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ABSTRACT. In this paper the concept of interval valued intuitionistic
fuzzy soft topological space(IVIFS topological space) together with interval
valued intuitionistic fuzzy soft open sets(IVIFS open sets) and interval val-
ued intuitionistic fuzzy soft closed sets(IVIFS closed sets) are introduced.
We define neighbourhood of an IVIF'S set, interior IVIFS set, interior of an
IVIFS set, exterior IVIFS set, exterior of an IVIFS set, closure of an IVIFS
set, IVIFS basis, IVIFS subspace. Some examples and theorems regarding
these concepts are presented.
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1. INTRODUCTION

The vagueness or the representation of imperfect knowledge has been a problem
for a long time for the mathematicians. There are many mathematical tools for
dealing with uncertainties; some of them are fuzzy set theory [14] and soft set theory
[9]. Majiet al. [6] defined several operations on soft set theory. Based on the analysis
of several operations on soft sets introduced in [6], Ali et al. [I] presented some new
algebraic operations for soft sets and proved that certain De Morgan’s law holds in
soft set theory with respect to these new definitions. Combining soft sets [9] with
fuzzy sets [14] and intuitionistic fuzzy sets[2], Maji et al. [7, 8] defined fuzzy soft sets
and intuitionistic fuzzy soft sets which are rich potential for solving decision making
problems. As a generalization of fuzzy soft set theory, intuitionistic fuzzy soft set
theory makes description of the objective more realistic, more practical and accurate
in some cases, making it more promising. In 2011 Shabir and Naz [11] defined soft
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topology by using soft sets and presented basic properties in their paper. Tanay and
Kandemir [13] defined fuzzy soft topology on a fuzzy soft set over an initial universe.
Later on Simseklar and Yuksel [12] introduced fuzzy soft topology over a fuzzy soft
set with a fixed parameter set. Li and Cui [5] defined the topological structure of
intuitionistic fuzzy soft sets taking the whole parameter set E. In this paper we
introduce the concepts of interval valued intuitionistic fuzzy soft topological space
(IVIFS topological space) together with interval valued intuitionistic fuzzy soft open
sets (IVIFS open sets) and interval valued intuitionistic fuzzy soft closed sets(IVIFS
closed sets) .Then we define neighbourhood of an IVIFS set, interior IVIFS set,
interior of an IVIFS set, exterior IVIFS set, exterior of an IVIFS set, closure of an
IVIFS set, IVIFS basis, IVIFS subspace. Some examples and theorems regarding
these concepts are presented.

2. PRELIMINARIES

Definition 2.1 ([I4]). Let X be a non empty set. Then a fuzzy set(FS for short)
A is a set having the form A={(x, pa(x)): x € X}, where the function p4:X—[0,1]
is called the membership function and p4(x) is called the degree of membership of
each element xe X.

Definition 2.2 ([9]). Let U be an initial universe and E be a set of parameters. Let
P(U) denotes the power set of U and AC E. Then the pair (F, A) is called a soft set
over U, where F is a mapping given by F: A— P(U).

Definition 2.3 ([2]). Let X be a non empty set. Then an intuitionistic fuzzy
set(IFS for short) A is a set having the form A={(x, pa(x), v4(x)): x € X} where
the functions p4:X—[0,1] and v4:X—[0,1] represents the degree of membership and
the degree of non-membership respectively of each element x€U and 0<p4(x)+
v4(x)<1 for each xeX.

Definition 2.4 ([7]). Let U be an initial universe and E be a set of parameters. Let
F(U) be the set of all fuzzy subsets of U and ACE. Then the pair (F, A) is called a
fuzzy soft set over U, where F is a mapping given by F: A — F(U).

Definition 2.5 ([8]). Let U be an initial universe and E be a set of parameters. Let
IF(U) be the set of all intuitionistic fuzzy subsets of U and AC E. Then the pair (F,
A) is called an intuitionistic fuzzy soft set over U, where F is a mapping given by F:
A — IF(U).

Definition 2.6 ([3]). An interval valued intuitionistic fuzzy set A over a universe
set U is defined as the object of the form A={<x, pa(x), va(x)>: x€U}, where
pa:U— Int([0,1]) and v 4:U— Int([0, 1]) are functions such that the condition: Vxe€U,
suppia(x)+ supya(x)<1 is satisfied.

The class of all interval valued intuitionistic fuzzy sets on U is denoted by IV-
IFS(U).

Definition 2.7 ([4]). Let U be an initial universe and E be a set of parameters. Let
IVIFS(U) be the set of all interval valued intuitionistic fuzzy sets on U and A CE.
Then the pair (F, A) is called an interval valued intuitionistic fuzzy soft set (IVIFSS
for short) over U, where F is a mapping given by F: A — IVIFS(U).
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For any parameter e € A, F'(e) = {(z, up(e) (), Yr(e)(x)) : © € U}, where pip(e) ()
is the interval valued fuzzy membership degree that object = holds on parameter e
and Yp(e)(z) is the interval valued fuzzy membership degree that object  does not
hold on parameter e.

Definition 2.8 ([4]). The union of two interval valued intuitionistic fuzzy soft sets
(f, A) and (g, B) over (U, E) is an interval valued intuitionistic fuzzy soft set (h, C),
where C= AUB and VeeC,

fle), ifeec A—B
h(e) = ¢ gle), ifee B—A
f(e)Ugle) if ee ANB

and is written as (f,A)U(g,B)=(h,C) (here U represents the interval valued intu-
itionistic fuzzy union)

Definition 2.9 ([4]). The intersection of two interval valued intuitionistic fuzzy soft
sets (f, A) and (g, B) over (U, E) is an interval valued intuitionistic fuzzy soft set
(h, C), where C= AUB and VeeC,

(e), ifeec A—B
(e), ifee B—A

f
h(e) =1 gle),
fle)ng(e) ifec ANB
h

and is written as (f,A)N(g,B)=(h,E) (here N represents the interval valued intuition-
istic fuzzy intersection).

Definition 2.10 ([4]). For two interval valued intuitionistic fuzzy soft sets (f, A)
and (g, B) over (U, E). Then we say that (f, A) is an interval valued intuitionistic
fuzzy soft subset of (g, B), if

(i) ACB

(ii) for all e€A, f(e)Cg(e).

Definition 2.11 ([13]). Let (f4,E) be a fuzzy soft set on (U,E) and 7y be the
collection of fuzzy soft subsets of (f4,E), then 74 is said to be fuzzy soft topology
on (fu,E) if the following conditions hold:

[01]. ¢, (fa,E)eTy (where ¢ has been defined in [10])

[02]. {(th.B)| keK}C1y = Urer (£ E)eTy

[03] If (gA,E), (hA,E)GTf, then (gA,E)ﬂ(hA,E)ETf,

The triplet ((f4,E,7) is called a fuzzy soft topology over (f4,E).

Definition 2.12 ([5]). Let (fg,E) be an intuitionistic fuzzy soft set on (U,E) and
75 be the collection of all intuitionistic fuzzy soft subsets of (fg,E), then is said to
be an intuitionistic fuzzy soft topology on (fg,E) if the following conditions hold:

[01]. ¢&, (tg,E)eT; (where ¢ has been defined in [10])

[02].{(f§.E)| keK}Cry = Urex (fp.E)eTy

[03] If (gE;E); (hE,E)GTf, then (gE,E)ﬂ(hE7E)ETf7

The triplet ((fg,E,7s) is called an intuitionistic fuzzy soft topology over (fg,E).
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3. INTERVAL VALUED INTUITIONISTIC FUZZY SOFT TOPOLOGICAL SPACES

Let U be the initial universe, E be the set of parameters, P(U) be the set of all sub
sets of U, IVIFset(U) be the set of all interval valued intuitionistic fuzzy sets in U
and IVIFS(U; E) be the family of all interval valued intuitionistic fuzzy soft sets over
U via parameters in E. Simseklar and Yuksel [[12]] introduced fuzzy soft topology
over a fuzzy soft set with a fixed parameter set ACE. Li and Cui [[5]] defined the
topological structured of intuitionistic fuzzy soft sets taking the whole parameter
set E. In this section we introduce the concept of interval valued intuitionistic fuzzy
soft topological spaces with a fixed parameter set ACE, which is the extension of
fuzzy soft topological spaces introduced by Simseklar and Yuksel [[12]] as well as
intuitionistic fuzzy soft topological spaces introduced by Li and Cui [[5]]

Definition 3.1. Let (£4,E) be an element of IVIFS(U; E), P(£4,E) be the collection
of all IVIFS subsets of (£4,E). A sub family 7 of P(£4,E) is called an interval valued
intuitionistic fuzzy soft topology (in short IVIFS-topology) on (£ 4,E) if the following
axioms are satisfied:

[Ol]'(¢§A7E)7 (fAvE)ET

[02).{(f5.E)| keK}CT = Urex (f4,E)er

[03] If (fa,E), (ga,E)eT, then (f4,E)N(ga,E)eT,

Then the pair ((£4,E),7) is called an interval valued intuitionistic fuzzy soft topo-
logical space (IVIFS-topological space for short). The members of 7 are called
T-open IVIFS sets (or simply open sets). (where ¢¢, : A—IVIFS(U) is defined as
Pea (e)={(x,[0,0},[1,1]): x€U}, VecA )

Example 3.2. Let U={u!, u?, u®}, E={ey, €2, e3 ,e4}, A={eq, €9, e3} and
(€aE)={er={u(p 10,0 Wio.r0.8,0.0) Wi 00) )
e2:{u(1[0.4,0.5],[0,0])v u%[l,l],[0,0])’ u([0A4,o.5],[0.2,0.3])}’
63:{‘1%[0,0],[1,1])’ Y((0,0],[1,1])’ u([o.4,0.5],[0.1,0.2])}}’

(D¢ ’E):{elz{ué[o,oul,ll)’ “(2[0,01,[1,1]>’ u?[o,O],[1,1]>}’
ea={{jo.0p, 1,17 Wjo.00.(1.17)> Wlo.0L. (1.1}

1
es={Wgo,01,1.1)* W(0.01.[1.1))> W((0,01.(1.1])} )

(f,lqvE):{el:{u%[o.5,0.6],[0.2,0.3])’ u?[o.4,0.5],[0,0.1])’ u?[1,1],[0,0]) |3
_ 1 2
€2={W((0.4,0.5].{0.2,0.3)) U([0.4.0.5],[0.0])* X([0.0].1.1) }
1
ea={u(jo,0,1,17)> Wj0,0,11,17)> U({0,0],(1,1)

(filvE):{el:{u%[0.3,0.4],[0.1,0.2])v u%[o.6,0.7],[0.2,043])’ u?[1,1],[0,0]) 2
3

e ={W{(0.2,0.51.{0.0.17)> U(1.1],{0.0)) W[0.0}.[1.1])
es={{10,0).(1.11)> W{o.01.12.13)> Wlo.0). (1.1}

(filvE):(fflmE)ﬂ(f%’E) ) 5
:{61:{“([0.3,0.4],[0‘2,0.3])7 U([0.4,0.5],[0.2,0.3])° u([1,1],[o,o})}7
62:{u(1[0.2,0.3],[042,0.3])’ u%[044,0.5],[0,0])7 u?[o,o],[l,u)}a
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es={{(o,01.(1.11)> Wjo.01.1.17)> W(o.0). (1.1}

(fj,E):(fh,E)U(fi,E)

e Iyl 2 3

*{elf{u([o.ao.ﬁ],[0.1,0.2])v 1(10.6,0.7],[0,0.1])’ u([l,l],[0,0])}’

e2={W(0.40.50.0.1)p W{r.1 0.0 Ylo.ohr.1p )

e3={Wjo.0}(1.1)y» Wjo.0p 1.1y W00} 11}

Then we observe that the sub family 71={(¢¢,.E), (£4.E), (f}.E), (f}.,E), (£}.E),
(f4,E)} of P(€4,E) is a IVIFS-topology on (€ 4,E) since it satisfies the necessary three
axioms [Oq], [O2] and [O3] and ((£4,E),71) is an interval valued intuitionistic fuzzy
soft topological space. But the sub family 7o={(¢¢,.E), (£4.E), (f4.E), (f4.E)} of
P(£4,E) is not an IVIFS-topology on (£ 4,E) since the union (f4,E)J(f3,E)=(f},E)
which does not belong to 7.

Definition 3.3. As every IVIFS-topology on (£ 4,E) must contain the sets (¢¢,,E)
and (£4,E), so the family 9={(¢¢, .E), (£4,E)}, forms an IVIFS-topology on ({4,E).
This topology is called indiscrete IVIFS-topology and the pair ((£4,E),?) is called
an indiscrete interval valued intuitionistic fuzzy soft topological space (or simply
indiscrete IVIFS-topological space).

Definition 3.4. Let D denote family of all IVIFS subsets of ({4,E). Then we ob-
serve that D satisfies all the axioms for topology on (£ 4,E). This topology is called
discrete IVIFS-topology and the pair ((£4,E),D) is called a discrete interval val-
ued intuitionistic fuzzy soft topological space (or simply discrete IVIFS-topological
space).

Theorem 3.5. Let {7;: i€} be any collection of IVIFS-topology on (£a,E). Then
their intersection (\ic17; is also a topology on (€4,E).

O;. . Since (¢¢,,E), (§a,E)eT; , for each i€l, hence (¢¢,.E), (£a.E)eNicrTi-

[O2]. Let {(f%,E)| k€K} be an arbitrary family of interval valued intuitionistic
fuzzy soft sets where (% ,E)€(;cr7; for each k€K. Then for each i€l, (f4,E)er; for
keK and since for each i€l, 7; is an topology, therefore |Je x (ff,E)€T;, for each
i€l. Hence UkeK(f],z,E)EmieITi-

[Os]. Let (f4,E) and (ga,E)€Nicr7i, then (f4,E) and (ga,E)eT;, for each i€l and
since 7; for each i€l is an topology, therefore (f4,E)((ga,E)€T; for each i€l. Hence
(fa.E)N(ga.E)eNierT:.

Thus (;er7; satisfies all the axioms of topology. Hence ();e;7; forms a topology.
But union of topologies need not be a topology; we can show this with following
example. O

Remark 3.6. The union of two IVIFS-topology may not be a IVIFS-topology. If
we consider the example 3.2, then the sub families 75={(¢¢,.E), (£4,E), (f4.E)}
and 74={(¢¢,.E), (£4.E), (f3,E)} are the topologies in (£4,E). But their union
T3UTa={(¢¢..E), (£4.E), (f4,E), (f4,E)}=72 which is not a topology on (£4,E).

Definition 3.7. Let ((£4,E),7) be an IVIFS-topological space over ({4,E). An IV-
IFS subset (f4.E) of (£4,E) is called interval valued intuitionistic fuzzy soft closed(
in short IVIFS closed) if its complement (f4,E)¢ is a member of 7.
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Example 3.8. Let us consider example: 3.2, then the IVIFS closed sets in ((€ 4,E),71)
are:

(¢ea B)* = (GE) = {er={u(1,1) 0,01y uj1,0,000 Wina10.0n }
_ 1 2 3

62—{11(1[1,1],[0,01)» (1,11, f0,0])° “gu,movo])}’

es={Wp1,11,0.01)* W(1.11.00.0)) U113, 00,00) 1

N

(€aB) ={er={wp 01111 Yoo 0.7.0.8) Won.1)}-
1 2

e2={W(0,0).10.4,0.5)> U([0,0},[1,1)) ¥(10.2,0.8],[0.4,0.5) }

es={u{jy 11 jo.0)> W1, 11,00.01)7 Wl0.1,0.21,10.4.0.5)

(f,lava)C:{el:{u%[o.z,o.s},[o.s,o.fs])7 u%[O,O.l],[O.4,O.5])7 u?[o,o],[l,l])}’
1
€2={W((0.5,0.3],0.4,0.5)) 1([0.01,[0.4,0.5)) W([1,1],[0,0)}>
_ 1
e3={W (1,17 10,01y W([1,1),[0,0))* ¥((1,11,(0,0}) 1}

(LE) ={e1={1{0.1.0.91.00.3.0.4)> 10.2,0.3.00.6.0.77)> Y0.0L[.1]))>
e2:{1@[0,041],[0.2,0.3])7 u(2[0,0],[1,1])7 u?[1,1],[o,o])}a
ea={(1 11, 0,0)> U111, 00,00 U({1,1),00,0) )

(3 E) =fer={ufo.5,0.51 j0.3.0.41) U0.2,0.3],[0.4.0.5)) Wo.0, 1.1}
_ 1
€2=1{1(10.2,0.3),(0.2,0.3))> U{{0,0],[0.4,0.5)) X([1,1],(0,0])} "
1
es={u(1,11,0.01)* W(1.11.00.0)) U113, 00,01

~N

(4 B) ={er={t0.1,0.2110.5.0.6) Wf0.0.11,00.6,0.77) Yoo, 1.1}
_ 1
62—{11([0,0.1],[0.4,0.5})7 U10,01,[1,1])° U [1,1],[0,0])}7

es={u{p1 1), 0,01 W(i1,11, 0,00 Wit 11, 0.0
are the intuitionistic fuzzy soft closed sets in ((£4,E),71).

—~w

Theorem 3.9. Let ((£a,E),7) be an interval valued intuitionistic fuzzy soft topo-
logical space over (€a,E). Then,

(1) (9., E) and (£a,E)° are interval valued intuitionistic fuzzy soft closed sets,

(2) The arbitrary intersection of interval valued intuitionistic fuzzy soft closed
sets is interval valued intuitionistic fuzzy soft closed,

(8) The union of two interval valued intuitionistic fuzzy soft closed sets is an
interval valued intuitionistic fuzzy soft closed set.

Proof. (1) Since (¢¢,,E), (£4,E)er implies (¢¢,,E)® and (£4,E)° are closed.

(2) Let {(f%,E)| k€K} be an arbitrary family of IVIFS closed sets in ((£4,E),7)
and let (fA,E)Z mkeK(ka,E). Now since (fA,E)C: (nkeK(fgyE))C:UkeK(fZ;E)C and
(f% E)¢er, for each keK, so Urex (ff,E)°er. Hence (fa,E)°e7. Thus (f4,E) is
IVIF'S closed set.

(3) Let {(f,,E)| i=1,2,3,....,n} be a finite family of IVIFS closed sets in ((£4,E),T)
and let (ga,B)= ULy (Fy ). Now since (g4,E)°= (Ufy (8, E))° = (Vs (£, B)° and
(f4,E)¢er. So N, (f4,E)°eT. Hence (ga,E)°er. Thus (ga,E) is an IVIFS-closed
set. O
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Remark 3.10. The intersection of an arbitrary family of IVIFS-open set may not
be an IVIFS-open and the union of an arbitrary family of IVIFS-closed set may not
be an IVIFS-closed. Let us consider U={u!, u?, u®}, E={ey, 2, e3 ,e4}, A={ey, €2,
es} and let
(€aB)={er={u(p 1 .0y Win, 0,000 W00}
— (1 u2 us
2=, 0.0 Y0011y Vo0l 1)

es={{10,01.(1.11)> Wjo.01,1.17)> W(fo.01, (1.1}

(@ea E)=fer={u(o 0} (1,11 Wio.01,01,17)0 Wio0p01.1p }
ea={{10,0).(1.11)> W(o.01.(1.13)> Wlo.0), (1.1}

es={1{(o,01.(1.11)> Wj0.0,1.13) Wio.01. (1.1}
For each neN, we define

(f3.E)= {el_{u([4n Ll E-k -ty u?[l,l],[o,o]y u?[o,o],[l,l])}’

2n 2
2 3
2= {“usn a2’ “([0701,[1,1]>7 W(io,0],[1.1)}

e3={u{jo,01,11,11)> Wio.ol. 1)) W00, 1,1}

Let us consider the sub family 7 of P(£4,E), such that (¢¢, .E), (€4, E)er and
(f%, E)er, (for n=1,2,3,.....).

Then we observe that 7 is a IVIFS-topology on (£4,E).

But 721 (T4, E)= {er={ufio o] j0.2,0.5 W1,11,00,017 Wlo,00,11,17)

e2={U{(0,01f0.33,0.5)) U(fo.01.(1,1))> W{o.0}f1,1)

es={14(10,0].(1,11)> "(l0.01.(1.1)> N(fo,0], 1.1} FET

The IVIFS-closed sets in the IVIFS-topological space ((4,E),7)

are: (¢¢,,E)% (€4,E)¢, (f4,E)¢, (for n=1,2,3,........ ).

But s (F5.E)° = {er={u{(.2,0.5,10.0p> Wo.00,(1,1])* %11,10.00.0)) >

e2={u((0.33,0.5],f0.01)" W([1,11.00.01)> W{r.110,0) )

e3:{u%[1,1],[0,0])’ W 10,0 Y([ag,0,0p) ) 18 Dot an IVIFS-closed set in IVIFS-
topological space ((£4,E),7), since (U2, (f%,E)¢)¢r.

Definition 3.11. Let ((£4,E),71) and ((£4,E),m2) be two IVIFS-topological spaces.
If each (f4,E)em1 = (fo,E)€T2, then 75 is called interval valued intuitionistic fuzzy
soft finer topology than 77 and 7 is called interval valued intuitionistic fuzzy soft
coarser topology than 7s.

Example 3.12. If we consider the topologies 71={(¢¢,.E), (£4.E), (f4.,E), (},E),
(f3,E), (f4,E)} as in the example: 3.2 and 75={(¢¢,.E), (£4.E), (f,E)} on (£4.E).
Then 77 is interval valued intuitionistic fuzzy soft finer topology than 75 and 75 is
interval valued intuitionistic fuzzy soft coarser topology than 7.

Definition 3.13. Let ((£4,E),7) be an IVIFS-topological space on (£4,E) and B
be a subfamily of 7. If every element of 7 can be express as the arbitrary interval
valued intuitionistic fuzzy soft union of some element of B, then B is called an interval
valued intuitionistic fuzzy soft basis for the interval valued intuitionistic fuzzy soft
topology 7.
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Example 3.14. In the example: 3.2 for the topology 71={(¢¢..E), (£4.E), (f4,E),
(FLE), (F3LE), (f4,E)} the sub family B={(¢¢,.E), (£4.E), (£4.E), (F3.E), (f4,E)}
of P(£4,E) is a basis for the topology 7.

4. NEIGHBOURHOODS AND NEIGHBOURHOOD SYSTEMS

In this section we introduce neighbourhood of a IVIFS-set and the neighbourhood
systems for future discussion.

Definition 4.1. Let 7 be the IVIFS-topology on (£4,E)eIVIFS(UE) and (f4,E)
be an IVIFS-set in P(£4,E). A IVIFS-set (f4,E) in P(£4,E) is a neighbourhood of a
IVIFS-set (g4,E) if and only if there exists an 7-open IVIFS-set (h4,E) i.e. (hy,E)eT
such that (g4,E)C(ha,E)C(f4,E).

Example 4.2. In an IVIFS-topology 7={(¢¢,,E), (£4.E), {61z{u%[0.4)0'5],[0.470‘5]),

u(2[0.3,0.4],[0.5,0.6])’ u?[0.4,0.5],[0.1,0.2])}}’

where (€4.E)={er={uy 1) o.01)> Wi0.7,0.81.10.0) W11, 00,00
62:{11(1[0.4,0.5],[0,0])’ W([1,1],[0,0])° u([0.4,o.5],[0.2,0.3])}’
es={ufio o). 117> Wio,011,11)7 Wl0.4,0.51,10.1,0.2

and (¢ , 7E):{91:{u%[o,o},[1,1])’ U([0,0],[1,1])° u?[o,o],[l,u)}:
ea={ufjg o] 11175 U{f0.011.1) “g{o,om,u)}’

es={{10,0).(1.11)> Wjo.01.1.13)> W(o.0). (1.1}
the IVIFS-set

(fa,E)={ {‘31:{u%[o.s,o.ﬁ],[0.2,0.3})7 11%[0.3,0.4},[0.5,0.6])7 u%[0.4,0.5],[0,0.1])}}

is a neighbourhood of the IVIFS-set

(g4.E)={ {el:{u%[o.3,o.4],[0.4,0.5])7 11%[0.1,0.2],[0.6,0.7])7 11:{;[0.4,0.5],[0.3,044])}}7
because there exists an T7-open IVIFS-set
(hA’E):{el:{u%[0.4,0.5],[0‘4,0.5])= ‘1%[()‘3,0.4],[0.5,0.6])7 “1:()’[0.4,0.5],[0‘1,0,2])}}e T
such that (g4,E)C(ha,E)C(f4,E).

Theorem 4.3. A IVIFS-set (fa,E) in P(a,E) is an open IVIFS-set if and only if
(fa,E) is a neighbourhood of each IVIFS-set (ga,E) contained in (fa,E).

Proof. Let (f4,E) be an open IVIFS-set and (g4,E) be any IVIFS-set contained in
(f4,E). Since we have (ga,E)C(f4,E)C(fa,E), it follows that (f4,E) is a neighbour-
hood of (ga,E).

Conversely let (f4,E) be a neighbourhood for every IVIFS-sets contained it. Since
(fa,E)C(f4,E) there exist an open IVIFS-set (h4,E) such that (f4,E)C(ha,E)C(f4,E).
Hence (f4,E) = (ha,E) and (f4,E) is open. O

Definition 4.4. Let ((£4,E),7) be an interval valued intuitionistic fuzzy soft topo-
logical space on (£4,E) and (f4,E) be a IVIFS-set in P(£4,E). The family of all
neighbourhoods of (f4,E) is called the neighbourhood system of (f4,E) up to topol-
ogy and is denoted by Ns, g).

Theorem 4.5. Let ((£4,E),7) be an interval valued intuitionistic fuzzy soft topolog-
ical space. If N(y, gy is the neighbourhood system of an interval valued intuitionistic
fuzzy soft set (fa,F). Then,
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1. N¢s,,p) is non empty and (fa,E) belong to the each member of Ns, g

2. The intersection of any two members of Ny, gy belong to N, g)-

3. Each interval valued intuitionistic fuzzy soft set which contains a member of
Ny, ) belong to Nig, gy

Proof. 1. If (ha,E)€ N(s, g), then there exist an IVIFS open set (g4,E)er such
that (fa,E)C(ga,E)C(ha,E) ; hence (f4,E)C(ha,E). Note (£4,E)€ N, g) and since
(§a,E) is an open set containing (f4,E); so Ny, g) is non empty.

2. Let (ga,E) and (h4,E) are two neighbourhoods of (f4,E), so there exist two
open sets (g%,E), (h%,E), such that

(fAvE)g(gj47E)g(gA7E) and (anE)g(thE)g(hA?E)'

Hence (f4.E)C(g% . E)N (L%, E)C(ga,E)(ha,E) and (g% ,E)\(h*,E) is open. Thus
(g4,E)N(h4,E) is a neighbourhoods of (f4,E).

3. Let (ga,E) is a neighbourhood of (f4,E) and (ga,E)C(hy,E), so there exist an
open set (g%,E), such that (f4,E)C(g%,E)C(ga,E). By hypothesis (g4,E)C(ha,E),
5o (£4,B)C (g%, E)C(g.4,E)C (h1,F), which implies that (£4,E)C (g%,E)C(ha,E) and
hence (h4,E) is a neighbourhood of (f4.E). O

5. INTERIOR, EXTERIOR AND CLOSURE

In this section we introduce interior IVIF'S set, interior of an IVIFS set, exterior
IVIFS set, exterior of an IVIFS set.

Definition 5.1. Let ((£4,E),7) be an interval valued intuitionistic fuzzy soft topo-
logical space on (£4,E) and (f4,E), (ga,E) be IVIFS-sets in P(£4,E) such that
(g4,E)C(f4,E). Then (ga,E) is called an interior IVIFS-set of (f4,E) if and only
if (f4,E) is a neighbourhood of (ga,E).

Definition 5.2. Let ((£4,E),7) be an interval valued intuitionistic fuzzy soft topo-
logical space on (£ 4,E) and (f4,E) be an IVIFS-set in P(£ 4,E). Then the union of all
interior IVIFS-set of (f4,E) is called the interior of (f4,E) and is denoted by int(f4,E)
and defined by int(f4,E)=U{(ga,E)| (f4,E) is a neighbourhood of (g4,E)}.

Or equivalently int(f4,E)=U{(ga,E)| (ga,E) is an IVIFS-open set contained in

(fA7E)}
Example 5.3. : Let us consider the IVIFS-topology 71={(¢¢,.E), (£4,E), (f4,E),
(f3,E), (f5,,E), (f4,E)} as in the example: 3.2 and let

(£4.E)={er={u{j0.1 0.5 0.1,02)) %10.6:0.71,(0.2,0.3)> "{[1,11,{0.0])

e2={Wj0.3.0.4. 0.0 Wir. 0.0 Ylo.ohr.1p )

e3={U{jo,01.11.1))> Wlo.0L. (1.1 Yool .13} e an IVIFS-set,

then

int(f4,E)=U{(g4.E)| (g4,E) is an IVIFS-open set contained in (f4,E)}

:(&’E)U(fihE)
=(f4.E)

*{elf{u 0.3,0.41,01,0.2)) ([0 6,0.7],[0.2,0.3]) 3[1,1],[0,0])}’
1
e2={W10.2,0.3].(0.0. il 111,000 Wi0.01. 1.1y
€3= {u%O,O],[l,l])’ fjo.0.1.17)» Wo.00, .1y}
Since (f4,E)C(fa,E) and (£3,E)C(f4,E).
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Theorem 5.4. Let ((£4,E),7) be an interval valued intuitionistic fuzzy soft topo-
logical space on (§a,E) and (fa,E) be an IVIFS-set in P({a,E). Then

1. int(fa,E) is an open and int(fa,E) is the largest open IVIFS set contained in
(fA;E)‘

2. The IVIFS set (fa,E) is open if and only if (fa,E)=int(fa,E).

Proof. 1. Since int(f4,E)={J{(ga,E)| (f4,E) is a neighbourhood of (g4,E)}., we have
that (f4,E) is itself an interior IVIFS-set of (f4,E). Then there exists an open IVIFS
set (ha,E) such that int(f4,E)C(ha,E)C(fa,E). But (ha,E) is an interior IVIFS-set
of (f4,E), hence (ha,E)Cint(f4,E). Hence (hs,E)=int(f4,E). Thus int(f4,E) is open
and int(f4,E) is the largest open IVIFS set contained in (f4,E).

2. Let (f4,E) be an open IVIFS set. Since int(f4,E) is an interior IVIFS-set of
(fa,E) we have (f4,E)= int(f4,E). Conversely, if (f4,E)= int(f4,E) then (f4,E) is
obviously open. O

Proposition 5.5. for any two IVIFS-sets (fa,E) and (ga,E) in an interval valued
intuitionistic fuzzy soft topological space ((€a,E),7) on P(€a,E), then

(i)(9a.E) S(fa,E)=int(ga,E) Cint(fa,E)

(ii)int((bgA 7E):(¢€A 7E) and int(gA’E): (§A7E)

(i1 )int(int(fa,E))=int(fa,E)

(w)mt((gA,E)ﬂ(fA,E)) :Znt(gA;E)mznt(fAyE)

(v)znt((gA!E)U(fA;E)) 2 Znt(gA;E)Uznt(fA}E)

Proof. (i) Since (ga,E) C(f4,E), implies all the IVIFS-open set contained in (g4,E)
also contained in (f4,E). Therefore

{(g%,E)| (g%,E) is an IVIFS-open set contained in (g4,E)} C{(f%,E)| (f%,E) is an
IVIFS-open set contained in (f4,E)} This implies

U{(g%.E)| (g%,E) is an IVIFS-open set contained in (g4,E)} CU{(f}.E)| (f},E)
is an IVIFS-open set contained in (f4,E)}

So int(g4,E) Cint(f4,E).

(ii) Straight forward.

(iii) int(int(f4,E))= U{(ga,E)| (ga,E) is an IVIFS-open set contained in int(f4,E)}

and since int(f4,E) is the largest open IVIFS set contained in int(f4,E), therefore
int(int(f4,E))=int(f4,E).

(iv) Since int(ga,E)C(ga,E) and int(f4,E)C(f4,E), we have

int(gA,E)ﬂint(fA,E)g(gA,E)ﬂ(fA,E).

hence int(ga,E)Nint(f4,E)Cint((ga,E)N(f4,E))eeeeveeneens (1)

Again since(ga,E)N(f4,E)C(ga,E) and (g4, E)N(f4,E)C(f4.E),

we have int((g4,E)N(f4,E))Cint(ga,E) and int((g4,E)N(f4,E))Cint(f4,E).

So int((ga,E)N(fa,E))Cint(ga,E)Nint(f4,E)............ (2)

Using (1) and (2) we get,

int((g4,E)N(f4,E))=int(g,E)Nint(f4,E).

(v) Since (ga,E) C (ga,E)U(fa,E) and (f4.E) C (ga,E)U(f4,E),

so int(g4,E) C int((ga,E)U(f4,E)) and int(f4,E) C int((ga,E)U(f4,E)).

Hence int(g4,E)Uint(f4,E) C int((ga,E)U(f4,E)). O

Definition 5.6. Let ((£4,E),7) be an interval valued intuitionistic fuzzy soft topo-
logical space on (£4,E) and let (f4,E), (g4,E) be two IVIFS-sets in P(£4,E). Then
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(ga,E) is called an exterior IVIFS-set of (f4,E) if and only if (g4,E) is an interior
IVIFS-set of the complement of (f4,E).

Definition 5.7. Let ((£4,E),7) be an interval valued intuitionistic fuzzy soft topo-
logical space on (£4,E) and (f4,E) be an IVIFS-set in P(£4,E). Then the union
of all exterior IVIFS-set of (f4,E) is called the exterior of (f4,E) and is denoted
by ext(f4,E) and is defined by ext(f4,E)= U{(ga,E)|(f4,E)¢ is a neighbourhood of

(gAaE)}
Clearly from definition ext(f4,E)=int((f4,E)°)

Proposition 5.8. for any two IVIFS-sets (fa,E) and (ga,E) in an interval valued
intuitionistic fuzzy soft topological space ((€a,E),7) on P(&a,E), then

(i) ext(fa,E) is open and is the largest open set contained in (fa,E)°.

(ii) (fa,E)° is open if and only if (fa,E)*=ext(fa,E).

(iii) (ga,E)C(fa,E)= ext(fa,E)Cext(ga,E)

(iv) ext((ga,E)N(fa,E))2 ext(ga,E)Jext(fa,E)

(v) ext((ga,E)U(fa,E))= ext(ga,E)Next(fa,FE)

Proof. Straight forward. O

Definition 5.9. Let ((£4,E),7) be an interval valued intuitionistic fuzzy soft topo-
logical space on (£4,E) and (f4,E) be an IVIFS-set in P(£4,E). Then the intersection
of all closed IVIFS-set containing (f4,E) is called the closure of (f4,E) and is de-
noted by cl(f4,E) and defined by cl(fa,E)={(ga,E)|(ga,E) is a IVIFS-closed set
containing (f4,E)}.

Observe first that cl(f4,E) is an IVIFS-closed set, since it is the intersection of
IVIFS-closed sets. Furthermore, cl(f4,E) is the smallest IVIFS-closed set containing
(fa,E).

Example 5.10. Let us consider an interval valued intuitionistic fuzzy soft topology
T1={(¢¢,.E), (£4,E), (f4,E), (4,E), (.E), (f4,E)} as in the example: 3.2 and let

(fa,E >_{61:{u1[o 2,0.31,[0.6,0.7]) u?[o 0.1],[0.4,0.5])° u?[o,o],u,u)}»

u2 3
€2= {u [0.1,0.2],[0.5,0.6])* 1(]0,0],[0.4,0.5])> Y([1,1],[0,0])
ul

es= {u< 0.01.01.11) (0.1 (1)) W00 (1.1}

be an IVIFS-set, then

cl(fa,E)= ﬂ{(gA, )|(ga,E) is a IVIFS-closed set containing (f4,E)}

:(f,};, )N(E4.E)°

(B >01 2 3

:{elzl{u([OQ,O.S],[0.5,06])27 u([o,o.u,[0‘4,0.5;]))7 u([o,o},u,u)}v

62:{11([0.2,0.3],[044,0.5])’ U([0,0],[0.4,0.5]) u([1,1],[0,0])}a

es={11((1.1) p.0))> ({111, 0.0) N((1.11,0,0)

since (f4,E)C(f4,E)¢ and (f4,E)C(f4,E)°

Proposition 5.11. for any two IVIFS-sets (fa,E) and (ga,E) in an interval valued
intuitionistic fuzzy soft topological space((Ea,E),m) on P(éa,E), then
(i) cl(fa,E) is the smallest IVIFS-closed set containing (fa,E).
(i1) (fa,E) is IVIFS-closed if and only if (fa,E)=cl(fa,E).
(iti) (9a,E)C (fa,E)=cl(ga,E)Ccl(fa,E)
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(iv) cl(cl(fa,E))=cl(fa,E)

(’U) Cl(¢€A 7E):(¢£A ’E) and Cl(gA:E): (fA;E)
(vi) cl((ga,E)J(fa,E))= cl(ga,E)JIcl(fa,E)
(Vii) cl((ga,E)N(fa,E))C cl(ga,E)Ncl(fa,E)

Proof. (i) and (ii) can be proved from definition.

(iii) Since (ga,E)C(f4,E), implies all the closed set containing (f4,E) also con-
tained (ga,E). Therefore

MN{(g%,E)| (g%.E) is an IVIFS-closed set containing (ga,E)} CN{(f%,E)| (f}.E)
is an IVIFS-closed set containing (f4,E)}

So cl(ga,E)Ccl(f4,E).

(iv) cl(cl(f4.E))= N{(ga.E)| (ga,E) is an IVIFS-closed set containing cl(f4,E)}

and since cl(f4,E) is the largest closed IVIFS set containing cl(f4,E),

therefore cl(cl(fa,E))=cl(f4,E).

(v) Straight forward.

(vi) Since cl(ga,E)D (g4,E) and cl(f4,E)D (f4,E), we have

Cl(gA,E)UCI(fA,E)Q (gA,E)U(fA,E)

This implies cl(ga,E)Ucl(f4,E)D cl((g4,E)U(f4,E))......... (1)

Again since (g4,E)U(f4,E)D (ga.E) and (ga,E)U(f4,E)D (f4,E),

so cl((ga,E)U(f4,E))D cl(ga,E) and cl((ga,E)U(f4,E))D cl(f4,E),

Therefore cl((ga,E)U(f4,E))2 cl(ga,E)Ucl(f4,E).......... (2)

Using (1) and (2) we get, cl((ga,E)U(f4,E))= cl(ga,E)Ucl(f4,E).

(Vii) Since (gA,E)Q (gA,E)ﬂ(fA,E) and (fA,E)Q (gA,E)ﬂ(fA,E),

so cl(g4,E)2 cl((g4,E)N(E,E)) and cl(Ex,E)2 cl((ga,E)(E4,E))

Hence cl(ga,E)Ncl(f4,E)D cl((ga,E)N(f4.E)) O

6. INTERVAL VALUED INTUITIONISTIC FUZZY SOFT SUBSPACE TOPOLOGY

Theorem 6.1. Let ((£4,E),7) be an interval valued intuitionistic fuzzy soft topo-
logical space on (£a,E) and (fa,E) be an IVIFS-set in P(€4,E). Then the collection
T(ta,2)= LFA,E)(94,E)| (94, E)€T} is an interval valued intuitionistic fuzzy soft
topology on the interval valued intuitionistic fuzzy soft set (fa,E).

Proof. (i) Since (¢¢,,E), (§a,E)er, (fa,E)=(fa,E)(€4,E)

and (¢fA 7E):(fA7E)n(¢f§ ,E), therefore (d)fA E), (fa,E)eT.

(ii) Let {(f4,E)| i=1,2,3,...,n} be a finite subfamily of intuitionistic fuzzy soft
open sets in 7y, g), then for each i=1,2,3,....n, there exist (g'4,E)eT such that
(f4.E)=(fa,E) (g4 .E). _

Now (i, (£, B) == (4, E)N(g4.E))

:(anE)ﬂ.( i=1(824,E)) and since (L, (g4, E)eT,

S0 m?:I(PAaE)eT(me)‘

(iii) Let {(f%,E)| k€K} be an arbitrary family of interval valued intuitionistic
fuzzy soft open sets in 7, gy, then for each k€K, there exist (g’j\,E)eT such that
(f5.E)=(fa,. E)N(gh-E)-

Now Ure i (£5.E)=Ure x ((f4,.E)N(g.E))

=(f4,E)N(Urex (g%,E)) and since Ure x (g%,E)eT,

SO UkeK(f],ZyE)ET(fA,E)~ O
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Definition 6.2. Let ((£4,E),7) be an IVIFS-topological space on (£ 4,E) and (f4,E)
be an IVIFS-set in P(£4,E). Then the IVIFS-topology

T(t4.8)= 1(f4,E)N(g4,E)[(ga,E)€T} is called interval valued intuitionistic fuzzy
soft subspace topology (in short IVIFS-topological subspace) and ((fa,E),7(¢,,r)) is
called interval valued intuitionistic fuzzy soft subspace of ((£4,E),7).

Example 6.3. Let us consider the interval valued intuitionistic fuzzy soft topology
T1={(¢¢e,.E), (£4.E), ((}.E), (f3.E), (f5,E), (f4,E)} as in the example: 3.2 and an
IVIFS set
(fAvE):{el:{u%[0.2,0.3],[0,0.1])v u?[0.5,0.6],[0.1,0.2])’ u?[0.2,0.3],[0.6,047})}’
[l 2
62_{u([0.3,0.4],[0.1,0.2])’ U([0.4,0.5],[0.2,0.3])° u([0.4,0.5],[0.2,0.3])}7

es={uflo o] 117> Wio,0.1.11)7 Wlo,01, 11,17y I EP (€4 E)
Then

(914 7E1):(fA’Em(¢5A’E):{elz{u%[O»OL[LlD’ W(io,01,11,17)° Wi0,0,(1,11
e2={W 1o o] [1,1])"
es={ufjo 01,11}

(€4 B BINEE) 3
:{elz{u([o.z,o.s],[0.2,0.3])’ 1([0.4,0.5],[0.1,0.2])° u([0.2,0.3],[0.6,0,7])}7

2
U0 1.1 Yooy
U{j0,01,(1,17)> U({o,01,(1,17)3 }

e2={u{l0.5.0.41,10.2,0.8)) W[0.4,0.5],00.2,0.3)* W(1o,01,11,1) }»
1 2
e3={W(10,0),(1,11)* U{{0,01,(1,1)) W(lo,0],(1,1))}}

(gi,E)=(fA,E)ﬂ(f?4,E) ,

:{elz{u([o.z,o.:‘a],[0.1,0.2])v U([0.5,0.6],[0.2,0.3]) u([0.2,0.3],[0.6,0.7])}7
1 2

e2={U((0.5,0.3],00.1,0.2))* 1([0.4,0.5),(0.2,0.8))> W([0,0],[1,1]) )"

es={u} u? u? 1}

3 ([0,0],[1,1])> *([0,0],[1,1])> “([0,0],[1,1]) S I»

(gi,E)Z(fA,E)ﬂ(fi,E)

:{elz{uz[o.z,o.s],[0‘2,0.3])7 U([0.4,0.5],[0.2,0.3]) u:(s[o.2,o‘3],[o.6,o.7])}v
62:{11(1[0.2,0.3],[042,0.3])’ u%[04,0.5],[0.2,0.3])7 u([0,0],[l,l])}’
es={u(jo,011,11) Wio,011.11) Wio,0111,1) 3}

(g4.E)=(fa,E)N(f4,E)

:{elz{u%[o.zos],[01,0.2])’ Y([0.5,0.6],[0.1,0.2]) 11?[0.2,0.3],[0.6,0.7])}7
62:{11%[0.3,0.4],[0.1,0.2])’ U([0.4,0.5],[0.2,0.3])° u([o,o],[1,1])}’
es={W(0.0,11,13) Wio,0111,11) Wio,0, 1,1}

Then T(fA7E):{(¢fA 7E)7 (anE)v (g,lc\?E)? (g%,E), (gihE)’ (gjlmE)} is an interval
valued intuitionistic fuzzy soft subspace topology for 7 and ((fa,E),7 (s, g)) is called
interval valued intuitionistic fuzzy soft subspace of ((£4,E),71).

Theorem 6.4. Let ((£4,E),7) be an interval valued intuitionistic fuzzy soft topo-
logical space on (£a,E), B be an interval valued intuitionistic fuzzy soft basis for T
and (fa,E) be an IVIFS-set in P(£4,E). Then the family
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Bta.my= {(fa,E)\(94,E)| (94, E)eB} is an interval valued intuitionistic fuzzy
soft basis for subspace topology T (s, E)-

Proof. Let (ha,E)€ 7(¢, g, then there exists an IVIFS set (g4,E)€ 7, such that
(ha,E)=(f4,E)(g4,E). _
Since B is a base for 7, so there exists sub collection {(x’,E)[i€I} of B, such that
(g4,E)= Uier (X4, E). . ,
Therefore (ha,E)=(fa,E)(g4,E) =(fa,E)N(Uier (x4, E))= Uier (F4,E) (x4, E))-
Since (f4,E)N(x'4,E)€B f,,p), which implies that By, gy is an IVIFS basis for the
IVIFS subspace topology 7, r)- O

Theorem 6.5. Let ((£a,E),7) be an IVIFS-topological subspace of ((na,E), ) and
let ((a,E),7*) be an IVIFS topological subspace of ((Sa,E),7**). Then ((£a,E),T)
is also an IVIFS- topological subspace of ((Sa,E), 7).

Proof. Since (£4,E)C(na,E)C(S4,E), ((€4,E),7) is an interval valued intuitionis-
tic fuzzy soft topological subspace of ((S4,E),7**) if and only if T&*A,E)ZT. Let
(fa,E)e 7, now since ((£4,E),7) be an interval valued intuitionistic fuzzy soft topo-
logical subspace of ((14,E),7) i.e. 77, 5=, so there exist (f4™,E)€ 7 such that
(f4,E)=(€4,.E)N(%.E). But ((na,E),7*) be an interval valued intuitionistic fuzzy
soft topological subspace of ((S4,E),7**),

so there exist (f%*,E)e 7** such that (£,E)=(n4,E)N (%" E).

Thus (f4,E)=(£4,E)N(F4,E)=(£4,E) (04, E)N(EF3E)

:(anE)ﬂ(fjx*?E)? since (§4,E)C(n4,E);

so (fa,E)eT({, p)- Accordingly, TCT(f, 1)

Now assume (gA,E)GT&*A’E), i.e. there exist (hy,E)er™*

such that (g4,E)=(£4,E)(h4,E). But (nA,E)ﬂ(hA,E)ET’(“;A,E):T*,

so (€4, E)N((na,B)N(ha E))eTle, 5=T

Since (£4,E)N((na,E)N(ha,E))=(£4,E)N(ha,E)=(ga,E), we have (g4,E)€ 7.

Accordingly, TEK{*A’ E)QT and thus the theorem is proved. O

7. CONCLUSIONS

Soft sets, fuzzy soft sets, intuitionistic fuzzy soft sets, interval valued intuitionistic
fuzzy soft sets are all mathematical tools for dealing with uncertainties. In this paper
we have introduced the concept of interval valued intuitionistic fuzzy soft topological
spaces together with some basic concepts over a fixed parameter set, which is the
extension of fuzzy soft topological spaces introduced by Simsekler and Yuksel [12]
as well as intuitionistic fuzzy soft topological spaces introduced by Li and Cui [5].
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