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ABSTRACT. In this paper the authors introduce the notions of -
operation, pre-open soft sets, a-open soft sets, semi-open soft sets and
(B-open soft sets to soft topological spaces. The authors study the relations
between these different types of subsets of soft topological spaces. The au-
thors also introduce the concepts of pre-soft continuous functions, a-soft
continuous functions, semi-soft continuous functions and (-soft continuous
functions. Finally, the authors show that a mapping between two soft topo-
logical spaces is a-soft continuous if and only if it is pre-soft continuous
and semi soft continuous.
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1. INTRODUCTION

Thhe concept of soft sets was first introduced by Molodtsov [14] in 1999 as a
general mathematical tool for dealing with uncertain objects. In [14} [13], Molodtsov
successfully applied the soft theory in several directions, such as smoothness of
functions,game theory, operations research,Riemann integration, Perron integration,
probability, theory of measurement, and so on. After presentation of the operations
of soft sets [11], the properties and applications of soft set theory have been studied
increasingly [3, 8, [13, [17]. In recent years, many interesting applications of soft set
theory have been expanded by embedding the ideas of fuzzy sets [I} 2, 5 9, [10)
110 12, 13, 15, 20]. To develop soft set theory, the operations of the soft sets are
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redefined and a uni-int decision making method was constructed by using these new
operations [6].

Recently, in 2011, Shabir and Naz [18] initiated the study of soft topological
spaces. They defined soft topology on the collection 7 of soft sets over X. Conse-
quently, they defined basic notions of soft topological spaces such as open and closed
soft sets, soft subspace, soft closure, soft nbd of a point, soft separation axioms, soft
regular spaces and soft normal spaces and established their several properties. Hus-
sain and Ahmad [7] investigated the properties of open (closed) soft, soft nbd and
soft closure. They also defined and discussed the properties of soft interior, soft ex-
terior and soft boundary which are fundamental for further research on soft topology
and will strengthen the foundations of the theory of soft topological spaces.

The purpose of this paper is to introduce the notions of y-operation, pre-open
soft sets, a-open soft sets, semi-open soft sets and (-open soft sets to soft topolog-
ical spaces. We study the relations between these different types of subsets of soft
topological spaces. We also introduce the concepts of pre-soft continuous functions,
a-soft continuous functions, semi-soft continuous functions and [-soft continuous
functions. Finally, the decomposition has given.

2. PRELIMINARIES

Definition 2.1 ([I4]). Let X be an initial universe and E be a set of parameters.
Let P(X) denote the power set of X and A be a non-empty subset of E. A pair
(F, A) denoted by F4 is called a soft set over X , where F' is a mapping given by
F : A — P(X). In other words, a soft set over X is a parametrized family of
subsets of the universe X. For a particular e € A , F'(e) may be considered the
set of e-approximate elements of the soft set (F, A) and if e & A, then F(e) = ¢ i.e
Fy={F(e):ec ACE, F:A— P(X)}. The family of all these soft sets denoted
by SS(X)A

Definition 2.2 ([I1]). Let Fa, Gp € SS(X)g. Then Fy4 is soft subset of Gp,
denoted by FACGp, if

(1): AC B, and

(2): F(e) C Gle), Ve € A.
In this case, F4 is said to be a soft subset of G and G g is said to be a soft superset
of FA, GB i)FA-

Definition 2.3 ([11]). Two soft subset F4 and Gp over a common universe set X
are said to be soft equal if F4 is a soft subset of Gg and Gp is a soft subset of F4.

Definition 2.4 ([3]). The complement of a soft set (F, A), denoted by (F,A), is
defined by (F, A) = (F', A), F' : A — P(X)is amapping given by F’'(e) = X—F(e),
Ve € A and F’ is called the soft complement function of F.

Clearly (F') is the same as F and ((F, A)") = (F, A).

Definition 2.5 ([18]). The difference of two soft sets (F, E) and (G, E) over the
common universe X, denoted by (F, E) — (G, E) is the soft set (H, E) where for all
e€ E, H(e) = F(e) — G(e).

Definition 2.6 ([18]). Let (F, E) be a soft set over X and x € X. We say that
x € (F, E) read as z belongs to the soft set (F, E) whenever x € F(e) for all e € E.
182
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Definition 2.7 ([11]). A soft set (F, A) over X is said to be a NULL soft set denoted
by ¢ or ¢4 if for all e € A, F(e) = ¢ (null set).

Definition 2.8 ([11]). A soft set (F, A) over X is said to be an absolute soft set
denoted by A or X4 if for all e € A, F(e) = X. Clearly we have X!y = ¢4 and
¢y = Xa.
Definition 2.9 ([11]). The union of two soft sets (F, A) and (G, B) over the common
universe X is the soft set (H,C), where C = AU B and for all e € C,
F(e), ec A— B,
H(e)=< G(e), ee B—A,
Fe)UG(e), ec ANB
1

Definition 2.10 ([11]). The intersection of two soft sets (F, A) and (G, B) over the
common universe X is the soft set (H,C), where C = AN B and for all e € C,
H(e) = F(e) N G(e). Note that, in order to efficiently discuss, we consider only soft
sets (F, E') over a universe X in which all the parameter set E are same. We denote
the family of these soft sets by SS(X)g.

Definition 2.11 ([21]). Let I be an arbitrary indexed set and L = {(F}, E),i € I}

be a subfamily of SS(X)g.
(1): The union of L is the soft set (H, E), where H(e) = |J,;c; Fi(e) for each

ee E. We write U, (F, E) = (H, E).
(2): The intersection of L is the soft set (M, E), where M(e) =)

each e € E . We write (), (Fi, B) = (M, E).

ser Fi(e) for

Definition 2.12 ([18]). Let 7 be a collection of soft sets over a universe X with a
fixed set of parameters F, then 7 C SS(X)g is called a soft topology on X if

(1): X,¢ € 7, where ¢(e) = ¢ and X(e) = X, Ve € E,

(2): the union of any number of soft sets in 7 belongs to 7,

(3): the intersection of any two soft sets in 7 belongs to 7.
The triplet (X, 7, E) is called a soft topological space over X.

Definition 2.13 ([7]). Let (X, 7, E) be a soft topological space. A soft set (F,A)
over X is said to be closed soft set in X, if its relative complement (F, A)’ is an open
soft set.

Definition 2.14 (|7]). Let(X, 7, E) be a soft topological space. The members of 7
are said to be open soft sets in X. We denote the set of all open soft sets over X by
OS(X, 1, E), or when there can be no confusion by OS(X) and the set of all closed
soft sets by CS(X, 1, E), or CS(X).

Definition 2.15 ([18]). Let (X, 7, F) be a soft topological space and (F,E) €
SS(X)g. The soft closure of (F, E), denoted by cl(F, E) is the intersection of all
closed soft super sets of (F, E). Clearly cl(F, E) is the smallest closed soft set over
X which contains (F, E) i.e

c(F,E)=N{(H,E): (H,E) is closed soft set and (F, E)C(H, E)}).

Definition 2.16 ([21]). Let (X, 7, E) be a soft topological space and (F,E) €
SS(X)g. The soft interior of (G, E), denoted by int(G, E) is the union of all open
183
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soft subsets of (G, E). Clearly int(G, E) is the largest open soft set over X which
contained in (G, E) i.e )
int(G,E) = U{(H,FE) : (H,E) is an open soft set and (H,E)C(G, E)}).

Definition 2.17 (|21]). The soft set (F, E) € SS(X)g is called a soft point in Xg
if there exist x € X and e € E such that F(e) = {z} and F(¢’) = ¢ for each
e’ € E — {e}, and the soft point (F, E) is denoted by z,.

Proposition 2.18 ([19]). The union of any collection of soft points can be considered
as a soft set and every soft set can be expressed as union of all soft points belonging
to 1t.

Definition 2.19 (|21]). The soft point z. is said to be belonging to the soft set
(G, A), denoted by z.E(G, A), if for the element e € A, F(e) C G(e).

Definition 2.20 ([2I]). A soft set (G, E) in a soft topological space (X, 7, E) is
called a soft neighborhood (briefly: nbd) of the soft point x.€Xp if there exists an
open soft set (H, E) such that z.€(H, E)C(G, E).

A soft set (G, E) in a soft topological space (X, 7, F) is called a soft neighborhood of
the soft (F, E) if there exists an open soft set (H, F) such that (F, E)é(H, E)C(G, E).
The neighborhood system of a soft point x., denoted by N, (z.), is the family of all
its neighborhoods.

Definition 2.21 ([16]). Let (X, 7, E) be a soft topological space and (F,E) €
SS(X)g. Define 7pp) = {(G,E)N(F,E) : (G,E) € 7}, which is a soft topology
on (F,E). This soft topology is called soft relative topology of 7 on (F, E), and
[(F, E), 7(r,p)] is called soft subspace of (X, 7, E).

Definition 2.22 ([21]). Let SS(X) 4 and SS(Y) g be families of soft sets, u : X — Y
and p : A — B be mappings. Then the mapping fp, : SS(X)a — SSY)p is
defined as:

(1): Let (F,A) € SS(X)a. The image of (F, A) under f,,, written as

fpu(Fa A) = (fPU(F)ap(A))a
is a soft set in SS(Y)p such that
Uzep—1 ﬁAUFm ’ p_lyﬂA#¢7
Fou(F)(y) _{ o, ) ) otherwz('sz.
for all y € B.
(2): Let (G, B) € SS(Y)p. The inverse image of (G, B) under f,,, written as
fod (G, B) = (f,,1(G),p~(B)), is a soft set in SS(X), such that

pu
- _ [ v (Gp(2))),  pl) € B,
fpul(G)(a:) o { o, otherwise.
for all z € A.

Definition 2.23 ([21]). Let (X, 7, A) and (Y, 7*, B) be soft topological spaces and
fpu 1 S8(X)a — SS(Y)p be a function. Then
(1): The function f,, is called soft continuous (soft-cts) if f,,'(G,B) € T
Vv (G,B) € .
(2): The function f, is called open soft if f,, (G, A) € 7* V¥ (G, A) € 7.
184
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Definition 2.24 ([4]). Let (X,7,E) be a soft topological space and z,y € X
such that z # y. Then (X, 7, E) is called soft Hausdorff space or soft T» space
if there exist open soft sets (F, F) and (G, E) such that = € (F,E), y € (G, E) and

(F,E)N(G,E)=¢

3. SUBSETS OF SOFT TOPOLOGICAL SPACES

Definition 3.1. Let (X, 7, F) be a soft topological space. A mapping~y: SS(X)g —
SS(X)g is said to be an operation on OS(X) if FrCvy(Fg) V Fr € OS(X). The
collection of all y-open soft sets is denoted by OS(y) = {Fg : FeCy(Fg),Fg €
SS(X)g}. Also, the complement of y-open soft set is called v-closed soft set, i.e
CS(y) ={Ff : Fgis a y—opensoftset, Fg € SS(X)g} is the family of all v-closed
soft sets.

Definition 3.2. Let (X,7,E) be a soft topological space. Different cases of ~-
operations on SS(X)g are as follows:

(1): If v = int(cl), then v is called pre-open soft operator. We denote the set of
all pre-open soft sets by POS(X, 7, E), or when there can be no confusion by
POS(X) and the set of all pre-closed soft sets by PCS(X, 7, F), or PCS(X).

(2): If v = int(cl(int)), then ~ is called a-open soft operator. We denote the
set of all a-open soft sets by aOS(X, 7, E), or aOS(X) and the set of all
a-closed soft sets by aCS(X, 7, E), or aCS(X).

(3): If v = cl(int), then ~ is called semi-open soft operator. We denote the
set of all semi-open soft sets by SOS(X, 7, E), or SOS(X) and the set of all
semi-closed soft sets by SCS(X, 7, E), or SCS(X).

(4): If v = cl(int(cl)), then ~ is called S-open soft operator. We denote the
set of all B-open soft sets by SOS(X, T, E), or BOS(X) and the set of all
(-closed soft sets by 8CS(X, 1, E), or BCS(X).

Theorem 3.3. Let (X, 1, E) be a soft topological space and~y : SS(X)g — SS(X)g
be an operation on OS(X).
If v € {int(cl),int(cl(int)), cl(int), cl(int(cl))}. Then

(1): Arbitrary soft union of v-open soft sets is y-open soft.

(2): Arbitrary soft intersection of y-closed soft sets is y-closed sofft.

Proof. (1) We give the proof for the case of pre-open soft operator i.e v = int(cl).
Let {Fjp : j € J} € POS(X). Then VY j € J, FjpCint(cl(F;g)). It follows
that ;5 CU;,int(cl(Fjp))Sint(U,cl(Fjp)) = int(cl(U,;F;z)). Hence U, Fip €
POS(X)V j € J. The rest of the proof is similar.

(2) Immediate. O

Remark 3.4. The soft intersection of two pre-open (resp. semi-open, $-open) soft
sets need not to be pre-open (resp. semi-open, S-open), as shown in the following
examples.

Example 3.5. (1) Let X = {h1, hg, h3}, E = {e1,e2} and 7 = {X, ¢, (F, E)} where
(F, E) is a soft set over X defined as follows:
185
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F(e1) = {h1,h3}, Fl(e2) = {ha,h3}.
Then 7 defines a soft topology on X, hence (X, 7, E) is a soft topological space over
X. Then the sets (G, E) and (H, F) which defined as follows

G(er) = {h1,ha}, G(ea) = {h}.
H(er) = {h2,hs}, H(e2) ={h1} )
are pre-open soft sets of (X, 7, E), but their soft intersection (G, E)YN(H, E) = (M, E)
where M(e1) = {h2}, M(e2) = {h1} is not a pre-open soft set.

(2) Let X = {hl, hg, hg}, E = {61, 62} and 7 = {X, ¢, (Fl,E), (FQ, E)7 (F37E)}
where (F1, E), (Fy, E), (F3, E) are soft sets over X defined as follows:
Fi(er) ={m}, Fi(ez) ={l}.
Fy(er) ={ha}, Fa(e2) = {ho}.
Fs(e1) = {h1,ha}, Fs3(e2) = {h1, ha}.
Then 7 defines a soft topology on X. Then the sets (G, E) and (H, E') which defined
as follows
G(e1) = {h2,hs}, Gl(e2) = {h2,hs}.
H(ei) ={h1}, H(e2) ={h1,hs}
are semi-open soft sets of (X, 7, E), but their soft intersection (G,E)N(H,E) =
(M, E) where M(e1) = {¢}, M(e2) = {hs} is not a semi-open soft set.

(3) Let X = {hy,ho,hs}, E = {e1,e2} and 7 = {X, ¢, (F, E)} where (F,E) is a
soft set over X defined as follows:
F(e1) ={h1,hs}, Fl(e2) = {ha, hs}.
Then 7 defines a soft topology on X, hence (X, 7, E) is a soft topological space over
X. Then the sets (G, E) and (H, E) which defined as follows:
Gler) = {h1,ha},  Glea) = {h}.
H(e1) = {ha,hs}, H(ez) ={h1} .
are (-open soft sets of (X, 7, ), but their soft intersection (G, EYN(H, E) = (M, E)
where
M(e1) = {ha},  M(e2) = {1}
is not a [B-open soft set.

Definition 3.6. Let (X, 7, F) be a soft topological space, (F,E) € SS(X)g and
z. € SS(X)g. Then

(1): z is called a 7- interior soft point of (F, E) if 3 (G, E) € OS(y) such that
z. € (G,E)C(F, E), the set of all y-interior soft points of (F, E) is called
the y-soft interior of (F, E) and is denoted by yS(int(F, E)) consequently,
VS(int(F, E)) = U{(G, B) : (G, E)C(F, E), (G, E) € O5(7)}.

(2): x. is called a y-cluster soft point of (F, E) if (F, E)N(H,E) # ¢V (H,E) €
OS(v). The set of all y-cluster soft points of (F,E) is called ~y-soft clo-
sure of (F, E) and is denoted by yS(cl(F, E)) consequently, v.S(cl(F, E)) =
({(H,E): (H,E) € CS(y), (F, E)<(H, E)}.

Theorem 3.7. Let (X,7,E) be a soft topological space, v : SS(X)g — SS(X)g
be one of the operations in Example 3.5 and (F,E),(G,E) € SS(X)g. Then the
following properties are satisfied for the v S-interior operators, denoted by vS(int).
(1): yS(int(X)) =~)~( and S (int(9)) = ¢.
(2): 4S(int(F, E))C(F, ).
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(3): vS(int(F, E)) is the largest y-open soft set contained in (F, E).
(4): if (F,E)C(G, E), then vS(int(F, E))CyS(int(G, E)).

(5): 7S(int(18(int(F. E)))) = S(int(F, ).

(6): vS(int(F, ))U’yS(mt(G E))CyS(int(F, E)U(G, E)).

(7): vS(int((F, E))N(G, E))C~S(int(F, E))vyS(int(G, E)).

Proof. Immediate. g

Theorem 3.8. Let (X, 7,E) be a soft topological space, v : SS(X)g — SS(X)g
be one of the operations in Example [3.5 and (F,E),(G,E) € SS(X)g. Then the
following properties are satisfied for the y-soft closure operators, denoted by vS(cl).

(1): 7S(el(X)) = X and yS(el(d)) = .

(2): (F,E)CHyS(cl(F, E)).

(3): ¥S(cl(F, E)) is the smallest y-closed soft set contains (F, E).

(4): if (F,E)C(G,E), then vS(cl(F, E))CyS(cl(G, E)).

(5): ¥S(cl(yS(cl(F, E)))) = vS(cl(F, E)).

(6): vS(cl(F, E))UyS(c (G, E) )CyS(cl((F, B)J(G, E))).

(7): ¥S(c((F, E))N(G, E))SyS(cl(F, E))MS(cl(G, E)).

Proof. Immediate. 0

Remark 3.9. Note that the family of all v-open soft sets on a soft topological space
(X, 7, E) forms a supra soft topology, which is a collection of soft sets contains X, ¢
and closed under arbitrary soft union.

4. RELATIONS BETWEEN SUBSETS OF SOFT TOPOLOGICAL SPACES

In this section we introduce the relations between some special subsets of a soft
topological space (X, 7, E).

Theorem 4.1. In a soft topological space (X, T, E), the following statements hold,
(1): every open (resp. closed) soft set is pre-open (resp. pre-closed) soft.
(2): every open (resp. closed) soft set is semi-open (resp. semi-closed) soft.
(3): every open (resp. closed) soft set is c-open (resp. a-closed) soft.
(4): every open (resp. closed) soft set is 3-open (resp. [-closed) soft.

Proof. We prove the assertion in the case of open soft set, the other case is similar.

(1) Let (F,E) € OS(X). Then int(F,E) = (F, E). Since (F, E)Ccl(F, E), then
(F, E)Cint(cl(F, E)). Therefore (F,E) € POS(X).

(2) Let (F,E) € OS(X). Then int(F,E) = (F, E). Since (F, E)Ccl(F, E), then
(F,E)Ccl(int(F, E)). Thus (F,E) € SOS(X).

(3) Let (F,E) € OS(X). Then int(F,E) = (F, E). Since (F, E)Ccl(F, E), then

(F, E)Cmt(cl(F E)) = int(cl(int(F, E))). Hence (F, E) € a0S(X).

(4) Let (F,E) € OS(X). Then int(F,E) = (F,E). Since (F, E)Ccl(F, E), then
(F,E)Cint(c ( E)). Hence (F, E)Ccl(F, E)Ccl(int(cl(F, E))). Therefore (F,E) €
POS(X). O

Remark 4.2. The converse of Theorem [4.1] is not true in general as shown in the
following examples.
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Example 4.3. (1) Let X = {hy, ho,hs,hsa}, F = {e} and
T = {Xa an (Fla E)v (F27E)ﬂ (FSa E)}

where (F1, E), (Fs, E), (F3, E) are soft sets over X defined as follows:
Fi(e) = {ha}, Fa(e) = {h1, ha}, Fs(e) = {h1,h2,ha}
Then 7 defines a soft topology on X, hence the set (G, E') which defined by G(e) =
{h1} is a pre-open soft set of (X, 7, E), but it is not open soft.

(2) Let X = {hy,ha,h3}, E ={ey,ea} and 7 = {X, ¢, (F,E)} where (F,FE) is a
soft set over X defined as follows:
F(er) = {m}, F(ez) = {ha}.
Then 7 defines a soft topology on X, hence the set (G, E) where
G(er) = {h1,ha},  Glea) = {ha}.
is a semi-open soft set of (X, 7, E'), but it is not open soft.

(3) Let X = {hy,ho,hs}, E = {e1,e2} and 7 = {X, ¢, (F,E)} where (F,E) is a
soft set over X defined as follows:
F(er) ={m}, Fle2)={ha}.
Then 7 defines a soft topology on X, hence the set (G, E) where
G(e1) = {h1,h2}, G(e2) = {ha}.
is an a-open soft set of (X, 7, ), but it is not open soft.

(4) Let X = {h17h27h37h4}a E = {6} and 7 = {X7¢7 (FlyE)’ (FQaE)7 (F37E)}
where (F1, E), (Fy, E), (F3, E) are soft sets over X defined as follows:
Fi(e) = {ha}, Fa(e) = {h1, ha}, Fs(e) = {h1,h2,ha}
Then 7 defines a soft topology on X, hence the set (G, E) where G(e) = {h;} is a
B-open soft set of (X, 7, E), but it is not open soft.

Theorem 4.4. Let (X, 7, E) be a soft topological space,then the following statements
are hold,

(1): Every a-open (resp. a-closed) soft set is semi-open (resp. semi-closed)
soft.

(2): Every semi-open (resp. semi-closed) soft set is (-open (resp. [-closed)
soft.

(3): Every pre-open (resp. pre-closed) soft set is (-open (resp. (-closed) soft.

(4): Every a-open (resp. a-closed) soft set is pre-open (resp. pre-closed) soft.

Proof. We prove the assertion in the case of open soft set, the other case is similar.
(1) Let (F,E) € aOS(X). Then

(F, E)Cint(cl(int(F, E)))Ccl(int(F, E)).

(X).

SOS(X). Then (F,E)Ccl(int(F,E)). Since (F,E)Ccl(F, E),
E))Cecl(int(cl(F, E))). Thus (F, E) € OS(X).

€ POS( ). Then

oS
€
t(F,

Hence (F,E) € S
(2) Let (F,E)
then (F, E)Ccl(in

(3) Let (F,E)
(F, E)Cint(cl(F, E))Ccl(int(cl(F, E))).

Hence (F, F) € fOS(X).
188
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(4) Let (F, E) € aOS(X). Since int(F, E)Ccl(F, E). Then cl(int(F, E))Ccl(F, E).
Hence (F, E)Cint(cl(int(F, E)))Cint(cl(F, E)). Thus (F, E)Cint(cl(F, E)). Tt fol-
lows that (F, E) € POS(X). O

The converse of Theorem 4.4/ is not true in general as shown by the following
examples.

Example 4.5. (1) Let X = {hy,h2,hs}, E = {e1,e2} and
T= {Xa d)a (F17 E)7 (F27E)a (F?n E)}

where (F1, E), (Fy, E), (F3, E) are soft sets over X defined as follows:

Fl(el = {hl}, Fl(eg) = {hl}
Fy(er) = {h2}, Fa(e2) = {ho}.
F3(e1) = {h1,ha}, Fs(e2) = {h1, ha}.
Then 7 defines a soft topology on X, hence the set (G, E) which defined as follows:
G(el) = {h27h3}7 G(eg) = {hg,hg}.
is a semi-open soft set of (X, 7, E), but it is not an a-open soft.

(2) Let X = {hl,hg,h3,h4}, E= {6} and

T = {Xa ®, (Fla E)v (F27E)ﬂ (FSa E)}

where (F1, E), (Fy, E), (F3, E) are soft sets over X defined as follows:

Fl(e) = {h4},F2(6) = {hl, hg}, F3(€) = {h17h27h4}
Then 7 defines a soft topology on X, hence the set (G, E) which defined by G(e) =
{h1} is a B-open soft set of (X, 7, E), but it is not a semi-open soft.

(3) Let X = {hl,hg,hg,h4}, E= {6} and

T ={X,¢, (I, E), (F2, E), (F3, E), (Fy, E)}

where (F1, E), (Fy, E), (F3, E), (Fy, E) are soft sets over X defined as follows:

Fi(e) = {h1}, Fa(e) = {ha}, F3(e) = {h1,ha}, Fu(e) = {h1, ha, ha}
Then 7 defines a soft topology on X, hence the set (G, E) which defined by G(e) =
{h1, h4} is a [-open soft set of (X, 7, E), but it is not a pre-open soft.

(4) Let X = {hl,hg,h3}, E = {61,62} and 7 = {X,gb, (Fl,E), (}’jg,l;)7 (F3,E)}
where (Fy, E), (Fa, E), (F3, E) are soft sets over X defined as follows:
Fi(er) ={h}, Fi(e2) ={h}.
Fy(er) = {ha}, Fa(e2) = {ho}.
F3(61> = {hl, hg}, Fg(eg) = {hl,hg}.
Then 7 defines a soft topology on X, hence the set (G, E) which defined as follows:
G(Bl) = {hl,hQ}, G(EQ) = {hl}

is a pre-open soft set of (X, 7, F), but it is not an a-open soft.

Remark 4.6. The following implications hold from Theorem 4.1/ and Theorem /4.4
for a soft topological space (X, 7, E). These implications are not reversible.

08(X) — a0S(X) — SOS(X)

L7 !

POS(X) —  BOS(X)
189



A. Kandil et al./Ann. Fuzzy Math. Inform. 7 (2014), No. 2, 181-196

Theorem 4.7. Let (X, 7, E) be a soft topological space, v : SS(X)g — SS(X)g
be one of the operations in Definition (3.5 and Fr € SS(X)g. Then the following
hold:

(1): ¥S(int(Fg)) = X —7S(cl(Fp)).
(2): ¥S(cl(F})) = X — 7S(int(Fp)).

Proof. We give the proof for the case of pre-open soft operator i.e v = int(cl), the
other cases is similar.

(1) Let 2, & Pcl(Fg). Then 3 Gp € PO(X,x.) such that GgNFg = ¢, hence
z. € GgCFy. Thus z, € Pint(F}). This means that X — Pcl(Fg)CPint(F}).
Let z, € Pint(F}). Since Pint(Fy)\Fg = ¢, so z. ¢ Pcl(Fg). Tt follows that
z. € X — Pcl(Fg). Therefore Pint(Fi)CX — Pcl(Fg).

(2) Let z, € Pint(Fg). ThenV Gg € PO(X,{EE), z. € GgCFp, hence GpNF}, =
¢. Thus z, ¢ Pint(F}). This means that X — Pint(Fg)CPcl(Fy).

Let 2. ¢ Pcl(F). Then 3 Gi € PO(X,z.) such that GpNFj = ¢, hence z, €
GpCFg. It follows that x, € Pint(Fg). This means that Pcl(Fy)CX — Pint(Fg).
This completes the proof. O

Theorem 4.8. Let (X, 7, E) be a soft topological space and Fr € SS(X)g. Then

(1): Fg € SOS(X) if and only if cl(Fg) = cl(int(Fg)).
(2): ]f Gg € OS(X), then GEﬁCl(FE)QCl(GEﬁFE)

Proof. Immediate. O

Theorem 4.9. Let (X,7,F) be a soft topological space, Fr € OS(X) and Gg €
POS(X). Then FpiGp € POS(X).

Proof. Let Fg € OS(X) and Gg € POS(X). Then FgNGgC
int(Fg)Nint(cl(Gg)) = int((Fg)Ncl(Gg))Cint(cl((Fr)N(GE))) from Theorem 4.8
(2). Hence FeNG g € POS(X). O

Theorem 4.10. Let (X, 7, E) be a soft topological space and Fg,Gg € SS(X)g. If
either Fg € SOS(X) or Gg € SOS(X). Then
int(cl(FeNGg)) = int(cl(Fg))Nint(cl(Fg)).

Proof. Let Fr,Gg € SS(X)g. Then we generally have

int(cl(FeNGE))Cint(cl(Fg))Nint(cl(Fg)).
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Suppose that Fg € SOS(X). Then cl(Fg) = cl(int(Fg)) from Theorem 4.8 (1).
Hence

int(cl(Fg))Nint(cl(Gg))Cint[cl(Fg)Nint(cl(Gg))]
= int[cl(int(Fg))Nint(cl(Gg)))
Cint(clfint(Fg)Nint(cl(GEg))])
Cint(cl(int[int(Fg)Nel(GEg)]))

)

(cl(
Cint(cl(int(clint(Fg)N(GE)])))
(el(
[

(cl
(Cl[(FE) (Ge)])))
Cint(cl|(Fp)N(Gp)))

Cint(cl(int

from Theorem 4.8(2). This complete the proof. O

Theorem 4.11. Let (X, 7, E) be a soft topological space, Fr € OS(X) and Gg €
SOS(X). Then FENGg € SOS(X).

Proof. Let Fp € OS(X) and Gg € SOS(X). Then
FEﬁGEéznt(FE)ﬁCl(Znt(GE)) = cl(int(Fp)Nint(Gg)) = c(int((Fg)N(GE)))
from Theorem 4.8(2). Hence FrNGg € SOS(X). O
Theorem 4.12. Let (X, 7, E) be a soft topological space and Fg, Gg € SS(X)E.
Then
(1): Fr € aOS(X) if and only if 3 Hg € OS(X) such that
(2): If Fp € aOS(X) and FrCGrCint(cl(Fg)), then Gg € aOS(X).
Proof. (1) =: Suppose that int(Fg) = HE € OS(X). Then HgCFrCint(cl(Hg)).
<: Let HpCFpCint(cl(Hg)), Hp € OS(X). Then int(Hg) = HgCint(Fg). It
Cin

follows that FrCint(cl(int(Hg)))Cint(cl(int(Fg))). Thus Fr € aOS(X).
(2) Let F € aOS(X), then FgCint(cl(int(Fg))). Hence
)<

FrCGpCint(cl(int(cl(int(Fg)))))Cint(cl(int(Fg))) Cint(cl(int(Gg))).
Thus Gg € a0S(X). O

Theorem 4.13. Let (X, 7, E) be a soft topological space and Fg € SS(X)g. Then
(1): Fg € aOS(X) if and only if Fg € POS(X)NSOS(X).
(2): Fg € aCS(X) if and only if Fp € PCS(X)NSCS(X).

Proof. (i) =: Let Fg € aOS(X), Then FrCint(cl(int(Fg))). Hence FgCcl(int(Fg))

and FgCint(cl(Fg)). Thus Fr € POS(X)NSOS(X).

<: Let Fg € POS(X)NSOS(X). Then FrCcl(int(Fg)) and FrCint(cl(Fg)).

Thus FrCint(cl(cl(int(Fg)))) = int(cl(int(Fg))). It follows that Fr € aOS(X).
(2)By a similar way O

Theorem 4.14. Let (X, 7, E) be a soft topological space, Fg € «OS(X) and Gg €
BOS(X). Then FgNGg € BOS(X).
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Proof. Let Fg € aOS(X) and Gg € SOS(X). Then
FrOGrCint(cl(int(Fg)))Acl(int(cl(Gg)))

Cclfint(cl(int(Fg)))Nint(cl(Gg))
= cl(int[cl(int(Fg))Nint(cl(GE))])
Cel(int(cl[int(Fg)Nint(cl(Gg))]))
= cl(int(cl(int[int(Fr)Ncl(Gg)])))
Cel(int(cl(int(clint(Fr)NGEg]))))
Cel(int(cl(int(cl[FENGg]))))
Cel(int(cl[FENGE]))

from Theorem [4.8(2). Hence FrNGEg € BOS(X). O

Theorem 4.15. Let (X, 7, E) be a soft topological space and Fr € SS(X)g. Then
Fp € PCS(X) if and only if cl(int(Fg))CFg.

Proof. Let Fg € PCS(X), then Fy, is a pre-open soft set, this means that

FLlint(cl(X — Fi)) = X — (cl(int(Fg))).

Therefore cl(int(Fg))CFp. ) . )
Conversely, let cl(int(Fg))CFg. Then X — FrCint(cl(X — Fg)), hence X — Fg
is pre-open soft set. Therefore, Fg is pre-closed soft set. O

Theorem 4.16. Let (X, 7,E) be a soft topological space. If Fr € aOS(X) and
Fj, € POS(X). Then Fg € OS(X).

Proof. Let Fg € aOS(X) and Fj, € POS(X). Then Fg € PCS(X). Hence
cl(int(Fg)CFrCint(cl(int(Fg)))Ccl(int(Fg).

This means that cl(int(Fg) = Fg. Thus FgCint(cl(int(Fg))) = int(Fg). Therefore
Fr e 0OS(X). O

Theorem 4.17. Let (X, 7, E) be a soft topological space and Fg € SS(X)g. Then
Fp € aCS(X) if and only if cl(int(cl(Fg)))CFp.

Proof. Let Fg € aSCS(X), then Fy, is a-open soft set, this means that
FiCint(cl(int(X — Fg))) = X — (cl(int(cl(Fg)))).

Therefore cl(int(cl(Fg)))CFg. ) )
_ Conversely, let cl(int(cl(Fg)))CFg. Then X — FrCint(cl(int(X — Fg))), hence
X — Fg is a-open soft set. Therefore, Fg is an a-closed soft set. O

Theorem 4.18. Let (X, 7,E) be a soft topological space and Fg € SS(X)g. Then
Fg € SCS(X) if and only if int(cl(Fg))CFg.

Proof. Let Fg € SCS(X), then F}, is semi-open soft set, this means that

FipCel(int(X — Fg)) = X — (int(cl(Fg))).
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Therefore int(cl(Fg))CFg.
Conversely, let int(cl(Fg))CFg. Then X — FpCcl(int(X — Fg)), hence X — Fg
is semi-open soft set. Therefore, Fr is semi-closed soft set. O

Corollary 4.19. Let (X, 7, E) be a soft topological space and Fr € SS(X)g. Then
Fg € SCS(X) if and only if Fr = FgUint(cl(Fg)).
Proof. Immediate from Theorem 4.18. O

Theorem 4.20. Let (X, 7, E) be a soft topological space, Fg € «OS(X) and Gg €
SOS(X). Then FENGg € SOS(X).

Proof. Let Fg € aOS(X) and Gg € SOS(X). Then
FpOGgCint(cl(int(Fg)))Ncl(int(Gg))
Cel[int(cl(int(Fg)))Nint(Gg)]
Ccl(int[cl(int(Fg))Nint(Gg)))
Ccl(int(clfint(Fg)hint(Gg))))
= cl(int(cl(int(FENGE))))
Cel(int(FpNGE))
from Theorem 4.8/ (2). Hence FpNGg € SOS(X). O
Theorem 4.21. Let (X, 7, E) be a soft topological space and Fr € SS(X)g. Then
Fg € BC(X) if and only if int(cl(int(Fg)))CFE.

Proof. Let Fg € BC(X), then F, is a B-open soft set, this means that
FpCel(int(cl(X — Fg))) = X — int(cl(int(Fg))).

Therefore int(cl(int(Fg)))CFg. ) )
_ Conversely, let int(cl(int(Fg)))CFg. Then X — FpCel(int(cl(X — Fg))), hence
X — Fg is (-open soft set. Therefore F is a (-closed soft set. O

5. DECOMPOSITIONS OF SOME FORMS OF SOFT CONTINUITY

Definition 5.1. Let (X, 7, A) and (Y, 7%, B) be soft topological spaces. Let u: X —
Y and p: A — B be a mappings. Let f, : SS(X)a — SS(Y)p be a function. Then
(1): The function f,, is called a pre-soft continuous function (Pre-cts soft) if
foi (G,B) € POS(X) Y (G,B) € OS(Y).
(2): The function f,, is called an a-soft continuous function (a-cts soft) if
fou (G, B) € aOS(X)¥ (G, B) € OS(Y).
(3): The function f,, is called a semi-soft continuous function (semi-cts soft)
if f,,(G,B) € SOS(X)V (G,B) € OS(Y).
(4): The function f,, is called a [-soft continuous function (S-cts soft) if
fou (G, B) € BOS(X)V (G, B) € OS(Y).
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Theorem 5.2. Let (X, 7, A) and (Y, 7*, B) be soft topological spaces. Letu: X —Y
andp : A — B be a mappings. Let fp, : SS(X)a — SS(Y)g be a function. Then for
the classes, pre-continuous (resp. a-continuous, semi-continuous and B-continuous)
soft functions the following are equivalent (we give an example for the the class of
pre-soft continuous functions).

(1): fpu is pre-soft continuous function.

(2): f;ul(H,B) € PCS(X)V (H,B) e CS(Y).

(3): fpu(PScl(G A) C cly~ (fpu(G ANV (G,A) € SS(X)a.

(4): PScl(f,,!(H,B)) C f,,} (clr-(H )) v (H ) € S5(Y)p-

(5): fpu (int,-(H, B)) C PSint(f,, ( B))V ( B) e SS(Y

)
Proof. (1) = (2) Let (H, B) be a closed soft set over Y. Then (H,B) € OS(Y)
and f,.!(H,B)" € POS(X) from Definition 5.1. Since f,.}(H, B)" = (f,,/(H,B))
from [[21], Theorem 3.14]. Thus f,.'(H,B) € PCS(X).
(2) = (3) Let (G,A) € SS(X)A. Since

(G, A)Cf (fPU(G A))Cfpu (clr (fpu(G7A))) € PCS(X)
from (2) and [21, Theorem 3.14] Then (G, A)CPScl(G, A)Cf Ll (fou(G, A))).

Hence fp,(PScl(G, A))éfpu(fz;}(df*(fpu( ))))é «(fpu(G, A))) from [21, The-
orem 3.14]. Thus f,,(PScl(G, A>)§CZT*(fpu( ))-

(3) = (4) Let (H,B) € SS(Y)p and (G, A) =

fpu (H, B). Then
Fou(PSelfyl (H, B)Selr- (fpu(fyul (H, B)))
from (3). Hence
PScl(fp! (H, B)Cfp! (fpu(PSCl(fy,) (H, B))))
S (e (fpu(fpu (H, B))))
el (H, B))

from [21, Theorem 3.14]. Thus PScl(f,,}(H, B))Cf,.} (cl-+(H, B)).
(4) = (2) Let (H, B) be a closed soft set over Y. Then

PScl(f,, (H, B))C fy.!(clr+ (H, B)) = f,,! (H, B) = [,/ (H, B)

for all (H,B) € SS(Y)p from (4), but clearly f,.'(H, B)CPScl(f '(H,B)). This
means that f,'(H, B) = PScl(f,,'(H,B)) € PCS( ).

(1) = (5) Let (H B) € SS(Y)p. Then f, !(int.-(H,B)) € POS’( ) from
(1). Hence f,,!(int+(H, B)) = PSint(f,, int,- (H B))CP Smt(f Y(H,B)). Thus
[k (int,+ (H, B))CPSint(f,,}(H, B)).

(5) = (1) Let (H, B) be an open soft set over Y. Then int,«(H,B) = (H, B)
and f,.!(int.-(H,B)) = f.'((H, B))éPSint(fp’ul(H B)) from (5). But we have
PSint(f,, (H, B))Cfpu (H B) This means that PSint(f,,!(H,B)) = f,,(H,B) €
POS(X ) Thus f,,, is soft continuous function. O

Theorem 5.3. Let (X, 71, A), (Y, 7%, B) be soft topological spaces and fp, : SS(X)a —
SS(Y)p be a function. Then
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(1): every soft continuous function is pre-soft continuous function.
(2): every soft continuous function is semi-soft continuous function.
(3): every soft continuous function is a-soft continuous function.
(4): every soft continuous function is B-soft continuous function.

Proof. Immediate from Theorem /4.1l O

Theorem 5.4. Let (X, 71, A), (Y, 7%, B) be soft topological spaces and fp, : SS(X)a —
SS(Y)p be a function. Then

(1): Every a-soft continuous function is semi-soft continuous function.

(2): Every semi-soft continuous function is 3-soft continuous function.

(3): Every pre-soft continuous function is 5-soft continuous function.

(4): Every a-soft continuous function is pre-soft continuous function.

Proof. Immediate from Theorem 4.4l O

Theorem 5.5. Let (X, 7, A), (Y, 7%, B) be soft topological spaces and fp, : SS(X)a —
SS(Y)p be a function. Then f,, is an a-soft continuous function if and only if it
is a pre-continuous and semi-soft continuous function .

Proof. Immediate from Theorem 14.13. O
On accounting of Theorem 5.3/ and Theorem 5.4/ we have the following corollary.

Corollary 5.6. For a soft topological space (X, 7, E) we have the following impli-
cations.

soft cts — a — soft cts — semi — soft cts

L7 !

Pre — soft cts — B — soft cts

6. CONCLUSION

Topology is an important and major area of mathematics and it can give many
relationships between other scientific areas and mathematical models. Recently,
many scientists have studied and improved the soft set theory, which is initiated
by Molodtsov [14] and easily applied to many problems having uncertainties from
social life. In this paper, we introduce the new classes namely, classes of pre-open
(resp. «-open, semi-open and [-open) soft sets. The properties of each class has
obtained. We unified the study of these classes by using the y-operator. Also, the
notion of pre-continuous (resp. a-continuous, semi-continuous and [-continuous)
soft functions have given. In the next study, we extend the notion of soft sets to
supra soft topological spaces and and other topological properties. Also, we will use
some topological tools in soft set application, like rough sets.

Acknowledgements. The authors express their sincere thanks to the reviewers
for their valuable suggestions. The authors are also thankful to the editors-in-chief
and managing editors for their important comments which helped to improve the
presentation of the paper.

195



A. Kandil et al./Ann. Fuzzy Math. Inform. 7 (2014), No. 2, 181-196

REFERENCES

[1] B. Ahmad and A. Kharal, On fuzzy soft sets, Adv. Fuzzy Syst. 2009, Art. ID 586507, 6 pp.

[2] H. Aktas and N. Cagman, Soft sets and soft groups, Inform. Sci. 177 (2007) 2726-2735.

[3] M. I. Ali, F. Feng, X. Liu, W. K. Min and M. Shabir, On some new operations in soft set
theory, Comput. Math. Appl. 57 (2009) 1547-1553.

[4] Banu Pazar Varol and Halis Aygun, On soft Hausdorff spaces, Ann. Fuzzy Math. Inform. 5
(2013) 15-24.

[5] N. Cagman, F.Citak and S. Enginoglu, Fuzzy parameterized fuzzy soft set theory and its
applications, Turkish Journal of Fuzzy Systems 1(1)(2010) 21-35.

[6] N. Cagman and S. Enginoglu, Soft set theory and uni-int decision making, European J. Oper.
Res. 207 (2010), no. 2, 848-855.

[7] S. Hussain and B. Ahmad, Some properties of soft topological spaces, Comput. Math. Appl.
62 (2011) 4058-4067.

[8] D. V. Kovkov, V. M. Kolbanov and D. A. Molodtsov, Soft sets theory-based optimization, J.
Comput. Syst. Sci. Int. 46(6) (2007) 872-880.

[9] P. K. Maji, R. Biswas and A. R. Roy, Fuzzy soft sets, J. Fuzzy Math. 9(3) (2001) 589-602.

[10] P. K. Maji, R. Biswas and A. R. Roy, Intuitionistic fuzzy soft sets, J. Fuzzy Math. 9(3) (2001)
677-691.

[11] P. K. Maji, R. Biswas and A. R. Roy, Soft set theory, Comput. Math. Appl. 45 (2003) 555-562.

[12] P. Majumdar and S. K. Samanta, Generalised fuzzy soft sets, Comput. Math. Appl. 59 (2010)
1425-1432.

[13] D. Molodtsov, V. Y. Leonov and D. V. Kovkov, Soft sets technique and its application,
Nechetkie Sistemy i Myagkie Vychisleniya 1(1) (2006) 8-39.

(14] D. A. Molodtsov, Soft set theory-firs tresults, Comput. Math. Appl. 37 (1999) 19-31.

[15] A. Mukherjee and S. B. Chakraborty, On intuitionistic fuzzy soft relations, Bull. Kerala Math.
Assoc. 5(1) (2008) 35-42.

[16] Sk. Nazmul and S. K. Samanta, Neighbourhood properties of soft topological spaces, Ann.
Fuzzy Math. Inform. 6 (2012) 1-15.

[17] D. Pei and D. Miao, From soft sets to information systems, in: X. Hu, Q. Liu, A. Skowron,
T. Y. Lin, R. R. Yager, B. Zhang (Eds.), Proceedings of Granular Computing, in: IEEE, 2
(2005) 617-621.

[18] M. Shabir and M. Naz, On soft topological spaces, Comput. Math. Appl. 61 (2011) 1786-1799.

[19] Sujoy Das and S. K. Samanta, Soft metric, Ann. Fuzzy Math. Inform. 6 (2013) 77-94.

[20] Y. Zou and Z. Xiao, Data analysis approaches of soft sets under incomplete information,
Knowledge-Based Systems 21 (2008) 941-945.

[21] I. Zorlutuna, M. Akdag, W. K. Min and S. Atmaca, Remarks on soft topological spaces, Ann.
Fuzzy Math. Inform. 3 (2012) 171-185.

A. KANDIL (dr.ali_kandil@yahoo.com)
Department of Mathematics, Faculty of Science, Helwan University, Helwan, Egypt

O. A. E. TANTAWY (drosamat@yahoo.com)
Department of Mathematics, Faculty of Science, Zagazig University, Zagazig, Egypt

S. A. EL-SHEIKH (sobhyelsheikh@yahoo.com)
Department of Mathematics, Faculty of Education, Ain Shams University, Cairo,

Egypt

A. M. ABD EL-LATIF (Alaa_8560@yahoo.com)

Department of Mathematics, Faculty of Education, Ain Shams University, Cairo,
Egypt

196



