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ABSTRACT. In this paper some properties of prime and semiprime fuzzy
bi-ideals in I'-semigroups have been obtained. We show that in some re-
stricted types of I'-semigroups the notions of prime fuzzy ideal and prime
fuzzy bi-ideal coincide. We also revisit, by providing new proofs, some char-
acterization theorems of regular and intra regular I'-semigroups in terms
of prime, semiprime fuzzy bi-ideals.
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1. INTRODUCTION

The concept of fuzzy set was introduced by Lofti A. Zadeh[16] in 1965. Since
its inception, the notion of fuzzy set has been applied in many directions of mathe-
matical sciences like logic, set theory, group theory, semigroup theory, real analysis,
measure theory, topology etc. In 1974, Wong[14] introduced the notion of a fuzzy
point belonging to a fuzzy subset. Kuroki[5] developed fuzzy set in terms of differ-
ent types of ideals of semigroups. Fuzzification of different concepts of semigroups,
I-semigroups, groups[6] motivated us to do this work. Sen[I1] defined the concept
of a I'-semigroup as a generalization of a semigroup. I'-semigroups turned out to
be a generalization of ternary semigroups as well. I'-semigroups and its fuzzifica-
tion have been studied by a lot of researchers such as Dutta et al[4], Kar et al[2],
Sardar,Davvaz et al[7, 8,9, [10]. In [15], Williams, Latha and Chandrasekeran intro-
duced fuzzy bi-ideals in I'-semigroups. Bashir et al[l] defined prime fuzzy bi-ideal,
strongly prime fuzzy bi-ideal, semiprime fuzzy bi-ideal, strongly irreducible fuzzy bi-
ideal and irreducible fuzzy bi-ideal of a I'-semigroup and used them to characterize
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regular and intra-regular I'-semigroups. It was noted there[l] that a strongly prime
fuzzy bi-ideal is a prime fuzzy bi-ideal and a prime fuzzy bi-ideal is a semiprime
fuzzy bi-ideal. In this paper we give some counter examples to illustrate that the
converse of the above cases are not true in general. We also show by Wong’s notion
of fuzzy point that notions of prime, strongly prime, semiprime fuzzy bi-ideals are
compatible with the characteristic function criterion, among them only semiprime
fuzzy bi-ideals satisfy level subset criterion. This property of semiprime fuzzy bi-
ideals has been very effective in revisiting some characterization results(cf. Theorem
4.22)) of Bashir et al[l]. It is well known that[10] in a regular duo I'-semigroup the
notions of fuzzy ideal and fuzzy bi-ideal coincide. To conclude this paper we ob-
serve that similar results hold for prime fuzzy ideals and prime fuzzy bi-ideals of duo
I'-semigroups as well as of normal I'-semigroups.

2. PRELIMINARIES

In this section we recall some preliminary notions and results of I'-semigroups as
well as of fuzzy subsets for their use in the sequel.

Let S = {z,y,2,....} and T = {o, 3,7, ...} be two non-empty sets. Then S is
called a T-semigroup|[11], [12] if there exists a mapping S x I" x S — S( images to be
denoted by aab) satisfying

(1) ayy €8,
(2) (xBy)vz = xB(yyz), for all z,y,z € S and B,y € T.

A nonempty subset A of a I'-semigroup S is called a subsemigroup of S if AT A C
A, where ATA = {aab:a, b€ Aand a €T}.

A subsemigroup A of a I'-semigroup S is called a bi-ideal of S if AT'STA C A.

A bi-ideal A(# S) of a T'-semigroup S is called a prime bi-ideal of S if for any
two bi-ideals A7 and As of S, A1T’As C A implies A; C A or Ay C A.

A bi-ideal A(# S) of a T-semigroup S is called semiprime bi-ideal of S if for any
bi-ideal Ay of S, A1 TTA; C A implies A; C A.

A bi-ideal A of a I'-semigroup S is called an irreducible(strongly irreducible) bi-
ideal if for any two bi-ideals A; and As of S, A1 N Ay = A (resp. A; N Az C A)
implies Ay = A or Ay = A(resp. Ay C A or Ay C A).

Definition 2.1 ([9]). For any two fuzzy subsets p and v of a I'-semigroup S, we
define a fuzzy subset pov of S by

{ sup min{u(y),v(2)}  if x = yyz for some y,z € S,y €T

T=Yyz

(1ov)(@) =
0 otherwise

We call o v to be the product of p and v.
Note 2.2. In Bashir et al[l], p o v is written as pT'v.
Definition 2.3 ([14]). A fuzzy subset p of a set X of the form

u(y)={ %(7&0) g;j:j

is said to be a fuzzy point with support x and value t and is denoted by x;.

The following result is immediate from the preceding definition.
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Proposition 2.4. For any fuzzy subset u of a nonempty set S, yu = Lé ag.
Ay =

We recall the following proposition for its use in the sequel.

Proposition 2.5 ([10]). Let A and B be two nonempty subsets of a set S. Then
(1) AC B if and only if C4 C Cp
(ZZ) CaUCB =Caus
(ZZZ) CanCp =Cyns
(iv) Ca o Cp = Cyrp, provided S is a T'-semigroup.
Here Cy denotes the characteristic function of U.

Throughout the paper the notation for characteristic function is as above.

Definition 2.6. Let A be a nonempty subset of a set S. Then for any ¢ € (0, 1],
the fuzzy subset tC'4 is defined on S by

tifzeA
tCA(x){ 0 ifzd A

Now the following result is an obvious generalization of the preceding proposition.

Proposition 2.7. For any two nonempty subsets A and B of a I'-semigroup S and
t,r €(0,1],

(1) AC B if and only if tCy C tCp

(Z’L) tCaUtCp =tCayup

(i1i) tCy NrCp = min{t,r}Canp

(iv) tC4 o rCp = min{t,r}Carp.

Definition 2.8 ([3]). Let u be a nonempty fuzzy subset of a I'-semigroup S. Then
for any ¢ € [0, 1], the level subset p; of S is defined by pu: = {z € S : u(z) > t}.

The following result, regarding some properties of level subsets, is frequently used
in the development of the paper.

Proposition 2.9. Let p and v be two fuzzy subsets of a I'-semigroup S. Then for
t e (0,1],

(1) pe Nve = (nOw)e.

(17) pelvy = (pov)y.

(113) p = v if and only if py = vy for all t € (0,1].

Proof. (i) If © € ps Ny then x € py and x € vy which implies p(z) > ¢t and
v(z) > t, whence min{u(z),v(x)} > t d.e, (uNv)(xz) > t. Hence z € (uNv);.
Reversing the above argument we deduce that if z € (uNv); then « € p;Nvy. Hence
e N = (LN

(i4) Let € uT'vy. Then  y € py, 2 € vy and a € T such that @ = yaz. Now
(nov)(z) = . \éwb min{p(a), v(b)} > min{u(y),v(z)} > t, whence x € (pov);. Hence

welvy C (o v)y.
Let « ¢ p:Tvy. Then for = yyz, y € pr or z & vy d.e., pu(y) < tor v(z) <t. So
(mov)(x) = V bmin{,u(a),y(b)} <t If x # yyz for any y,z € S, for any y € T
T=ay

then (pov)(z) =0 < ¢. Hence if x ¢ p:I'v; then z ¢ (pov)s. Hence (pov)s C ulvy.
Consequently, u: vy = (o v),.
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(#4i) If = v, then u; = vy for all ¢ € (0,1].

Let the converse be true. If possible let for some x € S, u(x) # v(x) and without
loss of generality let us assume that p(z) > v(x). Then x € pyun) but & vy
which is a contradiction. Hence p = v. g

For other elementary definitions, examples and results on I'-semigroups, semi-
groups and fuzzy sets we refer to the references.

3. Fuzzy BI-IDEALS
In this section we discuss some properties of fuzzy bi-ideals of a I'-semigroup.

Definition 3.1 ([10]). A non-empty fuzzy subset p of a I'-semigroup S is called a
fuzzy subsemigroup of S if p(xyy) > min{u(z), u(y)} for all z,y € S,y € T.

A fuzzy subsemigroup p of a I'-semigroup S is called a fuzzy bi-ideal of S if
p(raypfz) > min{p(x), u(z)} for all x,y,z € S,a, B € T.

Proposition 3.2. For any two fuzzy bi-ideals p and v of a I'-semigroup S, pov is
also a fuzzy bi-ideal of S.

Proof. Let p and v be two fuzzy bi-ideals of a I'-semigroup S. Then using properties
of fuzzy bi-ideals(cf. Theorem 3.8[10]), (nov)o(uov) = po(vopor) C po(roCgov) C
povand (pov)oCgo(ov)=povo(Csgou)ov Cpuo(voCsov)C pov. Then
by Theorem 3.8[10], o v is a fuzzy bi-ideal. O

Theorem 3.3. Let B be a bi-ideal of a T'-semigroup S. Then for any t € (0,1], 3
a fuzzy bi-ideal p of S such that py = B.

Proof. Let B be a bi-ideal of a I'-semigroup S. Let ¢t € (0,1]. Let us define a
mapping i : S — [0, 1] by
t ifeeB
“(“){ 0 ifz¢B
ie., u = tCp (c¢f. Definition 2.6). Then p is a nonempty fuzzy subset of S. Let
z,y,z € S and a, 8,y € T. Ifx ¢ Bory ¢ B, then u(z) = 0 or u(y) = 0.
Hence p(zyy) > 0 = min{u(x), u(y)}. If 2,y € B, then pu(z) = t = u(y) and
xyy € B. Hence p(zyy) =t = min{u(z), u(y)}. Therefore p is a fuzzy subsemigroup
of S. Also if x ¢ B or z ¢ B, then p(xr) = 0 or pu(z) = 0. So p(rayBz) >
0 = min{p(x),u(2)}. If x,z € B, then u(z) = t = u(z) and zayBz € B. So
wlzaylfz) = t = min{u(z), u(z)}. Therefore p is a fuzzy bi-ideal of S. Also u; =
{r € S:pu(x) >t}. If x € B, then u(r) =t which implies that x € ps. So B C py.
If a € p, then p(a) > ¢. Then by definition of u, pu(a) = ¢, whence a € B. Hence
ue € B. Consequently, u; = B. O

Note 3.4. In above theorem if we take t = 1, then u = Cp. From the above proof
it also follows that for any bi-ideal B of S and ¢ € (0,1], tCp is a fuzzy bi-ideal of
S.

Definition 3.5. Let A be a subset of a I'-semigroup S and B(A) denote the inter-
section of all bi-ideals of S' containing A. Then B(A) is a bi-ideal of S and is said
to be the bi-ideal generated by A.

34



Sujit Kumar Sardar et al./Ann. Fuzzy Math. Inform. 7 (2014), No. 1, 31-44

By routine verification we obtain the following result.

Lemma 3.6. Let S be a I'-semigroup and a € S. Then the bi-ideal generated by a
is B(a) = {a}Ual'aUal'STa.

The fuzzy analogue of the preceding definition is as follows.

Definition 3.7. Let p be a nonempty fuzzy subset of a I'-semigroup S and B(u)
denotes the intersection of all fuzzy bi-ideals of S containing p. Then B(u) is a fuzzy
bi-ideal of S and is said to be the fuzzy bi-ideal generated by p.

The following result characterizes a fuzzy bi-ideal generated by a fuzzy point.

Proposition 3.8. Let a; be a fuzzy point of a T'-semigroup S. Then the fuzzy bi-ideal
generated by a; is given by

_ [t ifxeB(a)
Blar)(z) = { 0 otherwise.

Proof. Let p be a fuzzy subset of the I'-semigroup S defined by
{ t ifz e B(a)

ulx) = 0 otherwise

Let z,y € S and v € T. If 2,y € B(a) then zyy € B(a) and so p(zyy) =t =
min{u(z), u(x)}. Tz ¢ Bla) or y ¢ B(a) then min{u(z), u(y)} = 0 < p(zyy).
Hence p(zvyy) > min{p(z), u(y)} for all z,y € S and v € T. Thus p is a fuzzy
subsemigroup of S.

Let x,y,z € S and o, € T. If z,2 € B(a), zayBz € B(a). So ulzayBz) =t =
min{p(z), u(2)}. If ¢ ¢ B(a) or z ¢ B(a) then min{u(z), u(2)} = 0 < p(zayBz).
Hence p(xayBz) > min{u(z), u(z)} for all z,y,z € S and o, € I'. Hence p is a
fuzzy bi-ideal of S.

Also a;(z) < p(z) for all x € S. So B(a;) C u. Let v be a fuzzy bi-ideal of S such
that a; C v. Then v(a) > ¢t = p(a). Let x € S be such that x # a. If x ¢ B(a),
w(x) =0<v(z). Ifx € B(a), x = aya or x = aayfa for some y € S and «, 3, € T
Then v(z) > min{v(a),v(a)} = v(a) >t = p(z). So for all z € S, v(z) > p(x).
Hence p C v. Since v is an arbitrary fuzzy bi-ideal of S containing a;, p C B(at).
Hence pu = B(ay). O

The above proposition and the following theorem play vital roles in obtaining the
important results such as Theorems [4.2] 4.8 14.16} 14.17), [4.22l.

Theorem 3.9. Let S be a I'-semigroup. Then following are equivalent:
(1) p is a fuzzy bi-ideal of S.
(44) pt is a bi-ideal of S for all t(3£ 0) € Im(p), where Im(u) = {u(z) : x € S}.
(4i1) py is a bi-ideal of S for all t € (0, 1], provided p; is nonempty.

Proof. (i) < (ii) follow from Theorem 3.2[10].
(i) = (i1i) Let (i2) be true and p; is nonempty for some ¢ € (0,1]. Let tg =
min{u(a) : @ € p}. Then py, = pe and so p; is a bi-ideal of S.
(#i) = (1) Straightforward. O
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4. PRIME FUZZY BI-IDEAL

In this section we obtain main results such as characterization of regular and intra
regular I'-semigroups in terms of prime and semiprime fuzzy bi-ideals.

Definition 4.1 ([1]). A fuzzy bi-ideal p of a I’-semigroup S is called a prime fuzzy
bi-ideal of S if for any two fuzzy bi-ideals v and § of S, v o C u implies that v C g
or 6 C pu.

Theorem 4.2. Let I be a nonempty subset of a I'-semigroup S. Then I is a prime
bi-ideal of S if and only if the characteristic function Ct of I is a prime fuzzy bi-ideal
of S.

Proof. Let I be a prime bi-ideal of S. Then by Theorem 3.1[10], C; is a fuzzy bi-
ideal of S. Let p and v be two fuzzy bi-ideals of S such that pov C Cr and p € Cj.
Then there exists a; C p such that a, Q C7 which implies that a ¢ I. Let b, C v.
Then in view of Definition [3.7 and Definition 2.1, B(a¢) o B(b,) C p o v. Hence
B(at) o B(b,) C C;. Now for all z € S, in view of Proposition 2.7/ and Proposition
3.8,

min{t,r} if x € B(a)I'B(b)

0 otherwise

(B(ar) o B))(o) = {

Hence for z € B(a)I'B(b), Cy(x) > min{t,r} whence z € I. Consequently, B(a)I'B(b)
C I. This, I being a prime bi-ideal of S, implies that B(a) C I or B(b) C I. Since
a ¢ I, B(a) € I. Hence B(b) C I whence b, C C;. Hence v C Cy. Consequently,
C7 is a prime fuzzy bi-ideal of S.

Conversely, let C; be a prime fuzzy bi-ideal of S and A, B be two bi-ideals of S
such that ATB C I.Then by Theorem 3.1[10], C4 and Cp are fuzzy bi-ideals of S.
Hence by Proposition 2.5, Carg € C; whence C4 o Cg C C;. Hence by hypothesis
Cs C Cr or Cg C C; which implies that A C I or B C I. Hence I is a prime
bi-ideal of S. g

Theorem 4.3. Let u be a nonempty fuzzy subset of a I'-semigroup S. If u is a
prime fuzzy bi-ideal of S then uy is a prime bi-ideal of S for all nonzero t € Im(pu).

Proof. Let p be a prime fuzzy bi-ideal of S and (0 #)t € Im(p). Then by Theorem
3.2[10], p is a bi-ideal of S. Let B; and By be two bi-ideals of S such that BiI'Bs C
tt. Then by Theorem 3.3 and Note 3.4, tCp, = v(say) and tCp, = d(say) are fuzzy
bi-ideals of S. Now for all x € .S, by a similar argument as applied in the proof of
preceding theorem,

o t if © S BlFBQ
(vod)(z) = { 0 otherwise

Hence v 0§ C p. So p being a prime fuzzy bi-ideal, v C p or § C p.
Let v C p. Then for x € By, v(z) =t < p(x) which implies © € us. Therefore
B; C . Similarly if 6 C p then By C py. Hence i, is a prime bi-ideal of S. 0

Note 4.4. The following example illustrates that the converse of the above theorem
is not true in general.
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Example 4.5. Let S = {a,b,c} and T' = {v,d}, where v, are defined on S with
the following Cayley tables:

and

Then S is a I-semigroup. Let B = {a,b} and t € (0,1). Then B is a prime bi-ideal
of S and so tCp is a fuzzy bi-ideal of S. Now (tCp); = B is a prime bi-ideal of S
but tCp is not a prime fuzzy bi-ideal of S.

Definition 4.6 ([1]). A fuzzy bi-ideal p of a T'-semigroup S is called a strongly
prime fuzzy bi-ideal of S if for any two fuzzy bi-ideals v and § of S, vodNdov C pu,
then v C por § C pu.

Theorem 4.7. Let I be a nonempty subset of a I'-semigroup S. Then I is a strongly
prime bi-ideal of S if and only if the characteristic function Ct of I is a strongly
prime fuzzy bi-ideal of S.

Proof. Let I be a strongly prime bi-ideal of S. Then by Theorem 3.1[10], Cy is a fuzzy
bi-ideal of S. Also let i and v be two fuzzy bi-ideals of S such that povnNvou C Cy
and p ¢ Cr. Then there exists a; C p such that a; ¢ C; whence Cr(a) < t.
Hence Cjr(a) = 0 whence a ¢ I. Let b, C v. Then in view of Definition [3.7,
(B(at) o B(b)) N (B(by) o B(at)) CpovNuopu CCr. Then for all x € S,

((Bla)o BB )N (B0)o Blao) o) = { "7 € BOTBO0 BOTSE

Hence for « € B(a)I'B(b) N B(b)T'B(a),
Cr(z) = ((B(ar) o B(br)) N (B(br) © B(at)))(2) = min{t, 7} > 0.

Then Cr(x) = 1 whence € I. So B(a)I'B(b) N B(b)I'B(a) C I. So by the
hypothesis, B(a) C I or B(b) C I. Since a ¢ I, B(a) ¢ I. Hence B(b) C I whence
b, C C; and so v C Cy. Hence (7 is a strongly prime fuzzy bi-ideal of S.
Conversely, let Cj be a strongly prime fuzzy bi-ideal of S. Also let A and B be
two bi-ideals of S such that ATB N BI'A C I. Then by Theorem 3.1[10], C'4 and
Cp are fuzzy bi-ideals of S. Hence by Proposition 2.5, Carpnpra € Cr whence
(CaoCp)N(CpoCy) CCr. So by the hypothesis, C4 C Cy or Cp C Cy. Hence
A C T or BCI. Consequently, I is a strongly prime bi-ideal of S. g

Theorem 4.8. Let p be a nonempty fuzzy subset of a I'-semigroup S. If p is a
strongly prime fuzzy bi-ideal of S then py is a strongly prime bi-ideal of S for all
t(#0) € Im(p).

Proof. Let u be a strongly prime fuzzy bi-ideal of S and ¢(# 0) € Im(u). Then by
Theorem 3.2[10], u; is a bi-ideal of S. Let By and By be two bi-ideals of S such
that (B1I'B2)N(B2I'By) C . Now tCp, = v(say) and tCp, = d(say) are two fuzzy
bi-ideals of S. Now for z € S,

(o 8) N (0 1))(x) = { [ e mmIn e B
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Hence for any z € S, ((vod)N(dov))(z) < u(x). Consequently, (vod)N(dov) C pu.
Then by the hypothesis, v C y or § C p.

If v C p, for x € By, v(xz) =t < pu(x) whence x € u;. Hence By C py. Similarly
if § C p then By C ;. Hence py is a strongly prime bi-ideal of S. [l

Note 4.9. The converse of the above theorem is not true in general. For instance,
in Example 4.5, B is also a strongly prime bi-ideal of S. Then (tCg); = B is a
strongly prime bi-ideal of S but tC'p is not a strongly prime fuzzy bi-ideal of S.

Note 4.10. It is easy to see that[l] every strongly prime fuzzy bi-ideal of a I'-
semigroup S is a prime fuzzy bi-ideal of S. The following examples illustrates that
the converse is not true.

Example 4.11. Let S = {1,2,3,4} and T = {~, 6}, where 7, is defined on S with
the following Cayley tables:

y]1 2 3 4 6|1 2 3 4
112 2 2 112 2 2 2
212 2 2 2 and 2(2 2 2 2
313 33 3 313 3 33
404 4 4 4 414 4 4 4

Then S is a I'-semigroup. Let us take a fuzzy subset u on S such that u(1) = p(2) >
1(3) > p(4). Then py is a prime fuzzy bi-ideal of S, but not a strongly prime fuzzy
bi-ideal of S.

Example 4.12. Let S = {a,b,c} and I" = {v,0}, where v, is defined on S with
the following Cayley tables:

and

Then S is a I'-semigroup. Let us take a fuzzy subset p on S such that u(a) = p(b) >
w(c). Then p is a prime fuzzy bi-ideal of S, but not a strongly prime fuzzy bi-ideal
of S.

If we take a fuzzy subset v of S such that v(a) = v(b) < v(c), then v is prime
fuzzy bi-ideal, but not a strongly prime fuzzy bi-ideal of S.

Definition 4.13 ([1]). A fuzzy bi-ideal p of a T'-semigroup S is called semiprime
fuzzy bi-ideal of S if for any fuzzy bi-ideal v of S, v ov C u implies v C p.

Note 4.14. Clearly every prime fuzzy bi-ideal of a I'-semigroup S is a semiprime
fuzzy bi-ideal of S[I]. The following example illustrates that the converse is not true.

Example 4.15. Let S = {a,b,c¢} and I" = {v,0}, where v, is defined on S with
the following Cayley tables:

and
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Then S is a T-semigroup. Let us take a fuzzy subset 1 on S such that u(a) = p(b) <
w(c). Then p is a semiprime fuzzy bi-ideal of S, but not a prime fuzzy bi-ideal of S.

Theorem 4.16. Let A be a subset of a I'-semigroup S. Then A is a semiprime
bi-ideal of S if and only if the characteristic function Cy of A is a semiprime fuzzy
bi-ideal of S.

Proof. Let A be a semiprime bi-ideal of S. Then by Theorem 3.1[10], C4 is a fuzzy
bi-ideal of S. Let p be a fuzzy bi-ideal of S such that pou C C4. If possible let,
p & Ca. Then there exists a; C p such that a; € Ca. Then Cyu(a) < t whence
Ca(a) = 0 which implies a ¢ A. Now in view of Definition [3.7/ and Definition 2.1}
B(ay) o B(a) C pop C Cy. Also (¢f. Proposition [3.8 and Proposition 2.7) for all
T €S,
(B o Bleo)a) = { 7B

Hence for z € B(a)T'B(a), Ca(z) > (B(at) o B(at))(z) = t whence C4(z) = 1 and
so z € A. Hence B(a)I'B(a) C A. So by hypothesis B(a) C A which implies a € A,
which is a contradiction. Hence pn C Cy. Hence C4 is a semiprime fuzzy bi-ideal of
S.

Conversely, let C4 be a semiprime fuzzy bi-ideal of S. Then by Theorem 3.1[10],
A is a bi-ideal of S. Let B be a bi-ideal of S such that BI'B C A. Then Cpg is a
fuzzy bi-ideal(cf. Theorem 3.1[10]) and so by Proposition 2.5, Cprp C C4 whence
CpoCp C Cy. Then by hypothesis Cg C C'4 which implies B C A. Hence A is a
semiprime bi-ideal of S. g

Theorem 4.17. Let u be a nonempty fuzzy subset of a I'-semigroup S. Then u is
a semiprime fuzzy bi-ideal of S if and only if p: is a semiprime bi-ideal of S for all

t(# 0) € Im(p).

Proof. Let p be a semiprime fuzzy bi-ideal of S and #(# 0) € Im(u). Then by
Theorem 3.2[10], 4, is a bi-ideal of S. Let B be a bi-ideal of S such that BI'B C ;.
Now by Theorem [3.3] and Note 3.4, tC'g = v is a fuzzy bi-ideal of S. Now for all
T €S,

(vou)(a) =

Hence v o v C p whence by hypothesis v C p. For x € B, v(z) =t < u(x) which
implies « € py. Therefore B C u;. Hence p; is a semiprime bi-ideal of S.

Conversely, let u; be semiprime bi-ideal of S for all ¢#(# 0) € Im(u). Then by
Theorem 3.2[10], p is a fuzzy bi-ideal of S. Let v be a fuzzy bi-ideal of S such
that v ov C pu. Also let z; C v. Then by Definition 3.7, B(xz:) C v. Hence
B(x) o B(zy) Cvov C pu. Now for all @ € S,

t ifae€ B(z)I'B(x)
0 otherwise

t ifxeBI'B
0 otherwise

(B(21) o B(xt))(a) =

Hence for a € B(x)I'B(z), u(a) > (B(xt) o B(xz:))(a) = t whence a € pg. So

B(z)I'B(z) C pt. Then by hypothesis, B(z) C pu¢, whence @ € py i.e. u(x) > t.

Hence z; C p. Consequently, v C p and p is a semiprime fuzzy bi-ideal of S. 0
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Definition 4.18. A fuzzy bi-ideal u of a I'-semigroup S is called irreducible (strongly
irreducible) fuzzy bi-ideal of S if for any two fuzzy bi-ideals v and § of S, v N =
p(resp. ¥ N C p) implies that v = p or § = p(resp. v C por § C ).

Note 4.19. Every strongly irreducible fuzzy bi-ideal of a I'-semigroup S is an irre-
ducible fuzzy bi-ideal of S.

Proposition 4.20. Let A be a bi-ideal of a I'-semigroup S. Then A is irreducible
if and only if the characteristic function Ca of A is irreducible.

Proof. Let A be an irreducible bi-ideal of S. Then by Theorem 3.1[10], C4 is a fuzzy
bi-ideal of S. Let C4 = pNv for two fuzzy bi-ideals p and v of S. Then C4 C p
and C4 C v. If possible let 2, C p and y, C v, but ay,y, ¢ Ca. Without loss
of generality let us assume that ¢ = min{¢,r}. Now by Proposition 2.9, (Ca); =
(LNv)y = pe Ny whence A = py Ny, As py and vy are bi-ideals(¢f. Theorem
3.9), so by the hypothesis A = pu; or A = vp. If A = py, Ca(x) > t as by our
assumption © € u;. Then x; C C4 which is a contradiction. If A =1y, Ca(y) >t as
by our assumption y € v;. Then Cy(y) =1 > r whence y, C C4 which also gives a
contradiction. Thus C'4 = p or C'4 = v. Hence C}y is irreducible fuzzy bi-ideal of S.
Conversely, let C'4 be irreducible fuzzy bi-ideal of S. Then by Theorem 3.1[10], A
is a bi-ideal of S. Let A = BN D for two bi-ideals B, D of S. Then Cg and Cp are
fuzzy bi-ideals of S(¢f. Theorem 3.1[10]). Then by Proposition 2.5, Cy = Cpnp =
Cp NCp. Then by the hypothesis C4 = Cpg or C4 = Cp whence A= B or A= D.
Hence A is an irreducible bi-ideal of S. O

Theorem 4.21. Let p be a fuzzy bi-ideal of a T-semigroup S and x¢ € pu for a fuzzy
point xy of S. Then there exists an irreducible fuzzy bi-ideal § of S such that u C
and x; € 9.

Proof. Let F = {u; : i € A} be the collection of all fuzzy bi-ideals y; such that
p C pi and 2 € pi. Then F is nonempty as p € F. Also F is partially ordered
under inclusion. Let G = {u; : i € A} be a totally ordered subcollection of F. Then
igAui € F and is an upper bound for G. Then by Zorn’s lemma F has a maximal

element po(say). Then pg is a fuzzy bi-ideal of S such that z; € po and p C po.
Now we prove that g is an irreducible fuzzy bi-ideal of S. Let v and n be two fuzzy
bi-ideals of S such that py = v Nn. If possible let v # po and n # po. Then pg C v
and pug C n. Since pg is the maximal element of F, z; C v and x; C 7. But then
x; € v N1 = ug, which is a contradiction. Hence v = pg or 7 = pg. Consequently,
o is an irreducible fuzzy bi-ideal of S such that u C po and zp € fi,. 0

Theorem 4.22. Let S be a I'-semigroup. Then the following are equivalent:

(1) S is both regular and intra-regular.

(4i) pop = for every fuzzy bi-ideal p of S.

(#it) yvNd =vodNdowv for any fuzzy bi-ideals v and 6 of S such that the
intersection is nonempty.

(iv) Each fuzzy bi-ideal of S is semiprime fuzzy bi-ideal.

(v) Each proper fuzzy bi-ideal v of S is the intersection of all irreducible semiprime
fuzzy bi-ideals of S which contains p.
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Proof. (i) = (ii) Let (i) be true and p be a fuzzy bi-ideal of S. Then p; is a bi-ideal
of S for t € (0,1](¢f. Theorem 3.9). Then by Theorem 3.9[13], p:I'puz = p¢. Then in
view of Proposition 2.9, (o p); = py for any ¢ € (0,1] whence po pu = p.

(#4) = (1) Let (i3) be true. Let B be a bi-ideal of S. Then Cp is a fuzzy
bi-ideal of S (¢f. Theorem 3.1[8]). Then by (i7), Cp o Cp = Cg. Hence in view of
Proposition 2.5, BB = B. Let v and ¢ be two fuzzy bi-ideals of S and t € (0, 1].
Then v; and §; are two bi-ideals of S(¢f. Theorem [3.9). Then by Theorem 3.9[13],
vNdy = 1 1'60:N6:T'vy. Hence for all t € (0, 1], (vNd): = (vod):N(dov); = (vodNdov)y,
whence vNJ =vodNdowv(cf. Proposition 2.9).

(7ii) = (iv) Let (#i9) be true. Let By and Bg be any two bi-ideals of S. Then
Cp, and Cp, are fuzzy bi-ideals of S(¢f. Theorem 3.1[8]). Then by (iii), Cp, N
Cp, = Cp, 0 Cp, N Cp, o Cp,. Then by repeated application of Proposition 2.5,
CB,nB, = CB,rB, NCB,rB, = UB,TB,nB,T'B,,» Whence B1 N By = B1I'By N BoI'By.
Hence by Theorem 3.9[13], each bi-ideal is a semiprime bi-ideal. This together with
Theorem (3.9 implies that if y is a fuzzy bi-ideal of S, then every level subset pu; is
a semiprime bi-ideal of S. Hence by Theorems 3.9/ and [4.17, p is a semiprime fuzzy
bi-ideal of S.

(iv) = (v) Let (iv) be true. Let u be a proper fuzzy bi-ideal of S. Then there
exists a fuzzy point z; € p. Also let F = {u; : i € A} be the collection of all
irreducible semiprime fuzzy bi-ideals of S containing . Then by Theorem 4.21, 3 an
irreducible fuzzy bi-ideal po(say) containing u. Also by hypothesis 1o is semiprime.
So F is nonempty. Then u C iQAM' If possible, let z; C iQA,ui but z¢ ¢ p. Then by

Theorem 4.21], there is an irreducible fuzzy bi-ideal é containing p but not containing
x¢. Also by the hypothesis § is semiprime. So a contradiction arises as § € F and
- i i = .
Ty & Z_QA/M Hence iQAMz M
(v) = (7) Let (v) be true and B be a proper bi-ideal of S. Then Cp is a proper
fuzzy bi-ideal of S(¢f. Theorem 3.1[8]). Hence Cp o Cp is a fuzzy bi-ideal(cf.
Proposition [3.2) of S. Then by the hypothesis Cp o Cp = _ﬂAui, where F = {p; :
1€
i € A} is the collection of all irreducible semiprime fuzzy bi-ideals of S containing
CpoCpg. Then CgoCp C u; for all i € A. Since each p; is semiprime, Cg C p;
for all i € A whence Cp C ﬂAui = Cg o Cp. Also Cp being a bi-ideal, we have
1€
Cpo(Cp C Cp. Hence Cp o Cg = Cp whence by Proposition 2.5, B'B = B.
Consequently, by Theorem 3.9[13], (i) follows. O

Remark 4.23. In fact the above result is due to Bashir et al(Theorem 5.8[1]).
We have revisited it by providing a new proof by using the characteristic function
criterion(Theorem 4.16), level subset criterion(Theorem [4.17) and the notion of fuzzy
point.

Theorem 4.24. [9] For any two fuzzy ideals p and v of a T'-semigroup S, pov C
wNv. Moreover, if S is reqular then pov =puNu.

Definition 4.25. A fuzzy ideal p of a I'-semigroup S is called a prime fuzzy ideal
of S if for any two fuzzy ideals v and 6 of S, vod C u, then v C o or § C p.
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Definition 4.26. A fuzzy ideal p of a I'-semigroup S is called an irreducible (strongly
irreducible) of S if for any two fuzzy ideals v and 6 of S, v NJ = p(resp. vNI§ C p),
then v = por § = p(resp. v C por § C ).

Note 4.27. Every strongly irreducible fuzzy ideal of a I'-semigroup S is an irre-
ducible fuzzy ideal of S.

Note 4.28. From Definitions 4.25] and 4.26/ and by Theorem 14.24] it is clear that
every prime fuzzy ideal of a I'-semigroup is strongly irreducible fuzzy ideal. For a
regular I'-semigroup they coincide.

Definition 4.29 ([10]). A T-semigroup S is called left( right ) duo if every left(
resp. right) ideal of S is an ideal of S. A T'-semigroup S is called duo if it is a left
as well as right duo.

In [10], we have seen that in a regular duo I'-semigroup the notions of fuzzy ideal
and fuzzy bi-ideal coincide. The following theorem shows that the situation is similar
for prime fuzzy ideal and prime fuzzy bi-ideal.

Theorem 4.30. Let S be a regular duo I'-semigroup. Then for any nonempty fuzzy
subset i of S the following are equivalent.

(1) p is a prime fuzzy ideal of S.

(i4) p is a prime fuzzy bi-ideal of S.

(#4i) p is a strongly irreducible fuzzy ideal of S.

Proof. (i) = (i) Let u be a prime fuzzy ideal of S. Then p is a fuzzy ideal of S.
Hence p is a fuzzy bi-ideal of S(c¢f. Theorem 4.5[10]). Let v and ¢ be two fuzzy
bi-ideals of S such that v o § C pu. Then by Theorem 4.5[10], v and § are both
fuzzy ideals of S. Therefore by (i) and Definition 4.25, v C p or § C p. Hence by
Definition [4.1} p is a prime fuzzy bi-ideal of S.

The proof of (i) = (i) follows in a similar manner as above by repeated applica-
tion of Theorem 4.5[10].

Equivalence of (¢) and (ii¢) follows in view of Note [4.28. O

In view of Theorem 5.11[1], we obtain the following result as an easy consequence
of the above Theorem.

Corollary 4.31. Suppose S is a duo I'-semigroup such that the set of all fuzzy bi-
ideals is totally ordered by inclusion. Then S is both regular and intra reqular if and
only if any two of the following sets coincide.

(i) The set of all fuzzy bi-ideals of S.

(13) The set of all prime fuzzy bi-ideals of S.

(7i1) The set of all prime fuzzy ideals of S.

(iv) The set of all strongly irreducible fuzzy ideals of S.

Definition 4.32. A subsemigroup A of a I'-semigroup S is called normal if
al'A = AT'a for alla € S.

Proposition 4.33. Fvery normal I'-semigroup is duo.

Proof. Let S be a normal I'-semigroup. Then aI'S = STa V a € S. Then for any

left ideal A of S, AT'S = ST'A whence A is a right ideal of S. Thus A is an ideal.

Similarly, we can prove that any right ideal is an ideal in S. Hence S is duo. 0
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Remark 4.34. In view of Proposition 4.33 we see that the conclusions of Theorem
4.30 and Corollary 4.31! are also true for regular normal I'-semigroups.

5. CONCLUSIONS

Many results of Bashir et al[l] such as Theorems 5.9, 5.10, 5.11 are obtained
mainly using their Theorem 5.8 which we have revisited here (¢f. Theorem 4.22 and
Remark 4.23)) by using characteristic function criterion and level subset criterion
(¢f. Theorems 4.16, 4.17) of semiprime fuzzy bi-ideal. This indicates that had the
level subset criterion been true for other notions such as prime, strongly prime fuzzy
bi-ideal (¢f. Theorems [4.3] 4.8, Example 4.5 and Note [4.9) then more results would
have been obtained. So it will be nice if the notion of prime, strongly prime fuzzy
bi-ideal can be generalized so as to satisfy the level subset criterion which in turn
would develop the theory further.
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