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ABSTRACT. In many applied disciplines like computer science, coding
theory and formal languages, the use of fuzzified algebraic structures play
a remarkable role. In this paper, we introduced some new types of gener-
alization of an intuitionistic fuzzy interior ideal, called (c, §)-intuitionistic
interior ideals of an ordered semigroup S. The important milestone of this
paper is to link the ordinary interior ideals and (€, € Vgg)-intuitionistic
fuzzy interior ideals. The notion of (€, € V g, )-intuitionistic fuzzy interior
ideal is introduced and characterizations of ordered semigroups in terms of
(€, € Vg)-intuitionistic fuzzy interior ideals and (€, € V g, )-intuitionistic
fuzzy interior ideals are given.
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1. INTRODUCTION

T'he use of fuzzy sets (extension of ordinary sets) in real world problem involving
uncertainties are considered to be the most powerful tool compare to ordinary sets.
This pioneering concept was first introduced by Zadeh [25] in 1965 which opened a
new era of research around the world. The fuzzification of algebraic structures in a
variety of applied subjects such as control engineering, fuzzy automata and error-
correcting codes is of great interest for the researchers. The importance of such
algebraic structures can be seen from the latest research which has been carried out
in the last few years. In [6], Zadeh’s idea of fuzzy sets was applied to generalize
some of the basic concepts of general topology. Rosenfeld constituted in [18, [19] a
similar application to the elementary theory of groupoids and groups and defined
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fuzzy subgroupoids and ideals. The notions of intuitionistic fuzzy sets (IFS) and
intuitionistic L-fuzzy sets (ILFS) were introduced in [1}, 2, [3, 4, [5] as a generalization
of the notion of fuzzy sets (FS). The concept of fuzzy interior ideals in semigroups was
introduced in [7, 17]. Generalizing the concept of fuzzy interior ideals, Kim and Jun
[16] in 2001 defined intuitionistic fuzzy interior ideals of semigroups and investigated
some properties of such ideals. Later on in 2006, Jun and Song [8] used the idea
of quasi-coincidence of a fuzzy point with a fuzzy set and introduced («, 5)-fuzzy
interior ideals of semigroups as a generalization of the concept of fuzzy interior ideal
in semigroups. In an attempt to show the similarity between the theory of ordered
semigroups and the theory of fuzzy ordered semigroups, Kehayopulu and Tsingelis
[10] proved that in regular and intra-regular ordered semigroups the fuzzy ideals
and the fuzzy interior ideals coincide. Khan and Shabir [12] introduced the concept
of («,B)-fuzzy interior ideal in ordered semigroups which is a generalization of a
fuzzy interior ideal in ordered semigroup and investigated some related properties
of ordered semigroups in terms of this notion. They also proved that the concepts
of an (€,€ Vg)-fuzzy interior ideal and (€, € Vq)-fuzzy ideal coincide in case of
regular (resp. intra-regular) ordered semigroups. In [I3], the characterizations of
ordered semigroups in terms of (€, € Vg)-fuzzy interior ideals are given. Sardar
et al. [20] fuzzified the notions of interior ideals and characteristic interior ideals
of a I'-semigroup, and investigate some of their basic properties which leads to
the characterization of a simple I'-semigroup in terms of fuzzy interior ideals. For
further study on interior ideals one can refer to [8, 11, 21, 24]. Shabir and Khan
[22] introduced the notion of intuitionistic fuzzy interior ideals in ordered semigroups
and provided classified ordered semigroups on the basis of intuitionistic fuzzy interior
ideals.

Jun [9] generalized the concept of quasi-coincident with relation (¢) in BCK-
algebra and introduced a new notion denoted by (g ) where k € [0,1). Furthermore,
Shabir et al. [23] characterized semigroups in terms of (€, € Vqy)-fuzzy ideals, where
in [14} [15] this concept was applied to ordered semigroups and investigated several
fundamental results of ordered semigroups in terms of this notion.

In this paper the notions of (€, € Vqi)-intuitionistic fuzzy interior ideals and
(€, € V q,,)-intuitionistic fuzzy interior ideals are introduced. Moreover, the linkage
between ordinary interior ideals and fuzzy interior ideals of type (€, € Vgg) is an
important achievement of this paper. Also, ordered semigroups are characterized
by the properties of (€, € Vg )-intuitionistic fuzzy interior ideals and (€, € V g;)-
intuitionistic fuzzy interior ideals.

2. PRELIMINARIES

A semigroup (5,.) at the same time a poset which satisfied the condition that,
a<b— axr < br and za < xb for all x € S is known to be an ordered semigroup
(or po-semigroup) denoted by a structure (S,.,<). Throughout the paper S will
denote an ordered semigroup unless otherwise stated. For any subsets A, B of S, we
denote by,

AB := {abla € A, and b € B}.
If Ais a subset of S, then we denote by (A] the subset of S defined as follows:
496
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(A] :={t € S|t < a for some a € A}.

If A = {a}, then we write (a] instead of ({a}]. The operator “( ]” is a closure
operator, and therefore,

- extensive (that is, A C (4]),

- isoton (that is, A C B implies (A] C (B]),

- idempotent (that is, ((A]] C (A] and therefore ((A]] = (A]).

Let (S,.,<) be an ordered semigroup. A non-empty subset A of S is called a
subsemigroup of S if A2 C A.

A non-empty subset A of S is called left (resp. right) ideal of S if

(i) VaeS)(VbeA) (a<b—acA)),

(ii)) SA C A (resp. AS C A).

A non-empty subset A of S is called an ideal if it is both a left and a right ideal
of S.

A non-empty subset A of an ordered semigroup S is called an interior ideal of S
if

(i) (VaeS)(Wbe A) (a<b— acA)),

(i) A2 C A,

(iii) SAS C A.

An ordered semigroup S is regular [12] if for every a € S there exists, € S such
that a < aza, or equivalently, we have (i) a € (aSa] Va € S and (ii) A C (ASA]
VA C S. An ordered semigroup S is called left (resp. right) regular [12] if for every
a € S there exists x € S, such that a < xa?(resp. a < a?z), or equivalently, (i)
a € (Sa?](resp. a € (a®S]) Va € S and (ii) A C (SA?](resp. A C (A%S]) VA C S.

The study of fuzzification of algebraic structures has been started in the pioneering
paper of Rosenfeld [19] in 1971. Rosenfeld introduced the notion of fuzzy groups
and successfully extended many results from groups in the theory of fuzzy groups.

An intuitionistic fuzzy sets (briefly IFS) A in a non-empty set X is an object hav-
ing the form A = {(x, ua(z),va(x))|x € X}, where the function pg : X — [0,1]
and y4 : X — [0,1] denote the degree of membership (namely pa(x)) and the
degree of non-membership (namely v4(x)) of each element x € X to the set A,
respectively, and 0 < pa(z) + va(z) < 1 for all x € X. For the sack of sim-
plicity we will use the symbol A = (z, pua,v4) for the intuitionistic fuzzy set A =
{(z, pa(@), ya(@))|z € X}.

Let S be an ordered semigroup and A = (x,u4,74) be an IFS of S. Then
A= {x,pa,va) is called an intuitionistic fuzzy subsemigroup of S if

(Va,y € S)(na(zy) > min{pa(z), pa(y)tand va(ry) < max{ya(z),va(y)}).

Definition 2.1 ([22]). Let A = (z,pua,7v4) be an intuitionistic fuzzy subset of an
ordered semigroup S. Then A = (z, ua,va) is called an intuitionistic fuzzy interior
ideal of S if A satisfies the following conditions for all z,y, z € S:
(C1) (Vo < y)pa(x) = pa(y) and va(x) < va(y),
(C2) pa(zy) = min{pa(z), pa(y)}t and ya(zy) < max{va(z),va(y)},
(C3) palzyz) = paly) and va(zyz) < va(y)-
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The p4-level cut and v 4-level cut of an intuitionistic fuzzy subset A = (x, 4, v4)
of an ordered semigroup S respectively are denoted and defined as

Ulpast) ={z € S pa(z) 2t}
and
L(vais) ={z €S [ya(e) <s}
where ¢ € (0,1] and s € [0,1). The (pa,va)-level (¢, s)-cut is defined as

Cltys) (A) ={z € S| pa(r) =t and y4 (z) < s}.
It is clear that C(; ) (A) = U (na;t) UL (va;8).

Theorem 2.2. Let A = (x,pua,7v4) be an intuitionistic fuzzy subset of S. Then
A= {(x,pa,v4) is an intuitionistic fuzzy interior ideal of S if and only if

(Vt € (0,1], s € [0,1)) (Crr,5) (A) # ¢ = Clr.5) (A) is an interior ideal of S) .

Definition 2.3. Let S be an ordered semigroup. Consider ¢ € (0,1], s € [0,1) and
x € S such that 0 < ¢t +s < 1. An ordered intuitionistic fuzzy point (OIFP) is
defined as:
ot iface(x], [ 1-t, ifae (2],
xt(a)—{ 0, ifa¢ (a. xs(a)—{ L ifad (a,
denoted by [z; (¢,s)], x € S is the support of [z; (¢,s)], t (resp. s) is the degree of
membership (resp. non-membership) of [z; (¢, s)].

Let ¢ # A C S. Then the characteristic function x4 =< @, fiy, (@), Yy, () > of
A is defined by

1 ifzeA,
MXA(x):S—)[Ovl])Z"_)MXA(m) ::{ 0 ifxéA,

and
0 ifzeAd
)i 8 — D@ = {  §TEY

Lemma 2.4 ([22]). A nonempty subset A of S is an intuitionistic fuzzy interior
ideal of S if and only if the characteristic function x4 =< @, iy, (), Y4 () > of A
is an intuitionistic fuzzy interior ideal of S.

3. (€, € Vgi)-INTUITIONISTIC FUZZY INTERIOR IDEALS

In this section, we define a generalized form of intuitionistic fuzzy interior ideals
of an ordered semigroup S and introduce (€, € Vg )-intuitionistic fuzzy interior
ideals S, where k € [0,1). An OIFP [x;(¢,s)] in said to belongs to (resp. quasi-
coincident with) an intuitionistic fuzzy subset A =< x, ua(z), va(x) > of S, written
as [z; (t,5)] € A (resp. [x; (L, 5)|qA) if pa(x) >t and ya(z) < s (resp. pa(x)+t>1
and va(z) +s < 1). If [x; (¢, s)] € A or [z; (¢, )]¢A), then we write [z; (¢, )] € V¢A.

Generalizing this concept of a fuzzy point [z; (¢, s)] quasi-coincident with an intu-
itionistic fuzzy set A =< x, pa(x),va(x) >, we define [x; (¢, s)]qp A as pa(z)+t+k >
1 and v4(z) + s+ k < 1, where k € [0,1).

By [z; (¢, s)]gr A we mean that [z; (¢, s)]gx A does not hold.
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Note that the case when [x; (¢, s)] € AgrA is omitted. Since for an intuitionistic
fuzzy subset A =<z, 114(z), va(z) > of an ordered semigroup S with y14(z) < 5%
and v4(z) > L5E for all 2 € S, the set {[z;(t, )] | [z; (¢, 5)] € AqrA} is empty. This
is because, if [x;(t,s)] € AgxA for some ¢t € (0,1] and s € [0,1), then pa(z) > t,
pa(r)+t+k>1and ya(x) < s and v4(z) + s+ k < 1. Therefore

IL<pa(z)+t+k<palr)+pale)+k=2pa(z)+k
and

1>va(z)+s+k>vya(x)+valz) +k=2va(z) + k.
From this we see that pa(z) > 15% and v4(z) < 5% which is a contradiction.
Hence, {[z; (¢, s)] | [z; (¢, 3)] € Aqx A} = @.

Definition 3.1. An intuitionistic fuzzy subset A =< z, pa(x),va(z) > of S is called
an (€, € Vg )-intuitionistic fuzzy interior ideal of S, if for all x,y,z € S, t,t1,t2 €
(0,1] and s, 81,82 € [0,1), A satisfies the following condition:

(Cy) x <y, [y; (t,s)] € A — [z;(t,5)] € VarA,

(Cs) [x; (t1,81)] € A, [y; (t2,82)] € A — [zy;min {t1,t2}, max {s1, s2}] € Vi A,

(Co) [y; (t,8)] € A — [zyz; (L, 5)] € VapA.

Example 3.2. Consider an ordered semigroup S = {a, b, ¢, d, e} with order relations
a<c<e,a<d<e b<dandb< e and the following multiplication table:

.lal|lblc|d]|e
ala|d|al|d]|d
bla|b|lal|d|d
cla|d|c|d]|e
dla|d|al|d|d
ela|d|c|d]|e
(1) Define an IFS A =< x, ua,v4 > by
0.50ifx=a
045ifz =10
pa = S—=100,1|pa(z)=< 065ifxr=c
0.55ifx=d
040ifz =e
and
03bifx=a
0.20if x =b
vya @ S—=[0,1]|ya(x)=4¢ 030ifxr=c
040 if z =d
040 ifx=e

Then A =<z, pa,v4 > is a (€, € Vqi)-intuitionistic fuzzy interior ideals of S for all
t,t1,t2 € (0,1] and s, 51,52 € [0,1) and k = 0.2.

Lemma 3.3. An intuitionistic fuzzy subset A =< z,pua(x),va(x) > of S is an
(€, € Vqy)-intuitionistic fuzzy interior ideal of S if and only if it satisfies the follow-
ing conditions for all x,y,z € S:
(C7) v <y — pa(z) > min {pa(y), 55} and ya(z) < max {ya(y), 55},
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(Cs) pa(zy) > min {pa(z) uA(y 5 and ya(wy) < max {ya(x),va(y), 55},
(Co) palzyz) > min{uA ), 2 } and ya(zyz) < max{'yA ,1 } or all

x,y,z € S.

Proof. Consider A =< x, ua(x),va(x) > is an (€, € Vg )-intuitionistic fuzzy interior
ideal of S. Suppose z,y € S be such that x < y. Let pa(y) < % and v (y) > 5%,
If pia(z) < pa(y) and ya(z) > ~va(y), then there exist some t € (0,25%] and
s € [L55,1) such that pa(z) < ¢t < pa(y) and va(z) > s > va(y). We see that
[y; (t,8)] € A but [z;(t,s)] €A, also pa(x) +t+k <1 and ya(x)+s+k > 1, follows
that [z;(t,s)] € \/qkA a contradiction. Hence, ﬂA( ) > pa(y) and va(z) < va(y).
And if pa(y) > 17 and y4(y) < 5% k , then [y,( Qk,%)} € A and consequently
[33; (%, %)} VLA, follows that [x; ( ,—k)] € A or [a:, (% 1;)] LA,
that is pa(2) > 5% and ya(z) < 5% or pa(z)+ k>1andya(z)+ 55 +k <
1. Hence, pa(z) > 5% and va(z ) < Lk other wise pa(z) + 155 + &k < 1 and
1—k

va(z) + 5+ +k > 1, a contradiction. Consequently

’_'l\’)

) 1-k 1—k
puata) 2 min { ), 5 b and ae) < maxfrat, 151,
for all z,y € S with <.
Let us take x,y € S such that
. 1—-k 1-k
min {4 (x), pa(y)} < and max {74(z),74(y)} > —5—

We claim that

pa(ry) = min{pa(z), pa(y)} and ya(zy) < max{ya(z),74(y)} -
If not, then for some ¢ € (0, 15%] and s € [£5%, 1) we have

pa(ey) <t <min{pa(z), paly)} and ya(ey) > s > max{ya(z),74(y)}-

Follows that [z; (t,s)] € A and [y; (¢, s)] € A but [xy; (¢, 5)] €A, also pa(xy)+t+k <
1, ya(zy)+s+k > 1, that is [zy; (¢, 5)] G A and so [zy; (¢, s)] € Vi A a contradiction.
Hence

pa(zy) > min{pa(z), pa(y)} and ya(ry) < max{va(z),va(y)}.

Now if

1-k

i and max {va(z),va(y)} < 5

min {y14(2), pa(y)} > 1;
then [33; (1;2’“, %)] € A and [y; (%, %)] € A. By (Cs)

(1—k 1=K\l [ . f1—k 1—k L=k 1-R\) o
xy’ 2 ) 2 - xy? min 2 ) 2 ) max 2 ) 2 qk} )

and hence p(zy) > 5% and ’7A($y) < Lk or ,uA(xy) +L2E 4 k> 1 and ya(zy) +
LEik<1 If uA(wy) < 12k and ’yA(xy) > 128 then MA(xy) + 355 +k<1and
VA(:vy) + 17’“ + k > 1, this is 1mp0551b1e Therefore

fa(ay) > min {MA(m)vﬂA(y)7 1;k} and 74 (zy) < max {%“(”3)’%“@)’ 1gk} ’
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for all z,y € S.
We take a,b,c € S such that pa(b) < 5% and v4(b) > 15% and claim that

pra(abe) = pa(b) and va(abe) < va(b).
If this is not true, then for some t, € (0, 15%] and s, € [25%,1) we have
palabe) <ty < pa(b) and ya(abe) > sq > ya(b).
Follows that [b; (tq, Sq)] € A but [abc; (te, Sq)] €A, also pa(abe)+t,+k < 1, va(abe)+
sa+k > 1, 1e., [abc; (te, $4)] @A and so [abc; (tq, Sq)] € V@r A a contradiction. Hence,
pra(abe) > pa(b) and ya(abe) < ya(b). Now if pua(b) > 15 and va(b) < 155, then
[b: (3%, 13%)] € 4 and by (Co)

b (LoF LR\ [ f1ok 1k Lk 1-K\) oy
abc; S 5 )| T abc; min 5 g , max 5 g LA,

and hence p4(abc) > 155 and ya(abe) < 1% or pa(abe)+255 +k > 1 and v4(abe)+
Lok 4+ k < 1. If pa(abe) < 155 and ya(abe) > 35, then pua(abe) + 155 +k < 1 and
va(abe) + 5% + k > 1, this is impossible. Therefore

. 1—-k
pa(@,y, z) > min {uA(y), 2} and ya(zyz) < max {m(y), 2} :
for all z,y,z € S.
Conversely, let A =< x, ua(x),va(x) > be an intuitionistic fuzzy subset of S that
satisfies conditions (C7), (Cs) and (Cy). Let z,y € S with z <y, t € (0,1], s € [0,1)
and [y; (t,s)] € A. Then pa(y) >t and y4(y) < s and so by (Cy)

. 1—k
pa(x) > mm{uA(y%Q}
. { 1—k}
> minqt, ——
2
_ tifr< Gk
RS
and
1—k
va(z) < maX{vA(y),Q}
< a il
max
— S? 2

: 1-k
5 lf$< 3 -

. 1-k
_ s if s > 5
= 1-k

It follows that pa(z) > ¢ and ya(z) < sor pa(x)+t+k>1and ya(z)+s+k <1
(since t > 15E and s < 15%) and so [z; (¢, 5)] € A or [z; (¢, 5)] qr A, hence [z; (¢, 5)] €
Vi A.
Let z,y € S, t1,t2 € (0,1] and s1,s82 € [0,1) such that [z;(t1,$1)] € A and
[y; (t2, s2)] € A. Then pa(x) > t1, ya(z) < s1 and pa(y) > t2, ya(y) < so. This
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follows from (C§) that

pae) = min {pato)pato). 5 |
> min{tl,tg,l_k}
= 2
B min {1, %>} if min {t;, 6} < 55
- { 1ok if min{ty,t} > 55
and
1—Fk
walen) < moxfatehaatn 50 )

tre )
< max 51, 52, 2 )

max {s1,s2} if max{s;,s2} > %
% if max{si,ss} < 3£

Thus we have [zy; min {¢1,t2} , max {s1, $2}] € A or [xy; min {t1,%2} , max {s1, s2}] ¢x A4,
hence [zy; min {¢1,t2} , max {s1,s2}] € Vg A.

Let x,y,2 € S, ¢t € (0,1] and s € [0,1) such that [y; (¢,s)] € A. Then pa(y) > ¢,
v4(y) < s. This follows from (Cy) that

pa(zyz) > min {MA(y)a HC}

=

2

> min{t H}

- T2

_ {t ift < 155

- LEogfe > R

and
1-k

Yalzyz) < maX{’YA(Z‘/)72}

< max{s l_k}

- )

s if s > %
{5 nid
Thus we have [xyz; (t, s)] € Aor [zyz; (t,5)] A, hence [zyz; min {t1,t2} , max {s1, s2}]
€ VgiA.
Consequently, A =< z, pa(x),va(x) > is an (€, € Vg )-intuitionistic fuzzy inte-
rior ideal of S. 0

Definition 3.4. Let A =< x, pa(z),va(x) > be an intuitionistic fuzzy subset of S.
Then A is an (€, €)-intuitionistic fuzzy interior ideal of S if it satisfies the following
conditions for all z,y,z € S :
(Cro) @ < 9, i (1)) € A — [s (t,5)] € 4,
(C11) [z; (t1,81)] € A, [y; (t2,82)] € A — [xy;min {t1,t2}, max {s1,s2}] € A,
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(C12) [y; (t,8)] € A — [zyz; (t,8)] € A.

Theorem 3.5. Let A =<z, pa(x),va(x) > be an intuitionistic fuzzy interior ideal
of S. Then A is an (€, €)-intuitionistic fuzzy interior ideal of S.

Proof. Let A is an intuitionistic fuzzy interior ideal of S. Letz,y € S such that
x <y and [y; (t,8)] € A. Then pa(y) > ¢t and y4(y) < s. And by (C1) we have
pa(z) > paly) > t and ya(z) < va(y) < s and hence [z;(¢,5)] € A. Next we
suppose [z; (t1,s1)] € A and [y; (t2,82)] € A, then pa(z) > t1, ya(z) < s; and
1a(y) > ta, valy) < sa. By (C2) we see that

pa(zy) > min{pa(z), pa(y)} > min {t1,t2},
and
ya(zy) < max {ya(z),va(y)} < max{s1,s2},

follows that [zy; min {¢1,t2}, max {s1, s2}] € A.
Finally [y; (¢,s)] € A, then pa(y) > t and y4(y) < s and by (C3) we have
palzyz) > pa(y) >t and va(zyz) < va(y) < s shows that [xyz; (t,s)] € A. O

From the above Theorem it is clear that every intuitionistic fuzzy interior ideal
is an (€, €)-intuitionistic fuzzy interior ideal and it can be simply shown that every
(€, €)-intuitionistic fuzzy interior ideal of S is an (€, € Vqy,)-intuitionistic fuzzy in-
terior ideal of S. The following example shows that every (€, € Vg )-intuitionistic
fuzzy interior-ideal of S may not be an intuitionistic fuzzy interior ideal of S.

Example 3.6. Consider the ordered semigroup S and IFS A =< z, 4,74 > as
defined in Example 1, then A =< x, 14,74 > is an (€, € Vqi) —intuitionistic fuzzy
interior ideals of S but A =< z,ua,v4 > is not an (€, €) — intuitionistic fuzzy
interior ideals of S because for b,c,d € S, we have ps(c) = 0.65 > 0.60 = ¢,
v4 (c) = 0.30 < 0.35 = s that is < ¢; (¢,8) >€ A and py (bed) = pa (d) = 0.55 <
0.60 = ¢, v4 (d) = 0.40 > 0.35 = s i.e. < bed;(t,s) > EA.

In the following theorem we give condition for an (€, € Vg )-intuitionistic fuzzy
interior ideal to be and (€, €)-intuitionistic fuzzy interior ideal.

Theorem 3.7. Let A = (x,p14,74) be an (€,€ Vg )-intuitionistic fuzzy interior
ideal of S. If pa (x) < % and ya(x) > 1;2’“ for allz € S, then A = (x,pua,v4) is
an (€, € )-intuitionistic fuzzy interior ideal of S.

Proof. Let A = (x,114,74) be an (€, € Vg )-intuitionistic fuzzy interior ideal of S
and pa (z) < % and y4(z) > 1;’“ for all x € S. Take t € (0,1], s € [0,1) and
z,y € S such that < y and [y; (¢,s)] € A, then pu (y) >t and 4 (y) < s. Also
from (C7) of Lemma (3.3), we have

e

pa(y)
t7

=

503
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and

R

= ya(y)
< s

Hence, [z; (¢, s)] € A.

Let t1,t2 € (0,1], s1,82 € [0,1) and [z;(t1,81)] € A, [y; (t2,82)] € A, then
pa(x) > t1, ya(x) < s1 and pa (y) > t2, va (y) < s2 and from (Cs) of Lemma
(3.3),

Y

min {,UA(x)v/iA(y)’ 1;k}

= min{pa(x),naly)}
> min{ty,t2},

pa(zy)

similarly v4 (zy) < max{si, sz}, hence [zy;min {¢1, 2}, max {s1, s2}] € A.

Let z,y,z € S with [y;(¢,8)] € A, then pa(y) > t, va(y) < s and from
(Co) of Lemma (3.3) we see that pa(zyz) > min{pa(y), 355} = pa(y) > t and
va(zyz) < max {’yA(y),%} = va(y) < s, hence [zyz;(t,s)] € A. Consequently,
A = (z,p4,74) is an (€, €)-intuitionistic fuzzy interior ideal of S. O

Theorem 3.8. For an intuitionistic fuzzy subset A = (x, pua,va) of S, the following
conditions are equivalent for all t € (0,25%] and s € [15%,1):
(Ci13) A= {x,pa,v4a) is an (€, € Vqy )-intuitionistic fuzzy interior ideal of S.
(C1a) Cr5y (A) # ¢ = Cipsy (A) is an interior ideal of S.

Proof. Assume that A = (x,pa,74) is an (€, € Vqi)-intuitionistic fuzzy interior
ideal of S and C(; ) (A) # ¢. Let x,y € S with x < y such that y € C( ;) (A) for
some t € (0, 1;2’“} and s € [%, 1). Then pa(y) >t and v4(y) < s and by hypothesis

using (C7) of Lemma (3.3), we have

pa(z) > min {,UA(y), 2}
and
ya(z) < max{'yA(y)7}

This shows that z € Cf ) (A).
Let 2,y € C(y,) (A), then pa(z) > t, ya(x) < s and pa(y) >t, yaly) < s. (Cy)
of Lemma (3.3) implies that

pa(ey) > min uA<m>,uA<y>,1’“}

2
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and

water) < max a0, 54
{

1-k }
8§, —— ¢ = 5.
2
Thus 2y € Cy5) (A).
Next we suppose z,y,z € S with y € Cy 5) (A), then pa(y) > t, va(y) < s, then
from Lemma 3.3 (Cy)

. 1—k . 1—k
pa(zyz) 2 min | paly), —5— p 2mingt, ——¢ =t

IN

max

and

1-k
va(zyz) < max {WA(y), 2} < max {s, 2} = s,

Thus zyz € C45) (A). Consequently C 5 (A) is is an interior ideal of S.
Conversely, let A = (x, 1a,7v4) be an IFS of S such that C(; ;) (A) # ¢ and is an

interior ideal of S for all t € (0,15%] and s € [15%,1). If there exist a,b € S with

a < b, we claim that p4(a) > min{pa(b), 5%} and va(a) < max {ya(b), 155}, If
not then

1—-k

pala) < taSmin{MA(b),z}
and

1-k

vala) > saZmaX{vA(b),2}

for some t, € (0,5%] and s, € [15%,1). Follows that b € Cp, ,.)(A) but a ¢

Clt,,s.) (A) a contradiction. Therefore
. 1-k 1-k
pate) 2 min fua), 255 | and o) < max {rat, 150

for all z,y € S with x <y.
Assume that there exist a,b € S such that

pa(ab) < min {MA(“)> pa(b), 151{:}

and
1—-k
wala) > max {al@ a0 5 |
then
. 1—-k
palat) < to < min {pa(a)na(). 255 |

and

1—k
va(ab) > sp > max {’YA(G)77A(b)7 2}7
5
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for some ty € (0,15%] and so € [15%,1). It follows that a € C, s, (A) and b €
Clto,s0) (A) but ab & Cy, 5y (A), a contradiction. Therefore

T

and

Ya(ry) < max {VA(w),VA(y), 1;k} ,

for all z,y € S.
Consider

1—-k

pafate) < min {ua (0, 75} and 2aat) > max a0, 255 ).

for some a,b,c € S.
Then there exist t; € (0, 25%] and s; € [15%, 1) such that

1—-k
ua(abe) < tlgmin{;m(b),z}

and

1-k
va(abc) > s; > max {WA(b), 2} )

for some t; € (0, 15%] and s; € [15%,1). It follows that b € C, ) (4) but abe ¢
Ct,,s,) (A), a contradiction. Therefore

1-k

i) 2 min fua). 255 | and watope) < max {50

for all z,y,z € S. An thus A = (x,u4,74) is an (€, € Vg )-intuitionistic fuzzy
interior ideal of S. O

For any IFS A = (z,pa,va) of S, t € (0,1] and s € [0, 1), we consider two subsets:

Qs (A) := {z € 8| [23 (t,5)] 1A},
(Al = {o € S [z (¢ 9)] € VarA}
It is obvious that [A]¥ (t.s) = Cltr,s1) (A) U Q?t’s) (A).

Proposition 3.9. Let A = (x,pa,va) is an (€, € Vqi ) intuitionistic fuzzy interior
ideal of S, then Q;.s) (A) # ¢ = Q,s) (A) is an interior ideal of S for all t € (0, 1],
s €0,1).

Proof. Consider A = (x,14,7v4) is an (€, € Vg )-intuitionistic fuzzy interior ideal

of S. Let t € (0,1] and s € [0,1) such that Q5 (A) # ¢. Let x,y € S with x <y

such that y € Q) (A). Then pa(y) +t+k > 1 and va(y) + s +k < 1 and by
506
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hypothesis using Lemma (3.3) (C7), we have

1-k

pa(z) = min {ﬂA(y% 2}

_ { 1;2k if MA(y) > ?k
paly) if paly) < 5%
S 1—t—k

and

@) < max a5

2
_ {lziﬂm@)élf
Ya(y) if yaly) > 5E
< 1—-s—k&

It follows that = € Q¥ (t.5) (A).

Let z,y € Q (t.s) (A), then pa(z)+t+k > 1, ya(x)+s+k < Land pa(y)+t+k > 1,
va(y) + s+ k < 1. Lemma (3.3) (Cs), implies that

palzy) = nﬂn{uAvauA@D,l__k}

2

_ { o ﬁnﬂn{uA(x%uA(yH-Z*gf }
min{pa (), paly)} if min{pa(z), pa(y)} < 5

> 1-t—k,

and

va(zy) < max {%4(@7 Ya(y), HC}

2
_ { it masx {74 (2), 74 (y)} < 15 }
max {74(),74(y)} if max{ya(z),74(y)} > 5~
< 1l—s—k.

Thus zy € Qéﬁt,s) (A).
Next we suppose x,y,z € S such that y € Q’(“t’s) (A), then pa(y) +t+k > 1,
va(y) + s+ k < 1. Lemma (3.3) (Cg), implies that

pa(zyz) > min{ﬂA(y), 1- k}
z )
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and
1—-k
valzyz) = max{ya(y), —5—
_ { S 1f’YA(y)<11%k }
valy)  ifyaly) =2 5°
< l-s—k.
Thus zyz € Q?t’s) (A). Consequently Q’(“t)s) (A) is an interior ideal of S. O

Theorem 3.10. An IFS A = (az,,uA,'yA> of S is an (€, € Vqi) intuitionistic fuzzy
interior ideal of S if and only if [A ](t o 0= A ](t s) s an interior ideal of S for
allt € (0,1], s € [0,1).

Proof. Assume that A = (z,pua,7v4) is an (€, € Vqg) intuitionistic fuzzy interior
ideal of S and [A]ft’s) # ¢ for all t € (0,1], s € [0,1). Let 2,y € S such that x <y

and y € [A]](“t’s) then y € C5) (A) or y € Q(t 5) (A), follows that u4(y) > ¢ and
va(y) <sor pua(y)+t+k>1and ya(y) +s+k < 1. Using (C7) of Lemma (3.3),
we get

(3.1) pa(z) 2 min {NA(ZJ)7 1;k} and y(r) < max {fyA(y), 151{3}

We consider two cases:

(i) pa(y) <155 and yaly) > 5.

(ii) paly) > 5% and va(y) < 45

Combining case (i) and (3.1) we get pna(z) > paly) and ya(z) < va(y). Now
if pa(y) =t and ya(y) < s, then pa(z) = pa(y) = ¢ and ya(x) < yaly) < s,
this implies © € Cy5) (A). And if pa(y) +t+k > 1 and va(y) + s+ k < 1, then
palx)+t+k>paly)+t+k>1and ya(z)+s+k <yaly)+s+k < 1, this shows
that z € Qf, ) (4). Hence, we see that z € C(y ) (4) or = € Qf, ) (A4) and so we

say that x € Cy 5 (4) U Q(t 5 (A) = [A]](Ct,s).

Now combining case (ii) and (3.1) we get pa(z) > 5% and ya(z) < 55 If
t<1 ands> k then,uA()zlg >tand'y,4(m)§%§simpliesx€
Cit,s) (A) (x)+t+k >1and ya(x)+s+k <1,
this shows that = € Q(t 5 (4) and hence x € Cs (A)U Q(t 5 (A) = [A]I(Ctys).

Let z,y € [A]( 5 then z,y € Cy ) (A) or z,y € Q(t,s) (A), that is pua(z) >t and
va(z) <sorpa(x)+t+k>1and ya(z)+s+k<land pa(y) >tand ya(y) <s
or pa(y) +t+k>1andva(y) +s+k < 1. Here we consider four cases:

(1) pa(z) 2t va(z) < sand paly) >t valy) < s,

(ii) pa(@) 2t ya(@) <sand pa(y) +t+k>1 7a(y) +s+k <1,

(iil) pa(x) +t+k>1, ya(x)+s+k <1land pua(y) >t, ya(y) <s,

(iv) pa(z)+t+k>1, ya(zr)+s+k <land pa(y)+t+k>1, yaly)+s+k < 1.
508
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For case (i) using (Cg) of Lemma (3.3), we get

paten) = win {peale)ua) S50 bz min {n. 25

i
- t o ift< 5k

- {l—t—k if t > 155 }

. 1—k

and

k 1—k
max 7A($)77A(y)7T SmaX S, 2
i<t
s ifsz%

1-s—k ifs<%
< . 2t
s 1f3217

IN

va(zy)

Thus zy € C 5 (A) or zy € Q’&S) (A). Hence, zy € Cpy o) (A)UQ’&’S) (A) = [A]I(gtys).
For case (ii) using (Cs) of Lemma (3.3), we get

paan) = min {pa(o)nat), 5 |

min{t,l—t—k,lk}

%

2
{t iftg% (lft>T,then1ft7k<7)
and
1—-k
ya(ry) < max VA(x)WA(y),T
1—
< max{s’l_s_k’f}
1-s—k if5<% . 1—k |-k
= {S 1f52% (1f8<T,theIl1—3_k>T)

; k
Thus 2y € Cy ) (A) or zy € Q?t’s) (A). Hence, zy € Cy,s) (A)UQ?t,s) (4) = [A](t,s)'
For case (iii) we have a similar result.
For case (iv) using (Cs) of Lemma (3.3), we get

. 1—k . 1—k
palzy) = mm{uA@%uA@%2}:>mm{1—t—k,2}

1—t—k ift>155 1 . 1—k 1—k
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and

va(ry) < max {%4(96)7 va(y), M}

2
1 —
< max{l—s—l@k}
2
[ 1-s—k ifs<iZE 1—k 1—k
= {s ifszlgk (1fs<T,then1—s—k‘> > )

Thus vy € C 5 (A) or zy € Q’(“t@ (A). Hence, zy € Cpy o) (A)UQ@S) (4) = [A]](“t)s).
Next we consider x,y,z € S such that y € [A]](ct7s) then y € Cp 5 (A) or y €
(1) (A), that is,

(i) paly) >tand ya(y) <s

(ii) pa(y) +t+k>1and ya(y) +s+k < 1.
For case (i) using (Cy) of Lemma (3.3), we get

palryz) > min{/m(y), 1-— k}

L [1-t=k ift> Sk
t if t < 1k
and
1—-k
yalzyz) < maX{VA(y)72}
e
< max< s,
2

Thus zyz € Cp g (A) or zyz € Q’(“m) (A). Hence, zyz € C15) (A) U Q’(“LS) (A) =
k
[A](t,s)'
510
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For case (ii) using (Cy) of Lemma (3.3), we get

pa(zyz) = min{ﬂA(y)71_k}

2
> min{l—t—k,l_k}
2
B 1—t—Fk ift>15% | 1—k 1—k
and
1—k
valzyz) = max{yay), —5—
< max{lsk,lk}
2
= 1-s—Fk ifs<’g® (if5<ﬂ thenlfsfk>ﬂ)
o s ifsz% 2’ 2

Thus zyz € C,5) (A) or zyz € Q’(“t,s) (A). Hence, xyz € Cp 5 (A) U Q’(“t,s) (4) =
[A]I(Ctﬁs). Consequently [A]Z’S) is an interior ideal of S.

Conversely; Let A = (x,u4,74) be an IFS of S such that [A]](Ct,s) # ¢ and is a
interior ideal of S for all ¢ € (0,1] and s € [0,1). If there exist a,b € S with a <b
and pa(a) <min{pa(b), 5%} and ya(a) > max {v4(b), 15}, then

1-k
pale) < to< min{mw, 2}
and

va(a) > SaZmaX{’YA(b)algk}

for some t, € (0,1] and s, € [0,1). Follows that b € C 4 (A) C [A]](ft’s)but a ¢
Cit,5) (A). Also pa(a)+ts+k < 1and ya(a)+ s, +k > 1 follows that a ¢ Q?t,s) (4)
ie a¢ [A]?t’s) a contradiction. Therefore

1-k

puate) 2 min fua) 25 | and vato) < max {rat, 25

for all z,y € S with <.
Assume that there exist a,b € S such that
) 1-k 1-k
pa(ab) < min g pa(a), pa(b), —5— o and ya(ab) > max ¢ va(a), 74 (b), —5— ¢
then

pa(ah) < < min um),m(b),l;’“}
d
'YA(b)

1-k
) 2 )

an
va(ab) > s> max< va(a),
511
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for some t € (0,1] and s € [0,1). Shows that a € C; 4 (A) C [A]l(ct,s) and b €

Cit,5) (A) € [A]](gt’s) but ab & Cpy 5y (A), also pra(ab)+t+k < 1 and y4(ab)+s,+k > 1

follows that ab ¢ Q’(cm) (A) ie. ab¢ [A]I(ct,s) a contradiction. Therefore

a(xy) = min {uA<x>7uA<y>, 1;k} and 74(ey) < max {m(w),m(y% 1§k} |

for all z,y € S.
Next we let

1-k

fu4(abe) < min { pia(b), 2} and 74 (abc) > max {M(b), 12’“} :

for some a,b,c € S.
Then there exist tg € (0,1] and sg € [0,1) such that

1-k
pnalabe) < o < min{uA(b), 2}
and
1-k
va(abc) > sp > max {’VA(b), 2} .

It follows that b € [A]I(Ct’s) but abe ¢ [A]](gt’s), a contradiction. Therefore

. 1—k 1—k
pa(ryz) > min {MA(y% 2} and v4(zyz) < max {VA(y), 2} ,

forall z,y,z € S.
Therefore A = (z,pua,7v4) is an (€, € Vqi)-intuitionistic fuzzy interior ideal of
S. O

Definition 3.11. Let A = (z, 1a,v4) be an intuitionistic fuzzy subset of S. Then
A = (x,pua,7v4) is called an (€, € V gi)-intuitionistic fuzzy interior ideal of S if for
all z,y,z € S, t,t1,t2 € (0,1] and s, s1, s2 € [0,1) the following three conditions are
satisfied for all z,y,z € S:

(C15) (Vo <) [z; (£, s)|€A = [y; (¢, 5)]€ V G A,

(016) [x% (tv S)]éA = [37; (t, S)]E v qikAv [y; (ta 5)]€ v qikAa

(Ch7) [zyz; (t, s)[€A = [y; (¢, 5)|€ V G A
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Example 3.12. Consider the ordered semigroup of example 3.2 and define an IFS
A=< T, A, YA > by

045ifx =e
0.50if x =d
pa = S—=100,1]|pa(z)=< 04bifxr=c
0.60if x =0
0.65ifx=a
and
0.50ifx=e
040ifx =d
vya o S—=[0,1]|ya(x)=<¢ 035ifxr=c
0.35ifx=b
020ifx=a

Then A = (x,14,74) is a (€, € V @g)-intuitionistic fuzzy interior ideal of S for
k=0.2.

Theorem 3.13. An intuitionistic fuzzy subset A = (x,ua,va) of an ordered semi-
group S is an (€,€ V Qg )-intuitionistic fuzzy interior ideal of S if and only if the
following conditions holds for all x,y,z € S:

(Cig) & <y = pa(y) <max{pa(z), 155} and ya (y) > min {ya (), 155},

(Cro) max {pa(zy), 5%} = min{ua (), pa(y)} and min{ya(zy), 54} <
max {ya ()74 ()},

(Cao) max {jua (y2), 555} > pa (y) and min {74 (2y2), 155} < 74 (9).

1-k

=N

Proof. Let A = (x,ua,7v4) is an (€, € V G )-intuitionistic fuzzy interior ideal of S.
Let there exist a,b € S with a < b such that

1-k

a0 > e 0. 250 and o 0) < min o 00, 255}

Then

pa(d) > t> max{MA (a):lgk}
}

Ya(b) < s<min {VA (a),

for some ¢ € (0,1] and s € [0,1). From this we see that [a; (¢, s)|€A, but [b; (t,s)] € A
and pa (b) +t+k > 1, v4 (b) + s+ k < 1, this implies [b; (¢, s)]gr A4, a contradiction
and hence

() < max {ja (2) 25 and 9 () 2 min o (0), 25 |

for all z,y € S with x <y.
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Consider for some a,b € S we have

max {MA (zy), H} < min{pa (), pa (y)}

2
and
min {’yA (zy), 12k} > max{ya (®),74 (y)}.
Then
max {MA (zy), ;k} < t<min{pa(x),pa(y)}
and
min {fyA (zy), ;} > s >max{ya(z),74 ()},

for some t € (0,1] and s € [0,1). It follows that [zy; (¢, s)]EA. But [z;(¢,s)] € A,
pa(x)+t+k>1and ya(z) +s+k < 1ie [z;(t9)]qA. Also [y; (¢, 5)] € A,
pa(y)+t+k>1and y4 (y) +s+k < 1ie. [y;(¢t 9)]gpA, a contradiction and so
condition (Cig) holds for all z,y € S.

Consider for some a, b, c € S we have

oo {aa (op2) 5 <) and win o Gaz) 255 a0,

Then

1-k

max{uA (acyz),Q} < t<pa(y)

and
. 1-k%
min WA(wyZ),? > s>74(y),

for some ¢t € (0,1] and s € [0,1). It follows that [zyz; (¢, s)|€EA. But [y; (¢, 5)] € A4,
pa(y)+t+k>1and y4(y)+s+k <1ie [y;(t 9)]grA, a contradiction and so
condition (Cy) holds for all z,y,z € S.

Conversely: Let A = (x,u4,74) be an intuitionistic fuzzy subset of S satisfying
conditions (Cig), (C19) and (Cqg). Let x,y,z € S, t,t1,to € (0,1] and s,s1,82 €
[0,1).

Assume that « < y and [x; (¢, s)]€A this implies p4 () <t and 4 (z) > s. Now
by (Cig) we have

paly) < max {MA (z), 1;/%}
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and

v
=
=}

Y4 (y)

follows that [y;(¢,s)]€EA and pa (y) +t+k < 1 and y4(y) + s+ k > 1 ie.
[y; (t, s)]ar A. This shows that [y; (¢, s)]€ V gr A.
Let [xy; min {t1,t2}, max {s1, s2}|EA then p4 (xy) < min {t1,t2} and v4 (zy) >
max {1, s2}. Then by condition (Cig)
. 1-k
win (o () () < e {aa o) 25 |

1—-k
max{min {t1,t2}, 2}

_ { min {t1,to}  if min{t1,t2} > 1;

1%]6 if min {tl,tg} <

A

E

v ‘
Ead

and
max {y4 (z),v4 (y)} > min {7‘4 (@y), 12k}

1-k
> min {maX{51732} , 2}

—
|
>

max {s1,s2}  if max{s1,s2} <

- { L=k if max{s1,s2} >

| o

—
e

~ ‘

Here we discuss the following two cases:

(1) Ifmin {pa (), pa (y)} = pa (@), max{ya (z),74 ()} = 7a (), min {t1, 2} =
t; and max {s1, s2} = s1,

(2) Ifmin {4 (), pa ()} = pa (y), max{ya (z) ,74 (¥)} =74 (y), min{t1,t2} =
to and max {s1,s2} = sa.

For the first case we have pa () < t1, ya(x) > sy or pa(x) +t1 +k < 1,
va () + s1 4+ k> 1. That is [z; (t1, 51)]€ V TR A.

Consider the second case we see that pa (y) < ta, va (y) > sz or pia (y)+te+k < 1,
va (y) + s2 + k > 1. That is [y; (t2, s2)]€ V L A.

Let [zyz; (t,s)]€EA then pa (zyz) < t and 4 (xyz) > s. Then by condition (Cag)

1—-k

paly) < max]paGege),
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and
. 1-k
) = minda o), 255
> mi 1—k
min { s
T2
s if s < %
S U e
Hence, we have pa (y) <t, va(y) >sor pa(y) +t+k <1, yva(y)+s+k > 1
That is [y; (¢, s)]€ V @xA. This completes the proof. O

Theorem 3.14. For any IFS A = (z,pua,v4) of S, the following conditions are
equivalent:
(C21) A= (z,pua,74) is a (é
(ng) (Vt S (1;k, ], S E 1
S).

Proof. Let A = (x,ua,7v4) be a (
Let Cit,5) (A) # ¢ for some t € (1 ,
such that b € C; ) (A), then 14 (b) >

1—k 1—k
2<tsMA<b>Smax{uA<a>,2}=ma>,

€V qy,) intuitionistic fuzzy interior ideal of S,
) (Cit,s) (A) # ¢ = Cl5) is an interior ideal of

E

V q,,) intuitionistic fuzzy interior ideal of S.
1] ndsE[Olk).Leta,bESwithaSb
t and v4 (b) < s. Using (C1g), we have

and

1-k . 1—k
— > s> v4(b) Zmln{'yA(a),Q} =74 (a).
It follows that a € C(y ) (A).
Let a,b € S such that a,b € C ) (A), then ps (a) > t, pa (b) > t and y4 (a) < s,
v4 (b) < s. Using (Chg), we have
1-k . —k
mace o (a0), 2o > min (@) a0 2 0> 20
and

min{’yA (ab),lgk} <max{ya(a),va (b))} <s< IT,

this implies that y4 (ab) = max {pa (ab), 255} > t and y4 (ab) = min {74 (ab), 5%}
< s. Therefore zy € C(y 5) (A) for all 2 y es.

Let a,b,c € S such that b € Cpy 5y (A), then pa (b) > t, va (b) < 5. Using (Cho),
we have

1—-k 1-k
max{,uA(abc),Q} >pua(b) >t > —

and L
1-— 1
min {'yA (abe) , 2} <vya(b)<s< —

this implies that p4 (abc) = max {pa (abc), ?’“
15k} <'s. Thus zyz € C 5 (A) for all z,y, 2
interior ideal of S.

>t and 4 (abc) = min{vy4 (abc) ,
S. Consequently, C(y ) (A) is an

Mm ——~
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Conversely, let C(y ) (A) # ¢ is an interior ideal of S where t € (15%,1],5 € [0,
15k). Let a,b€ S witha < band t € (0,1], s € [0,1). Consider

pa () > max {ua (@), 255 | and 20 @) < in {0 (@), 255

then there exists some ¢ € (0,1], s € [0,1) such that

1-k
pa ) = t> maX{MA (a),}
and

) < s<min{a@, 50|

This shows that b € Cy 4 (A) but a ¢ C(; ) (A), a contradiction. Hence

1—k

) < max {jn (o) 255 | and 2 ) 2 min L 0. 150

for all z,y € S with x <y.
Let a,b € S and consider

max {uA (ab), 1;’“} < min{jua (@), 14 ()}
and

min {7,4 (ad), 1;k} > max{ya(a),va(b)},

then there exists ¢ € (0,1] and s € [0,1) such that

w0, S50} <0 < min s a) o 0))
and

min {VA (ad), 1;k} > s >max{vya(a),va ()},

it follows that a,b € C(y,s) (A) but ab ¢ C(y s (A), contradiction. Hence

1—-k .
max {#A (@) } > min {pa (@), 4 (1))
and
. 1—-k
min {WA (zy), 2} < max{va (z),va (y)} for all z,y € S.
Let a,b,c € S and consider
1-% . 1-%
max {MA (abe) , 2} < pa (b) and min {’yA (abe) , 2} > va (),

017
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then there exists ¢ € (0,1] and s € [0,1) such that

max{uA (abc),lgk} < t<pa(b)

and
. 1—k
min § v4 (abc),T > s>7va(b),

it follows that b € C(y,4) (A) but abc ¢ Cy,4) (A), a contradiction. Thus,

1—k . 1—k
max {MA (ryz), 2} > pa (y) and min {m (wyz), 2} <ya(y),

for all z,y,z € S.
Therefore A = (x,1a,7v4) is an (€, €V g,)-intuitionistic fuzzy interior ideal of

S.
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