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1. INTRODUCTION

In the real world, most of times exact solution can not be found for the prob-
lems, so the real world problems can be solved approximately. On the other hand,
D.Molodtsov [9] introduced new approach for the real world problems in the econom-
ics, engineering, and environmental areas, which approximate the initial universe of
the problems. Molodtsov’s soft set theory was proposed for dealing with uncertainty.
Many operators for soft set theory are introduced by Maji et. al. [7] in detail. Fur-
thermore, Babitha [1I] gave definitions for the soft set relation. After that, Babitha
and Sunil [2] introduced ordering on soft sets, and they defined the partially ordered
soft set. Some further definitions about soft set relation, such as kernels and clo-
sures of soft sets were introduced by Yang and Guo [15]. Moreover, Park et. al. [11]
studied equivalence relation and they proved that poset of the equivalence soft set
relations on a soft set (F, A) is a complete lattice.

Shabir and Naz [13] introduced soft topological spaces, defined over an initial uni-
verse with a fixed parameter set but Min [§] made some corrections on [13]. Zor-
lutuna et. al.[16] introduced the concepts of soft interior point, soft interior, soft
neighborhood, soft continuity and soft compactness and also Nazmul et. al. [10] pre-
sented some neighborhood properties in soft topological space. Husain and Ahmad
[6] strengthened theory of soft topological spaces which is defined in [I3] by defining
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it on a fixed initial universe. Varol et. al. [14] gave some properties of soft Haus-
dorff spaces and introduced some new concepts such as convergence of sequences.
Furthermore Cagman et. al. [3] defined soft topology by modifying the definition
of a soft set. Roy and Samanta [12] strengthen the definition of a soft topological
space which is defined by Cagman et. al. [3] and they gave same results relative to
base and subbase.

In order to refresh the fundamental concepts of set theory we refer to [5], [4]. Scott
topology is well known in theoretical computer science and topological lattice theory.
In this study we introduce soft Scott topology by using soft set relation. To define
soft Scott topology we introduce directed and directed complete soft set. Also, we
give some new structures for the partially ordered soft set (F, A, R) such as, infimum
and supremum of a soft set.

2. PRELIMINARIES AND BASIC DEFINITIONS

Definition 2.1 ([9]). Let U be an initial universe, E be the set of parameters. Let
P(U) be the set of all subsets of U and A be a subset of E. A pair (F, A) is called
a soft set over U where F': A — P(U) is a set-valued function.

Definition 2.2 ([7]). A soft set (F, A) over U is said to be a Null soft set denoted
by ®, if for every e € A, F(e) = &

Definition 2.3 ([7]). For two soft sets (F, A) and (G, B) over a common universe
U, we say that (F, A) is a soft subset of (G, B) and is denoted by (F, A)C(G, B) if

(i) A C B and,

(ii) Ve € A, F(e) and G(e) are identical approximations, which means F'(¢) = G(e)
Definition 2.4 ([3]). The soft complement (F, A)¢ of (F, A) is defined by (F, A)¢ =
(F<, A), where F¢(z) =U — F(x), Vx € A.

Definition 2.5 ([7]). Union of two soft sets of (F, A) and (G, B) over the common
universe U is the soft set (H,C'), where C = AU B, and for each e € C,
F(e), ifee A—B,
H(e) =<¢ Gle), ifee B—A,
F(e)UG(e), ifec ANB
We write (F, A)U(G, B) = (H,C).
Definition 2.6 ([7]). Intersection of two soft sets (F, A) and (G, B) over a common
universe U is the soft set (H, ('), where C = AN B, and for each e € C, H(e) =
F(e) N G(e). We write (F, A)N(G, B) = (H,C).
Definition 2.7 ([12]). A soft topology T on a soft set (F, A) is a family of soft
subsets of (F, A) satisfying the following properties
i) ©, (FA)eT;
ii) If (G, B), (H,C) € 7, then (G, B)N(H,C) €T ; N
iii) If (Fo, Aa) € 7 for all @ € A, an index set, then |J,cp (Fa, Aa) €7
If 7 is a soft topology on a soft set (F, A), (F, A, T) is called the soft topological space.
Definition 2.8 ([12]). If 7 is a soft topology on (F, A), then the member of 7 is

called an open soft set in (F, A, T)
90
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Definition 2.9 ([3]). Let (F, A,7) be a soft topological space and (G, B)C(F, A).
Then, (G, B) is said to be closed soft set if the soft set (G, B) is open soft set.

Definition 2.10 ([I]). Let (F,A) and (G, B) be two soft sets over U, then the
cartesian product of (F, A) and (G, B) is defined as, (F, A) x (G,B) = (H,A x B)
where H : A x B— P(U x U) and H(a,b) = F(a) x G(b), where (a,b) € A x B
ie. H(a,b) = {(hs, hj)|h; € F(a),h; € G(b)}

Definition 2.11 ([I]). Let (F, A) and (G, B) be two soft sets over U, then a relation
R from (F, A) to (G, B) is a soft subset of (F, A) x (G, B).

In other words, a relation R from (F,A) to (G, B) is of the foom R = (Hy,S)
where S C A x B and Hy(a,b) = H(a,b) for all (a,b) € S where (H,A x B) =
(F,A) x (G, B).

Definition 2.12 ([1]). Let R be a soft set relation from (F, A) to (G, B). Then the
domain of R is defined as the soft set (D, A1) where
Ay ={a€ A: H(a,b) € R forsomeb € B} and D(ay) = F(ay), for all a; € A;.
The range of R is defined as the soft set (RG, B;), where B; C B and By = {b €
B: H(a,b) € R for somea € A} and RG(b1) = G(b1) Vb1 € By
Definition 2.13 ([1]). Let R be a relation on (F, A), then

(1) R is reflexive if Hy(a,a) € R, Va € A.

(2) R is symmetric if Hy(a,b) € R = Hy(b,a) € R.

(3) R is transitive if Hy(a,b) € R, Hi(b,c) € R = Hi(a,c) € R for every

a,b,ce A.

Definition 2.14 ([2]). A binary soft set relation R on (F, A) is an antisymmetric
if F(a) x F(b) € R and F(b) x F(a) € R for every F(a),F(b) € (F,A) imply
F(a) = F(b).
Definition 2.15 ([2]). A binary soft set relation < on (F,A) which is reflexive,

antisymmetric and transitive is called a partial ordering of (F, A).
The triple (F, A, <) is called a partially ordered soft set.

Definition 2.16 ([2]). Let < be an ordering of (F, A) and F(a) and F(b) be any
two elements in (F, A). We say that F(a) and F(b) are comparable in the ordering
if F(a) < F(b) or F(b) < F(a). We say that F(a) and F(b) are incomparable if they
are not comparable.

Definition 2.17 ([2]). Let < be a partially ordering of the soft set (F, A). Then <

is called a total or linear ordering on (F, A) if every element in (F, A) is comparable
in the ordering <.

3. SOME RESULTS ON ORDERINGS ON SOFT SETS

Definition 3.1. Let B C A and (G, B)C(F, A) where (F, A) is ordered by R. (G, B)
is a chain in (F, A) if any two element in (G, B) are comparable.
Definition 3.2 ([2]). Let (G, B, <) be a partially ordered soft set. Then,
a) For b € B, G(b) is the least element of (G, B)in the ordering '<’ if G(b) <
G(z) for all z € B
91
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b) For b € B, G(b) is a minimal element of (G, B) in the ordering '<’ if there
exists no « € B such that G(z) < G(b) and G(z) # G(b).

a’) For b € B, G(b) is the greatest element of (G, B) in the ordering '<’ if for
every z € B G(z) < G(b).

b’) For b € B, G(b) is a maximal element of (G, B) in the ordering '<’ if there
exists no « € B such that G(b) < G(z) and G(z) # G(b).

Example 3.3. Consider soft sets (F, A) and (G, B) as follows: The universe set
U = {hl,hg,hg,h4,h5,h6} and the parameter set F = {61,62,63,64,65766}; A=
{61,62,63,65,66} and B = {61,63,65} F(el) = {hl,h4}, F(GQ) = {hl,hg}, F(eg) =
{h3,h4,h5}, F(65) = {hl}, F(eﬁ) = {hlaflG} and G(el) = {h17h4}, G(eg) =
{h3,h4,h5}, G(es) = {h1}. Hence (G,B)C(F,A). Now define a relation < on
(F, A) as

<= {F(el) X F(el), F(BQ) X (62), (63) X F(eg) F(65) X F(€5),
F(eg) x Fleg), F(e1) x Fes), F(er) x Fles), F(ex) x F(es),
F(eg) x Fles), F(ez2) x F(es), F(ea) x Fles), F(ez) x F(es),

F(eg) X F(eg), F(€5) X F(eg)}
Then F(e1) and F(ez) are minimal elements of (F, A) and F(eg) is the maximal
element and the greatest element of (F, A). Similarly since G(e1) x G(e1), G(ez) %
G(es), G(es) x G(es), G(e1) x G(es), G(es) x G(es), G(e1) x G(es) €<, we can
say G(ey1) is a minimal element and the least element; and also G(es) is a maximal
element and the greatest element of (G, B). Besides (G, B) is a chain in (F, A)
because any two element of (G, B) are comparable.

Definition 3.4. Let < be an ordering of (F, A), let (G, B)C(F, A).

e For a € A, F(a) is a lower bound of (G, B) in the ordered soft set (F, A, <)
if F(a) < G(z) for all x € B.
e For a € A, F(a) is called infimum of (G, B) in (F, A, <) (or the greatest
lower bound) if it is the greatest element of the set of all lower bounds of
(G, B) in (F, 4,<).
Similarly,

e Fora € A, F(a) is an upper bound of (G, B) in the ordered soft set (F, A, <)
if G(z) < F(a) for all z € B.

e Fora € A, F(a) is called supremum of (G, B) in (F, A, <) (or the least upper
bound) if it is the least element of the set of all upper bounds of (G, B) in
(F, A, <).

Example 3.5. Consider the soft sets (F, A) and (G, B) as presented in Example
3.3. F(es) and F(eg) are upper bounds of (G, B) in the ordered soft set (F,A,<).
F(es) is the supremum of (G, B). F(ej) is the lower bound of (G, B) and so it is
the infimum of (G, B) in (F, 4, <).

Definition 3.6. Consider a soft set (F, A) equipped with reflexsive, transitive rela-
tion <. This relation is called preorder and (F, A) is a preordered soft set.

Definition 3.7. Let (F, A) be a soft set. (F,A) is called a finite soft set, if it is a
soft set with a finite parameter set.
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Definition 3.8. Let (F, A) be a preordered soft set. A soft subset (G, B) of (F, A)
is directed provided it is nonnull and every finite soft subset of (G, B) has an upper-
bound in (G, B).
Example 3.9. Consider the soft set (F, A) over U, where U = {c1, ¢2, 3, ¢4, C5,C6},
A ={a1,a2,a3} and F(a1) = {c1,c2}, F(az) = {c2}, Flaz) = {c4,c5,c6} and

<= {F(al) X F(al), F(ag) X F(ag), F(ag) X F(ag),

F(al) X F(GQ),F(CLQ) X F(ag),F(al) X F(ag)}

(F, A) is directed soft set with the relation <.

Definition 3.10. Let (F, A) be a soft set with a preorder <. For (G, B)C(F, A)
i) | (G,B) = (H,C) where C = {a € A: F(a) < G(b) for someb € B} and

H=Flc.
ii) 1 (G,B) = (K,D) where D = {a € A: G(b) < F(a) for someb € B} and
K =F|p.

ili) (G, B) is a lower soft set iff (G, B) =| (G, B).
iv) (G, B) is an upper soft set iff (G, B) =1 (G, B).
v) (G, B) is an ideal iff it is a directed lower soft set.

Example 3.11. Consider the soft set (F, A) and the soft set relation < as presented
in Example 3.9.

Let B = {ay,a2} and G : B — P(U) such that G(a1) = {c1,c2}, G(az) = {c2}.
Thus (G, B)C(F, A).

1 (G,B) = (H,C) where C ={a € A: G(b) < F(a) for someb € B} = {a1,az2,a3}
and H = F|¢.

1 (G,B) = (K, D) where D = {a € A: F(a) < G(b) for someb € B} = {aj,as} and
K = Flp.

Since D = B, we have | (G, B) = (G, B). Hence (G, B) is a lower soft set.

Definition 3.12. A partially ordered soft set is said to be a directed complete soft
set if every directed soft subset has a supremum.

Example 3.13. Take A = Z* and let U = R* extended real numbers and F : Z —
P(R*) such that F(a) = (1,a+ 1] for a € A. So (F, A) is a soft set. It is a partially
ordered soft set by inclusion.

Lemma 3.14. Let (F, A) be a directed complete partially ordered soft set and let
(G1,B1)C(F, A), (G2, B2)C(F, A), such that T (G1,Bz) = (G1,B1), 1 (G2, Ba) =
(Ga, Bs) and (G, B;)C(F, A) for alli in an index set I. Then,

i) 1 ((G1. B1)N(Ga, B2)) =1 (G, B1)N T (G, Ba).

i) 1 (U(Gi,Bi)) = U 1(Gi, By).

i€l i€l
Proof. (i) From Definition 2.6/ and Definition [3.10/ we have
1 ((G1, BUN(G2, B)) =1 (G, B) = (K, D),

where B = By N By. Let K(d) € (K, D). Then there exists b € B such that G(b) <

K(d), where G(b) = G1(b1) N Ga(ba) = F(b). From Definition 2.3 and b € B; and

b € By, it follows G1(b) < K(d) and G2(b) < K(d). Therefore K(d) €7 (G1,B1) =

(Ki,Dy) and K(d) €1 (G, B2) = (Ka,Ds). Thus K(d) €7 (G1,B1)N T (G2, Ba)
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since d € D1 N Dy and K1(d) N K2(d) = F(d) N F(d) = F(d) = K(d). Conversely,
let K(d) €T (G1,B1)N T (Gg, Bz). Then we have K(d) € (Gy, B;)N (Gz,Bg) since
T (Gl,Bl) = (G1,B1) and T (GQ,BQ) = (GQ,BQ) Thus K(d) T (Gl,Bl) (G27Bg).

(ii) Similar to (i). O

4. SOFT SCOTT TOPOLOGY

Deﬁnltlon 4.1. Let (F, A) be a directed complete partially ordered soft set and
(G, B)C(F,A). Then (G, B) is called a Scott open soft set iff the following two
conditions are satisfied:
i) (G,B) =1 (G, B); _
ii) sup (D,C) € (G, B) implies (D,C)N(G,B) # ® for all directed complete
soft sets (D, C)C(F, A).

Theorem 4.2. The collection of all Scott open soft sets of (F, A) is a soft topology.

Proof. Let T be the set of all Scott open soft sets of (F, A).
(i) @, (F, A) € 7 since they satisfy two conditions of the Definition 4.1l
(11) Let (Gl, Bl), (GQ, B2) € 7 and let (G, B) = (Gl, Bl)ﬁ(G27 BQ) Since

1 (G1,B1) = (G1,By) and 1 (G2, Bs) = (G2, Ba),

then 7 (G, B) = (G, B). Suppose sup(D,C) € (G, B) for a directed soft set (D, C),
then sup(D,C) € (G1,B:1) and sup(D,C) € (G2, Bs), then there exists D(cy) in
(G1,B1) and there exists D(cz) in (Gg, B2) where D(cy1), D(cq) are elements of
(D,C). Since (D,C) is a directed soft set then sup{D(c1),D(c2)} = D(c) is in
(D, C). By the condition (ii) in the Definition 4.1, D(c) is in (G1, B1) and (G2, Ba).
So (D,C)N(G, B) # @.

(iii) Let A be index set and let for i € A, (F;, A;) € T. Then

UZE)\(F’HA ) T (UlEA(Fl?A ))
since for all e € A;\U,;; Ai, Fj(e) = F(e) and for all e € N,y 4i, Fi(e) = F(e)
and for all i € A\, (F;, A;) € T. Suppose sup(D,C) € Oie/\(Fi,Ai) for a directed
soft set (D,C). Then for some i € A, sup(D,C) € (F;, A4;). Since for all i €
A, (Fi, A;) satisfies the condition (ii) in the Definition 4.1, (D,C)N(F}, A;) # @,
then (D,C)N(U;ex(Fi, 4i)) # ®. Therefore |J;c,(F;, 4;) € 7. Thus 7 is a soft
topology. O

Definition 4.3. The collection of all Scott open soft sets of (F, A) is called Soft
Scott Topology on (F, A).

Definition 4.4. Let (F, A,7) be a soft Scott topology, and (G, B)C(F, A). Then
(G, B) is called Scott closed soft set if (G, B)¢ is Scott open soft set.

We say that a soft subset (G, B) of a directed complete partially ordered soft set
(F, A) has the property (S) provided that the following condition is satisfied:
(S): If sup(D,C) € (G, B) for any directed soft set (D,C), then there is a
D(c) € (D,C) such that G(b) € (G, B) for all G(b) € (D,C) with G(b) >
D(c).
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Example 4.5. Let U = {c1,¢2,c¢3,¢4,¢5,¢6} be the initial universe and let A =
{a1,a2,a3}. Consider soft set (F, A) defined by

F(al) = {01,02},F(a2) = {CQ},F(QS) = {C47057C6}-

Now define a soft set relation < on (F, A) as
<={F(a1) x F(a1),F(a2) X F(as), F(a3) X F(ag), F(a1) x F(a2),
F(ag) X F(a3)7F(a1) X F(ag)}

We can also express this relation as F(a1) < F(a1), F(a2) < F(az), F(az) <
F(a3), F(a1) < F(ag), F(a2) < F(a3), F(a1) < F(a3). (F,A) is a directed complete
partially ordered soft set with the relation <. When we examine the all soft subsets
of (F,A), we obtain for a soft set (Fy, B1) where By = {a3} and F} = F|p,, that
1 (F1,B1) = (F1,By). Since there is no F(a;), a; € A except i = 3 satisfying
F(a3) < F(a;). Similarly we have T (Fy, By) = (Fs, By) where By = {az,as},
Fy =F|p, and 1 (F,A) = (F,A), T ® = . Consequently, the family of Scott open
soft sets is obtained as follows {(F}, B1), (Fa, B2), (F, A), ®}.

Remark 4.6. In any directed complete partially ordered soft set, a set is Scott open
soft set iff it is an upper soft set satisfying (S).

Example 4.7. Let U = (—00,0] be the initial universe and let A = Z~ be the
parameter set and let (F, A) be a soft set, defined by (F, A) = {F(a) = (a,0]| a € A}.
Consider the soft set relation < on (F, A), which is defined by F'(a) < F(b) :< a < b.
(F,A) is a directed complete partially ordered soft set with the relation <. By
examining all soft subsets of (F, A). We obtained that the only soft subset (G, B)
of (F, A) satisfying 1 (G, B) = (G, B) are (F, A), ® and (G, B,,); which is defined by
B, ={beZ |z <b}and G=F|p, forx € Z™.

Let (D, C) be a directed partially ordered soft set such that sup (D, C) € (G, B)
and sup (D, C) = G(b). G(b) € (G, B) implies b € B. Then for all c € C, D(c) <
G(b). This implies for all ¢ € C, ¢ < b, then b € C. Thus, there exists at least
G(b) in (D,C)N(G, B). Then (D,C)N(G, B) # @ is satisfied. Eventually, these soft
subsets (G, B) are Scott open soft set for a directed complete partially ordered soft
set (F, A).

Example 4.8. Let U = [—00, 0] be the initial universe and A = Z~ be the parameter
set. A soft set (F, A) is defined by
(F,A) = {F(a)|a € A} = {F(a) =
defined by F'(a) < F(b) 1 F(a) D F
(1) (a,0] C (a,0] implies F(a) < F(a).
(2) F(a) < F(b) and F(b) < F(a) implies (b,0] C (a,0] and (a,0] C (b,0], then
we get (a,0] = (b,0]. Then a =b. Thus F(a) = F(b).
(3) Let F(a) < F(b) and F(b) < F(c¢). This implies (b,0] C (a,0] and (¢, 0] C
(b,0]. Then we obtain (¢, 0] C (a,0] and F(a) < F(c).
Therefore (F, A) is a partially ordered soft set with the soft set relation <.
Let D,C) be a directed complete partially ordered soft set. Since Z~ is a directed
complete partially ordered set, then sup (D, C') exists and sup (D, C) € (F, A). Thus
(F, A) is a directed complete partially ordered soft set. When we examine soft subsets
of (F, A), for F(z) € (F, A),

0]|a € A}. Consider a soft set relation <

(a,

(b) on (F, A).
(a

)
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(G, B) = {G(b) | F(x) < G(b)} = {G(b) | (b,0] < (x,0]}

that is; B={b€ Z™ |« < b} and G = F|g. Then 1 (G, B) = (G, B). Also, for all
directed soft sets with sup (D,C) € (G, B), (D,C)N(G, B) # ® should be shown.
Let sup (D,C) = G(b). Since G(b) € (G, B) then b € B. From this for all ¢ € C,
D(c) < G(b). Then for all c € C, ¢ < b, then b € C. Thus (D,C)N(G, B) contains
at least G(b). So (D,C)N(G, B) # ®. Therefore these soft subsets (G, B) of (F, A)
are the Scott open soft set sets.

5. CONCLUSION

In this paper, we improved partially ordered soft sets, and we gave some definitions
for the ordered soft set relation. Also, soft Scott topology was introduced and some
illustrative applications on soft Scott topology were given in this study. Moreover,
one can construct the soft version of Isbell Topology, which is well known topology
on function spaces by using the concepts proposed in this paper.
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