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ABSTRACT. In this paper, the concept of extended intersection and
restricted union of intuitionistic fuzzy soft sets are introduced. Some oper-
ations on intuitionistic fuzzy soft sets are investigated, and we prove that
De Morgan’s laws hold in intuitionistic fuzzy soft sets theory. Based on
these properties, we discuss the algebraic structures of intuitionistic fuzzy
soft sets, which is lattice structures.
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1. INTRODUCTION

Most of traditional methods for formal modeling, reasoning, and computing
are crisp, deterministic, and precise in character. However, many practical problems
within the fields of economics, engineering, environmental science, medical science
and social sciences involve data that contain uncertainties. We can not use tradi-
tional methods because of various types of uncertainties present in these problems.

There are several theories: probability theory, theory of fuzzy sets [26], theory
of interval mathematics, and theory of rough sets [20], which we can consider as
mathematical tools for dealing with uncertainties. But all these theories have their
own difficulties (see [14]). To overcome these difficulties, Molodtsov [14] proposed
a completely new approach, which is called theory of soft sets, for modeling uncer-
tainty.

Presently, works on soft set theory are progressing rapidly. Maji et al. [18| [17]
further studied soft set theory and used this theory to solve some decision making
problems. Aktas and Cagman [3] defined soft groups. Jiang et al. [12] extended soft
sets with description logics. Feng et al. |7, [8] investigated the relationship among
soft sets, rough sets and fuzzy sets. Ge et al. [10] discussed the relationship between
soft sets and topological spaces. Babitha et al. [4] proposed relations on soft sets.
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Shabir et al. [23] introduced soft topological spaces over the universe with a fixed
set of parameters. Cagman et al. [5] defined topologies on soft sets.

Maji et al. [15] devoted the concept of fuzzy soft sets by combining soft sets with
fuzzy sets. Roy et al. [22] presented a fuzzy soft set theoretic approach towards
decision making problems. Jiang et al. [13] generalized the adjustable approach
to fuzzy soft sets based decision making. Feng et al. [9] proposed an adjustable
approach to (weighted) fuzzy soft set based decision making. Yang et al. [25]
introduced the concept of interval-valued fuzzy soft set. Jun et al. [11] discussed
the applications of fuzzy soft sets to study BCK/BCl-algebras. Tanay et al. [24]
investigated the topological structure of fuzzy soft sets.

K. Atanassov [1, 2] introduced the concept of intuitionistic fuzzy sets. Maji et al.
[16, [19] introduced the theory of intuitionistic fuzzy soft set. P. Rajarajeswari et al.
[21] gave the concepts of intuitionistic fuzzy contra weakly generalized continuous
map-pings in intuitionistic fuzzy topological space.

In this paper, we deal with the algebraic structures based on lattice of intuition-
istic fuzzy soft sets. Some operations on intuitionistic fuzzy soft sets are introduced.
Some lattice structures of intuitionistic fuzzy soft sets are established. The De Mor-
gan’s laws in intuitionistic fuzzy soft set theory are verified.

2. PRELIMINARIES

In this paper, U denotes initial universe, ' denotes parameter set, I denotes [0, 1]
and 2V denotes the family of all subsets of U.

Throughout this paper, we only consider the case where U and E are both
nonempty finite sets.

We briefly recall some basic concepts of soft sets, intuitionistic fuzzy sets, intu-
itionistic fuzzy soft sets and lattices.

2.1. Soft sets and intuitionistic fuzzy sets.

Definition 2.1 ([14]). A pair (f, E) is called a soft set over U, if f is a mapping
given by f: E — 2V,

Definition 2.2 ([I]). An intuitionistic fuzzy (briefly IF) set A in U is an object the
form

A={(z,pa(z),v4(x)) 1z € U},
where pg : U — [0,1] and v4 : U — [0,1] satisfying 0 < pa(z) + ya(z) < 1
for all x € U, and pa(x) and v4(z) are, respectively, used to define the degree of
membership and the degree of non-membership of the element z to A.

Obviously, every fuzzy set has the form {(x,pa(z),1 — pa(x)) : 2 € U} and
is thus an IF set. Every crisp set A is still regarded as an IF set with the form
{(z,1,0): x € A}, and if y ¢ A, then pa(y) =0 and y4(y) = 1.

In this paper, ZF(U) denotes the family of all IF sets in U, U represents the IF
set which satisfies U(z) = {(x,1,0) : = € U} and & represents the IF set which
satisfies @(z) = {(x,0,1) : x € U}.

If A,B € ZF(U), then some IF set relations and operations are given componen-
twise proposed by Atanassov [1] as follows:

468



Zhaowen Li et al./Ann. Fuzzy Math. Inform. 6 (2013), No. 3, 467-477

A=Biff pa(z) = pp(x) and ya(z) = yp(z) for all z € U.
(

(1) = 78(

(2) AC Biff pa(z) < pp(x) and ya(x) > ya(z) for all z € U.

(3) AN B = {(z,min(pa(z), ps(z)), maz(ya(z),vp(z))) : x € U}.
(4) AU B = {(z,maz(pa(z), pp(z)), min(ya(z), vp(z))) : € U}.
(5) A(= )—{( ya(@), palz)) cx € Ul

() Aa = {(@, N\ #a.(2), \/ 14, (@) € U}

acl acll acll
for any x € U and

U 4a ={(@, \ #a, (@), \ 74. () : 2 € U}

acll acl acl

for any « € U, where {A, : « € '} CZF(U) and T is an index set.
Obviously, A=B < AC Band B C A.

2.2. Intuitionistic fuzzy soft sets.

Definition 2.3 ([16]). Let A C E. A pair (f, A) is called an intuitionistic fuzzy soft
(briefly IF'S) set over U, if f is a mapping given by f: A — ZF(U). We also denote
(fv A) by fA~

In other words, an IF'S set fg over U is a parameterized family of IF sets in the
universe U.
Let A C E. Denote

S(U)a ={fa: fais an IFS set over U},

S(U)=A{fa: faisan IFS set over U and A C E}.

Obviously,
S(U)a C S(U).

Example 2.4. Let U = {21, %2, 23,24, 25,26} and E = {e1,e2,e3}. Let fr be an
IFS set over U, defined as follows
Fler) = ((;,11) 4 (0306) | (0801) 4 (0502) | (0.7.01) | (0306)

xo T3 x4 Ts T6 ?

f(ez)z(O'Z’?'Q)+(051,35)+(0228)+(0236)+(0237)+(0603),
Fles) = (oios)+(0101)+(10)+(0504)+(0107)+(0;£3)

Then fg is described by the following Table 1.

TABLE 1. Tabular representation of the intuitionistic fuzzy soft sets fg

er (53) (0;%6) (0;%1) (0;%2) (0;%1) (ag%ﬁ)
e2  (0.7,02)  (05,05)  (0.1,0.8)  (0.2,0.6)  (0.2,0.7)  (0.6,0.3)
es  (0.1,0.8)  (0.9,0.1) (1,0) (0.5,04)  (0.1,0.7)  (0.7,0.3)
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Definition 2.5 ([16]). Let A,B C E and let fa,95 € S(U). fa is called a IFS
subset of gp, if

(i) AC B,

(ii) f(e) C g(e) for any e € E.

We denote it by f4 C gp, where

fle) ={(z, pp(e) (), vp(e) (@) 1 @ € U} and g(e) = {(@, g(e) (%), Vg(e) (2)) : @ € U}

Definition 2.6 ([16]). Let A,B C FE and let fa,g9p € S(U). fa and gp are called
IFS equal, if f4 C gp and gg C fa. We denote it by f4 = gp.

Definition 2.7 ([16]). Let A,B C E and let fa,g5 € S(U). The intersection of
them is the IFS set he where C = AN B, and h(e) = f(e) Ng(e) for any e € C. We
denote it by fa N g = hc.

Definition 2.8 ([16]). Let A, B C E and let fa,g9p € S(U). The union of them is
the IFS set ho where C = AU B, and for any e € C,

fle), ec A—B,
hie) =< gle), e€ B—A,
fle)Ugle), ec ANB.

We denote it by f4 U gg = hc.

Definition 2.9 ([16]). Let A C E and let f4 € S(U). The relative complement of
fa is denoted f/, where f': A — ZF(U) is a mapping given by f'(e) = f°(e) for
any e € A.

2.3. Lattices.

Definition 2.10 ([6]). Let (L, <) be a poset and a,b € L.
(1) a is called a top (or maximal) element of L, if < a for any z € L.
(2) b is called a bottom (or minimal) element of L, if b < x for any x € L.

If a poset L has top elements aq,as (resp. bottom elements by, bs), then a; = as
(resp. by = ba). We denote this sole top element (resp. this sole bottom element)
by 1y, (resp. Or).

Definition 2.11 ([6]). Let (L, <) be a poset, S C L and a,b € L.
(1) a is called a above boundary in S, if x < a for any z € S.
(2) b is called a under boundary in S, if b < z for any = € S.
(3) a=sup S or Vv S, if a is a minimal above boundary in S.
(4) b=rinf S or A S, if b is a maximal under boundary in S.

Let (L, <) be a poset, S C L. If S has V.S (resp. AS), then VS (resp. AS) is sole.
But we can not claim that V.S € S (resp. AS € S) although VS € L (resp. AS € L).

We stipulate that V @ = 0, and A @ = 1,. If S = {a,b}, then we denote
VS=aVband AS=aAb.

Remark 2.12 ([6]). Let (L, <) be a poset and a,b,c € L. Then
(Ia=anb<=a<b<b=aVh.
(2)a<b=aNc<bAc¢; a<b=aVc<bVe.

(3) “a<bandb<a ” can not be simultaneously true.
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Definition 2.13 ([6]). Let (L, <) be a poset.
(1) L is called a lattice, if aVb € L, aAb € L for any a,b € L.
(2) L is called a complete lattice, if V S € L, A S € L for any S C L.
(3) L is called a distributive lattice, if a V (bA¢) = (a Vb) A(aV ¢),
aN(bVe)=(aAnb)V(anc)forany a,b,c € L.
Definition 2.14 ([6]). Let L be a lattice with 1;, and 0z, and a,b € L. b is called a
complement element of a, if aVb=17,aANb=0g.

If L is a distributive lattice and @ € L has complement elements b1, b2, then
by = by. We denote the complement element of a by a’.

Example 2.15. Let L = [0,1]. For any a,b € L, we define a < b by b —a > 0.
Obviously, 1, = 1, 0 = 0. It is easily proved that L is a complete distributive
lattice.

3. THE PROPERTIES OF IF'S SETS

In this section, we introduce some operations on IFS sets and investigate their
related properties.

Theorem 3.1. Let fa,95 € S(U). Then
(1) (fa Ugp) N fa= fa,
(2) (faNgp) U fa= fa.
Proof. Put (fa U gp) N fa= m(auB)np- For any e € AU B.
i) Ifec B— A, then m(e) = g(e) N f(e) = T = f(e).
ii) If e € A— B, then m(e) = f(e) N f(e) = f(e).
iii) If e € AU B, then m(e) = (f(e) Ug(e)) N f(e) = f(e).
Thus (fa U gp) N fa = fa.
(2) This is similar to the proof of (1). O
Proposition 3.2. Let fa,gp,hc € S(U). Then
(1) fa U fa=fa, _
(2) faUgs = g U fa, B
(3) (faUgp) Uhc = faU(gp U hc).
Proof. (1) and (2) are trivial. We only prove (3). Put

(fa U gg) Uhe = kausue, fa U (gs U he) = lavsuc-
For any e € AU BUC, it follows that e € A, or e € B, or e € C. Without losing
of generality, we can suppose that e € C.

i) Ife¢ AU B, then k(e) = h(e) = I(e).

ii) If e € B— A, then k(e) = g(e) Uh(e) =I(e).

iii) If e € A — B, then k(e) = f(e) U h(e) =I(e).

iv) If e € AN B, then k(e) = (f(e) Ug(e)) Uh(e) = f(e) U (g(e) Uh(e)) = I(e).
Thus (fa U JB) ] he = fa U (9B U he). d

Proposition 3.3. Let fa,g95,hc € S(U). Then
(1) fa D fa=fa, _
(2) fangs = g0 fa, _ B
(3) (fangs) Nhe = fan(gs N he).
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Proof. (1) and (2) are trivial. We only prove (3). Put

(fa N g) N he = kanpne, fa N (g8 0 he) = lansne-
For any e € ANBNC, it follows that e € A, e € B and e € C. Since

k(e) = (f(e) Ngle)) Nh(e) = fle) N (g(e) N h(e)) = I(e),
then (fA N gB) N he = fa N (gB N hc). Il

Proposition 3.4. Let fa,gp,hc € S(U). Then

(1) (faUgp) Nhe = (fa0he) U(gp N he),

(2) (fangs) Uhe = (fa Uhc) N (98 U he).
Proof. (1) Put

(fa Ugs) Nhe = kaupne
(fa N he) U (gs N he) = lancyusno)-

Obviously, (AUB)NC =(ANC)U(BNC). For any e € (AU B) NC, it follows
that ee ANC,oree BNC.

i) feg AnCande € BNC, thene ¢ Aje € Band e € C. So k(e) =
g(e) Nhle) =l(e).

ii) fee AnNCand e g BNC, thene € Aje ¢ B and e € C. So k(e) =
fle)nh(e) =1(e).

iii) Ifee ANC and e € BNC, then e € A,e € Band e € C. So k(e) =
(f(e)Ugle)) Nhe) = (f(e) Nh(e)) U (g(e) Nh(e)) = i(e).

Thus

(faUgp) Nhe = (faNgs)U(gs N he).
(2) This is similar to the proof of (1). O

Definition 3.5. Let A, B C E and let fa,g95 € S(U). The extended intersection of
them is the IF'S set ho where C = AU B, and for any e € C,

f(6)7 CEAfB,
h(e) = { g(e), e€B - A,
fle)ngle), e€c ANB.

We denote it by fa Mg = he.

Definition 3.6. Let A, B C F and let fa,g95 € S(U). The restricted union of them
is the IFS set h¢ where C' = AN B, and h(e) = f(e) Ug(e) for any e € C. We denote
it by falgp = he.
Theorem 3.7. Let fa,gp,hc € S(U). Then

(1) fal fa = fa,

(2) falgs =gBU fa,

(3) (fA U gB) Uhe = fal (gB L hc)
Proof. This is obvious. O

Theorem 3.8. Let fa,gp,hc € S(U). Then
(1) fanl fa = fa,
(2) faNgs =g fa,
(3) (faNgp)Mhe = fan(gp Mhe).
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Proof. This is obvious. O

Theorem 3.9. Let fa,9p € S(U). Then
(1) (faUgp) M fa = fa,
(2) (faMgp)U fa= fa.

Proof. Let (faUgp) = hanp. For any e € E,

i) Ifee A—B,thene¢ AN B and h(e) = @. Thus (hanp M fa)(e) = f(e).

ii) Ifee B— A, thene & ANB and h(e) = Thus (hanpM fa)(e) =@ = fle).

iii) If e € AN B, then h(e) = f(e) Ug(e). Thus (hanp M fa)(e) = (f(e)Ug(e)) N
fe) = fle).

Hence (fa U gp) M fa= fa.

(2) This is similar to (1). O

Theorem 3.10. Let fa,g95,hc € S(U). Then
(1) fau(gsMhe) = (falgp) M (falhc),
(2) fan(gpUhe) = (falgp) U (fallhe).

Proof. (1) Let fal(gsMhc) = mansuc) and (falgs)(falhc) = nanB)uanc) =
NAA(BUC)-
AFE)B;" acn)y e € AN(BUC), this implies e € A and e € BUC.
i) Ifee B—C, then m(e) = f(e) Ug(e) =n(e).
ii) If e e C' — B, then m(e) = f(e) Uh(e) =n(e).
(i;i) Ife € BNC, then m(e) = f(e)U(g(e)Nh(e)) = (f(e)Ug(e)) N (f(e)Uhle)) =
Thus f4 U (g5 Mhe) = (f4 U gs) 1 (4 U ko)
(2) This proof is similar to (1). O

Theorem 3.11. Let fa,g9p € S(U). Then
(1) (£a O g8) = f4 gl
(2) (fangs)' = fa U gp-

Proof. Let fa U gp = haup and f4 Mgy = laup. For any e € E,
i) Ifeg AUB, then h'(e) = @ = I(e).
ii) If e € B— A, then h/(e) = ¢'(e) = l(e).
iii) If e € A — B, then h/(e) = f(e) = (e).
iv) If e€ AN B, then h'(e) = (f(e) Ug(e)) = f(e) Ngle) =l(e).
Thus (4 O gs)' = £, Mgl
(2) This is similar to the proof of (1). O

Theorem 3.12. Let fa,gp,hc € S(U). Then
(1) fa 0 (9p Uhe) = (fa N gp) U (fa N he),
(2) fal(gs N he) = (falgs) N (falhe).

Proof. (1) Let fa N (g8Uhe) = hansney and (fa N g)U(fa N he) = lans)n(anc)-
Then for any e € AN (BNC), wehavee € A, e € Band e € C.

Thus h(e) = f(e) N (g(e) Uh(e)) = (f(e) Ng(e)) U (f(e) Nh(e)) = I(e).
(2) This is similar to the proof of (1). O
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Theorem 3.13. Let fa,gp € S(U); Then
(1) (faUgp)Nfa=(faNgs) U fa,
(2) (fa U gs) N fa=(faNgp)U fa.

Proof. (1) Let (fa U gg) M fa = maup and (faMgp) U fa = nayp. For any
e € AU B,
(i) Ifee A— B, then m(e) = f(e) = n(e).
(ii) If e € B — A, then m(e) = g(e) = n(e).
(ili) If e € AN B, then m(e) = (f(e)Ug(e)) N fle) = f(e) = (fle)Ng(e)) U fle) =
Thus (fa Ugp) N fa=(faNgs) U fa.
(2) Let (fa U gB) N fa=manp and (fa Ngp)Ufa =nanp. Forany e € ANB,
mie) = (f(e) Ug(e)) N f(e) = f(e) = (F(e) N g(e)) U f(e) = nle). O

Example 3.14. Let U = {z1, 22,253,224} and E = {ey,ea2,e3}. Let fa,95 € S(U),
where A = {e1,e2} and B = {es, e3}.
Let fa U g = haup and haup M fa = mayp. Then

h(e1) = f(e1), h(e2) = f(e2) Ug(e2), h(es) = g(es)

n(

and

m(e1) = h(e1) N f(e1) = f(e1), m(e2) = h(e2) N f(e2) = (f(e2) Ugle2)) N f(ez).
Note that
m(es) = g(es) # f(e3) = 2.

Thus (f4 U gp) M fa # fa. B
Let falgp =lanp and lang N fa = nanp. Then

l(er) = B, U(e2) = flea) Uglez), l(ez) =
and
n(er) = 2 # f(er), nles) = @ # f(ea).
Thus (faUgp) N fa # fa.
This example shows that
(faUgp)N fa=faand (falgp) N fa=fa

are do not hold in general.
4. LATTICE STRUCTURES OF IF'S SETS
Theorem 4.1. For any fa,gp € S(U), define
fa<gs & faCgs,

faVygs= faU gsg,

fangs = fangp.
Then (S(U),U,N) is a complete distributive lattice with top element and bottom

element.
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Proof. Denote > = S(U). Tt is easily proved that
OE :éand 12 iﬁ

By Proposition 3.4, S(U) is a distributive lattice with 1y~ and Oy-. O
Theorem 4.2. For any fa,ga € S(U)a, define
fa<ga & faCga,
faVga= faUga,
fanga= fanga.
Then (S(U)a,U,N) is a distributive lattice.
g

Proof. This is obvious.
Corollary 4.3. (S(U)a,U,N) is a sublattice of (S(U),U,N).
Theorem 4.4. Let fa,g95 € S(U), define

fa<gs & faCygs,
faVvgs= falgs,

fangs = faNgs.
Then (S(U),U,MN) is a complete distributive lattice with top element and bottom

element.
Proof. By Theorem 3.10, this is straightforward. g
Theorem 4.5. Let fa,94 € S(U)a, define
fa<ga & fa Cga,
faVga= falga,
fanNga= falga.
Then (S(U) a,U,MN) is a distributive lattice.

Proof. This is obvious.

Corollary 4.6. (S(U)a,U,MN) is a sublattice of (S(U),U,MN).
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Theorem 4.7. Let fa,95 € S(U), define
fa<gs & faC gs,
faVgs= faUgs,

fangs = fa0gs.
Then (S(U),U,N) is a distributive lattice with top element and bottom element.

Proof. By Theorem 3.12, this is obvious. O

Similarly, by the definition of Theorem 4.7, we can have that (S(U)4,L,N) is a
distributive lattice.

5. CONCLUSIONS

In this paper, we study the lattice structures of intuitionistic fuzzy soft sets. Based
on intersection (extended intersection) and union (restricted union) of intuitionistic
fuzzy sets, five lattice structures of intuitionistic fuzzy soft sets are established and
several related properties are investigated. We prove that De Morgan’s laws hold in
intuitionistic fuzzy soft set theory.
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