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1. INTRODUCTION

Most of the problems in engineering, medical science, economics, environments
etc have various uncertainties. Molodtsov [9] initiated the concept of soft set theory
as a mathematical tool for dealing with uncertainties. Research works on soft set
theory are progressing rapidly. Maji et al.[6] defined several operations on soft set
theory. Based on the analysis of several operations on soft sets introduced in [6], Ali
et al.[1] presented some new algebraic operations for soft sets. Combining soft sets
with fuzzy sets [10] and intuitionistic fuzzy sets[4], Maji et al. [7, 8] defined fuzzy soft
sets and intuitionistic fuzzy soft sets which are rich potentials for solving decision
making problems. The notion of the interval-valued intuitionistic fuzzy set was
introduced by Atanassov and Gargov [5]. Alkhazaleh et al. [2] as a generalization of
Molodtsov soft set, presented the definition of a soft multiset and its basic operations
such as complement, union, and intersection etc. In 2012 Alkhazaleh and Salleh [3]
introduced the concept of fuzzy soft multiset theory and studied the application of
these sets.
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In this paper we introduce the concept of interval valued intuitionistic fuzzy soft
multisets and study its properties and operations. Also the concept of interval valued
intuitionistic fuzzy soft multiset relations (IVIFSMS-relations for short) is proposed.
The basic properties of the IVIFSMS-relations are discussed. Also various types of
IVIFSMS-relations are presented.

2. PRELIMINARIES

Definition 2.1 ([10]). Let X be a non empty set. Then a fuzzy set (F'S for short)
A is a set having the form A={(x, pa(x)): x € X} where the function p4: X—[0,1]
is called the membership function and p4(x) is called the degree of membership of
each element xeX.

After the introduction of the concept of fuzzy set by Zadeh[10], several researchers
were conducted on the generalization of the notion of a fuzzy set. The idea of
”intuitionistic fuzzy set” was first published by Atanassov [4].

Definition 2.2 ([4]). Let U be a non empty set. Then an intuitionistic fuzzy set
(IFS for short) A on U is a set having the form A={(x, 14 (x), 74(x)): x € U} where
the functions pa: U—]0,1] and v4: U—]0,1] represents the degree of membership
and the degree of non-membership respectively of each element x€U and 0<p 4 (x)+
~v4(x)<1 for each x€U.

Definition 2.3 ([5]). An interval valued intuitionistic fuzzy set A over an universe
set U is defined as the object of the form A={<x, pa(x), ya(x)>: x€U}, where
ta: U— Int([0,1]) and v4: U— Int([0, 1]) are functions such that the condition:
Vx€U, sup pa(x)+ supya(x)<1 is satisfied(where Int(]0, 1]) is the set of all closed
sub-intervals of [0,1]).

The class of all interval valued intuitionistic fuzzy sets on U is denoted by IV-

IFS(U).

Definition 2.4 ([9]). Let U be an initial universe and E be a set of parameters. Let
P(U) denotes the power set of U and AC E. Then the pair (F, A) is called a soft set
over U, where F is a mapping given by F: A— P(U).

Definition 2.5 ([2]). Let {U; : ¢ € I} be a collection of universes such that
Nic:Us = ¢ and let {Ey, : i € I} be a collection of sets of parameters. Let
U = [l;e; P(U;) where P(U;) denotes the power set of U; ,E = [[,.; By, and AC
E. A pair (F, A) is called a soft multiset over U, where F is a mapping given by F:
A— U.

Definition 2.6 ([3]). Let {U; : ¢ € I} be a collection of universes such that
Nic;Us = ¢ and let {Ey, : i € I} be a collection of sets of parameters. Let
U = [l;e; FS(U;) where FS(U;) denotes the set of all fuzzy subsets of U; ,E =
[Lic; Ev, and AC E . A pair (F, A) is called a fuzzy soft multiset over U, where F
is a mapping given by F: A— U .

Definition 2.7 ([3]). A fuzzy soft multiset (F, A) over U is called a fuzzy soft
multisubset of a fuzzy soft multiset (G, B) if
(a) A C B and
782
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(b) Veu,; € ak,(ev, j; Fey, ;) 18 a fuzzy subset of (ey, j,Ge,y, ;) Where aj € A,
ke{1,2,3,..n}, i€ {1,2,3,...,m} and j € {1,2,3,....,r}. This relationship is
denoted by (F, A)C(G, B).

Definition 2.8 ([3]). The complement of a fuzzy soft multiset (F, A) over U is
denoted by (F, A)¢ and is defined by (F,A)¢ = (F° A), where F¢: A — U is a
mapping given by F¢(a) = ¢(F(a)),Ya € A where c is the fuzzy complement.

Definition 2.9 ([3]). A fuzzy soft multiset (F, A) over U is called a semi-null fuzzy
soft multiset, denoted by (F, A)xy, if at least one of a fuzzy soft multiset parts of
(F, A) equals ¢.

Definition 2.10 ([3]). A fuzzy soft multiset (F, A) over U is called a null fuzzy soft
multiset, denoted by (F, A)y, if all the fuzzy soft multiset parts of (F, A) equals ¢.

Definition 2.11 ([3]). A fuzzy soft multiset (F, A) over U is called a semi-absolute
fuzzy soft multiset, denoted by (F, A)xu, , if (ev, j, Fep, ;) = U; for at least one i,
ap € A, k={1,2,3,...,n},i ={1,2,3,.....m} and j = {1,2,3,....,r}.

Definition 2.12 ([3]). A fuzzy soft multiset (F, A) over U is called an absolute
fuzzy soft multiset, denoted by (F, A)y , if (ev, j, Fep. ;) = U; Vi.

€U;,5

Definition 2.13 ([3]). The union of two fuzzy soft multisets (F, A) and (G, B) over
U is a fuzzy soft multiset (H, D) where D = AU B and Ve € D,

F(e), ifec A—B

H(e)={ Gle), ifecB—A

U(F(e),G(e)) ifeec ANDB
where J(F(e),G(e)) = s(Fey, ;,Gey, ;) Vi€ {1,2,....,m} and j € {1,2,...,r} with
’s’ as an s-norm and is written as (F, A)U(G, B) = (H, D).
Definition 2.14 ([3]). The intersection of two fuzzy soft multisets (F, A) and (G,
B) over U is a fuzzy soft multiset (H, D) where D = AU B and Ve € D,

F(e), ifec A-B
H(e)={ Gle), ifeeB—A

ﬂ(F(e),G(e)) ifeec ANB
where ((F(e),G(e)) = t(F,

v, ;0 Gep, ;) Vi €{1,2,..,m} and j € {1,2,...,r} with
’t” as an t-norm and is written as (F, A)N(G, B) = (H, D).

3. INTERVAL VALUED INTUITIONISTIC FUZZY SOFT MULTISETS

In this section, we introduce the definition of an interval valued intuitionistic fuzzy
soft multiset, and its basic operations such as complement, union, and intersection
etc. We give examples for these concepts. Basic properties of the operations are also
given.

Definition 3.1. Let {U; : i € I} be a collection of universes such that (;.; U; = ¢

and let {Ey, : i € I'} be a collection of sets of parameters. Let U = [[,., IVIFS(U;)

where IVIFS(U;) denotes the set of all interval valued intuitionistic fuzzy subsets
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of U; ,E = [[;c; Eu, and AC E.Then the pair (F, A) is called an interval valued
intuitionistic fuzzy soft multiset over U, where F is a mapping given by F': A — U.

Remark 3.2. It is to be noted that if U = [[,.; IFS(U;) , then the pair (F, A) is
called an intuitionistic fuzzy soft multi set over U. To illustrate this let us consider
the following example:

Let us consider there are three universes Uy, Us and Us. Let Uy = {hq, ha, h3} ,
Us = {c1,c2,¢3} and Us = {vy,v2} . Let {Ey,, Fy,, Eu,} be a collection of sets of
decision parameters related to the above universes, where Ey;, = {eU1 1,€U,,2, €U, 3}

= {evs1, €052, €053}, Buy = {evy 1, €uy 2, eu, 3} Let U = [[;_, IFS(Uy), E =
lel Ey, and AC E, such that

A={a1 = (ev, 1,€u,,1,€U5,1), a2 = (€U, 1, €U5,2, €U5,1) }-

Let F: A — U be defined by
Fl(ay) = ({(h1,0.3,0.5), (hy,0.4,0.6), (hs,0.9,0.1)}, {{c1,0.9,0), (c2,0.6,0.3),
(¢3,0.5,0.4)}, {(v1,0.9,0), (v5,0.8,0.2)}),

F(az) = ({(h1,0.4,0.4), (hy,0.7,0.3), (h3,0.6,0.4)}, {{c1,0.6,0.3), (cz, 0.4, 0.4),
(¢3,0.7,0.2)}, {(v1,0.6,0.3), (v5,0.5,0.3)}).
Then
(F, A) = {(a1, ({(h1,0.3,0.5), (hy,0.4,0.6), (h3,0.9,0.1)}, {{c1,0.9,0), {c2,0.6,0.3),
(¢3,0.5,0.4)}, {(v1,0.9,0), (v2,0.8,0.2)})), (as, ({(h1, 0.4, 0.4),
(h,0.7,0.3), (hs,0.6,0.4)}, {(c1,0.6,0.3), (¢, 0.4,0.4), (¢5,0.7,0.2)},
{<0170~6,0~3> <'U2,05 0.3)})}

Here (F, A) is an intuitionistic fuzzy soft multiset over U.

Example 3.3. Let us consider there are three universes U; , Uy and Us. Let
U1 = {hhhg,hg} 5 U2 = {01,02,63} and U3 = {’Ul,’Ug}. Let {EUlaEUzaEUg} be
a collection of sets of decision parameters related to the above universes, where
EUl = {€U171,8U172,6U1 3} EU2 - {eUz,lanz,Qanz,?)} EU3 - {eUs 176U37276U373}'
Let U = H IVIFS(U;) JE = Hl 1 By, and AC E, such that
A={a = (€U1,176U2,17€U3,1) az = (eU1,1,6U2,z,eU3,1)}
Let F: A — U be defined by
F(a1) = ({(h1,[0.1,0.3],[0.3,0.5]), (ha, [0.3,0.4], [0.4,0.6]), (hs, [0.7,0.9],[0.0,0.1]) },
{{¢1,[0.7,0.9], [0, 0]), {(c2, [0.4, 0.6], [0.2, 0. 3}> (cs, [0.3, 0.5],[0.2,0.4])},
{{(v1,[0.7,0.9], 0, 0]), {(v2, [0.6,0.8],[0,0.2]) }),

Fla) = ({11, 02,041, 0.3, 0.4, 1z, [0.6,0.7],[02,03). (i (05,0, 03,04},
{(e1,10.3,0.6],0.2,0.3]), (c2. [0.1,0.4], 0.3, 0.4]), {c5, 0.5, 0.7],[0.1,0.2) )
(0.1

b )

%(}1111,&0 3, 0)6] ,10.2,0.3]), (v2,[0.2,0.5],[0.1,0.3]) }).
{(al, ({<h1, [O L,0. 3]7 [O 3 ]> <h27 [037 04]7 [04a 06]>a <h3a [077 09]» [00’ 01]>}a
{(€1,10.7,0.9], 0, 0], (c2, [0 4,0.6],[0.2,0.3]), (cs, [0.3,0.5],[0.2,0.4]) },
{{v1,[0.7,0.9], [0, 0], (v2, [0.6,0.8],[0,0.2]) })), (a2, ({{h1,[0.2,0.4],[0.3,0.4]),
(h2,10.6,0.7],10.2,0.3]), (hs, [O 5,0.6],10.3,0.4])}, {(c1,[0.3,0.6],[0.2,0.3]),
(c2,[0.1,0.4],[0.3,0.4]), {c3,[0.5,0.7],[0.1,0.2]) }, {(v1, [0.5, 0.6], [0.2, 0.3]),
(v2,[0.2,0.5],0.1,0.3))})) }.

Here (F, A) is an interval valued intuitionistic fuzzy soft multiset over U.
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Definition 3.4. Let (F, A) and (G, B) be two interval valued intuitionistic fuzzy
soft multisets over U. Then (F, A) is called an interval valued intuitionistic fuzzy
soft multi subset of (G, B) if

(a) AC B and

(b) Veu,; € ak,(ev, j;Fey, ;) is an interval valued intuitionistic fuzzy subset
of (ev, j,Gey, ;) where ap € A, k € {1,2,3,...,n}, i € {1,2,3,....,m} and j €
{1,2,3,....,7}. This relationship is denoted by (F, A)C(G, B).

Example 3.5. Let us consider Example 3.3. Let

B ={b1 = (ev,,1,€v,,1,€u5,1), b2 = (v, 1, €052, €U5,1), b3 = (€, 2, €U, 2, €Uy 2) }
Clearly AC B. Let (G, B) be an interval valued intuitionistic fuzzy soft multiset over
U, such that
(G, B)—

{(b1, ({{h1,[0.2,0.4],[0.3,0.5]), (ha, [0.4,0.6],[0.2,0.4]), (hs,[0.7,0.9],[0,0.1]) },
{{c1,[0.7,0.9], 10, 0]), {c2,[0.6,0.8],[0.1,0.2]), (cs, [0.4, 0.6], [0.2,0.4]) },
(01,107,091, 0, 0]), (v, 0.7,0.9], [0, 0.1]) })), (b2, ({ (1, [0.3,0.5], 0.2, 0.3]),
hs,[0.6,0.8], [0.
0.

( 1,0.2), (h3,[0.7,0.9],[0,0.1]) }, {{c1, [0.4,0.7],[0.1,0.2]),
(¢2,[0.4,0.6],[0.2,0.3]), {c3,[0.7,0.9], [0, 0) }, { (1, [0.5,0.7], 0.2, 0.3]),
(e, [0.3, 0.5], [0.1, 0.3 1), (bs, ({(h1,[0.6,0.8],[0.1,0.2]),
(h2,10.6,0.8],10.1,0.2]), (hs, [0,0.2],[0.5,0.7]) }, {{c1, [0.7,0.9], [0, 0.1]),
(¢2,10.5,0.7],[0.1,0.3]), (e, [0.2,0.4], [0.3,0.5])}, { (w1, [0.4, 0.6], [0.2, 0.4]),
(v2,[0.3,0.5],{0.2,0.4])})) }.

Therefore (F, A)C(G, B).

Definition 3.6. The complement of an interval valued intuitionistic fuzzy soft mul-
tiset (F, A) over U is denoted by (F, A)¢ and is defined by (F, A)¢ = (F¢, A), where
F¢: A — U is a mapping given by F(«a) = ¢(F(a)),Ya € A where c is the interval
valued intuitionistic fuzzy complement.

Example 3.7. Let us consider Example 3.3. Then (F, A)°=

{(a1, ({{h1,[0.3,0.5],[0.1,0.3]), (ha, [0.4,0.6],[0.3,0.4]), (hs, [0,0.1],[0.7,0.9]) },
{{c1,[0,0],[0.7,0.9]), {c2,[0.2,0.3],[0.4,0.6]}, (cs,[0.2,0.4],[0.3,0.5]) },
{{v1,1[0,0],]0.7,0.9]), {(v2, [0,0.2],[0.6,0.8])})), (az, ({{h1,[0.3,0.4],[0.2,0.4]),
(h2,10.2,0.3],[0.6,0.7]), (hs, [0.3,0.4],[0.5,0.6]) }, {{c1, [0.2,0.3], 0.3, 0.6]),
(c2,10.3,0.4],[0.1,0.4]), {es,[0.1,0.2],[0.5,0.7]) }, {{(v1, [0.2,0.3], [0.5, 0.6]),
(v2,[0.1,0.3],[0.2,0.5])})) }.

Definition 3.8. An interval valued intuitionistic fuzzy soft multiset (F, A) over
U is called a semi-null interval valued intuitionistic fuzzy soft multiset, denoted by
(F, A)xg , if at least one of the interval valued intuitionistic fuzzy soft multiset parts
of (F, A) equals ¢.

Example 3.9. Let us consider there are three universes U; , Uy and Us. Let
U1 = {hl,hQ,hg} s UQ = {01702,03} and U3 = {’01,’02} . Let {EU17EU‘27EU3} be
a collection of sets of decision parameters related to the above universes, where
Ey, = {eU1 1, eu 2, e0, 3}, Bu, = {evy1,ev,.2,eu,,3), Eus = {evs1,€us,2,€us,3}-
Let U = H_IIVIFS( i), B = Hz 1 Ey, and AC E, such that
A={a1 = (ev, 1,€U,,1, €U3,1), a2 = (€U, 1, €U,,25 €U 1 )}
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Then a semi-null interval valued intuitionistic fuzzy soft multiset (F, A)~, is given

>7<h’27[070]ﬂ[]‘?1]>7<h 3[070} [131]>}7
¢2,[0.4,0.6],[0.3,0.4]), (¢3,[0.3,0.5],[0.2,0.4] )},
V2, [O 670'8]’[070'2]>})>7<a ({(hla[ovo]v[ ’1]>7

[0.3,0.5],[0.2,0.4]),
{ ]

{3, 0,0], [1, 1), s, 0, 0], [1, 1)}, {e1,
(¢,]0.4,0.5],[0.3,0.5)), (c3, [0.7,0.9], [0, 0]) }, { (v1, [0.3,0.5], [0.2,0.4]),
(v2,[0.3,0.5],[0.2,0.4])}))}.

Definition 3.10. An interval valued intuitionistic fuzzy soft multiset (F, A) over U
is called a null interval valued intuitionistic fuzzy soft multiset, denoted by (F, A)¢
, if all the interval valued intuitionistic fuzzy soft multiset parts of (F, A) equals ¢.

Example 3.11. Let us consider there are three universes U; , Uy and Us.Let
U1 = {hl,hg,hg} s U2 = {01702,03} and U3 = {’Ul,Ug} . Let {EUlﬂEU27EU3} be
a collection of sets of decision parameters related to the above universes, where
Ey, = {€U1,1’€U1,2’6U1,3} Eu, ={ev,1,€vs,2, €053}, Euy = {evs.1, €us.2, €v, 3} Let
U= Hz IVIFS(U;), E = Hz 1 By, and AC E, such that

A={a1 = (ev, 1, €051, €U5.1), a2 = (€U1,1,€U2,2,6U3, )}

Then a null interval valued intuitionistic fuzzy soft multiset (F, A)y is given by

(F, A)¢ =

{(a1, ({{h1,[0,0],[1,1]), (h2, [0,0], [1,1]), (hs, [0,0], [1,1])}
{<01,[0,0],[1,1}>,<62,[0,0],[1,1]>,<63,[ 70}7[1 1]>}7
{<’l)1,[0,0],[1,1]>,<’02,[O,OL[1,1]>})),(a2,({<h1,[0 0] [171]>v
<h27 0, ]a 1,1]>,<h3,[070},[1,1]>},{<01,[ ,O],[1,1]>,
<CQ’[070]7[1’1]>a<637[an]v[151]>}’{<U1a[070}’[1’1”7
<’U2,[070},[1,1]>}))}.

Definition 3.12. An interval valued intuitionistic fuzzy soft multiset (F, A) over
U is called a semi-absolute interval valued intuitionistic fuzzy soft multiset, denoted
by (F, A)xu, , if (e, j, Feyy, ;) = U; for at least one i, ar, € A,k € {1,2,3,....,n},i €
{1,2,3,.....m} and j € {1,2,3,....,7}.

Example 3.13. Let us consider there are three universes U; , Us and Us.Let

U1 = {hl,hQ,h3} y Ug = {(31,02,03} and U3 = {’Ul,vg} . Let {EU17EU27EU3} be

a collection of sets of decision parameters related to the above universes, where

EU1 - {eUl,lveUl 2, €Uy, 3} EU2 - {eUg 1, €U,,25 €U;, 3}7 EU3 - {6U3,176U3,2,6U3,3}'

Let U = [[>_, IVIFS(U;), E = [[°_, Ev, and AC E, such that

A={a = (€U1,1,€U2,1,€U3, ), a2 = (eU1,176U2,27€U3, )}

Then a semi-absolute interval valued intuitionistic fuzzy soft multiset (F, A)~p, is

given by

(Fv A)ZUl -

{(ah ({<h17 [ 71]7 [Oa 0}>7 <h2a [17 1]) [07 0]>a <h37 [1 1] [0 O]>}

{{e1,[0.7,0.9], 10, 0]), {(c2,[0.4,0.5],[0.3,0.5]), (c3, [0.3,0.5],[0.2,0.4])

{< U1, [0770 9]7 [ 7O]>7 <U27 [06708]7 [0702}>})) (a27 ({<h1’ [1 1] [ aO]
786
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<cz,[04 0.6],[0.3,0.4]), <c3,[ ,09],[ ) ]>} {(v1,[0.3,0.5], [0.2,0.4]),
(v2,[0.3,0.5],{0.2,0.4])})) }.

Definition 3.14. An interval valued intuitionistic fuzzy soft multiset (F, A) over
U is called an absolute interval valued intuitionistic fuzzy soft multiset, denoted by
(F, A)U 5 if (eUi7j’FeUi,j) = U»L Vi.

Example 3.15. Let us consider there are three universes U;, Us and Us. Let
Ul = {hl,hg,h3}7 U2 = {01702763} and U3 = {1}1,’02}. Let {EUlaEUQaEUg} be
a collection of sets of decision parameters related to the above universes, where
Ey, = {6U1,17€U1,276U1,3} Ey, = {ev,1,ev,.2, 0,3}, Euy, = {evs1,€u5,2,€v5,3}-
Let U = H_IIVIFS( i), B = H—1EU and AC E, such that

A={a1 = (ev, 1,€05,1,€U5,1), a2 = (€U, 1, €U, 25 €U5 1 )}

Then an absolute interval valued intuitionistic fuzzy soft multiset (F, A)y is given

(F7A)U =

{(alv({<h17[171]’[070]>7<h27[17 ] [ ]> < ’[1 1] [ ) ]>}v
{<017H171}7[070]>a<627[1a1]7[070]>7<c37[1 1] [Ov D )
{<’U1,[1,1],[0,0]>,<”U2,[1,1},[0,0]> ) ’ aQ’({<h1’[1a1] [0 0]>’
<h27 171]a[070]>7<h37[171}7[070]>}7{<617[ 71]’[070]>7
<02,[171],[0,0]>,<C3,[1,1]7[0,0])},{(1)1,[1,1},[0,0]%
(v2,[1,1],10,0)}))}

Proposition 3.16. For an interval valued intuitionistic fuzzy soft multiset (F, A)

a) ((F,A)°)*=(F, A)

(b) (F, A)i = (F, A)~u,
( = (F A
Ed) (F7 A)'CVU7 = (F7 A)Ndh‘

Proof. Straightforward. O

Definition 3.17. The union of two interval valued intuitionistic fuzzy soft multisets
(F, A) and (G, B) over U is an interval valued intuitionistic fuzzy soft multiset (H,
D) where D = AU B and Ve € D,

F(e), ifeec A-B
H(e)=<{ Gle), ifee B—A
U@F(e),Gle)) ifec AnB
where J(F'(e), G(e)) = Fe,, ;UG ; Vi€ {1,2,...,m} with U as an interval valued
intuitionistic fuzzy union and is written as (F, A)U(G, B) = (H, D).
Example 3.18. Let us consider there are three universes Uy, Uy and Us.Let Uy =

{h1,ha,h3}, Us = {c1,c2,c3} and Us = {v1,v2}. Let {Ey,, Eu,, Eu,} be a collection
of sets of decision parameters related to the above universes, where

Ey, = {ev,1,eu, 2, ev, 3}, Eu, = {ev,.1,eu,,2,ev,,3}, Eu, = {ev,,1,€u,,2,€u,,3}-
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Let U = Hl IVIFS(U;), E = Hl 1 Ey, and A,BC E, such that
A={a1 = (ev, 1, €051, €U5,1), a2 = (€U; 15 €0,,2: €U3,1), a3 = (€U, 2, €052, €U5,1) }
B = {b1 = (ev, 1, €0,,1,€U5,1), b2 = (ev, 1, €v,,2,€U5,1), b3 = (ev, 2, €v,2, €U5,2) }

Let (F, A) and (G, B) be two interval valued intuitionistic fuzzy soft multiset over
U, such that

(F’ A):

{(a1, ({{h1,[0.1,0.3],[0.3,0.5]), (h2, [0.3,0.4],[0.4,0.6]), (hs3, [0.7,0.9],[0.0,0.1]) },
{(c1,[0.7,0.9],[0,0]), (c2,[0.4,0.6],[0.3,0.4]), (3, [0.3,0.5],[0.2,0.4]) },
{(v1,[0.7,0.9], [0, 0]), (v2, [0.6,0.8],[0,0.2])})), (a2, ({{h1,[0.1,0.3],10.3,0.5]),
(hs,[0.3,0.5],[0.4,0.5]), (hs, [0.7,0.9], [0, 0.1])}, {(c1, [0.3,0.5], [0.2, 0.4]),
(ca,[0.4,0.6],[0.3,0.4]), (e, [0.7,0.9], [0, 0]} }. { (v1, [0.3, 0.5], [0.2,0.4]),
(v2,[0.3,0.5],(0.2,0.4)})), (as, ({(h1,[0.6,0.8], [01 0.2]),

{2, [0.6,0.8], [0. 1702]>,<h3,[070-2],[05 7))}, {{e1,[0.7,0.9], 0, 0.1]),
<027[05707]7[01703]>a<63a[02a04]a[0 05]>}a{<v17[04 06] [0 2’04]>’
(v2,[0.3,0.5],[0.2,0.4))})) }.

(G, B)=

{(b1, ({{h1,[0.2,0.4],[0.3,0.5]), (ha, [0.4,0.6],[0.2,0.4]), (hs,[0.7,0.9],[0,0.1]) },
{{¢1,[0.7,0.9],[0,0]), {c2, [0.6,0.8],[0.1,0.2]}, {cs, [0.4,0.6], [0.2,0.4]) },
{{v1,[0.7,0.9], [0, 0]),(1)2, [0.7,0.9], [0, 0. 1]>})),(b2,({(h1, [0.3,0.5],[0.2,0.3]),
(hs,[0.3,0.5],[0.2,0.4]), (hs, [0.7,0.9],[0,0.1]) }, {{c1, [0.3,0.5], [0.2,0.4]),
(ca,[0.4,0.6],[0.3,0.4]), (e, [0.7,0.9], [0, 0 }. { (w1, [0.5,0.7], [0.2,0.3]),

(0 [0.3.0.5].[0.2. 041 ). (bs. (£ 0.6, 0.8, [0.1,0.2]).
(hs,[0.6,0.8],[0.1,0.2]), (hs, [0,0.2], 0.5, 0.7]) }, {{c1, [0.7,0.9], [0,0.1]),
(c2,[0.5,0.7],(0.1,0.3]), {c3,[0.2,0.4],{0.3,0.5)) }, {<vl,[0-4,0-6],[0-2,0-4]%
(v2,[0.3,0.5],[0.2,0.4])}))}.

Then (F, A)U(G, B) = (H,D)=

{(d1, ({{h1,]0.2,0.4],[0.3,0.5]), (h2, [0.4,0.6],[0.2,0.4]), (hs, [0.7,0.9],[0,0.1]) },
{(c1.10.7,0.9], 0, 0)), ez, [0.6,0.8], [0.1,0.2)), {cs, [0.4,0.6], [0.2, 0.4])},
{(v1,[0.7,0.9], [0, 0]), (v2, [0.7,0.9],0,0.1])})), (d2, ({(h1,[0.3,0.5],[0.2,0.3]),
(s, [0.3,0.5), 0.2,0.4)), {hs, [0.7,0.9, 0, 0.1])}, {(ex, [0.3,0.5], 0.2,0.4]),
(c2,10.4,0.6],[0.3,0.4]), {e3,[0.7,0.9],[0,0)) }, {(v1, [0.5,0.7],[0.2,0.3]),

(0. [0.3.0.5]. [0.2.0.4)})). (ds, ({(hr. [0.6,0.8], [0.1.0.2]).

e, [0.6.0.8].[0.1,0.2]), (s, [0.0.2], [0.5, 0.7} ). {(cx. [0.7. 0.9], 0,0.1]).
(¢2,]0.5,0.7],[0.1,0.3)), {c3, [0.2,0.4], [0.3,0.5]) }, { (v1, [0.4, 0.6], [0.2, 0.4]),
<7)23 [03305]3 [0230 ]>}))a(d4v({<hlv [0 6,0. 8]3 [0 L,0. 2]>
(c2,10.5,0.7],[0.1,0.3]), {es, [0. 2,04] [0 O 5))}, {( [0.4,0.6],[0.2,0.4]}7
(v2,[0.3,0.5],[0.2,0.4])}))},

where D:{d1 =a; = b1 d2 = a2 = bg,dg = a3,d4 = bg}

Proposition 3.19. If (F, A), (G, B) and (H, C) are three interval valued intuition-
istic fuzzy soft multisets over U, then

(a) (F, A)U((G, B)U(H1,C)) = ((F, A)U(G, B))U(H,C)

(b) (F7 A)U(F, A) = (F, A)

(c) (F,A)U(G, A)ny;, = (R, A), where R is defined by 3.16
(d) (F, AU(G, A)g = (F, A)

788



Anjan Mukherjee et al./Ann. Fuzzy Math. Inform. 6 (2013), No. 3, 781-798

(e) (F, A)U(G, B)xo, =

(6) (F, A)0(G. B)y = {
where D = AU B

(g) (Fv A)Q(Ga A)U1 = (R, A)zU

(h) (Fa A)U(GaA)U = (G7

0 (FAG. B, = { |
where D = AU B

. ~ _ (G,B)y, if A=B
() (B, AU(G, By = { (R,D),  otherwise
where D = AU B

D), where D =AU B and R is defined by 3.16
FA), if A=B
R, D), otherwise

U
D)Ui? Zf A=B
D), otherwise

Proof. Straightforward. O

Definition 3.20. The intersection of two interval valued intuitionistic fuzzy soft
multisets (F, A) and (G, B) over U is an interval valued intuitionistic fuzzy soft
multiset (H, D) where D = AU B and Ve € D,

F(e), ifeec A-B
H(e)={ Gle), ifec B—A
((F(e),G(e)) if ec ANB

where ((F(e),G(e)) = Fe,, ;NGey, ; Vi € {1,2,...,m} with N as an interval valued
intuitionistic fuzzy intersection and is written as (F, A)N(G, B) = (H, D).

Example 3.21. Let us consider example 3.18. Then

(F, AYA(G, B) = (H, D)=

{(d1, ({{h1,]0.1,0.3],[0.3,0.5]), (h2, [0.3,0.4],[0.4,0.6]), (hs3, [0.7,0.9],[0,0.1]) },
{{e1,[0.7,0.9], 10, 0]), {c2, [0.4,0.6],[0.3,0.4]), {c3, [0.3,0.5],[0.2,0.4]) },
{{(v1,[0.7,0.9], [0, 0]), ]<v2,[0.6,0.8] ,[0,0.2])})), (dz, ({{h1,[0.1,0.3],[0.3,0.5]),

b
027[ <y

(h,]0.3,0.5],[0.4,0.5]), (hs, [0.7,0.9], [0,0.1])}, {{c1, [0.3,0.5], [0.2, 0.4]),
< 0.4 06] [0 3,0. 4]>a <03a [0 7,0. 9] [Oa ]>}7 {<U17 [03705]7 [027 04]>a
<U27 [037 05]7 [027 04]>})) (d37 ({< 1 [0 70 8]1 [0 1 02]>7

(s, [0.6,0.8],[0.1,0.2)), {hs, [0,0.2], [0.5,0.7])}, {{ex, [0.7, 0.9], [0, 0.1),
(¢2,]0.5,0.7],]0.1,0.3]), (cs, [0.2,0.4],[0.3,0.5))}, { (v1, [0.4, 0.6], [0.2, 0.4]),
(02, [0.3,0.5], 0.2, 0.4])})), (da, ({ (1, [0.6,0.8], 0.1, 0.2]),

(s, [0.6,0.8], 0.1,0.2]), {hs, 0,0.2], (0.5, 0.7}, {(ex, 0.7, 0.9], [0,0.1]),
(¢2,[0.5,0.7],[0.1,0.3]), (cs, [0.2,0.4],[0.3,0.5]) }, { (v1, [0.4,0.6], [0.2,0.4]),
(v5,]0.3,0.5],[0.2,0.4)) 1))},

where D:{dl = a; = bl,dg = a2 = b2,d3 = a37d4 = bg}

Proposition 3.22. If (F, A), (G, B) and (H, C) are three interval valued intuition-
istic fuzzy soft multisets over U, then
(a) (F, A)N((G, B)N(H,C)) = ((F, A)N(G, B))N(H,C)
(F, 4) = (F. 4)
(G, A)xng;, = (R, A)ng,, where R is defined by 3.19
d) (F. A)A(G, A) = (R, A),
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5 R,D)y,, if ACB
(e) (F, A)N(G, B)xg, = ER’ D;? O{herwise

where D = AU B and R is defined by 3.19
. [ (R,D)y, if ACB
(&) (B, )0(G, B)y = { (R,D), otherwise
where D = AU B and R is defined by 3.19
(g) (F,A)N(G,A)y, = (R,D) where D =AUB and R is defined by 3.19
(i) (F,A)N(G,B)y, = (R,D) where D =AUB and R is defined by 3.19
. ~ _ [ (F,4), if ADB
() (£, A)N(G, By = (R,D), otherwise
where D = AU B and R is defined by 3.19.

Proof. Straightforward. O

4. RELATIONS ON INTERVAL VALUED INTUITIONISTIC FUZZY SOFT SETS

The concept of interval valued intuitionistic fuzzy soft multiset relations
(IVIFSMS-relations for short) is given in this section. Also the basic properties of
the IVIFSMS-relations are presented in this section.

Definition 4.1. Let {U; : i € I} be a collection of universes such that (), ; U; = ¢
and let {Ey, : i € I} be a collection of sets of parameters. Let U = [[,., IVIFS(U;)
where IVIFS(U;) denotes the set of all interval valued intuitionistic fuzzy subsets
of U; ,E = [[;c; Fu, and A BC E. Let (F, A) and (G, B) be two interval valued
intuitionistic fuzzy soft multisets over U, where F,G are mappings given by F,G :
A — U. Then a relation between them is defined as a pair (H, AxB), where H
is mapping given by H: AxB—U. The collection of relations on interval valued
intuitionistic fuzzy soft multisets on AxB over U is denoted by MSSRy (AXB).
Example 4.2. Let us consider there are three universes Uy, Us and Us. Let
U1 = {hl,hg,hg} s Ug = {61,62} and U3 = {U17'U2}. Let {EU17EU27EU3} be
a collection of sets of decision parameters related to the above universes, where
Ey, ={ev, 1,ev, 2, ev, 3} Eu, = {evs,1,€0,,2}, Euy = {eu,,1,eus,2}-
Let U = [[°_, IVIFS(U;) ,E = [['_, Ev, and A,BC E, such that

A ={a1 = (ev, 1, €051, €U5,1), a2 = (€Uy 1, €U, 2, €U5,1) }
and

B = {b1 = (ev, 2, €v,.2, €Us,1), b2 = (€v, 1, €U, 2, €U5.2) }-
Let the tabular representation of the interval valued intuitionistic fuzzy soft multiset
(F, A) be given below:

hy | (L, 3], [.3, -5) | (1.2, 5], [.3, 4])
hy | (1.3, 4], [4, .6) | ([.1, 2], [4, .7))
h3 ([77 9], [07 1]) ([Sa 6}’ [27 4])
c1 | ([.7,.9],[0,0]) |([3,.6],[.2, .4])
co | ([4, .6], [.3, 4]) | ([4, .5], [1, .3])
vi | ([.7,.9],10,0]) | ([6, .8],][0,0])
vo | (16, 8], [1,.2]) | (14, 7], [-1, .2))
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Let the tabular representation of the interval valued intuitionistic fuzzy soft mul-
tiset (G, B) be given below:

by by

C1 ([87 9]’ [07 1]) ([57 8]a [07 O])

ce | ([.3,.5], [.2, .4]) | ([.3,.7], [.1, .2])

vi | ([-4,.7], [.2, .3]) | ([.2, 4], [.2, .5])

V2 ([5a 7]) [17 3]) ([65 8}7 [17 2])

Then a relation Ry (= (H, A X B), say) between them is given by
(a1, b1) (a1, b2) (a2, b1) (a2, ba)
By [ 02, 3], (4, ) | (06, 8], [, 2D | (2 AL [2, A | (5, 7], [1, 3)
by | ([4, 5], [3, 4] | (14, 7], (2, 3) | (16.7], 11, 2) | (4, 5], [3, 4])
hy | ([4,.6], [3, .4]) | ([.2, 4],[.2, .5]) | ([-2,.3], [4,.6]) | ([-2, 4][4, .6])
ci | ([.2,.5], [[1, .3]) | ([.1, .4], [4, .6]) | ([.5, .7], [.1, .3]) | ([.3, .6], [.1, .3])
¢ | (5, 702 3) | (4 5 (3 4) | (11, 3, [4.5]) | (1, 2], [4,.7)
vi | (03 6LLL 3 | (137 (1 2) | (16, 8], (2] | (14, 7] [2, 3]
va | (L6, SLLL20) | (122.3], (4, 6]) | (12, 5], [3.4]) | (12, 3, [4, 5]
Let a relation Ry(= (J, A X B), say) between them be given by
(a1, b1) (a1, b2) (a2, b1) (ag, ba)

by [ (0, 6] (3, A]) | (0 5], [2 A | (3, AL L1, 3]) [ (1 7 [, 2]
ho | ([1,.5], [1, 4]) | ([2,.3], [6,.7]) | ([.5,-6], [2,.3]) | ([-4,.5], [.3, 4])
hg | ([.3, 4], [.3,.5]) | ([4, .7L[1,.3) | ([-2, 3], [4, -6]) | ([2,.4],[4, .6])
e | (23], 12 4) | (11 2) (4, 6]) | (13, 6] (2. 4]) | (4, 6], [1, .4]
co | (.5, .6],[.1,.3]) | ([.3, .6], [.2, 4]) | ([4,.5],[.2,3]) | ([.1,.2], [4, .7])
vi | (4 023D | (0507 [ 3) | (14, 6], [3.4]) | (13, 7] L1, 2]
vo | ([0, .1L[.7,.9]) | ([.2, .3], [.6,.7]) | ([.2, .4], [.5,-6]) | ([.2, .3], [.3, .6])

The tabular representations of Ry and Ry are called relational matrices for Ry and
Ry respectively. From above we have, ftf7(q, b,)(h1)=[0.6, 0.8] and 7 s (4, ,)(c2)=[0.2,
0.4] etc. But this intervals lie on the 1st row-2nd column and 5th row-2nd column
respectively. So we denote fig(a, b,)(h1)|(1,2)=[0.6, 0.8] and 7 y(a; b,)(c2)|(5,2)=[0.2,
0.4] etc to make the clear concept about what are the positions of the intervals in
the relational matrices.

Remark 4.3. Let (F1, A1), (Fa, As),...,(F,, A,,) be n numbers of interval valued
intuitionistic fuzzy soft multisets over U. Then a relation R between them is defined
as a pair (H, A;xAyX...xA,,), where H is mapping given by H: A; xAgx.... xA,—
U.

Definition 4.4. Let {U; : i € I} be a collection of universes such that (;,.; U; = ¢

and let {Ey, : i € I} be a collection of sets of parameters. Let U =[], IVIFS( i)

where IVIFSFS(U;) denotes the set of all interval valued intuitionistic fuzzy subsets
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of Uy \E = [];c; Ev, and A,BC E.Let (F, A) and (G, B) be two interval valued
intuitionistic fuzzy soft multisets over U, where F,G are mappings given by F,G :
A — U. Let R be a relation between them. Then the order of the relational matrix
is (o, ), where o = >, n(U;) and S=number of pairs of parameters considered in
the relational matrix. In example 4.2, both the relational matrix for Ry and Ry are

of order (7, 4). If a=p, then the relation matrix is called a square matrix.

Definition 4.5. Let Ry, Ree M SSRy(AxB), Ri=(H, AxB), R:=(J, AxB) and
the order of their relational matrices are same. Then we define
(i) R1\/ Ro=(H#J, AxB), where H¢J: AxB— U is defined as
(HeJ)(as, b;) =H(ai, b;)UJ(a; b;)
for (a;, bj)€AxB, where | denotes the interval valued intuitionistic fuzzy union.
(ii) Ry \ Ro=(HeJ, AxB), where HeJ: AxB— U is defined as
(HeJ)(ai, bj)=H(as, b;)MJ(as, bj)
for (a;, b;)€AxB, where [ denotes the interval valued intuitionistic fuzzy intersec-
tion.
(iii) RY =(~H, AxB), where ~H: AxB—U is defined as
~H(a;, bj)=[H(a;, by)]*
for (a;, bj)e AxB, where f denotes the interval valued intuitionistic fuzzy comple-
ment.

Example 4.6. Consider the interval valued intuitionistic fuzzy soft multi-sets (F,
A) and (G, B) given in example 4.2. Then we get

R1\/R2:
(al, bl) (31, bz) (az, bl) (32, bz)
hy | ([4, 6], .3, 4D | ([6, 8], [1, 2D | ([.3, 4, [.1, 3D | ([5, .7, [.1, -2])
hy | (14, 5], [1,.4]) | (14, .7, [.2,.3]) | (1.6,.7], [.1, .2]) | (|4, 5], [.3, .4])
hs | (14, 6], [.3,.4]) | ([.4,.7),[.1,.3]) | (1.2, .3], [4, .6]) | ([.2, .4],[4, .6])
e | (12, 5], [1, .3) | (11, 4], [4, 6) | ([5,.7), [.1, .3]) | (1.4, .6], [.1, .3])
ca | (15, 7)1, 3]) | ([4, 6], [2,4)) | (4. 5], [2.3)) | ([.1,.2], [4, 7))
vi | ([4, 6],[.1,.3) | ([.5,.7], [.1,.2]) | ([-6,.8], [.1..2]) | ([.4,.7], [.1, .2])
vo | (1.6, .8],[1,.2]) | (1.2, .3], [4, .6]) | (|.2,.5], [-3,4]) | ([.2,.3], [.3, .5))
Rl/\RQ:
(a1, b1) (a1, ba) (ag, by) (ag, bo)
hy | ([.2,.3], [4,.6]) | ([-4,.5], [2, 4]) | ([.2, 4], [2, 4]) | ([4,.7], [1, .3])
hy | ([1, 5], [.3, .4]) | ([-2, 3], [.6,.7]) | ([.5,.6], [2, .3]) | ([-4, 5], [.3, .4])
hs | (1.3, 4], [.3, .5]) | (1.2, 4],[.2, 5]) | ([-2,.3], [4, .6]) | ([.2, .4],[4, .6])
a | ([2,.3], [2,4) | (11 2], [4, .6]) | ([3,.6], [.2,.4]) | ([.3, .6], [.1, .4])
co | (15, 6),[.2,.3)) | ([3,.5), [.3, 4]) | (L1,.3], [4,.5)) | ([.1,.2], [4, .7])
vi | (3,502, 3) | (13,7, [1, 3)) | (4, .6], [3.4]) | ([.3,.7], [2, .3])
va | ([0, L1790 | (12, 3] [6,.7) | (-2, 4], [5.6) | (-2, 3], [4, .5])
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(iii) R ¢
(a1, b1) (a1 b2) (a2, b1) (a2, by)
hy | ([4, 6], [2,.3]) | ([1,.2[.6,.8]) | ([-2, 4], [2,.4]) | ([.1, 3], [.5,.7])
hy | (13 4] [4, 5) | (12, 3], [4 7)) | ([1.2), [6,.7]) | (|3, 4], [4. .5])
by | (13, 4], [4, 6]) | (12 5112 4]) | (4, 6], [2, 3) | (4, .6],[.2, .4])
e | (L1 3] 12, 5]) | (14, 6], [.1, 4] | (L1 3], [5,.7]) | (1.1, 3], [3, .6])
co | ([.2, .3L,[.5,.7]) | ([.3, 4], [4, .5]) | ([4,.5], [1,-3]) | ([4,.7], [1, -2])
vi | ([, 33, .6]) | ([1, 2], [.3,.7]) | ([1,.2], [[6,.8]) | ([-2,.3], [4,.7])
va | ([1, .26, 8]) | ([4, 6], [2,.3]) | (I3, 4], [2,5]) | ([4, 5], [2,.3])

Theorem 4.7. Let Ry, Ry, R3 € MSSRy (A x B) and the order of their relational
matrices are same. Then the following properties hold:
(a) (R1V R2) = R{ ARY

(b) (R A\ R2)® = RY \V RS
() R V(R2V Rs) = (R1V R2) V Rs
(d) B AN(Re A R3) = (Ri AR2) A Rs
(e) Ri A(R2V R3) = (B1 A R2) V(R1 \ Rs)
(f) RiV(Re A R3) = (R1V R2) \(R1V R3)
Proof. Straightforward. O

Definition 4.8. Let Ry, Ry € MSSRy(A x B) and the order of their relational
matrices are same. Then Ry < Ry iff H(a;, b;)CJ(a;, b;) for (a;, bj)€ A x B where
R1:(H, AXB) and RQZ (J, AXB)

Example 4.9. Consider the interval valued intuitionistic fuzzy soft multi-sets (F,
A) and (G, B) given in example 4.2.Let Ry, Ry € MSSRy(A x B) be defined as
follows:

R1 .
(a1, b1) (a1, ba) (az, b1) (a2, ba)
h (2 3, 14, 6) | (06, 2 .1, 2) | (2 AL, (2 4) | (5, .7, L1, 3]
ho | (4, 50, 13, 4)) | (L4, 7], [2, 3]) | (16,7, [1,2) | ([4. 5], [.3, .4])
hy | ([4, 6], [-3, 4]) | ([-2, 4],[.2, .5]) | ([.2, 3], [4, .6]) | ([.2, .4],[4,.6])
er | (L2, 50 L1, 3) | (L1, A, [4, 6]) | (05, .7, [1.3]) | (13, 6], [1, .3))
co | (15,7112, 3) | (14, 5], 13, 4]) | (1.1, .3], [4.5)) | (L1, 2], [4, 7))
vi | (030600030 | (03,7 11 3) | (6, 8], [1.2]) | (4 .7], [2. .3])
va | (16, 8111 2) | (L2, 3] [4, 6)) | (12 5], [3.4]) | ([2. 3], [4, .5])
Ry :
(a1, b1) (a1, ba) (ag, b1) (ag, ba)
hy | ([.2, 4], [-3, 4]) | ([-6, .8, [.1,.2]) | ([.3,.5], [.1,.3]) | ([.5, -8, [1, .2])
by | (4. 6], [1. 4]) | (16, .7, [2. 3]) | (16.8], [1, 2]) | (|3, 6], [3 4]
hy | (14, 6], [3,4]) | (12, 4L[2, 4) | (2, 4], [4, 3]) | ([:2, .5),[4, .5])
e | (12,50 112 | (L1, 5, 13, 4]) | (05,7, L1, -2]) | (13, 6], [.1, .2])
eo | (16, 70,01, 2]) | (L4, 50, 13, 4] | (12, 4], [4.5]) | (2, 3], |3, .6)
vi | ([4, 8,[.1,.2]) | ([-3, 8], [.1,.2]) | ([.6,.8], [1,:2]) | ([-4,.7], [2, .3])
ve | (.6, .9],[0, .1]) | ([-2, 3], [4, .5]) | ([-5, .6], [-2,.3]) | ([-3, 4], [4, .5])
Then R1 < RQ.
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Definition 4.10. Let {U; : i € I'} be a collection of universes such that (,.; U; = ¢
and let {Ey, : i € I'} be a collection of sets of parameters. Let U = [[,., IVIFS(U;)
where IVIFS(U;) denotes the set of all interval valued intuitionistic fuzzy subsets
of U;, E = [];c; Fv, and A,BC E. Let (F, A) and (G, B) be two interval valued
intuitionistic fuzzy soft multisets over U, where F,G are mappings given by F,G :
A—-U.

(7) Then a null relation between them is denoted by Oy and is defined as Oy =
(I{7 A x B)(z,
(#9) Then an absolute relation between them is denoted by Iy and is defined as
IU = (H, A x B)U

Example 4.11. Consider the interval valued intuitionistic fuzzy soft multisets (F,
A) and (G, B) given in example 4.2.
Then a null relation between them is given by:

(a1, b1) (ah b2) (aQ, b1) (az, bz)
hl ([07 0]7 [17 1]) ([07 0]» [17 1]) ([07 0]7 [17 1]) ([07 0}7 [17 1])
hy | ([0, 0], [1, 1]) | ([0, 0], [1, 1]) | ([0, 0], [1, 1]) | ([0, O], [1, 1])
hy | ([0, 0], 1, 1]) | ([0, 0], [1, 1]) | ([0, 0], [1, 1]) | ([0, O], [1, 1])
cr | ([0, 0], [1, 1]) | ([0, 0], 1, 1]) | ([0, 0], [1, 1]) | ([0, O], [1, 1])
ca | ([0, 0], [1, 1]) | ([0, 0], 1, 1]) | ([0, 0], [1, 1]) | ([0, O], [1, 1])
vi | ([0, 0], 1, 1]) | ([0, O, [t, 1]) | ([0, O], [1, 1]) | ([0, O], [1, 1])
vo | ([0, 0], 1, 1]) | ([0, 0], [t, 1]) | ([0, 0], [1, 1]) | ([0, O], 1, 1])

An absulate relation between them is given by

(a1, b1) (a1, ba) (ag, b1) (ag, ba)
hy | ([1, 1], [0, 0]) | (1, 1], [0, 0]) | ([1, 1], [0, O]) | ([1, 1], [0, O])
hy | ([1, 1], [0, 0]) | ([1, 1], [0, 0]) | ([1, 1], [0, O]) | ([1, 1], [0, O])
hs | ([1, 1], [0, 0]) | ([1, 1], [0, 0]) | ([1, 1], [0, O]) | ([1, 1], [0, O])
e | ([1, 1], [0, 0]) | ([1, 1], [0, O]) | ([1, 1], [0, 0]) | ([1, 1], [0, O])
ca | ([1, 1], [0, 0]) | ([1, 1], [0, O]) | ([1, 1], [0, O]) | ([1, 1], [0, O))
vi | ([1, 1], [0, 0]) | ([, 1], [0, 0]) | ([1, 1], [0, O]) | ([1, 1], [0, OJ)
ve | ([1,1], [0, 0]) | ({1, 1], [0, 0]) | (1, 1], [0, O]) | (1, 1], [0, O)

Remark 4.12. For any Re M SSRy(AxB), we have
(i) RVOy =R
(ii) R\ Oy = Oy
(iii) R\ Iy = Iy
(iv) RAIyv = R.

5. VARIOUS TYPES OF INTERVAL VALUED INTUITIONISTIC FUZZY SOFT MULTISET
RELATIONS
Various types of IVIFSMS-relations are presented in this section.

Definition 5.1. Let {Uy : A € I} be a collection of universes such that ()., Ux = ¢
and let { Ey, : A € I} be a collection of sets of parameters. Let U = [],.; IVIFS(Uy)
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where IVIFS(Uy) denotes the set of all interval valued intuitionistic fuzzy subsets
of Ux ,E = [[¢; Eu, and A,BC E.Let (F, A) and (G, B) be two interval valued
intuitionistic fuzzy soft multisets over U. Let REMSSRy(AxB) and R=(H, AxB)
whose relational matrix is a square matrix. Then R is called a reflexive IVIFSMS-
relation if for (a;, bj)€ A x B and hy, € Ux, we have, i (a, b,)(hy)|(m,ny=[1, 1] and
Ve (as,;) P) | (m,n) =10, 0] for m=n=k.
Example 5.2. Let us consider there are three universes Uy , Us and Us. Let
U1 = {hl,hz} y U2 = {Cl} and U3 = {’Ul}.
Let {Ey,, Fu,, Eu,} be a collection of sets of decision parameters related to the
above universes, where
By, ={ev, 1,ev, 2, ev, 3} Eu, = {evs,1,€0,,2: €053} Buy = {evs,1, €us,2, €u5,3}-

Let U = [[3_, IVIFS(U;), E = [5_, Ev, and A,BC E, such that

A ={a1 = (ev, 1, €05,1,€U5,1), a2 = (€Uy 1, €U, 2, €U5,1) }
and

B ={b1 = (ev,.2, €v,.2, €U5.1), b2 = (€v, 1, €U, 2, €U5.2) }-
Then a reflexive IVIFSS-relation between them is

(al, bl) (al, b2) (aQ, bl) (32, b2)
R | ([, 10, [0,0) | (16, -8, [1,-2) | (.3, 5], [1, 3]) | ([:5, .8, [.1, .2])

hy | (14, 6], 1, 4) | (L 1], [0, 0) | (1.6,.8], [.1,.2]) | ([:3, .6], [.3, .4])
Ry | (14, 6], 13, 4) | (2,402, 4) | ([, 1],[0,0) | (12, 5[4, .5])
hy | (1.2, 5], [1,.2]) | ([.1, .5], [:3, 4]) | ([:5,.7], [1,.2])) | ([1, 1], [0, O])

where hy = hy,h; = ho,hy = c1,h; = v1.

Definition 5.3. Let {Uy : A € I} be a collection of universes such that (),.; Ux = ¢
and let { £y, : A € I} be a collection of sets of parameters. Let U = [],.; IVIFS(Uy)
where IVIFS(Uy) denotes the set of all interval valued intuitionistic fuzzy subsets
of Ux ,E = [[¢; Ev, and A,.BC E.Let (F, A) and (G, B) be two interval valued
intuitionistic fuzzy soft multisets over U. Let Re M SSRy(AxB) and R=(H, AxB)
whose relational matrix is a square matrix. Then R is called a symmetric IVIFSMS-
relation if for each (a;,b;) € A x B and hj, € Uy, I(ap,aq) € A X B and h; € Uy
such that pg(a, ;) (")l (m,n) = B (ay.b,) (7)) (n,m) and
YH (a;,b;) (hl*q)|(m,n) = YH(ap,bq) (hZ )|(n,m) .
Example 5.4. Let us consider there are three universes U; , Uy and Us.Let Uy =
{h1,h2} , Uz ={c1} and Us = {v1} . Let {Ey,, Ey,, Ey, } be a collection of sets of
decision parameters related to the above universes, where

Ey, = {ev,1,ev,,2,ev,,3}, Eu, = {ev, 1, ev,.2, €v,,3}, Bus = {evs 1, €us 2, €us 3}
Let U = [[3_, IVIFS(Uy), E = [T>_, Ev, and A,BC E, such that

A={a1 = (ev, 1,€Us,1,€U5,1), 02 = (€U, 1, €U,,2, €U5,1) }
and
B = {b1 = (ev, 2, €v5,2, €5,1), b2 = (€v, 1: €v, 2: €Uy 2) }-

Then a symmetric IVIFSMS-relation between them is
795



Anjan Mukherjee et al./Ann. Fuzzy Math. Inform. 6 (2013), No. 3, 781-798

(a1, by) (a1, ba) (a2, by) (a2, ba)
hi | ([0, .2], [.4, .6]) | ([.6, .8], [.1,.2]) | ([.3,.5], [.1,.3]) | ([.2, .5], [1, .2])
hy | ([-6, .8], [.1,.2]) | ([.3, 4], [5, .6]) | ([.2,4], [.2, 4]) | ([.3, .6], [.3, .4])
ng | (3,8 (1 3) | (12 42, 4) | (00, [L1) | (2, 504 )
h | (2, 50, [0, 20) | (13, 6] (3, 4) | (2, 5] [4, 3) | (4, 6], [2, 3]

where hi = hl,hé = hg,h§ = Cl,hz = V1.

Definition 5.5. Let {Uy : A € I'} be a collection of universes such that (., Ux = ¢
and let {Ey, : A € I} be a collection of sets of parameters. Let U = [], ., IVIFS(U))
where IVIFS(Uy) denotes the set of all interval valued intuitionistic fuzzy subsets
of Ux \E = [[,c; Eu, and AC E.Let (F, A) and (G, A) be two interval valued
intuitionistic fuzzy soft multisets over U. Let Ry, Ry € MSSRy(A x A) and R;=(H,
AxA), Ry=(J, AxA) and the order of their relational matrices are same. Then the
composition of R; and Ra, denoted by Ry o Ra, is defined by Ry o Ro=(Ho J, AxA)
where HoJ: AxA— U is defined as

(H © ‘])(ai7aj) = ({<hz7/JJ(HOJ)(ai;aj)(hz)7’Y(HOJ)(ai7aj)(hk)> : hz € U)\} tAE I)’
where
u(HoJ)(ahaj)(hZ) = [maxl(min(inf,uH(m,az)(hZ)a infu](al,llj)(h;:‘))))

max (min(supuH(ai,az) (hlt)a SUPL J(ay,a;) (hlt)))}
and

V(HoT)(as,a;) (h5) = [minmg (.max(ianH(ai,al)(hZ), N fYr(arai)(PR))),
ming (Maz (Supyu (a;,ai) (h7.), SUPYI(ar,a;) (A7)
for (a;,a;) € A x A.
Example 5.6. Let us consider there are three universes Uy, Uy and Us. Let
U1 = {hl,hg} y U2 = {Cl} and Ug = {’Ul}.
Let {Ey,, Fu,, Eu,} be a collection of sets of decision parameters related to the
above universes, where
Ey, = {ev,1,ev, .2, ev, 3}, Bu, = {evs,1,€0,,2, €003}, Eus = {€us,1,€us.2, €Us,3}-
Let U = [[5_, IVIFS(Uy), E = [[5_, Ev, and AC E, such that
A={a1 = (ev, 1, evs,1, €05,1), a2 = (€vy 1, €U 2, €U,,1) }-

Let Ry, Ry € MSSRy (A x A) be defined by

R1 .
(a1, a1) (a1, ag) (ag, a1) (ag, ag)
hi | (13, 4], [3, 4]) | ([-2, 4], [.3,.5]) | ([-2,.5], [.3, 4]) | ([-2, .3], [.3, .6])
hy | ([1, 1], 00,00) | ([1,.2],[0,0]) | ([4, 5], [1,.3]) | ([4,.7], [1,.3])
hs | (12, .6, [1, 4]) | ([.2, .6],1.1,.3]) | (1.2, .3], [4, .6]) | ([.2, .5],[.2, .3])
ry | (12, 4], 1.3, .5)) | (1.3, 4], [4, .5]) | (1.3, 4], [.2, .3])) | ([0, .2], [4, .5])
RQ .
(al, al) (31, 32) (az, al) (a2, a2)
R | (05, 8], [1, 2)) | (1.2, -3, [.3, -6]) | (I.L, 4], [.3, -5]) | ([.2, 4], [.2,-3])
hs | (14, 5], [.2, 4]) | (14, 6], [.2, .3]) | ([.1,.5], [4, .5]) | (|4, 5], [.1,.2])
hy | (1.2, .3], [.5, .6]) | ([.3, .4],[-4, .5]) | (1.7, .8, [.1,.2]) | (|.3, .5],.3, .4])
hy | (.3, .5, [-3, .4]) | ([.3, -5, [.2, .4]) | ([.2, 4], [.2, .3]) | ([-3, .7], [.1, .3])
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where h; = hi,hy = ho,hi = c1,h} = v1. Then, Ry o Ry :

U (a1, a1) (a1, a2) (ag, a1) (a2, a2)

hi | (13, 4], [3, 4]) | ([2, 4], [.3,.5]) | ([.2,.5], [.3, .4]) | ([-2, .3], [3, .6])
g | (4, 8], (2 4]) | (0 6] (1 2]) | (4 5], [2, 4] | ([, 8], [1, )
ng | (2, 6], (1 3)) | (12 5] (3 4) | (2 5], [2, 3] | ([2, 5], [3, )
hy | (02 4], (3, 5]) | (13, 4] (3, 5]) | (30 4) (3, 40) | (13,4, [2, 4)

Definition 5.7. Let {Uy : A € I} be a collection of universes such that (),.; Ux = ¢
and let { £y, : A € I} be a collection of sets of parameters. Let U = [],.; IVIFS(Uy)
where IVIFS(Uy) denotes the set of all interval valued intuitionistic fuzzy subsets
of Ux ,E = [ ¢ EPu, and AC E.Let (F, A) and (G, A) be two interval valued
intuitionistic fuzzy soft multisets over U.Let R € M SSRy (A x A). Then R is called
a transitive IVIFSMS- relation if Ro R C R.

Example 5.8. Let us consider there are three universes Uy, Uy and Us. Let
U1 = {hhhz}, U2 = {Cl} and Ug = {’1}1}.

Let {Ey,, Fyu,, Eu,} be a collection of sets of decision parameters related to the
above universes, where

Ey, ={ev,1,euv, 2, ev, 3}, Eu, = {ev,.1,euv,,2,€u,,3}, Eu, = {evy,1,€u,,2,€u5,3}-
Let U = [[5_, IVIFS(Uy), E = [T5_, Ev, and AC E, such that

A ={a1 = (ev, 1,€0,,1,€U5,1), a2 = (€U, 1, €U,,2, €U5,1) }-

Let R :
(a1, a1) (a1, ag) (ag, a1) (ag, ag)
hi | (13, 4], [3, .4]) | ([.2, 4], [3,.6]) | ([2,.5], [.3, .4]) | ([-2, 4], [.3, .6])
hs | ([1,1],[0,0]) | ([1, .2}, [0, 0]) | ([4,.5], [1,.3]) | ([4,.7], [1, .3])
hy | (1.2, .6, [.1, 4]) | ([.2, .6], [.1, .3]) | (-2, .3], [4, .6]) | ([.2, .B], [2, .3])
hy | (.3, 4], [.3, .4]) | ([.2, 4], [.3,.5]) | ([.2, .5], [.3, .4]) | ([.2, 4], [.3, .5])
Then Ro R :
(al, al) (a1, az) (az, 31) (32, az)
Ry (13, 4] 113, 4]) | ([.2, 4], [.3, .6]) | ([.2, 4], [.3, 4]) | ([-2, 4], [.3, .6])
hy | ([1, 1], [0, O)) ([.1,.2], [0, 0)) | ([4, .5], [.1,.3]) | ([4,.7], [.1, .3])
hy | (1.2, .6, [.1, 4]) | ([.2, .6], [.1, .3]) | (-2, .3], [4, .6]) | ([.2, .B], [2, .3])
b | (3, 41, 13, 4]) | (12, 4], [3,5]) | (12 4], [3, 4)) | (12, 4] [3, .5)

where hj = hi,hy = ho,hi = c1,h] = v1. Then clearly, Ro R C R and so R is a
transitive IVIFSMS- relation.

6. CONCLUSIONS

In 1999 Molodtsov [9] introduced the concept of soft set theory as a general
mathematical tool for dealing with uncertainties. Alkhazaleh et al. [2] in 2011
introduced the definition of soft multiset as a generalisation of Molodtsov soft set.
In 2012 Alkhazaleh and Salleh [3] introduced the concept of fuzzy soft multiset
theory. In this paper we have introduced the concept of interval valued intuitionistic
fuzzy soft multisets and studied some of its properties and operations. Also we
have defined interval valued intuitionistic fuzzy soft multiset relations. The basic
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properties of these relations are discussed. Also various types of these relations have
been discussed in this paper.
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