Annals of Fuzzy Mathematics and Informatics

Volume 7, No. 1, (January 2014), pp. 77-87 @FMH
ISSN: 2093-9310 (print version) © Kyung Moon Sa Co.
ISSN: 2287-6235 (electronic version) http:/ /www kyungmoon.com

http://www.afmi.or.kr

Fuzzy 2-normed spaces and its fuzzy I-topology

MOHAMMAD JANFADA, ABOLFAZL NEZHADALI BAGHAN

Received 5 January 2013; Revised 5 March 2013; Accepted 5 April 2013

ABSTRACT. In this paper the Felbin’s type fuzzy 2-norm on a vector
space is introduced, when L = min and R = max and then one of its fuzzy
I-topologies is constructed. After making our elementary observations on
this fuzzy I-topology, continuity of the vector space operations is discussed
and it is proved that the addition is continuous and the scalar product of
an open set is open although the scalar multiplication is not continuous.
Next fuzzy continuity of functions and fuzzy convergence of sequences on
this spaces are studied.
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1. INTRODUCTION

In 1999, Das and Das [3] constructed a fuzzy topology on the fuzzy normed linear
space of Felbin-type [10]. According to the standardized terminology in [12], more
precisely, such fuzzy topology should be called I-topology now. Fang [6] pointed out
that the Das’s I-topological structure on the fuzzy normed linear space is incom-
patible with the linear structure, that is, the fuzzy normed linear space is not an
I-topological vector space with respect to the Das’s I-topology. In order to overcome
this incompatibility, Fang [6] constructed another I-topology on the fuzzy normed
linear space by changing the definition of open fuzzy subset given by Das [3], and
proved that the fuzzy normed linear space is a Hausdorff locally convex I-topological
vector space with respect to this I-topology under certain conditions. In [5], by using
an approach different from [6], a new I-vector topology is constructed on the fuzzy
normed linear space. Some other works on this area can be seen in [7], [5].

In [11], S. Géahler introduced a crisp 2-normed spaces. Using this concept in [13],
some locally convex topologies were constructed on the underlying linear space.
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For more and some recent works on this area one can see [1], [2], [4], [9], [16].

In this paper we introduce fuzzy 2-norm on a vector space and one of its related
I-topologies is studied. Compatibility of this I-topology with the linear structure,
fuzzy convergence of sequences and fuzzy continuity of function under this I-topology
are also discussed.

2. PRELIMINARIES

Let X and Y be any two sets, f: X — Y be a mapping and u be a fuzzy subset
of X. Then f(p) is a fuzzy subset of Y defined by

() = { SUDsepr (@), FY) £ 2

0, otherwise,

for all y € Y, where f~1(y) = {z: f(z) =y}
If n is a fuzzy subset of Y, then the fuzzy subset f~!(n) of X is defined by

f~Hm)(@) = n(f()), for any = € X.
A fuzzy point z,, 0 < a <1, z € X, is a fuzzy set defined by

za(t):{ a, t=ua;

0, otherwise.

The set of all fuzzy points on X is denoted by Pt(IX). A fuzzy point z,, is said to
be contained in a fuzzy set p if a < p(x). For x € X, we apply x for the fuzzy point
x1. Also for every r € (0,1], let r* be the fuzzy set on X, which takes constant value
ron X.

A fuzzy subset p of a vector space X is said to be convex if

p(kx + (1 — k)y) > min(u(z), u(y)),

for all z,y € X and k € [0,1]. Equivalently, for each a € (0,1], the a-level set
o ={z € X: u(x) > a} is convex.

A stratified fuzzy I-topology on a set X is a family 7 of fuzzy subsets of X
satisfying the following conditions:
(1) The fuzzy subsets r*, r € (0,1], and 0 are in 7.
(2) 7 is closed under finite intersection and arbitrary union of fuzzy subsets. In this
case the pair (X, 7) is called a stratified fuzzy topological space.

A fuzzy topological space (X, 7) is said to be fuzzy Hausdorfl if for every x,y € X,
x # y, there exist 7, 3 € 7 with n(z) = 8(y) = 1 and nN 3 = 0, where 0 is the fuzzy
set which takes 1 at 0 and zero otherwise.
A fuzzy subset p in a fuzzy topological space (X, 7) is called a neighborhood of a
point x € X, if p(x) > 0 and there is a p in 7 such that p C p and p(z) = p(x).

For fuzzy I-topological spaces (X, 1) and (Y, 72), a mapping f : (X,71) — (Y, 72)
is called fuzzy continuous at some point z € X, if f~!(u) is a neighborhood of z for
each neighborhood p of f(x). f is called fuzzy continuous if f is fuzzy continuous
at every point « € X. This means that the inverse of every fuzzy open subset of Y’
is a fuzzy open set in X.

If gy and pg are two fuzzy subsets of a vector space X, then the sum p; + po is
defined by

(11 +p2)(x) = sup  (pa(z1) A pa(2)).

r=x1+T2
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For a fuzzy point x, in X, it can be easily seen that (z, + £1)(y) = a A p1(y — z)
and in particular, (z + u1)(y) = p1(y — ). Let p be a fuzzy subset of a vector space
X and t be a scalar. Then the fuzzy set tu is defined as follows,

(a) for t # 0, (tu)(z) = p(t~1z), for all z € X.

(b) for t =0,

0, x # 0;
sup, u(y), = =0.

() = {

According to Mizumoto and Tanaka [14], a fuzzy number is a mapping z : R — [0, 1]
over the set R of all reals, so z is a fuzzy set in R.

If there exists a tg € R such that z(tg) = 1, then z is called normal. For 0 <
a < 1, a-level set of an upper semi-continuous convex normal fuzzy set = of R (i.e.
[]o := {t: x(t) > a}) is a closed interval [aq, by], Where a, = —oo and b, = 400 are
admissible. When a, = —oo, for instance, then [a,, b,] means the interval (—oo, by ].
Similar is the case when b, = +o0.

In this paper, we consider the concept of fuzzy real numbers (fuzzy intervals) in
the sense of Xiao and Zhu [15], which is defined below:

A mapping 7 : R — [0, 1], with the a-level sets [n]a, o € (0,1], is called a fuzzy real
number (or fuzzy interval) if it satisfies two axioms:

(N7) There exists to € R such that n(tg) = 1.

(N3) For each a € (0,1]; [7]a = [nL,72], where —o0 < 0} <72 < +oc.

The set of all fuzzy real numbers (fuzzy intervals) is denoted by F. For each r € R,
let 7 € F be defined by 7(t) = 1, if t = r and 7(t) = 0, if ¢t # r, so T is a fuzzy
interval and R can be embedded in F.

Let n € F. n is called positive fuzzy real number if for all ¢ < 0, n(¢t) = 0. The
set of all positive fuzzy real numbers is denoted by F+.

A partial order < in F is defined as follows, n < ¢ if and only if for all a € (0, 1],
nt < 6L and n? < 62 where, [n], = [7,72] and [0], = [0, 62]. The strict inequality
in F is defined by n < ¢ if and only if for all a € (0,1], n} < 6% and 2 < §2.

According to Mizamoto and Tanaka [14], the arithmetic operations @&, ©, ® on
F x F are defined by

(z & y)(t) = supyc g min{z(s),y(t —s)}, t € R,

(z ©y)(t) = supse g min{z(s),y(s — 1)}, t € R,

(z © y)(t) = supgze g min{a(s), y(£)}, t € R.

We also consider an operation @ on n € F and §(> 0) € F* as follows

(n @ 0)(t) = supe g min{n(st), 6(s)}, ¢ € R.

It is well known that(see [10]) for 0,0 € F, if [n]a = [nL,n2], [0]a = [6},02], « €
(0,1], then [n @ 8]o = [nL + 6%, 12 + 62], N © 8la = [nk — 62,12 — 6]. Furthermore
ifn, € F*, then [n©® 8o = [nL.0L,12.62], and when § = 0, [1© 6], = [é, 5T

1
o

3. FELBIN’S TYPE FUZZY 2-NORM AND I-TOPOLOGY

In this section, first we introduce a fuzzy 2-norm which is similar to Felbin-type
fuzzy norm, when L = min and R = max and then we generate a fuzzy I-topology
with this 2-norm.
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Definition 3.1. Let X be a vector space over R. Consider a mapping ||.,.| :
X x X — F*. For z,y in X and a € (0,1] let

[z, yllla = [l yllas llz, yl12]-
Suppose that there exists ag € (0, 1], independent of linearly independent vectors
x,y € X, such that for all a < ay,
(1) [, ylI2 < oo,
(2) inf, ||z, 9|2 > 0.
Now the mapping ||.,.|| is called a fuzzy 2-norm, if for any z,y,z € X,
(1) ||lz,y|| = 0 if and only if z,y are linearly dependent,

2) Nz yll = lly, =l
(3) Moz, yll = lalllz, yll,
@) llz+y, 2| 2z, zll @ [ly, 2]

In this case (X, ].,.]|) is called a fuzzy 2-normed space.

One can easily see that with a fuzzy 2-norm ||., .||, for all a € (0,1], ||, .||} and
[|.,.||3 are two crisp 2-norm on X.

Example 3.2. Suppose that ||.,.|| is a crisp 2-norm on a real vector space X. Define
I, -ll] on X x X into F* as follows

llzyll
t > [z, yll
t) = 7 o
I, yll|(t) { 0, otherwise.

llzyll
e}

So for every a € (0,1], [|llz, ylllla = [llz, yl|, ]. One can easily see that |||.,.||| is

a fuzzy 2-norm on X.

Now we are going to define an I-topology corresponding to a fuzzy 2-norm.
Definition 3.3. Suppose that ||.,.|| is a 2-norm on a real vector space X. For
a € (0,1], e >0 and z,y € X, a fuzzy set puo(x,y,¢) in X which is defined by

2
«, T —z,Y < €
Ha(@,y,€)(2) = { 0 (‘)‘therwise”a

is called an a-open sphere in a fuzzy 2-normed space.

A fuzzy set p € I is said to be ||.,.||-open if for every z € X with u(z) > 0, there
exist n € N, €1,€9,...,6, >0, a1,09,...a, € (0,1] and y1,92,...yn € X, such that
Mz 1ty (@, 95, €) C p.

Theorem 3.4. Every a-open sphere is a ||, .||-open and convex fuzzy set.

Proof. For fixed @ € (0,1], e > 0 and z,y € X, we are going to show that p(z,y,€)
is ||, -||-open.

Let pio(,y,€)(2) > 0, which means that ||z — z,y||2 < e. Put e; =€ — ||z — 2,9]2.
If for k € X, ||z — k,y||2 < €1, then

le =k, ylla < llz = kylla + lle — 2,905 < e+ llz — 2,95 =

Le. pia(z,y,€)(k) = . So pa(z,y,€1)(k) = a = palz,y,€) (k).
Also if ||z — k, y||2 > €1, then

ua(z,y,el)(k) =0< ua(:z:,y,e)(k).
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Therefore i, (2,y,€1) C pa(x,y,€).

To prove its convexity, it is enough to show that for any 8 € (0,1], (8 < ), the -
level set of po(, y, €) is convex. For the points 21, 22 of the 8-level set [pua(x,y, €)]g =
{z€X: pua(,y,€)(z) > B3>0t ={z€ X: |lz—21y|2 <e}, and k € [0,1], we
have

Iz = kz1 = (1= k)22, yla k21 + (1 = k)22 — kx — (1 = k), yl[2
k(21 =), yll3 + 111 = ) (22 — @), yll2
[kl = 2), g2+ | 1=k [ [l22 — 2,2

< ket+(1—-kle=e

IN

Therefore,

kzi+ (1= k)z2 € [ua(@,y, )]s = {z € X ¢ lz —z,yl3 <€},
which completes the proof. O
Theorem 3.5. In a fuzzy 2-normed space (X, ||.,.||), the collection

Tl = { s pis |||l -open },
is a fuzzy I-topology on X.

Proof. For any r € (0,1], if a < r, then trivially ps(x,y,e) C r*, for every € > 0
and y € X. Sor* € 7. Also for each x € X, 0(x) = 0 which is not positive, so 0
belongs to 7. -

Now let py,p2 € 7., For x € X, if (u1 A po)(x) > 0, then we have ui(z) > 0
and po(x) > 0. Hence there exist €1,...6, > 0, a,...,a, € (0,1] and y1, ...y, € X,
such that NI, po, (2, v:,€;) C w1 and there is 1, ...nm > 0, B1,...0m € (0,1] and
21, ..2m € X for which ML, pg, (%, 25,1;) C p2. So

(m;n:lﬂﬁg (Z‘, 237773)) N (m?:llléai (xayiv 67,)) - H1 N H2-

Finally if {y;};es € 7)., and for x € X, Uju;(x) > 0, then there exists jo € J such
that p;, () > 0. So for some €1, ...,€, > 0, az, ..., € (0,1], and y1,...,yn € X, we
have N_; pta, (2, yi, €) C pj,. Therefore Ny pia, (2, Yi, €) C Ujespt;. O

Theorem 3.6. The fuzzy I-topological space (X, 7. ) is fuzzy Hausdorff.

Proof. Let a,b € X and a # b. So for any y € X which is linearly independent of
a—b, we have inf, [|a—b,y||} > 0. Let inf, [[a—b,y||} = §. Consider the fuzzy open
spheres p1(a,y,0/2) and p1(b,y,0/2) in (X, 7. ). Trivially p1(a,y,0/2)(a) = 1 and
M1 (b7 Y, 6/2)(1)) = 1. We claim that H1 (aa Y, 6/2) n :ul(ba Y, 6/2) =0.
Suppose not, so there exists xg € X such that,

p1(a,y,90/2)(xo) > 0 and pq(b,y,0/2)(zo) > 0.
This implies that |zo — a,y||? < §/2 and ||xg — b, y||? < §/2. Hence,

0 < lla=byly <lla—byli < llzo — a,y[[7 + llwo — byl
< 6/2+6/2=0,

which is a contradiction. Therefore (X, 7. ) is fuzzy Hausdorff. O
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In the sequel we study the relations of this fuzzy topology with the operations of
the vector space X

Theorem 3.7. If p is open in (X, 7)), then for any xo € Pt(IY), zo + p is also
open.

Proof. Let (zq + p)(y) > 0. So u(y —z) Aa > 0, and pu(y —x) > 0. But p is
||, .]-open, so there exist «; € (0,1],¢; > 0, and z; € X, i = 1,...,n, such that
Ny fro; (Y — @, 24,€;) C . For i =1,...,n, let n; = min{e, o; }. We have
m?:l:u’ﬂi (y — T, %, Ei) - m?:l/laz‘ (y — T, Z, Ei) - 122
If for k € X, ||y — k, 2|3, < €, then
ly —z— (k=) 27, = ly — k27, < e
So
M, (ya Zis el)(k) =1 = Ky, (y — T, Zi, ez)(k - I‘),
which implies that
i i (Y, 2is €0) (K) = Nianipin; (y — @, 25, €) (k — ) < p(k — 2).

Also in this case, from |ly — k, 2|2, < &, i = 1,2,...,n, we have pu, (y, 2, &) (k) =
7; < a. Therefore

it (Y5 25 €6) (K) < A pulk = @) = (0 + wa) (k).
If |y — k, zm||f]0 > €;,, for some iy, we have
0= Nisipin; (Y, zir €) (k) < a A pk —x) = (p + za) (F).
Thus m?:liu’”h' (ya Ziy Ei) Cu+za- U

Theorem 3.8. If a fuzzy subset p of X is open in (X, 7). ), then tu is also open
fort #0.
Proof. Let tu(xz) > 0. This implies that u(x/t) > 0. Therefore there exists a; €
(0,1],¢; > 0 and y; € X, i =1,...,n, such that

Mie1tta; (z/t, yi, €) € p.
Now fori =1,...,n,put n; =| t | ;. Ifforeveryi =1,...,n, ||z—z, y;|
then ||z/t — z/t,, yi]

e <mi=[t]e,
2 < €. Hence pa, (z/t,y;,€)(z/t) = a;. This implies that

Ha; (I7 Yi, 771)(2) = Ha; (l‘/t, Yi, 61)(Z/t)7
and so
ﬁzn:huai (l‘,yi’ 771')(2:) = Mi=1 Moy ('r/t’yi? 61)(Z/t) < /’L(Z/t) = t/.L(Z).
Now if there exists ig such that ||z — z, y;, ||(210 > 1;,, then we have
0 = Ml pha (7, 4i,m:)(2) < p(2/t) = tua(2)-
So m?:].#’ﬁi (xati’ni)(z) C tu. O

In the sequel we are going to show that (X,+,.,7 ) is not a stratified I-
topological vector space. For this, we need some preliminaries from [5].
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Definition 3.9. Let u € IX and z, be a fuzzy point. We say x, quasi-coincides
with p, denoted by zo€p, if p(z) > 1 — a.

Definition 3.10. A stratified I-topology 7 on a real vector space X is said to be
an I-vector topology, if the following two mapping

f: XxX—>X, (v,y)—z+vy,

g: Rx X —, (t,x)w— tx,
are fuzzy continuous, where R is equipped with the I-topology induced by its usual
topology, and X x X and R x X are equipped with the corresponding product I-
topologies.
A vector space X with an I-vector topology 7, is called an I-topological vector space.

Definition 3.11. Let (X, 7) be an I-topology space and xx&Pt(IX).

(a) A fuzzy set p on X is called @-neighborhood of zy if there exists G € 7 such
that 2 \€G C p.

(b). A family U,, of Q-neighborhoods of z,, is called @-neighborhood base of x) if
for every ()-neighborhood A of z, there exists u € U,, such that p C A.

Lemma 3.12. (Fang [8] ) Let 7 be a stratified I-topology on a vector space X. Then
i) The mapping f (addition) is continuous if and only if for every fuzzy point (x+y)x
in X x X and every Q-neighborhood w of (x + y)x, there exist Q-neighborhoods u
and v of xx, yYx, respectively, such that u+ v C w;

it) The mapping g (scalar multiplication) is continuous if and only if for every
fuzzy point (t,x)x in R x X and every Q-neighborhood w of (tx)y, there exists a Q-
neighborhood u of ) and a § > 0, such that su C w, for all s € R with | s —t |< 4.

Theorem 3.13. Let (X, ||.,.||) be a fuzzy 2-norm space. Then
i) The addition mapping f is continuous.
1) The scalar multiplication g is not continuous.

Proof. Suppose that w is a @-neighborhood of (z + y), so by definition, there
exists a p € 7). ||, such that (z + Y)AEp C w. Bub p is 7.,.|-open, so there exist
a; € (0,1],¢; >0 and 2; € X, i = 1,...,n, such that N;uq, (z + vy, 2;,€6) C p. Let
e = min{ey, ..., €, }, @« = min{ay, ..., a, } and

Uea,s = {z € X 5 ||z, 2|3 < e}
By definition of fuzzy 2-norm, we have U¢/2 .., + Uc/2,a,2; C Uea,2,- Hence
(T +Uej2,a,2) + (U +Ucj,a,2,) Cl(x+9y) + Ue a2

which implies that,

(+Ucjza,z2) N+ (y+Uejaz) Na” Cl(x+y) +Ueqa,z] Na™
It is easy to verify that (z + Uec o »,) N a* = pa(x, 2;,€). From this we have,

ta (T, 2i,€/2) + pia (Y, 2, €/2) C pal@ +y, 2is €).

Also for i =1,...,n,

Nitta (T, 2i, €/2) + Nitta (Y, 2ir €/2) C Nifia (T + Y, 2i €).
83



Mohammad Janfada et al./Ann. Fuzzy Math. Inform. 7 (2014), No. 1, 77-87

If & > 1 — )\, then one may see that N;uq, (2, z;,€/2) and N;ua(y, zi,€/2) are Q-
neighborhoods of x) and y,, respectively.
If o <1— A\, we define the fuzzy sets A and B on X as follows,

A(z):{ o e

Nitte(x, 25,€/2),  otherwise,

and

_J 5 Z=y;
B(z) = { Nitta (Y, 2i,€/2),  otherwise,
where 8 = p(x +y) > 1 — A. We are going to show that A+ B C w.
If z=12 4y, then (A+ B)(2) = 8 = u(z) and if z # = + y, then
(A+B)(z) = [Al@)AB(z—x)]V[A(z —y) A B(y)]
\Y sup [A(u) A B(v)]

Z2=Uu+V,uFT,vEY
= Nita(y, 2i,€/2)(z = 2) V Nipa (T, 21, €/2) (2 — y)
\Y sup [A(u) A B(v)],
Z2=Uu+V,uFT,vEY
and so if for every i = 1,...,n, ||x +y — 2z, 2|2 < € then
(A+ B)(2) < Niptalx +y, 25, €)(2) < p(2).

Also if there exists i such that ||z +y — 2,2, |2 > ¢, then we have

lu =, 23012, > €/2 or [lo =y, 23, |12 > €/2,

where z = u 4+ v. Hence(A 4+ B)(z) = 0 < u(z). This implies that A+ B C pu C w.
It is easy to see that A and B are 7). -open Q-neighborhoods of x) and y, respec-
tively. Therefore by Lemma [3.12, the addition mapping f is continuous.

To prove i), let (tg,z) € R X X,z # 0 and A € (0,1]. Let 8, € (0,1] be such
that a <1 — A < 8. Now define a fuzzy set p of X by

M(Z):{ ﬁa z = toy;

«, otherwise.

Suppose that y is in supp pu. Then for every € > 0 and z € X, we have
fa(y,z,€) C pand p(tor) = 6> 1—A.

Hence 1 is a 7, jj-open Q-neighborhood of tpz .

With z = (tp + d)x, for every @Q-neighborhood w of x and every § > 0, we have
[(to + d)u)(z) = u(x) > 1 — A; but p(z) = o < 1 — A. This together with Lemma
3.12, imply that the scalar multiplication is not continuous. g

4. SEQUENCES AND CONTINUITY IN FUZZY 2-NORMED SPACE

Let (X, 7) be a fuzzy topological space. A sequence {x,} in X is said to be con-
verges to a point x and is denoted by lim,, .~ x, = x if for every open neighborhood
wof x (I. e. p(x) > 0), there exists ng € N such that p(z,) > 0 for all n > ny.

In this section we introduce a more concrete convergence for a sequence in a fuzzy
2-nomed space and their relations will be studied. Also the fuzzy continuity of a
function on fuzzy 2-normed spaces will be discussed.

84



Mohammad Janfada et al./Ann. Fuzzy Math. Inform. 7 (2014), No. 1, 77-87

Definition 4.1. Let (X, ||.,.||) be a fuzzy 2-norm space. A sequence {z,} in X is
said to be weakly a-convergent to z, if for any y € X, € > 0, and « € (0, 1], there
exists ng € N such that ||z, — x,y||2 < € for all n > ng.

Our next result shows the relationship between weakly a-convergence and con-
vergence of a sequence in (X, 7). )

Theorem 4.2. In a fuzzy 2-norm space (X, ||, ||), a sequence {x,} in X is weakly
a-convergent, if and only if x, — x with respect to the fuzzy topology 7. -

Proof. Let {z,} weakly a-converges to x, u be a fuzzy open subset of (X, 7 ) and
wu(x) > 0. Then there exist ¢; > 0,a; € (0,1] and y; € X, ¢ = 1,...,m, such that
NI por, (2, 9i, €;) € p. Now by the hypothesis, for any € > 0,y € X and « € (0,1],
there exists ng € N such that for n > ng, ||z, —z,y||2 <e. So for ¢; > 0,a; € (0,1]
and y; € X, there exists n; € N such that ||z, — x,yl||i < €, for n > n; and
i=1,...,m,1e fia, (%, yi, €)(xn) = a; > 0. Let n, = max{ni,...,ny,}. Then

M o (T, Y4, €) () = min{ag...,an} >a >0

for all n > n.. Thus p(z,) > 0, which implies that z, — z in 7.

Conversely, suppose that z, — = in (X, 7). So for any u € 7, there exists
ng € N, such that u(x,) > 0, for all n > ng. Let € > 0, ag € (0,1] and yg € X be
given. For the fuzzy open set piq, (x,yo, €) the fact that pa, (z,yo,€)(z) > 0, implies
that there exists ng € N, such that pia, (x, yo, €)(zn) > 0, for all n > ny. This implies
that ||z, — z,y||2 < €, for any n > n., and so {x,} converges to x, weakly for
a€(0,1]. O

Definition 4.3. Let (X, |.,.]) and (Y, ||, .]|*) be two fuzzy 2-norm spaces. A func-
tion f : X — Y is said to be weakly sequentially continuous if for any weakly
a-convergent sequence {z,} in X which weakly a-converges to x, we have f(x,)
weakly a-converges to f(xg) in Y.

Theorem 4.4. Let (X, 7). ) and (Y, 7). +) be the fuzzy topological spaces generated
by the fuzzy norms |., .|| and ||.,.||*, respectively. Then f: (X, 7. ) — (Y,7)..+) is
weakly sequentially continuous at the point x € X if and only if f is fuzzy continuous
at x.

Proof. First, let f : (X,7 ) — (Y,7)..+) be fuzzy continuous at x € X and
{zn} be a sequence in X such that x, — x with respect to 7. To show that

f(@n) = f(x), let pe 7y, p(f(z)) >0and p= f~'(u). By continuity of f, p is
an open neighborhood of z, i.e. p € 7. and p(x) > 0. Now,

fp)y) = sup p(x)
z€f~1(y)

= sup fH(p)(x)
z€f~1(y)

= s utf@) = { 40 I

vef—1(y) ,  otherwise.
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Therefore f(p)(y) < p(y), for all y € Y, i.e. f(p) C pu. Also p(xz) > 0 and z, —
implies there exists ng € N such that p(z,) > 0, for all n > ng. Also we have

flp)(y) = sup p(z).

zef~1(y)

So f(p)(f(xn)) = SUPye =1 f(f(zn)) P(W)-

This implies that f(p)(f(zn)) > 0, i.e. wp(f(xn)) > 0. Thus f(z,) € p, for all
n > ng. Therefore f(x,) — f(z) in (Y, 7 )-) which means that f is weakly
sequentially continuous.

Conversely, let f be sequentially continuous at zg € X, and in contrary suppose
that f is not fuzzy continuous at xy. So there exists an open neighborhood p of
f(xo) in 7y - such that f~1(u) is not an open neighborhood of zg in T|...||» i-e
() (xo) > 0 and for every y € X,e > 0 and a € (0,1], po(z0,y,€) is not
subset of f~1(u). So for every a € (0,1] and n € N, there exists x,, such that
|lzn — 2,92 < 1/n, but z,, is not in f~1(p). Thus u(f(zo)) > 0 but u(f(x,)) is not
positive, i.e. x, — x in 7)), but f(z,) is not convergent to f(x¢) in 7. -, which
is a contradiction.
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