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ABSTRACT. In this paper, the soft fuzzy product generalized topology is
introduced. Properties of product associated maps are studied. In this con-
nection, soft fuzzy Gspre quotient product maps with relevant properties
are discussed. Moreover, compactification on soft fuzzy product general-
ized topological space is established.
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1. INTRODUCTION

The fuzzy concept has penetrated almost all branches of Mathematics since the
introduction of the concept of fuzzy set by Zadeh [8]. Fuzzy sets have applications in
many fields such as information [4] and control [5]. The theory of fuzzy topological
spaces was introduced and developed by C. L. Chang [2].

The idea of Fuzzy soft sets, introduced and developed by P. K. Maji, R. Biswas,
A. R. Roy [3]. The notions of Soft fuzzy set over a poset I and soft fuzzy topological
space was introduced by Ismail U. Tiryaki [6].

In this paper, a new class of set, called Soft fuzzy set for Q(X; x X3) is established.
A product map which is associated with the some product map is defined and some
of the properties are studied. In this connection, a compactification on the soft fuzzy
product generalized topological space is established.
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2. PRELIMINARIES

Definition 2.1 ([6]). Let X be a nonempty set. Let u be a fuzzy subset of X such
that g : X — [0,1] and M be any crisp subset of X. Then, the ordered pair (u, M) is
called a soft fuzzy setin X. The family of all soft fuzzy subsets of X ,will be denoted
by SF(X).

Definition 2.2 ([6]). Let X be a non-empty set. Then, the complement of a soft
fuzzy set (u, M) is defined as (u, M) = (1 — p, X|M)

Definition 2.3 ([6]). Let X be a non-empty set and the soft fuzzy sets A and B
be in the form,
A={(u,M): p(z)e I¥*Vz e X,M C X}
B={(A\N): Nz)eIX,Vzxe X,NC X}
Then,
(1) AT B+ pu(z) < A=
(2) A=B & p(x) = MNz),Vz e X,M = N.
(3) ANB < pu(x) ANA(z),Ve e X, MNN.
(4) AUB < p(x) VA(z),Yz e X, MUN.

Proposition 2.4 ([6]). Let f : X — Y be a function. If (\,N) is a soft fuzzy set
in Y, then its pre-image under f, denoted f=* (\, N) is defined as,
JTHAN) = (Ao f, fH(N)

where, f"Y(N)={zx € X : f(z) =y, fory € N}.
Proposition 2.5 ([6]). Let f: X — Y be a function. If (u, M) is a soft fuzzy set
in X, then its image under f, denoted f (u, M) is defined as,

f(ILL7M) = (’771’)
where, v (y) = f (1) (y) = sup{u(z) sz € f~1 (y)}

L={f(z):ze M}.

),Vz e X,MCN.

Definition 2.6 ([6]). A soft fuzzy topology on a non-empty set X is a family T of
soft fuzzy sets in X satisfying the following axioms:

(1) (0,6), (1, X) € T.

(2) For any family of soft fuzzy sets (A\;, N;) € T,j € J,Ujes(A\;, N;) € T.

(3) For any finite number of soft fuzzy sets (A;, N;) € T,j = 1,2,3,..n,117_; (A,
N;) € T. Then, the pair (X,T) is called a soft fuzzy topological space (in short,
SFTS).

Any soft fuzzy set in T is said to be a soft fuzzy open set (in short, SFOS) in
X. The complement of SFOS in a SFTS (X, T) is called as a soft fuzzy closed set,
denoted SFCS in X.

Example 2.7. Let X = {a,b,c} and the soft fuzzy topology on X is given by

T = {(07¢)7 (LX)’ (NhMl)’ (MQ’MQ)v (M37M3)a (M47M4)} where each (/J'iaMi)(i =

1,2,3,4) is a soft fuzzy set defined as follows p1 : X — I 5 pi(a) = 0.2, uq(b) = 0.3,

p1(c) =0.7and My ={a} C X; po: X — I > pz(a) =0.4, p2(b) = 0.5, ua(c) =0.2

and My = {a,b} C X; pu3 : X — I 3 ps(a) = 0.4, pz(b) = 0.5, ps(c) = 0.7 and

Ms ={a,b} C X; pg: X — I 3 pg(a) = 0.2, pa(b) = 0.3, pa(c) = 0.2 and My =
560
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{a} € X. The members of T are called soft fuzzy open set and their complements
are called soft fuzzy closed sets. The pair (X, T) is a soft fuzzy topological space.

Definition 2.8 ([1]). The product A\ x p of a fuzzy set A of X and a fuzzy set p of
Y is a fuzzy set of X x Y, defined by (A x p) < @,y > = min(A(x), u(y)), for each
<z, y> X xY.

Example 2.9. Let X = {a,b,c} and X be a fuzzy set of X which is defined by
A X = I3 Xa) =04, A\(b) =07, AM(c) = 03. Let Y = {p,q} and u be a
fuzzy set of Y which is defined by p : Y — I 3 p(p) = 0.3, u(q) = 0.8. Now
A X p is a fuzzy set of X x Y and is defined as follows A X p: X xY — I 2 (A x
m)(< a,p >) = min(A(a), u(p)) = 0.3, (A x p)(< a,q >) = min(Aa), u(q)) = 0.4,
(Axp)(< b, p >) = min(A(b), 1(p)) = 0.3, Ax)(< b,q >) = min(A(), (@) = 0.7,
(xp)(< &p >) = min(A(e), u(p)) = 03, (Ax 1)(< c.q >) = min(A(c), u(a)) = 0.3

Definition 2.10 ([I]). The product f1 x fo: X1 x Xo — Y7 X Y2 of mappings f1 :
X1 — Y1 and fo 1 Xo — Y, defined by (f1 x f2) < z1,22 > = (fi(21), f2(22)), for
each < z1,z9 >€ X1 X Xo.

Definition 2.11 ([7]). Let (X,T) be a soft fuzzy topological space. Let (A, N)
be any soft fuzzy set. Then (A, N) is said to be soft fuzzy Gs pre open set if
(M N) = (u, M) 11 (v, L), where (u, M) is soft fuzzy Gs set and (v, L) is soft fuzzy
pre open set. The complement of a soft fuzzy Gs pre open set is soft fuzzy F, pre
closed.

Example 2.12. Let (X, T) be a soft fuzzy topological space. Let X = {a,b, c} and
T = {(07 ?), (1, X)7 (p1, Mr), (2, Ma), (ps, Mg), (/1'47 M4)} where each (ui, MZ)(l =
1,2,3,4) is a soft fuzzy set defined as follows u1 : X — I 3 py(a) = 0.2, pu1(b) = 0.3,
pu1(c) =0.7and My ={a} C X; p2: X — I 3 pa(a) =0.4, p2(b) = 0.5, ua(c) =0.2
and My = {a,b} C X; puz : X — I > us(a) = 0.4, us(b) = 0.5, ps(c) = 0.7
and Mz = {a,b} C X; pa : X — I 3 pa(a) = 0.2, pg(b) = 0.3, pa(c) = 0.2 and
M, = {a} € X. Now (A1, M) defined by A1 : X — I 3 A1(a) = 0.1, A1(b) = 0.6,
A1(c) = 0.4, and M, = {a} is a soft fuzzy pre open set and (u1, M1) is a soft fuzzy Gs
set. Now (u1, M1) M (A1, My) = (71, My) where v1(a) = 0.1, 71(b) = 0.3, y1(c) = 0.4
and M7 = {a} is a soft fuzzy Gs pre open set in (X, T).

Definition 2.13 ([7]). Let (X,T) and (Y,S) be any two soft fuzzy topological spaces.
A function f : (X,T) — (Y,S) is said to be soft fuzzy Gs-pre continuous, if the
inverse image of every soft fuzzy open set in (Y,S) is soft fuzzy Gs pre open in
(X,T).

Example 2.14. Let (X, T) be a soft fuzzy topological space. Let X = {a,b, ¢} and
T = {(0,0),(1,X), (u1, M), (2, Ma), (3, M3), (pia, Ma)} where each (p;, M;)(i =
1,2,3,4) is a soft fuzzy set defined as follows p; : X — I 3 py(a) = 0.2, p1(b) = 0.3,
p1(c) =0.7and My ={a} C X; pa: X — I > pz(a) =0.4, p2(b) = 0.5, ua(c) =0.2
and My = {a,b} C X; puz : X — I 3 ps(a) = 0.4, us(b) = 0.5, ps(c) = 0.7
and M3 = {a,b} C X; g : X — I 3 pwy(a) = 0.2, pa(b) = 0.3, pa(c) = 0.2 and
My = {a} € X. Let (Y,S) be a soft fuzzy topological space. Let Y = {p,q,7}
and S = {(0,¢),(1,Y), (A1, N1)} where (A1, N1) is a soft fuzzy set defined as follows
ALY =135 M(p) =01, \(g) =0.6, \y(r) = 0.4 and Ny = {p}. Let f: (X, T) —
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(Y, S) defined by f(a) =p, f(b) =q, f(c) =r. Since the inverse image of every soft
fuzzy open set in (Y, S) is soft fuzzy Gspre open in (X,T). Thus f is a soft fuzzy
Gspre continuous.

Definition 2.15 ([7]). Let (X,T) and (Y,S) be any two soft fuzzy topological spaces.
A function f: (X,T) — (Y, S) is said to be soft fuzzy Gs-pre irresolute, if the inverse
image of every soft fuzzy G pre open set in (Y,S) is soft fuzzy G pre open in (X, T).

3. ON SOFT FUZZY PRODUCT MAP

Definition 3.1. Let < z1,25 >€ X; X X5 and A : X7 x X3 — [0,1]. Define,

A0<AL]) if<a,290 >=< y1,y2 >;
< @102 >5 (<YLY >)_{ 0( =Y othervslzgseQ. i

Then, the soft fuzzy set (< x1,22 >, {< x1,22 >}) is called as the soft fuzzy
point (inshort, SFP) in SF(X; x X5), with support, < x1,x2 > and value, A.

Definition 3.2. Soft fuzzy product set (A1, N1) X (A2, Na) is defined as
()\17N1) X ()\Q,NQ) = ()\1 X )\Q,Nl X NQ)

Example 3.3. Let X = {a,b,c} and (A, N) be a soft fuzzy set of X which is defined
by A: X — I35 Aa) =04, A\(b) =0.7, \(¢) = 0.3 and N = {a,b}. Let Y = {p,q}
and (u, M) be a soft fuzzy set of Y which is defined by p: Y — I 3 u(p) = 0.3,
u(g) = 0.8 and M ={p}. Now (Ax pu, N x M) is a soft fuzzy product set of X xY and
is defined as follows Ax p: X xY — I 3 (Ax p)(< a,p >) = min(A(a), u(p)) = 0.3,
Ax)(< a,q >) = min(A(a), (@) = 04, (Ax ) (< b,p >) = min(A(B), u(p)) = 0.3,
(Ax2)(< byg >) = min(A(b).1(q)) = 0.7, Ax p)(< ,p >) = min(A(c), u(p)) = 0.3,
A x p)(<e,q>)=min(Ac),u(q)) =03 and N x M = {< a,p>,<b,p>}.

Definition 3.4. Let (X1,71) and (X2, T») be any two soft fuzzy topological spaces.
The collection B = {()\1 X )\2, Ny x NQ) : ()\17 Nl) e1, ()\2, Mg) € Ty and N1 x Ny C
X1 x Xy} forms a soft fuzzy open base of a soft fuzzy topology in X; x Xo.

The soft fuzzy topology in X7 x X5, induced by B is called as the

soft fuzzy product topology of Ty and Ts, denoted by T7 x T5.

The ordered pair (X; X Xo,T7 X T3), which means the product of (X1,77) and
(X2,Ty), is called the soft fuzzy product topological space.

Example 3.5. Let X = {a,b,c} and T = {(A\1, N1), (A2, Na), (A3, N3)} where (A;, N;)
(i=1, 2,3) is defined as follows A\; : X — I 3 Ai(a) = 0, A1(b) =0, A\i(c) = 0 and
N1:(,Z5; )\2:X—>I9)\g(a):l,)\g(b)zl,)\g(c)zlanngzX; )\32X—>I
> As(a) = 0.3, A3(b) = 0.4, A3(c) = 0.2 and N3 = {a,b}. Let Y = {p,q} and
S = {(u1, My), (u2, Ma), (13, M3)} where (p;, M;) (i=1, 2,3) is defined as follows
p Y — I3 mp) =0, m(g) = 0and My = ¢; po 1 Y — I 5 pa(p) = 1,
po(g) =land My =Y; u3: Y — 13 ps(p) =04, ps(g) =02and Mz =Y. B =
{()\1 X/Ll,Nl X Ml), ()\1 X‘LLQ,Nl X MQ), (Al X,U,g,Nl XMg), ()\2 XlLLl,NQ XMl), ()\2 X
/JQ,NQ X Mg),()\g X ﬂg,NQ X M3),(>\3 X M17N3 X M1)7(>\3 X /JQ,N3 X M2)7()\3 X
Mg,Ng X Mg)} where ()\1 X /,Lth X Ml) is defined by A1 X M1 ot XxY —-15>
(M x um)(< a,p >) =0, (M x m)(< a,g >) =0, (A1 x wm)(< b,p >) =0,
()\1 X ,LL1)(< b,q >) =0, ()\1 X ul)(< c,p >) =0, ()\1 X ,Ul)(< c,q >) =0
562
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and Ny x My = ¢. (A1 X pa, N1 X M) is defined by A X po : X XY — [
()\1 X ,ug)(< a,p >) = 0, ()\1 X /.1/2)(< a,q >) = 0, ()\1 X /.Lg)(< b,p >) =
()\1 X ,ug)(< b,q >) = 0, ()\1 X ,Ug)(< c,p >) = 0, ()\1 X ,LLQ)(< c,q >) =
and Ny X My = ¢. (A X ps, N1 x M3) is defined by A\ x pg : X xY — I
(}\1 X ,11,3)(< a,p >) = 0, ()\1 X ,u3)(< a,q >) = 0, ()\1 X /L3)(< b,p >) =
(M1 X p3)(< byg >) = 0, (M x p3)(< ¢,p >) =0, (A x p3)(< ¢,q >) =
and N1 x M3 = ()\2 X /_Ll,NQ X Ml) is defined by )\2 X iy ot XxY — 1
()\2 X ,u1)(< a,p >) =0, ()\2 X ,u1)(< a,q >) =0, ()\2 X /11)(< b,p >) =
(A2 x p)(< byg >) =0, (A2 x p)(< ¢,p >) =0, (A2 x p)(< ¢,q >) =
and N2 X M1 = qb ()\2 X /J,Q,NQ X MQ) is defined by )\2 X 2 XxY — 1
()\2 X ,UQ)(< a,p >) =1, ()\2 X ,UQ)(< a,q >) =1, ()\2 X ,UQ)(< b,p >) =
M X u2)(< byg >) =1, (Aa x p2)(< e,p >) =1, (A2 X u2)(< ¢,q¢ >) =1 and
Ny x My = X XY. (AQX/J,3,N2XM3) isdeﬁnedby/\gxug,:XxY—>19
(A2 x p3)(< a,p >) = 04, (A2 x p3)(< a,q >) = 0.2, (A2 x p3)(< b,p >) = 04,
(A2 x p3)(< byg >) = 0.2, (A2 X p3)(< ¢,p >) = 04, (A2 X p3)(< ¢,q >) = 0.2
and No x Ms = X xY. (A3 X u1,N3 x M) is defined by Ag x g3 : X xY — I
S5 M x )< a,p>) =0, (A3 x )< a,qg>) =0, (Agxp)<bp>) =0,
(A3 x p1)(< byg >) = 0, (A3 x m)(< ¢,p >) =0, A3 x p)(< ¢,¢ >) =0
anngle :¢ ()\3X,LL2,N3><M2) isdeﬁnedbyAgxu2:XxY—>19
(A3 x p2)(< a,p >) = 0.3, (A3 x p2)(< a,q >) = 0.3, (A3 x p2)(< b,p >) = 04,
(}\3 X ,LLQ)(< b,q >) = 04, ()\3 X /1,2)(< Cc,p >) = 02, ()\3 X /JQ)(< c,q >) = 0.2 and
N3 x My = {< a,p >,< a,q >, < b,p >,< b,q >}.(A3 X p3, N3 X M3) is defined
by Ag X pz : X XY = I3 (A3 X pu3)(< a,p >) = 0.3, (A3 x u3)(< a,q >) = 0.2,
(A3 X pu3)(< byp >) = 0.4, (A3 x p3)(< b,g >) = 0.2, (A3 x p3)(< ¢,p >) = 0.2,
(A3 x u3)(< e,q >) =02and N3 Xx M3 = {< a,p >, < a,qg > <bp><bq>}
The soft fuzzy topology induced by B is called as soft fuzzy product topological of T
and S denoted by T'x S. The pair (X x Y, T x S) is a soft fuzzy product topological
space.

©

Definition 3.6. Let (X7 x Xa,T1 X T3) be a soft fuzzy product topological space.
The family of all soft fuzzy Gspre open sets are denoted by SFGspreOS. Soft fuzzy
Gspre structure st(Th x Ts) is the collection of all soft fuzzy Gspre open sets satisfies
the following conditions:

(1) (O,(b), (1,X) S St(Tl X Tg)

(2) For any family of soft fuzzy sets (\;, N;) € st(Th x T2),j € J, Ujes(A;, N;) €
St(Tl X TQ)

(3) For any finite number of soft fuzzy sets (A\;, N;) € st(T1 xT3),j =1,2,3,..n,
M7_1(Aj, Nj) € st(T1 x Ty). Then, the pair (X1 x Xy, st(T1 x T))is called as a soft
fuzzy product Gspre space, (in short,SFPGspregS)

Definition 3.7. Let (X, 7) be a topological space. A subset A of X is said to be
Gspre open if A= BN C where B and C are G and pre open set respectively.

Definition 3.8. Let (X7 x X5, 7 X 72) be a topological space and I = [0, 1] equipped
with the usual topology, a lower semi Gspre continuous® pair (u, M), where p :
(X1 x Xo,71 X 7o) — I with Gspre open set u~'((a, 1]) and M C X; x X5 is a Ggpre
open set in 71 X 73 for all « €[0,1].
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Definition 3.9. A soft fuzzy product Gspre space (X7 x Xo, st(Ty x Ty)) is said
to be a weakly induced soft fuzzy product Gspre structure, which is the soft fuzzy
product Ggpre space induced by a topological space (X7 X Xa, 71 X 72) if the following
conditions hold :

(a) T1 X To = {A C X1 x Xo ‘ (XA,A) € St(Tl X T2}

(b) Every (u, M) € st(Ty x Ts) is a lower semi Gspre continuous™ pair.

Definition 3.10. Let PrTop be the category of all the product topological spaces
and the continuous maps. Let SFPrGsprest be the category of all the soft fuzzy
product Gspre space and SFGspre continuous maps. Define a functor, w : PrTop —
SF PrGsprest which associates to any product topological space, (X1 x Xa,T1 X T3),
the soft fuzzy product Gspre space (X7 X Xo,w(T1 x T3)) where w(T} x T3) is the
totality of all lower semi Gspre continuous™ pair. Then, w(7T; x T») is called as the
weakly induced soft fuzzy Gspre structure by (X1 x Xo,T1 X T).

Definition 3.11. Let (X7 x X9, Ty x T), (Y1 x Ya,51 x S3) be any two soft fuzzy
product topological spaces. A surjective map f:(X;x X, Ty xT) — (Y1 xY5,.51X.53)
is said to be a soft fuzzy Gspre quotient product map if the inverse image of every soft
fuzzy Gspre open set in (Y7 xYa, .51 XS9) is soft fuzzy Gspre open in (X1 x Xo, T1 X T3).
Proposition 3.12. For mappings f; : X; — Y; and soft fuzzy sets (\;, M;) of Yi,
(Z = 172),' we have (fl X f2)71(>\1 X Ao, My X Mg) = ffl()\l,Ml) X f;l()\Q,MQ),

Proof. Proof is clear. O
Proposition 3.13. For mappings f; : X; — Y; and soft fuzzy sets (\;, M;) of Vs,
(’L = 172); we have (fl X fg)(Al X )\Q,Ml X Mg) E f1(>\1,M1) X fQ()\Q,MQ).

Proof. Proof is clear. O

4. PROPERTIES OF THE PRODUCT ASSOCIATED MAP ON SOFT FUZZY PRODUCT
GsPRE SPACE

Definition 4.1. Let f; : X; — Y7 and fo : Xo — Y5 be any two maps. Let
X7 x X and Y7 X Y5 be two product sets and f; X fo : X7 X Xo — Y7 X Y5 be
a product map. Then, define the soft fuzzy product associated map f; X fo as
f1 X fa(< 1, e >, {< 1,22 >}) = f1 X fa(< x1,22 >\, {< 21,22 >}), for each
soft fuzzy point (< z1,29 > A\, {< 21,22 >}) in X7 X Xo.

Proposition 4.2. Let f1 : X1 — Y7 and fo : Xo — Y5 be any two onto maps. Let
X1 x X5 and Y1 X Ys be two product sets. If f1 X fo : X1 x Xo — Y1 X Y5 is a product
onto map, then for each soft fuzzy point (< x1,x2 >x,{< x1,22 >}) in X7 x X,

fj;</fg(< X1,T9 >y, {< 21,22 >}) is the soft fuzzy point in Yy X Yy that takes the
value X in fi X fo(< 21,29 >).
Proof. For 0 < A <1,

f1/;</f2(< x1,xe >y, {< x1,29 >}) = f1 X fa(< 21,20 >N, {< 21,22 >})
= (fi X fo <w1,m2 >5, f1 X fo({< 21,22 >1}))
= (fi x fo <129 >3, {< fi(21), falz2) >})
564
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where, f1 X fo(< x1,22 >2)(< y1,92 >)

Sup<$’y>e(flXf2)71(<y1,y2>) < T1,T2 >)\ §< T,y >)
= if (fi % f2) 7 (< y1,y2 >) # ¢

0 otherwise.

. ~1 )
fle2(< T1,To >)\)(< Y1, Yo >) _ { ())‘ (0 <A< 1) gt}(l];i‘;s];ﬁ (< Y1,Y2 >) 7é ?;

Then, fj\x/fg(< x1,Ta >N, {< 21,22 >}) is the soft fuzzy point in Y7 x Ys that
takes the value A in f; X fo(< 21,29 >). O

Proposition 4.3. Let f1 : X1 = Y1, fo: Xo—>Ys, g1 : Y1 — Z1 and g2 : Yo — Z5
be any maps. Let f1 X fo: X1 x Xo = Y1 XYy and g1 X g2 : Y1 X Yo — Z1 X Z5 be
the two product onto maps. Then, (g1 X g2) o (f1 X fa) = (g1 X g2) o (f1 X f2).

Proof. By using the Proposition 4.2, we have for each soft fuzzy point (< z1,z2 >,
{< x1,T2 >}) in X7 x Xo

(91 x g2) o (f1 X fo)(< @1, 22 >5,{< @1,22 >})
= (g1 X g2) o (f1 X fo)(< w1, w2 >x, {< @1, 2 >})
g1 X g2)((f1 X fo)(< 1, w2 >x, {< 21,22 >})

g1 X g2

)
(F1 % f2)(< 21,20 >x, {< 21,20 >1))
)

= ( )
= ( )
= (91 x 92)((f1 X fo)(< @1, 22 >3, {< 71,72 >})
=( )

g1 X g2) o (f1 X fa)(< w1, 22 >a, {< x1,22 >})

Thus, (g1 % g2) o (f1 X f2) = (g1 X g2) © (f1 X f2). O
Proposition 4.4. Let f1 : X1 — Y7 and fo : Xo — Y5 be any two onto maps. Let
X1 X X5 and Y1 X Yy be two product sets. Let f1 X fo : X1 X Xo = Y7 X Y5 isa

product onto map. If (f1 X fa) is the identity map, then (f1 X f2) is also the identity
map.

Proof. Since (f1 x f2) is the identity map, (f1 X fo)(< 1,22 >z, {< T1,72 >})

= ((z1,x2)a, {(z1,22)}), for each soft fuzzy point (< x1, 22 >, {< 21,22 >}). Now,
by the definition of the soft fuzzy product associated map, (f1 x f2)(< 1,22 >,
{< 2,22 >}) = (fi X f2)(< 21,22 >0, {< 21,22 >}) = ((f1 X f2)(< 21,22 >)),
{(fi(z1), f2(x2))}). This implies that, ((f1 X f2)(< 21,22 >3),{< fi(21), f2(z2) >})
is the soft fuzzy point which takes the value A in (f1 X f2) < 1,22 > and (< x1, 22 >
, {< 21,29 >}) is also the soft fuzzy point which takes the value A in < 1,29 >).
Thus, (f1 X f2)(< 21,22 >) = < x1,x2 >, for each < 1,29 >€ X7 X Xa. Thus,
(f1 X f2) is the identity map. O

Proposition 4.5. Let f1: X1 — Y] and fo : Xo — Y5 be any two maps.

(1) If f1r X f2: X1 x X9 — Y7 X Ya is a product onto map, then (f1 x f2) is also

the product onto map.
g
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(2) If f1 X fo: X1 X Xo — Y] X Y3 is a product one- to-one map, then (f1 X f2)
is also the product one-to-one map.

Proof. (1) For each (< y1,y2 >a, {< y1,y2 >}) soft fuzzy point in Y7 x Ya, we have
< y1,yY2 >€ Y7 X Yo, then there exists atleast < z1,22 >€ X; x Xs such that

(f1 X f2) < x1,22 > = < y1,92 >. Now, (f1 x f2)(< 21,22 >a,{< z1,22 >}) =
([ixfo)(<z1,m2 >0, {< w102 >}) = (i X f)(< 21,72 >0), (1 X f2)({< 21,22 >
1)) which takes the value « in (f; X f2) < 1,22 > and since (f; X f2) < x1,22 >

= < y1,y2 >, this shows that ((f; x fg)(</$_l_,/$2 >q), (f1 X f2)({< z1,22 >}))
= (< y¥2 > {< Y1, 02 >}). The@‘fgie, (fi X fo)(< 1,22 >a,{< 21,22 >}) =

(< y1,Y2 >a, {< y1,y2 >}). Thus, (f1 x fg) is the product onto map.
(2) If (< x1,22 >a,{< 21,22 >}) (< 2, 2h >p,{< 2,25 >}) are the two so soft

fuzzy points in X; x X5 such that (f1 X fo)(< 21,22 >0, {< x1,29 >}) = (f1 X f2)
(< af,xh >5,{< x}, x4, >}). This implies that (f1 X f2)(< 21,22 >q, {< z1,22 >})
= (f1 x fo)(< @}, x4 >5, {< z],x5 >}). This shows (f1 X fa) < z1,22 >= (f1 X f2)
< x},z5 > and a = §. Since (f1 X f2) is a one-to-one map, < x1,T2 >=< T}, Th >
and o = S, it follows (< x1, 22 >a,{< z1,22 >}) = (< 2,25 >p,{< 2}, 25 >}).

Thus, (f1 X f2) is one-to-one. O

Proposition 4.6. Let f1 : X1 — Y7 and fo : Xo — Y5 be any two onto maps. If
fix fo: X1 x Xy = Y] xY5 is a product one- to-one map, then (f; X fo)~1 =
-1

(fi < f2)

Proof. For each soft fuzzy point (< y1,y2 >a,{< y1,y2 >}) in Y7 x Y2 and by the
hypothesis, there exists a unique < x1,x2 >€ X3 X X5 such that (f1 X f2) < z1,22 >
= < y1,y2 >. It is enough to show that (f1/><_\};)_1(< Y1,Y2 >a,{< Y1,42 >}) =
(< 1,22 >0, {< 21,22 >}). Otherwise, let (fl/x\f;)*l(< Y1, Y2 >a{< y1,y2 >}) =
(< xlf,\x_2/>>\,{</a£},/x2 >}) and a # A. Then, (fl/;/fz)(< 1, T3 >, {< z1,29 >})
= (i x f)((fr x )71 (S w02 >0 {< w02 >}) = (i X o) (< 21,72 >a0{<

x1,T2 >}). Since (f1 X f2) is a one-to-one map, (f; X f2) is one-to-one. Thus,
(< 1,22 >, {< 21,22 >}) = (< 21,22 >5,{< 21,22 >}). But, A # a. Thus,

it leads to a contradiction. Therefore, (f1 X f2)"H< y1,¥2 >a, {< yl,yg >1}) is
uniquely the soft fuzzy pomt in X; x Xo which takes the value v in f=! < y1,y2 >.

This implies that, (f1 X f2) (< Y1,Y2 >0 {< Y1592 >}) = (f1 x f2) Y<y1,92 >as
{<y1,92 >}). Hence, (f1 x f2) L=(fix f2) . 0

Proposition 4.7. Let f1 : X1 — Y] and fo : Xo — Y5 be any two maps. Let
f1 X fo: X1 x Xo — Y] X Y5 be a product map.
(a) If (f1 X f2) is onto, then (f1 X f2) is also onto.

(b) If (f1 x f2) is one-to-one, then (fi1 X f2) is also one-to-one.

Proof. (a) For each < y1,y2 >€ Y7 x Ya, let (< y1,92 >1,{< y1,y2 >}) be the soft
fuzzy point in Y; x Y5 which takes the value 1 in < y1,y2 >. By the hypothesis,
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there exists a soft fuzzy point (< x1,z2 >4, {< z1,22 >}) in X7 x X5 such that

f1 X fa(< w122 >0, {< 1,22 >}) = (< y1,92 >1.{< y1,92 >}). Then, fi x fo

(< @129 >0, {< 21,22 >}) = (< Y102 >1, {< Y192 >}) and (fi x f2) 7' (<

y1,Y2 >) # ¢. Hence, (f1 X f2) is a onto map.

(b) Let < 1,29 >, < i, x5 >€ X1 x Xo with (f1 X f2) (< 21,72 >) = (f1 X f2)(<

xll,],‘é >). NOW7 (fl X f2)(< xr1,Ty >1, {< xr1,T2 >}) = (f1 X fg)(< xr1,To >1,

{<x1,22 >}) = ((fr X f2)(< z1,22)1 >, (f1 X f2)({< 1,22 >})), where, for A =1
(fi x fo)(< 1,22 >1) (< y1,92 >)

SUP<z,y>e(f1x f2)"H(<y1,y2>) < T1, %2 > (< z,y >)
= if (f1 x fo) N < y1,y2 >) # ¢
0 otherwise.
1 if <zy>=<ax1,72 > and (f1 X f2) " H< y1,y2 >) # &;
0 otherwise.
Lif (fy x fo)(< 27,25 >) =< y1,92 >;
0 otherwise.

This implies that, (fi1 x f2)(< 21,22 >1,{< 21,22 >}) = (f1 X f2) (< 27,25 >1,

{< x},24 >}). Since (f; X f2) is a one-to-one map, (< z},z5 >1, {< 2}, 25 >1})
= (< x1,29 >1, {< 21,22 >}). This implies that, < x1, 29 >=< 24,2, >. Thus,
(f1 X f2) is a one-to-one map. O

Definition 4.8. Let (X,7) and (Y,0) be any two topological spaces. A function
f:(X,7) — (Y,0) is said to be Gspre irresolute, if the inverse image of every Gs
pre open set in (Y, o) is G5 pre open in (X, 7).

Proposition 4.9. Let f1 : X1 — Y7 and fo : Xo — Y5 be any two maps. Let
(X1 x Xo, T1 x Ty) and (Y1 x Ya,51 X S3) be any two product topological spaces.
If fi x fo : (X1 x Xo, Ty x To) — (Y1 x Y3,51 X S3) is a Gspre irresolute map
iff 1 X fa @ (X1 X Xo,w(Th x To)) — (Y1 X Ya,w(S1 % S2)) is a soft fuzzy Gspre
irresolute.

Proof. For each soft fuzzy Gspre open set (u, M) in (Y7 X Y3,w(S1 X S3)), we have
p((a,1]) is a Gspre open set in (S; x Sz) for all @ € [0,1] and by hypothesis
(f1 x f2) Y (" (a,1]) is a Gspre open set in T} x Ty. Then, (o (fi X f2)) " (a, 1]
is a Gspre open set in Ty x Ty, and also (f1 X f2)"1(M) C X; x X3 is a Gspre open
set in 11 x Ty . Therefore, ((uo (fi x f2)), (f1 x fo) 1(M)) is a soft fuzzy Gspre
open set in (X1 x Xo,w(T1 x T3)). Now,

—1

(i x f2) (M) = (f1 x fo)" (1, M)
((f1 < f2)7H(w), (f1 x f2) "1 (M)
(o (f1 x f2)), (F1 % f2) 7 (M)

— -1
Thus, (f1 X fa) (u, M) is a soft fuzzy Gspre open set in (X1 x Xo,w(T1 x T3)).

Hence, (f1 x f2) is a soft fuzzy Gspre irresolute function.
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Conversely, A is a Gspre open set in (S7 x S3) iff (x4, A) is a soft fuzzy Gspre
open set in (Y7 X Y3),w(S1 x S2)). Now,

(flez)_l(Xm A) = (fi x f2) " (xa, 4)

(f1
= ((fr x f2) 7" (xa); (fr x f2) M (A))
= (xa o (f1 % fa), (f1 x f2) "' (A))
(X (fixf2)=1(A)> (fl X fQ) (A))

—_ 71
That is, (f1 X f2) (x4, 4) = (X(fix f2)-1(A)s (f1 X fg) 1(A)) is the soft fuzzy Gspre
open set in (X1 x Xo,w(T} x Ty)). Hence, (f1 x f2)"1(A) is a soft fuzzy Gspre open
set in T x Ty. Therefore, fi X f5 is a soft fuzzy Gspre irresolute map. O

Definition 4.10. Let (X; x X5, T1 x T3), (Y1 x Y2,57 x S3) be any two topological
spaces. A surjective map f : (X1 X Xa,T1 x To) — (Y7 x Y3,51 X S3) is said to
be a Ggpre quotient product map if the inverse image of every Gspre open set in
(Y1 x Y3, 51 x S9) is Gspre open in (X7 X X5, T} x T3).

Proposition 4.11. Let f; : X1 — Y7 and fo : Xo — Y5 be any two maps. Let
(X1 x Xo, Th X T3) and (Y1 X Y5,S51 x S3) be any two product topological spaces.
Then, f1 X fo: (X1 X Xo,T1 x T3) — (Y1 X Y5,51 X S3) is a Gspre quotient product
map iff fr X fo: (X1 X Xo,w(T1 X Ty)) — (Y1 X Ya,w(S1 x S2)) is also a soft fuzzy
Gspre quotient product map.

Proof. A is a Gspre open in (S7 x S2) iff (xa,A) is a soft fuzzy Gspre open set in
(Y1 X Y3),w(S1 X S2)). Now,

(i % F2) (eanA) = (fi % f2) " (e, A)
= ((f1 X f2) " (xa): (f1 x f2) 7' (A))
xa o (f1 % fa), (f1 x f2)7'(A4))

)

= (X(frx f)-1(4)s (f1 X f2) 71 (A)

~ ~ o~

— -1

That is, (f1 x f2)  (xa,A) = (X(f1x f2)-1(4), (f1 X fg) L(A)) is the soft fuzzy Gspre
open set in (X1 x Xo,w(Th x T2)). Hence, (f1 x fa)~1(A) is a soft fuzzy Gspre open
in T1 x Ty. Therefore, fi X fo is a Gspre quotient product map.

Conversely, let (u, M) be a soft fuzzy Gspre open set in (Y7 X Ya,w(S; X S2))
iff p71(a, 1] is Gspre open in Sy x Sy and M C Y; x Ys is Gspre open in S x
Sy, for all @ € [0,1]. By the hypothesis (f1 x fo) Y (u Y a,1]) € Ty x Ty and
(f1 x f2)~H(M) T1 x Ty (f1 X fa)~ ( ) C X1 x X for each a € [0,1]. That is,

1

S
((fj\x/fQ) (1 ,(f1 X fa) (M)) (f1 X fa) (M,M) is a soft fuzzy Gspre open set

)
in (X1 x Xa,w(Th x T»)). Hence, f1 X fo is also a soft fuzzy Gspre quotient product
map. O

Definition 4.12. Let (X x X5, Ty xT3) and (Y1 xYs,.51 x S) be any two topological
spaces. (X1 x Xo,T1 x T3) is said to be Gspre homeomorphic to (Y1 x Y3, 51 x S3),
568



V. Visalakshi et al./Ann. Fuzzy Math. Inform. 6 (2013), No. 3, 559-573

if f: (X1 xXo, Ty xTy) — (Y1 x Ya,81 x So) is one to one, onto, f and f~! is Gspre
irresolute.

Definition 4.13. Let (X1 x X3, T1 xT») and (Y7 x Y3, 51 X .S2) be any two soft fuzzy
topological spaces. (X7 x X9, Ty X T5) is said to be soft fuzzy Gspre homeomorphic
to (Y7 x Y3,587 x Sa), if f: (X1 x Xo,Th x Ta) — (Y1 x Y3, 51 x S3) is one to one,
onto, f and f~! is soft fuzzy Gspre irresolute.

Proposition 4.14. Let (X1 x Xo,w(T1 xT5)) and (Y1 x Y3, w(S1 x.52)) be two weakly

—_~—

induced soft fuzzy product Gspre spaces, and (f1 X f2) be a soft fuzzy Gspre irresolute
map from (X1 X Xo,w(Th xT3)) onto (Y1 X Ya,w(S1 xX.52)). If there exists a soft fuzzy
Gspre irresolute map (g1 X g2) from (Y1 x Yo, w(S1 X S3)) to (X1 x Xo,w(T1 x Ts))
such that (f1 X f2) o (g1 X g2) = ly,xvs, then (Y1 X Ya,w(S1 X S2)) is soft fuzzy
Gspre homeomorphic with (X1 X X3) | R, where R is the equivalence relation.

Proof. Since (f1 X fa) o (g1 X g2) = ly, xy,, then by using the above propositions,
we have (f1 X f2) o (g1 X g2) = ly,xy,. Then, the map hy x ho : (X7 X X2) | R —
Y1 x Y5 induced by f is a soft fuzzy Gspre homeomorphism. Finally, by the above

all propositions , hy X hsg is clearly a soft fuzzy Gspre homeomorphism. O

5. COMPACTIFICATION ON Q(X; X X3)
Definition 5.1. Let R, »,~ be an equivalence relation. Then,
X1 X Xo | Regy o> = {[< 21,02 >], [< y1,92 > |[< 21,20 > /R < 21,2 >,
<Y1,Y2 > R < 21,20 >,V < 21,22 >€ X1 X Xa}

is a quotient set on X7 x Xs.

Definition 5.2. Let X; X X5 be a product space. Let (X; x X5) | R be a quotient
set on (X1 x X5) with R, an equivalence relation. Then, the collection of all quotient
sets on X7 X X5 is denoted by Q(X; x X3).

Definition 5.3. Let (X7 x X3, st(T1 X T»)) be a soft fuzzy product Gspre space and
A be a subset of X x X5. If x4 is a characteristic function of A in X; x X5, then
St(Tl X TQ)A = {()\,N) I (XA,A) : (A,N) S St(Tl X Tg)}
is called as a soft fuzzy product Gspre substructure. Now, the pair (4, st(Th X T5)4)

is called as a soft fuzzy product Gspre subspace.

Let (X1 x X5, Ty x T3) be a non compact soft fuzzy product Gspre space. Asso-
ciated with each (u, M) € st(Ty x Ty), we define (u, M)* = (u*, M*) € SF(Q(X; x
X3)). For each X1 x Xs | R € Q(X; x X3), p*(X1 x X2 | R)

u(< xr1,T2 >) ifE|<x1,x2 >e X1 x Xo,
= with X1 X X2 | R = X1 X Xg | R<x1,x2>;
\/[<x1,x2>]eX1xX2\R/‘(< x1,x2 >) otherwise.
¢ if M = ¢
M* = Q(X1XX2) lfM:Xl XXQ;
X1 x X9 |R<$17x2> if<x1,x2 >c M C X1 x Xo.

=
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Proposition 5.4. Under the previous conditions the following identities hold.

(i) (0,9)" = (0,9).
(11) (1,X1 X Xg)* = (17 Q(X1 X XQ))

Proposition 5.5. Under the previous conditions the collection
B* = {(u, M)": (n, M) € Ty x To}
is a base for some soft fuzzy product generalized topology on Q(X7 x Xa).
Proof. (i) For (us, M;) € Ty x Ty for all i € T and X1 x X5 | R € Q(X; x X3), we

have (| ;e (pa, Mi))™ = (Ve (i), Use (Mi)™ = (Ve (1) Use (Mi)")
(Vier(na))" (X1 x Xo | R)
Vies (o) (< 21,3 >) i3 < 21,30 >€ X1 X Xp with,
X1 x Xy | R=X; x X5 | R<11,12>;

B V <\/ (m) (< 1,79 >) otherwise.

[<I1,I2>]€X1><X2‘R iel

Vier(mi(< z1, 22 >)) if 3 <@, >€ Xy X X, with,
X1 x Xy | R=X| x X5 | R<CD1,12>;

V

iel <[<x1,x2>]€X1 X X2|R

= \/(Hf(Xl x Xz | R)).

wi(< 1,29 >)> , otherwise.

icl
¢ if \/igj Mi = ¢7
(U M;)* ={ Q(X; x Xy) if oy My = X1 % Xo;
iel X1 X X9 | R<x1,;c2> if<$1,l‘2 >e ViEIMi C X7 x Xo.
Then for some i
¢ if M; = ¢;
(U M) =< Q(X; x X») if M; = X, x Xo;
i€l X1 x Xo |R<ml,a:2> if<(£1,$2 > M; C X1 x Xo.
(UM =JMm;
iel i
Therefore (| |;c;(ws, M;i))* = | ;e ((1s, M;)*). From the above Proposition B* forms
a base for Q(X; x Xa). O

Definition 5.6. The soft fuzzy generalized topology generated by the base B* is
denoted by (Ty x To)* =T} x T3

Definition 5.7. A soft fuzzy product generalized topology on a non-empty set
Q(X; x Xy) is a family (T} x T)* of soft fuzzy sets in Q(X; x X3) satisfying the
following axioms:

(1) (0.), (1, Q(X1 x Xz)) € (Ty x Tz)"

(2) For any family of soft fuzzy sets (A\;, N;) € (T1 xTs)*,j € J,= Ujes(N;, N;) €
(Ty x Tz)*. Then, the pair (Q(X; x X3), (T1 x Ts)*) is called as a soft fuzzy product
generalized topological space, (in short,SFPGTS)

570



V. Visalakshi et al./Ann. Fuzzy Math. Inform. 6 (2013), No. 3, 559-573

*

Any soft fuzzy set in (T} x T2)* is said to be a soft fuzzy product (T x Ts)
in Q(Xl X Xg)

The complement of SFGOS in a SFPGTS (Q(X; x Xs), (T1 x T5)*) is called as a
soft fuzzy product (Ty x To)* closed set in Q(X; x Xs).

open set

Definition 5.8. Let q: X7 x Xo — Q(X; x X32) defined by
q(< z1,22 >) = X1 X Xo | Regy 20>
for each < x1, 22 >€ X1 X Xo.
Proposition 5.9. Under the previous conditions, q(X1 X Xa) is soft fuzzy dense in
(Q(X1 x X2),(Th x To)*), that is
clir, xm) (A(1x, x x5, X1 X X2)) = (Lo(x, xx2), QX1 x X2)).
Proof. Given (u, M) € SF(X; x X3), we have q(u, M) € SF(Q(X; x X3)). Then

for each (u, M) € SF(X; X X3). Now q(u, M) = (q(u), q(M))
q(u) (X1 x X2 [ R)

{ SUP< gy my>eq-1 (X x Xa | R)M(< T1, 22 >)  if g7 (X1 X Xo | R) # ¢
0, if g71(X1 x X2 | R) = ¢.
w(< xy, e >) if < 1,29 >€ X1 X X5 such that,
XixXo | R=X1 X Xo | Regy wo>s
0, ifV<a,o > X1 X Xo,
X1 X X2 | R 7é X1 X XQ ‘ R<a:1,12>~

q(M) ={a(< z1,22 >),V < 21,22 >€ M}
Now Cl(Tl xTo)* (q(le ><X2,X1 X Xg))

clir xmy-(lox,, x2), QX1 x Xo)) if 3 < 21,20 >€ X3 x X such that,
X1 X Xo | R=X1 X Xo | Regy zy>5
CZ(Tlez)*(O,qZS) ifV<ax,ze > Xy x Xo,
Xl X X2 | R 7& X1 X X2 | R<x1,m2>~

Let O"N> = I_ljeJ(:uijj)* = CZ(T1><T2)*(q(1X1><X2’X1 X X2)) Since q(1X1><X27
X1 x XQ) C ()‘aN)v C|(1X1><X2)(X1 x Xo R<r1,12>) < )‘(Xl X Xo ‘ R<I171’2>) and
q(X1 x X2) C N for each < z1,29 >€ X1 x X5. That is 1 < M(X1 X Xo | Resy 20>),
CI(X1 X X2> C N. Thus for each < z1,z9 >€ X7 X Xo, )\(Xl X Xo | R<$1)$2>) =1,
q(X1 x X2) € N. For each < x1,72 >€ X3 x Xp and j € J, pj(X1 x X |
R<.’t1,m2>) = 17 Q(Xl XXQ) :_> M; :_) q(Xl XX2)~ \/jeJ ,LL;(Xl XXQ | R<m1,zz>) = 17
UjeJ M; = Q(X; x X3). This implies p;(< z1,29 >) = 1, M; = X1 x X5. Thus
(g, M) = (1x,xx5, X1 x X2). Therefore (A, N)= [ |;c;(1x,xx,, X1 x X2)*
(lo(x, xx3), QX1 x X2)). Hence q(X; x X3) is soft fuzzy dense in (Q(X; x X
(Tl X TQ)*)

~—

)

O

Definition 5.10. Let (X7 X X, st(Ty x T»)) and (Q(X; x X3), (T1 x T2)*) be any
soft fuzzy product Gspre space and soft fuzzy product generalized topological space
respectively. A function f : (X X Xo, st(T} x Ts)) — (Q(X1 x X2), (Th x T3)*) is
said to be soft fuzzy * continuous, if for each (u*, M*) € (Ty x To)*, f~1(u*, M*) €
St(Tl X TQ)
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Definition 5.11. Let (X; X X, st(Ty x T»)) and (Q(X; x X3), (T1 x T2)*) be any
soft fuzzy product Gspre space and soft fuzzy product generalized topological space
respectively. A function f: (X1 X Xo,st(Th x T2)) — (Q(X71 x Xa), (T1 x T2)*) is
said to be soft fuzzy * open, if for each (u, M) € st(Ty x Ta), f(u, M) € (Th x Ta)*.
Proposition 5.12. The function q is a soft fuzzy embedding of X1 x Xs into Q(X; X
Xs).

Proof. (i) q is a soft fuzzy one to one function:

If < T1,T2 >7é< Y1,Yy2 >, we have R<m1,x2> 7£ R<y1,y2>~ Let

(< x1,22) >0, {< z1,22 >}) # (< y1,y2 >5,{< y1,y2 >}) be two soft fuzzy
points.

(a) If < 1,29 >#< y1,y2 > for each X7 x X5 | R € Q(X; x X3). we have

q(< 21,72 >0, {< 21,72 >}) = (X1 X Xo | Reay an> , {X1 X Xo | Resy ap>})-
Similarly q(< y1,y2 >, {< y1,y2 >}) and it is clear that

(< 1,72 >0, {< 21,22 >}) # A(< Y192 >, {< Y1, 92 >}).

(b) If < 1,29 >=< y1,y2 >, then « # [ and therefore
q(< x1, 22 >0, {< x1,22 >}) # 9(< y1,y2 >, {< y1,y2 >}). Hence q is soft fuzzy
one to one.
(ii) q is soft fuzzy * continuous:
For each (u, M)* € (T} x T)* and < z1,x2 >€ X1 x X3, we have
q ', M)" = a7 (", M)
= (g7 (1), (M)
= (u*0q,q 1 (M"))
where
proq(< i, >) = p(q(< z1,22 >))
= .U*(Xl x Xa ‘ R<x1,x2>)
= (< z1,22 >)
and q~Y(M*) = M. Thus q~*(u, M)* = (u, M) € st(Ty x Tz). Hence q is soft fuzzy
* continuous.
(iii) q is a soft fuzzy * open function on Q(X; x Xs):
For each X7 x X5 ‘ R e Q(Xl X XQ) and (M,M) €Ty xTs.
(1", M) T (X g0 x X £a(X1 x X2)}) = (15 A Xq(xxx2), M* N {q(X1 x X3)})
= (a(p),a(M))
=q(p, M) € (Ty x T3)"
Thus q is a soft fuzzy * open function. Hence q is a soft fuzzy embedding of X; x X5

into Q(Xl X XQ) O

Definition 5.13. A soft fuzzy product generalized topological space is said to be a
soft fuzzy product generalized compact space if whenever U;er (N, M;) = (1, Q(X; X
X>)), each (\;, M;) is soft fuzzy product (77 x T2)* open , ¢ € I, there is a finite
subset J of I with I—IjEJ(AiaMi) = (1, Q(Xl X Xg))
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Proposition 5.14. The soft fuzzy product generalized topological space (Q(X1 % X5),
(Ty x T)*) is soft fuzzy product generalized compact space.

Proof. Let
F={(\,N}) e (Th xT2)* : (\iy ;) € st(Th x Ty) fori € J}
be a soft fuzzy product (T} x T2)* open cover of Q(X; x X3). That is
Uies (A7, N7) = (1, Q(X1 x X2)).

By definition of (Af, N}), Ujer(Af, NJ) C (1, Q(X; x X3)) for some finite subfamily
F of J. Thus § has a soft fuzzy finite subcover. Hence (Q(X; x X3), (11 x T2)*) is
soft fuzzy product generalized compact space. O

Proposition 5.15. The soft fuzzy product generalized topological space
(Q(X1 x X3), (Ty x T2)")
is a compactification of a soft fuzzy product Gspre space.

Proof. Proof of the proposition is obtained from Propositions 5.4, 5.5, 5.9, 5.12 and
5.14. O
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