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Abstract. In this paper, we define three new operation on interval-
valued fuzzy graphs; namely direct product, semi strong product and
strong product. Likewise, We give sufficient conditions for each one of
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then at least one factor is a complete interval-valued fuzzy graph.
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1. Introduction

Graph theory has several interesting application in system analysis, operation
research and economics. Since most of the time the aspects of graph problems are
uncertain, it is nice to deal with these aspects via the methods of fuzzy logic. The
concept of fuzzy relation which has a widespread application in pattern recognition
was introduced by Zadeh [17] in his Landmark Paper ”Fuzzy sets” in 1965. Fuzzy
graph and several fuzzy analogs of graph theoretic concepts were first introduced by
Rosenfeld [13] in 1975. Mordeson and Peng [9] defined the concept of complement of
fuzzy graph and studied some operations on it. In [14], the definition of complement
of a fuzzy graph was modified. Moreover some properties of self-complementary
fuzzy graphs and the complement of the operations of union, join and composition
of fuzzy graphs that were introduced in [9] were studied. Hawary in [7] defined
complete fuzzy graphs and gave three new operations on it.

In 1975, Zadeh [18] introduced the notion of interval-valued fuzzy sets as an ex-
tension of fuzzy sets [17] in which the values of the membership degrees are intervals
of numbers instead of the numbers. Akram, Feng, Sarwar and Jun [3] defined certain
types of vague graphs. In 2011 Akram and Dudek [1] defined interval-valued fuzzy
graphs and study some operations on it. Also they studied Intuitionistic fuzzy hyper-
graphs with applications [6]. Akram and Davvaz discussed the properties of strong
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intuitionistic fuzzy graphs and they introduced the concept of intuitionistic fuzzy line
graphs [2]. Akram [4] defined bipolar fuzzy graphs and studied Interval-valued fuzzy
line graphs [5]. Talebi and Rashmanlou [15] studied properties of isomorphism and
complement on interval-valued fuzzy graphs. Likewise, they defined isomorphism
on vague graphs [16].The concept of weak isomorphism, co-weak isomorphism and
isomorphism between fuzzy graphs were introduced by K. R. Bhutani in [8]. In this
paper, we provide three new operations on interval-valued fuzzy graphs; namely di-
rect product, semi strong product and strong product. We give sufficient conditions
for each one of them to be complete. For the notations not mentioned in the paper,
the readers are referred to [5]∼[14].

2. Preliminaries

Definition 2.1. A fuzzy graph with V as the underlying set is a pair G : (σ, µ)
where σ : V → [0, 1] is a fuzzy subset and µ : V × V → [0, 1] is a fuzzy relation on σ
such that µ(x, y) ≤ σ(x) ∧ σ(y) for all x, y ∈ V , where ∧ stands for minimum. The
underlying crisp graph of G is denoted by G∗ : (σ∗, µ∗) where
σ∗ = sup p(σ) = {x ∈ V : σ(x) > 0} and
µ∗ = sup p(µ) = {(x, y) ∈ V × V : µ(x, y) > 0}. H = (σ′, µ′) is a fuzzy subgraph of
G if there exists X ⊆ V such that, σ′ : X → [0, 1] is a fuzzy subset and
µ′ : X ×X → [0, 1] is a fuzzy relation on σ′ such that µ(x, y) ≤ σ(x) ∧ σ(y) for all
x, y ∈ X.

Definition 2.2. A fuzzy graph G : (σ, µ) is complete if µ(x, y) = σ(x)∧σ(y) for all
x, y ∈ V .

Definition 2.3. Two fuzzy graphs G1 : (σ1, µ1) with crisp graph G∗1 : (V1, E1)
and G2 : (σ2, µ2) with crisp graph G∗2 : (V2, E2) are isomorphic if there exists a
bijection h : V1 → V2 such that σ1(x) = σ2(h(x)) and µ1(x, y) = µ2(h(x), h(y)) for
all x, y ∈ V1.

Definition 2.4. By an interval-valued fuzzy graph of a graph G∗ = (V, E) we mean
a pair G = (A,B), where A = [µA− , µA+ ] is an interval-valued fuzzy set on V and
B = [µB− , µB+ ] is an interval-valued fuzzy relation on E, such that:

µB−(xy) ≤ min(µA−(x), µA−(y)), µB+(xy) ≤ min(µA+(x), µA+(y)) for all xy ∈ E.

We call A the interval-valued fuzzy vertex set of V, B the interval-valued fuzzy edge
set of E, respectively. Note that B is a symmetric interval-valued fuzzy relation on
A. We use the notation xy for an element of E.

Example 2.5. Consider a graph G∗ = (V, E) such that
V = {x, y, z}, E = {xy, yz, zx}. Let A be an interval-valued fuzzy set of V and let
B be an interval-valued fuzzy set of E ≤ V × V defined by

A =
〈( x

0.3
,

y

0.4
,

z

0.5

)
,
( x

0.5
,

y

0.6
,

z

0.6

)〉
,

B =
〈( xy

0.2
,

yz

0.3
,
zx

0.2

)
,
( xy

0.4
,

yz

0.5
,
zx

0.5

)〉
.
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[0.4, 0.6] [0.5, 0.6]

[0.3, 0.5]

[0.3, 0.5]

[0.2, 0.4]
[0.2, 0.5]

X

Y Z

By routine computations, it is easy to see that G = (A,B) is an interval-valued
fuzzy graph of G∗.

Definition 2.6. The complement of an interval-valued fuzzy graph G : (A, B) of a
graph G∗ : (V, E) is an interval-valued fuzzy graph G : (A, B) of G∗ : (V, V × V ),
where A = A = [µA− , µA+ ] and B = [µB− , µB+ ] is defined by

µB−(x, y) = min(µA−(x), µA−(y))− µB−(xy) ∀ x, y ∈ V,

µB+(x, y) = min(µA+(x), µA+(y))− µB+(xy) ∀ x, y ∈ V.

Definition 2.7. An interval-valued fuzzy graph G is said to be a self complementary
interval-valued fuzzy graph if G ∼= G.

Definition 2.8. Let G1 = (A1, B1) and G2 = (A2, B2) be two interval-valued fuzzy
graphs. A homomorphism f : G1 → G2 is a mapping f : V1 → V2 such that:
(a) µA−1

(x1) ≤ µA−2
(f(x1)), µA+

1
(x1) ≤ µA+

2
(f(x1))

(b) µB−1
(x1y1) ≤ µB−2

(f(x1)f(y1)), µB+
1
(x1y1) ≤ µB+

2
(f(x1)f(y1))

for all x1 ∈ V1, x1y1 ∈ E1.
A bijective homomorphism with the property
(c) µA−1

(x1) = µA−2
(f(x1)), µA+

1
(x1) = µA+

2
(f(x1))

is called a weak isomorphism.
A bijective homomorphism f : G1 → G2 such that
(d) µB−1

(x1y1) = µB−2
(f(x1)f(y1)), µB+

1
(x1y1) = µB+

2
(f(x1)f(y1))

for all x1y1 ∈ E1 is called a co-weak isomorphism.
A bijective mapping f : G1 → G2 satisfying (c) and (d) is called an isomorphism.

Definition 2.9. The semi-strong product of two fuzzy graphs G1 : (σ1, µ1) with
crisp graph G∗1 : (V1, E1) and G2 : (σ2, µ2) with crisp graph G∗2 : (V2, E2), where we
assume that V1 ∩V2 = φ, is defined to be the fuzzy graph G1 •G2 : (σ1 • σ2, µ1 •µ2)
with crisp graph G∗ : (V1 × V2, E) where

E = {(u, v1)(u, v2) : u ∈ V1, (v1, v2) ∈ E2}
∪ {(u1, v1)(u2, v2) : (u1, u2) ∈ E1, (v1, v2)E2},
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(σ1 • σ2)(u, v) = σ1(u) ∧ σ2(v), for all (u, v) ∈ V1 × V2,
(µ1 • µ2)((u, v1)(u, v2)) = σ1(u) ∧ µ2(v1, v2) and
(µ1 • µ2)((u1, v1)(u2, v2)) = µ1(u1, u2) ∧ µ2(v1, v2).

Definition 2.10. The strong product of two fuzzy graphs G1 : (σ1, µ1) with crisp
graph G∗1 : (V1, E1) and G2 : (σ2, µ2) with crisp graph G∗2 : (V2, E2), where we assume
that V1 ∩ V2 = φ, is defined to be the fuzzy graph G1 ⊗G2 : (σ1 ⊗ σ2, µ1 ⊗ µ2) with
crisp graph G∗ : (V1 × V2, E) where

E = {(u, v1)(u, v2) : u ∈ V1, (v1, v2) ∈ E2}
∪ {(u1, w)(u2, w) : w ∈ V2, (u1, u2) ∈ E1}
∪ {(u1, v1)(u2, v2) : (u1, u2) ∈ E1, (v1, v2) ∈ E2},

(σ1 ⊗ σ2)(u, v) = σ1(u) ∧ σ2(v), for all (u, v) ∈ V1 × V2,
(µ1 ⊗ µ2)((u, v1)(u, v2)) = σ1(u) ∧ µ2(v1, v2),
(µ1 ⊗ µ2)((u1, w)(u2, w)) = σ2(w) ∧ µ1(u1, u2) and
(µ1 ⊗ µ2)((u1, v1)(u2, v2)) = µ1(u1, u2) ∧ µ2(v1, v2).

Definition 2.11. The direct product of two fuzzy graphs G1 : (σ1, µ1) with crisp
graph G∗1 : (V1, E1) and G2 : (σ2, µ2) with crisp graph G∗2 : (V2, E2), where we
assume that V1∩V2 = φ, is defined to be the fuzzy graph G1uG2 : (σ1uσ2, µ1uµ2)
with crisp graph G∗ : (V1 × V2, E) where

E = {(u1, v1)(u2, v2) : (u1, u2) ∈ E1, (v1, v2) ∈ E2},
(σ1 u σ2)(u, v) = σ1(u) ∧ σ2(v), for all (u, v) ∈ V1 × V2 and
(µ1 u µ2)((u1, v1)(u2, v2)) = µ1(u1, u2) ∧ µ2(v1, v2).

3. Complete Interval valued fuzzy graphs

Definition 3.1. An interval-valued fuzzy graph G = (A,B) is called complete if

µB−(xy) = min(µA−(x), µA−(y)), µB+(xy) = min(µA+(x), µA+(y))

for all xy ∈ E.

Definition 3.2. The direct product of two interval-valued fuzzy graphs G1 =
(A1, B1) with crisp graph G∗1 = (V1, E1) and G2 = (A2, B2) with crisp graph
G∗2 = (V2, E2), where we assume that V1 ∩ V2 = φ, is defined to be the interval-
valued fuzzy graph G1 u G2 : (σ1 u σ2, µ1 u µ2) with crisp graph G∗ : (V1 × V2, E)
where:

E = {(u1, v1)(u2, v2) : (u1, u2) ∈ E1, (v1, v2) ∈ E2},{
(µA−1

u µA−2
)(u, v) = µA−1

(u) ∧ µA−2
(v), for all (u, v) ∈ V1 × V2

(µA+
1
u µA+

2
)(u, v) = µA+

1
(u) ∧ µA+

2
(v)

{
(µB−1

u µB−2
)((u1, v1)(u2, v2)) = µB−1

(u1u2) ∧ µB−2
(v1v2),

(µB+
1
u µB+

2
)((u1, v1)(u2, v2)) = µB+

1
(u1u2) ∧ µB+

2
(v1v2).

Example 3.3. Let G∗1 = (V1, E1) and G∗2 = (V2, E2) be graphs such that V1 =
{a, b}, V2 = {c, d}, E1 = {ab} and E2 = {cd}. Consider two interval-value fuzzy
graphs G1 = (A1, B1) and G2 = (A2, B2), and G1 uG2 as follows.
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[0.2, 0.4]

[0.3, 0.5]

[0.1, 0.4]

[0.2, 0.6]

[0.1, 0.4] [0.2, 0.4]

[0.1, 0.4] [0.2, 0.5]

[0.1, 0.2] [0.1, 0.3]

a c

b d
G1

G2

(a, c) (a, d)

(b, c) (b, d)
G1 uG2

[0.1, 0.2] [0.1, 0.2]

By a routine computation it is easy to see that G1 u G2 is an interval-value fuzzy
graph.

Theorem 3.4. If G1 = (A1, B1) and G2 = (A2, B2) are complete interval-valued
fuzzy graphs, then G1 uG2 is complete.

Proof. If (u1, v1)(u2, v2) ∈ E, then since G1 and G2 are complete we have

(µB−1
u µB−2

)((u1, v1)(u2, v2)) = µB−1
(u1u2) ∧ µB−2

(v1v2)

= µA−1
(u1) ∧ µA−2

(u2) ∧ µA−2
(v1) ∧ µA−2

(v2)

= (µA−1
u µA−2

)(u1, v1) ∧ (µA−1
u µA−2

)(u2, v2).

(µB+
1
u µB+

2
)((u1, v1)(u2, v2)) = µB+

1
(u1u2) ∧ µB+

2
(v1v2)

= µA+
1
(u1) ∧ µA+

1
(u2) ∧ µA+

2
(v1) ∧ µA+

2
(v2)

= (µA+
1
u µA+

2
)(u1, v1) ∧ (µA+

1
u µA+

2
)(u2, v2).

¤

Definition 3.5. The semi-strong product of two interval-valued fuzzy graphs
G1 : (A1, B1) with crisp graph G∗1 : (V1, E1) and G2 : (A2, B2) with crisp graph
G∗2 : (V2, E2), where we assume that V1∩V2 = φ, is defined to be the interval-valued
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fuzzy graph G1 •G2 : (A1 •A2, B1 •B2) with crisp graph G∗ : (V1 × V2, E) where

E = {(u, v1)(u, v2) : u ∈ V1, (v1, v2) ∈ E2}
∪ {(u1, v1)(u2, v2) : (u1, v1) ∈ E1, (v1, v2) ∈ E2},

(i)

{
(µA−1

• µA−2
)(u, v) = µA−1

(u) ∧ µA−2
(v), for all (u, v) ∈ V1 × V2

(µA+
1
• µA+

2
)(u, v) = µA+

1
(u) ∧ µA+

2
(v)

(ii)

{
(µB−1

• µB−2
)((u, v1), (u, v2)) = µA−1

(u) ∧ µB−2
(v1v2), and

(µB+
1
• µB+

2
)((u, v1), (u, v2)) = µA+

1
(u) ∧ µB+

2
(v1v2)

(iii)

{
(µB−1

• µB−2
)((u1, v1), (u2, v2)) = µB−1

(u1u2) ∧ µB−2
(v1v2),

(µB+
1
• µB+

2
)((u1, v1), (u2, v2)) = µB+

1
(u1u2) ∧ µB+

2
(v1v2).

Example 3.6. In this exampleple we consider two interval-valued fuzzy graphs
G1 = (A1, B1), G2 = (A2, B2) and G1 •G2 as follows.

[0.4, 0.6]

[0.5, 0.7]

[0.3, 0.6]

[0.4, 0.8]

[0.3, 0.6]
[0.4, 0.6]

[0.3, 0.6] [0.4, 0.7]

[0.3, 0.4] [0.3, 0.5]

a c

b d

G1 G2

(a, c) (a, d)

(b, c) (b, d)
G1 •G2

[0.3, 0.5]

[0.3, 0.5]

[0.3, 0.4]

[0.3, 0.4]

It is easy to show that G1 •G2 is an interval-valued fuzzy graph.

Theorem 3.7. If G1 = (A1, B1) and G2 = (A2, B2) are complete interval-valued
fuzzy graphs, then G1 •G2 is complete.
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Proof. If (u, v1)(u, v2) ∈ E, then

(µB−1
• µB−2

)((u, v1)(u, v2)) = µA−1
(u) ∧ µB−2

(v1v2)

= µA−1
(u) ∧ µA−2

(v1) ∧ µA−2
(v2)(since G2 is complete)

= (µA−1
• µA−2

)(u, v1) ∧ (µA−1
• µA−2

)(u, v2).

If ((u1, v1)(u2, v2)) ∈ E, then since G1 and G2 are complete

(µB−1
• µB−2

)((u1, v1)(u2, v2)) = µB−1
(u1u2) ∧ µB−2

(v1v2)

= µA−1
(u1) ∧ µA−2

(u2) ∧ µA−2
(v1) ∧ µA−2

(v2)

= (µA−1
• µA−2

)(u1, v1) ∧ (µA−1
• µA−2

)(u2, v2).

Similarly we can show that

(µB+
1
• µB+

2
)((u, v1)(u, v2)) = (µA+

1
• µA+

2
)(u, v1) ∧ (µA+

1
• µA+

2
)(u, v2)

if (u, v1)(u, v2) ∈ E and

(µB+
1
• µB+

2
)((u1, v1)(u2, v2)) = (µA+

1
• µA+

2
)(u1, v1) ∧ (µA+

1
• µA+

2
)(u2, v2)

if (u1, v1)(u2, v2) ∈ E. ¤

Definition 3.8. The strong product of two interval-valued fuzzy graphs G1 : (A1, B1)
with crisp graph G∗1 : (V1, E1) and G2 : (A2, B2) with crisp graph G∗2 : (V2, E2),
where we assume that V1 ∩ V2 = φ, is defined to be the interval-valued fuzzy graph
G1 ⊗G2 : (A1 ⊗A2, B1 ⊗B2) with crisp graph G∗ : (V1 × V2, E) where

E = {(u, v1)(u, v2) : u ∈ V1, (v1, v2) ∈ E2}
∪ {(u1, w)(u2, w) : w ∈ V2, (u1, u2) ∈ E1}
∪ {(u1, v1)(u2, v2) : (u1, u2) ∈ E1, (v1, v2) ∈ E2},

(i)

{
(µA−1

⊗ µA−2
)(u, v) = µA−1

(u) ∧ µA−2
(v), for all (u, v) ∈ V1 × V2

(µA+
1
⊗ µA+

2
)(u, v) = µA+

1
(u) ∧ µA+

2
(v)

(ii)

{
(µB−1

⊗ µB−2
)((u, v1), (u, v2)) = µA−1

(u) ∧ µB−2
(v1v2),

(µB+
1
⊗ µB+

2
)((u, v1), (u, v2)) = µA+

1
(u) ∧ µB+

2
(v1v2)

(iii)

{
(µB−1

⊗ µB−2
)((u1, w), (u2, w)) = µA−2

(w) ∧ µB−1
(u1u2)and

(µB+
1
⊗ µB+

2
)((u1, w), (u2, w)) = µA+

2
(w) ∧ µB+

1
(u1u2)

(iv)

{
(µB−1

⊗ µB−2
)((u1, v1), (u2, v2)) = µB−1

(u1u2) ∧ µB−2
(v1v2)

(µB+
1
⊗ µB+

2
)((u1, v1), (u2, v2)) = µB+

1
(u1u2) ∧ µB+

2
(v1v2)

Example 3.9. Let G∗1 = (V1, E1) and G∗2 = (V2, E2) be graphs such that V1 =
{a, b}, V2 = {c, d}, E1 = {ab} and E2 = {cd}. Consider two interval-valued fuzzy

graphs G1 = (A1, B1) and G2 = (A2, B2), where A1 =
〈

(
a

0.3
,

b

0.4
), (

a

0.5
,

b

0.6
)
〉

,

B1 =
〈

ab

0.2
,

ab

0.3
,

〉
, A2 =

〈
(

c

0.2
,

d

0.3
), (

c

0.5
,

d

0.7
)
〉

, B2 =
〈

cd

0.2
,

cd

0.4
,

〉
. Then, it is
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not difficult to verify the following statements:

(µA−1
⊗ µA−2

)(a, c) = 0.2, (µA−1
⊗ µA−2

)(a, d) = 0.3, (µA+
1
⊗ µA+

2
)(b, c) = 0.2,

(µA−1
⊗ µA−2

)(b, d) = 0.3,

(µA+
1
⊗ µA+

2
)(a, d) = 0.5, µA+

1
⊗ µA+

2
)(a, d) = 0.5, (µA+

1
⊗ µA+

2
)(b, c) = 0.5,

(µA+
1
⊗ µA+

2
)(b, d) = 0.6,

(µB−1
⊗ µB−2

)((a, c)(a, d)) = 0.2, (µB+
1
⊗ µB+

2
)((a, c)(a, d)) = 0.4,

(µB−1
⊗ µB−2

)((a, c)(b, c)) = 0.2, (µB+
1
⊗ µB+

2
)((a, c)(b, c)) = 0.3,

(µB−1
⊗ µB−2

)((a, c)(b, d)) = 0.2, (µB+
1
⊗ µB+

2
)((a, d)(b, d)) = 0.3,

(µB−1
⊗ µB−2

)((b, c)(b, d)) = 0.2, (µB+
1
⊗ µB+

2
)((b, c)(b, d)) = 0.4,

(µB−1
⊗ µB−2

)((a, c)(b, d)) = 0.2, (µB+
1
⊗ µB+

2
)((a, c)(b, d)) = 0.3,

(µB−1
⊗ µB−2

)((a, d)(b, c)) = 0.2, (µB+
1
⊗ µB+

2
)((a, d)(b, c)) = 0.3.

[0.3, 0.5] [0.2, 0.5]

[0.3, 0.6]
[0.3, 0.7]

[0.2, 0.5] [0.3, 0.5]

[0.4, 0.6]
[0.2, 0.5]

[0.2, 0.3] [0.2, 0.4]

a c

b d
G1 G2

(a, c) (a, d)

(b, c) (b, d)

G1 ⊗G2

[0.2, 0.4]

[0.2, 0.4]

[0.2, 0.3][0.2, 0.3]

[0.2, 0.3]

[0.2, 0.3]

By a routine computation, it is easy to see that G1 ⊗ G2 is an interval-value fuzzy
graph.

Theorem 3.10. If G1 = (A1, B1) and G2 = (A2, B2) are complete interval-valued
fuzzy graphs, then G1 ⊗G2 is complete.
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Proof. If (u, v1)(u, v2) ∈ E, then

(µB−1
⊗ µB−2

)((u, v1)(u, v2)) = µA−1
(u) ∧ µB−2

(v1v2)

= µA−1
(u) ∧ µA−2

(v1) ∧ µA−2
(v2) (since G2 is complete)

= (µA−1
⊗ µA−2

)(u, v1) ∧ (µA−1
⊗ µA−2

)(u, v2).

(µB+
1
⊗ µB+

2
)((u, v1)(u, v2)) = µA+

1
(u) ∧ µB+

2
(v1v2)

= µA+
1
(u) ∧ µA+

2
(v1) ∧ µA+

2
(v2) (since G2 is complete)

= (µA+
1
⊗ µA+

2
)(u, v1) ∧ (µA+

1
⊗ µA−2

)(u, v2).

If (u1, w)(u2, w) ∈ E, then

(µB−1
⊗ µB−2

)((u1, w)(u2, w)) = µA−2
(w) ∧ µB−1

(u1u2)

= µA−2
(w) ∧ µA−1

(u1) ∧ µA−1
(u2) (since G1 is complete)

= (µA−1
⊗ µA−2

)(u1, w) ∧ (µA−1
⊗ µA−2

)(u2, w).

Similarly we can show that

(µB+
1
⊗ µB+

2
)((u1, w)(u2, w)) = (µA+

1
⊗ µA+

2
)(u1, w) ∧ (µA+

1
⊗ µA+

2
)(u2, w).

if (u1, v1)(u2, v2) ∈ E, then since G1 and G2 are complete

(µB−1
⊗ µB−2

)((u1, v1)(u2, v2)) = µB−1
(u1u2) ∧ µB−2

(v1v2)

= µA−1
(u1) ∧ µA−1

(u2) ∧ µA−2
(v1) ∧ µA−2

(v2)

= (µA−1
⊗ µA−2

)(u1, v1) ∧ (µA−1
⊗ µA−2

)(u2, v2).

(µB+
1
⊗ µB+

2
)((u1, v1)(u2, v2)) = µB+

1
(u1u2) ∧ µB+

2
(v1v2)

= µA+
1
(u1) ∧ µA+

2
(u2) ∧ µA+

2
(v1) ∧ µA+

2
(v2)

= (µA+
1
⊗ µA+

2
)(u1, v1) ∧ (µA+

1
⊗ µA+

2
)(u2, v2).

Hence, G1 ⊗G2 is complete. ¤
Theorem 3.11. If G1 = (A1, B1) and G2 = (A2, B2) are interval-valued fuzzy
graphs such that G1 uG2 is complete, then at least G1 or G2 must be complete.

Proof. Suppose that G1 and G2 are not complete. Then there exists at least one
(u1, v1) ∈ E1 and (u2, v2) ∈ E2 such that{

µB−1
(u1v1) < µA−1

(u1) ∧ µA−1
(v1)

µB+
1
(u1v1) < µA+

1
(u1) ∧ µA+

1
(v1)

and

{
µB−2

(u2v2) < µA−2
(u2) ∧ µA−2

(v2)
µB+

2
(u2v2) < µA+

2
(u2) ∧ µA+

2
(v2).

Now

(µB−1
u µB−2

)((u1, v1)(u2, v2)) = µB−1
(u1u2) ∧ µB−2

(v1v2)

< µA−1
(u1) ∧ µA−1

(u2) ∧ µA−2
(v1) ∧ µA−2

(v2)

(since G1 and G2 are not complete).

Similarly

(µB+
1
u µB+

2
)((u1, v1)(u2, v2)) < µA+

1
(u1) ∧ µA+

2
(u2) ∧ µA+

2
(v1) ∧ µA+

2
(v2).

But
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(µA−1
u µA−2

)((u1, v1) = µA−1
(u1) ∧ µA−2

(v1)

and (µA−1
u µA−2

)((u2, v2) = µA−1
(u2) ∧ µA−2

(u2). Thus

(µA−1
u µA−2

)(u1, v1) ∧ (µA−1
u µA−2

)(u2, v2)

= µA−1
(u1) ∧ µA−1

(u2) ∧ µA−2
(v1) ∧ µA−2

(v2)

> (µB−1
u µB−2

)((u1, v1)(u2, v2)).

Similarly we can show that

(µA+
1
u µA+

2
)(u1, v1) ∧ (µA+

1
u µA+

2
)(u2, v2) > (µB+

1
u µB+

2
)((u1, v1)(u2, v2)).

Hence, G1 uG2 is not complete, a contradiction. ¤

The next result can be proved in a similar manner as in the preceding theorem.

Theorem 3.12. If G1 = (A1, B1) and G2 = (A2, B2) are interval-valued fuzzy
graphs such that G1 • G2 or G1 ⊗ G2 is complete, then at least G1 or G2 must be
complete.

4. Conclusions

Graph theory is an extremely useful tool in solving the combinatorial problems
in different areas including geometry, algebra, number theory, topology, operations
research, optimization, and computer science. In this paper, we provide three new
operation on interval-valued fuzzy graphs; namely direct product, semi strong prod-
uct and strong product. We give sufficient conditions for each one of them to be
complete and we show that if any of these products is complete, then at least one
factor is a complete interval-valued fuzzy graph.

Acknowledgements. The authors are thankful to the referees for their valuable
comments and suggestions.
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