yze X,

Proof. Let T be bounded, then corresponding to each a € (0,1), 3 M, > 0 such
that
IT(z)]2 < Mulz|i_, Vre X;.
Let « € (0,1).
Now if |z|}_, = 0, then |T'(z)|2 = 0. So |T(z)|2 < |T|2|z|i_, holds.
If |z|i_, # 0, then |T(ﬁ)|i < |T.
So |T(z)2 < |T)3|x|}_,, holds. O

Remark 4.6. Let (X7,Q1) and (X3, Q2) be two generating spaces of quasi-norm
family (G.S.Q-N.F). If o € (0,1) and T : X; — X» is an a-level bounded linear
operator, then
T(@)la < [Telio Vo€ X
Theorem 4.7. Let (X, Q) be a generating space of semi-norm family and o €
(0,1). If f is an a-level bounded linear operator which is defined on a subspace Z
of X, then [ has a linear extension fa from Z to X which is a-level bounded on X
and |f[5, = |f]: Vo € (0,1).
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Proof. Let a € (0,1) and we define

pi-o(@) = |fl5 2o Vze X.

Then clearly pi_, is a sublinear functional on X and |f(z)| < p1_a(z) Vz € Z.
SQ there exists a linear extension fa of f from Z to X satisfying

fule)| < prale) Ve X.

S fa@)] < IfI3 lolia Yoe X.

Hence f, is a-level bounded on X.

Again | fals, = Voo Alfa@la} < Ifl5 Vo e X
z€ X,|z|)1-a< 1
Again from definition |f, |5 > |f|5. Hence |fo |5, = |f|5, VYa € (0,1). O

Remark 4.8. If (X, Q) be a G.S.Q-N.F, then the Dual space B(X, Q*) of (X, Q)
is a generating space of norm family.

Theorem 4.9. Let (X, Q) be a generating space of semi-norm family and xo € X
such that |zoli—o # 0 for some a € (0,1). Then there exists an a-level bounded
linear functional fo on X such that

‘fa|z =1 and fa($0) = |zol1-a-

Proof. We consider the subspace Z of X consisting of all elements x = cxy where ¢
is a scalar. On Z we define a linear functional f by

f(x) = flcxo) = clzoli—a-

Then f is a-level bounded since |f(z)| = |¢||xoli—a = [cTol1—a = ||1—a and |f|5 =
1.

By theorem 4.7, f has a linear extension f,, from Z to X with |fu|5 = |f], =1 and
fa(xo) = f(z0) = [20|1-a- L

Corollary 4.10. For every x € X we have

Ifle# 0, fe B(X,Q) |fla
Hence if « is such that f(x) =0 for all f € B(X,Q), then x = 0.

Proof. From the above theorem we have, writing x for xg,
v M@l AW

— 2> =
Ifls# 0, f€ B(X,Q) |f1& | fals
and from [f(z)| < |f[3|#[1-a we have

flz
VoS e
[fl5# 0, f€ B(X,Q) *
Hence proved. O

= ‘.’E|1,a

Theorem 4.11. Let (X, Q) be a generating space of semi-norm family and o €
(0, 1). If zg € X be any point on the surface of the sphere {x : |x|1—o < 7(# 0)},
i.e.  |xoli—a = T, then there exists a supporting hyperplane to the sphere {x :
|z|1—a < T} at the point xg.

Proof. The equation of the supporting hyperplane for the sphere {x : |z]1_o < 7}
is of the form
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{re X: f(x)= r|f|}, for some a-level bounded linear operator f(# O).

By Theorem 4.9, there exists an a-level bounded linear operator fy such that
Jo(zo) = |zol1—a =7 and [fo[ = 1.

Therefore H ={z € X : fo(z)= r|foli} ={r e X: folx)= r}

is a supporting hyperplane to the sphere {x : |z]1_o < 7}.

Since fo(xg) = |xoli—a = 7, it follows that the supporting hyperplane H passes
through xg. O

Theorem 4.12. Let (X, Q) be a generating space of semi-norm family. Letyo € X —
Z.
Let d, = /\ lyo — x|1—a > 0 for some a € (0, 1), then there exists an a-level

r€ Z
bounded linear functional f, on X such that

1) falx) =0 Yz e Z,
2) foc(yo) = 17
3) fale = 7

Proof. The subspace {Z + yo} is uniquely representable in the form y = x + tyq
where x € Z and t is real.

Let us define a functional ¢, on {Z + yo} by

dal(y) =tfory = xz+tyy € {Z+yo}. Then ¢, is a linear functional on {Z+yp}. Also
Pa(x) =0 Yz e Zand ¢o(yo) = 1.

Now [ga(y)| = If] = It

[y[1—a
_ ltylhi—a [tyl1—o
T yhica T JzH+tyoli-a
_ lyl1i—o _ lyl1i—a < lyl1—o
T FAvwhi-a T wo—(Phi—a =  da

So ¢, is an a-level bounded linear functional on {Z + yo} and

1 .

[$als = V {l6@)} < 7o)

y€ {Z+yo}, lyli—a <1 *
Since d,, = /\ |yo — z|1—a, there exists a sequence {z,} in Z such that

€ Z

= nlin;o |Tn — Yoli—a = da.
Now |galfartol | < g5
= ‘(ba(xn - yO)l < |¢a|g |.’L‘n - y0|1*04'
But |¢a(xn - y0)| = |¢a(xn) - ¢a(y0)| =1
= |fald |Tn —Yoli—a > 1
= nlLH;o |xn - y0|1—a|¢a|i - da|¢o¢|(51 Z 1
= i [Galde > 1
= [pals > g (i)
From (i) and (i) we have, [¢a[ = -
By Theorem 4.7, ¢, has a linear extension f, from {Z+yg} to X which is an a-level
bounded linear functional on X such that the conditions (1), (2) and (3) hold. O
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5. CONCLUSION

In this paper, we try to give a constructive proof of Hahn-Banach extension the-
orem in finite dimensional generating spaces of quasi-norm family with full general-
ity. We have seen that under certain conditions, it can be extended to a countably
infinite dimensional spaces. On the other hand we establish Hahn-Banach extension
theorem on generating spaces of semi-norm family and some consequences of the
same theorem are studied. We think that there is a large scope of developing more
results of functional analysis in this context.
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