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1. INTRODUCTION

A fier having initiated the notion of fuzzy set first by Zadeh[11] in 1965, much
research has been carried out in the areas of general theories as well as application.
In 1968, Chang[4] introduced the theory of fuzzy topological spaces and then in
1973, Wong[10] developed this spaces by covering properties. Then after a long
time, D. Molodtsov initiated a concept namely, soft set theory to solve complicated
problems in engineering, physics, computer science, medical science etc. To improve
this concept, many researchers applied this notion on group theory[2], ring theory[1],
topological spaces[7] and also on decision making problem[6].

In the present times, researchers have combined these two above concepts to
generalize the spaces and to solve more complicated problems. In 2001, Maji and et.
al. first combined these two sets and called it fuzzy soft set. Then many researchers
defined group[3], ring[5], topology[8] on fuzzy soft set. In our paper[9], we also
studied fuzzy soft topological spaces in another suitable form.

In this paper, we have defined open, closed fuzzy soft sets and established a
relation between the closure of a fuzzy soft set and its fuzzy soft limit points. But
here we have apprehend that it may not possible to construct a limit point of a
fuzzy soft set by usual neighborhood properties. To define fuzzy soft limit point of
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a fuzzy soft set, at first we recall some definitions and theorem on fuzzy soft set
from our paper[9]. Then we define a few new definitions such as Quasi-coincident,
Q-neighborhood etc. and establish some important propositions and theorems on
fuzzy soft topological spaces.

2. PRELIMINARIES

This section contains some basic definitions and theorem which will be needed in
the sequel.

Definition 2.1 ([9]). Let A C E. Then the mapping Fa : E — IY, defined
by Fa(e) = pg,( a fuzzy subset of U), is called fuzzy soft set over (U, E), where
pe, =0ifee B\ Aand uf, #0if e € A.

The set of all fuzzy soft set over (U, E) is denoted by FS(U, E).

Definition 2.2 ([9]). The fuzzy soft set Fy, € F'S(U, E) is called null fuzzy soft set
and it is denoted by ®. Here Fj(e) = 0 for every e € E.

Definition 2.3 (|9]). Let Fg € FS(U,E) and Fr(e) =1 for all e € E. Then Fg is
called absolute fuzzy soft set. It is denoted by FE.

Definition 2.4 ([9]). Let Fu, Gp € FS(U,E). If Fs(e) C Gp(e) for alle € E, i.e.,
if ue, C pg, foralle € B, ie., if pg, () < pg, (v) for allz € U and for all e € E,
then F4 is said to be fuzzy soft subset of Gg, denoted by F4a C Gp.

Definition 2.5 ([9]). Let F4, Gp € FS(U, E). Then the union of F4 and Gp is
also a fuzzy soft set Hc, defined by Hc(e) = pgy, = p, Upg, for all e € B, where
C = AU B. Here we write Ho = F4 UGp.

Following the arbitrary union of fuzzy subsets and the union of two fuzzy soft sets,
the definition of arbitrary union of fuzzy soft sets can be described in the similarly
fashion.

Definition 2.6 ([9]). Let Fa, Gg € FS(U,E). Then the intersection of F4 and
G is also a fuzzy soft set Hc, defined by He(e) = pgy, = pe, Npg, forall e € E,
where C = AN B. Here we write Ho = F4 N Gp.

Definition 2.7 ([9]). A fuzzy soft topology T on (U, E) is a family of fuzzy soft
sets over (U, E) satisfying the following properties

1. »,E€T.

2. If Fu, Gg €T then Fo MG €T.

3. If Ff{ €T for all @ € A, an index set, then Uaea F§ €T.

Definition 2.8 ([9]). If 7 is a fuzzy soft topology on (U, E), the triple (U, E,T ) is
said to be a fuzzy soft topological space. Also each member of 7 is called a fuzzy
soft open set in (U, E,T ).

Definition 2.9 ([9]). A subfamily (3 of T is called a fuzzy soft open base or simply
a base of fuzzy soft topological space (U, E,T ) if the following conditions hold:
1. ®€f.
2. UfB= E ie. for each ¢ € FE and z € U, there exists Fi4 €03 such that
p, (x) = 1.
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3. If F4, Gp €03 then for each e € E and x € U, there exists Ho €3 such that
Ho C FaNGp and pg (v) = min{ug, (), pg, ()}, where C C AN B.

Theorem 2.10 ([9]). Let (3 be a fuzzy soft base for a fuzzy soft topology Tz on
(U,E). Then Fa €Tg if and only if Fa = UaeaB%_, where Bf_ €l for each
a €A, A an index set.

3. Fuzzy SOFT POINT AND ITS NEIGHBORHOOD STRUCTURE

Definition 3.1. A fuzzy soft point F, over (U, E) is a special fuzzy soft set, defined
by
F.(a) =, if a = e, where [Up, #0
=0ifa#e

Definition 3.2. Let F4 be a fuzzy soft set over (U, E) and G, be a fuzzy soft point
over (U,E). Then we say that G. € Fa if and only if (U, CUT, = Fal(e) ie.,
Ue, (z) <pE, () for all z € U.

Definition 3.3. A fuzzy soft set F4 is said to be a neighborhood of a fuzzy soft
point G, if there exists Hg €T such that G, € Hg C F4. Then clearly, every open
fuzzy soft set is a neighborhood of each of its points.

Theorem 3.4. Let Fy € FS(U,E). Then Fy €T if and only if Fa is a neighborhood
of each of its fuzzy soft points.

Proof. If F4 €T, then obviously F4 is a neighborhood of each of its fuzzy soft points.
Conversely, let F4 is a neighborhood of each of its fuzzy soft points. Then for
any FY € Fa,a € A, there exists G%a €T such that F € G4a T F4. So that

(3.1) UFS EUGHa C Fa,

where union is taken over the set of all @ € A and all e € E. We now show that
LUFY = F4. Since each F¥(a) C Fa(a), where e € E and « € A, there exists a € A
such that F*(a) = Fa(a). Therefore UF*(a) = F4(a), where union is taken over
the set of all « € A and all e € E. It implies that

(32) |_|Fea = Fy.

From (3.1) and (3.2) we get Fl4 = UG%.. Again since each G%o €T, UGS, €T.
Hence F4 €T. ‘ ) O

Definition 3.5. The collection of all neighborhoods of a point F, over (U, E) is
called the neighborhood system at F. and it is denoted by 7, .

Theorem 3.6. The neighborhood system 1) g, at any point F, over (U, E) satisfy
the following properties
(i) N # o
(ii) Ga €Nr, = Fe € Ga.
(iii) Ga, Hp ENr. = GaoMHp S
(iV) Ga €Nr. and GaLC Hg = Hp €Nr,.
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Proof. (i) Since E €T and F, € E, E €Nr,.

(ii) Obvious.

(ili) Since G4 and Hp €1)F,, there exist V4, and Wp, in T such that F, € V4, C
Gaand F, € Wp, C Hp. T.hus M. (x) SAL?/AI (x) and Up, () §/L§VB1 (z) for all
x € U. Therefore Up, (x) < mm{,ufyAl (z), iy, (x)} forallz € U. So, UF, Sy, N
/L‘;VBI. That is, F, € V4, MTWpg, C G4 M Hp. Again since V4, MWpg, €T, G4
Hp €Nr,.

(iv) Obvious. O

Definition 3.7. The union of all fuzzy soft open subsets of F4 over (U, E) is called
the interior of F)4 and is denoted by intF4.

Example 3.8. Let E = {e1, es, es}, U = {a, b, ¢} and A, B, C be the subsets
of E, where A = {e1, ez}, B = {es, e3} and C = {e1, e3} and also let T=
{o, E, Fa, Gg, H.,, Ig, Jg, K.} be a fuzzy soft topology over (U, E) where
Fu, Gg, H.,, Ig, Jp, K., are fuzzy soft set over (U, E), defined as follows

[ = {5, .75, 4}, 1 = {3, 8, .7},

We, =14, .6, .3}, g, = {2, 4, 45},

Hu., =13, .6, .3},

[S = {5, 75, 4}, 152 = {4, 8, .7}, U5 = {2, 4, 45},

WG, =14, .8 .7} U3, =1{2, 4, 45},

Lx., = {3, 8, .7}
Now let us consider a fuzzy soft set Lg as follows

o = (7,8, 5}, U2 = {4,.9, .7}, u = {2, 3, .1}

Therefore intLy = Fqa U H,, U K., = Fa.

Proposition 3.9. int(Fa M Gp) =intFaNintGpg

Proof. Since Fy M Gp C Fga, int(Fa M Gp) C intF4.Similarly, int(Fa N Gp) C
intGp. Therefore int(Fy MGp) C intFq NintGp. Let Ho €T such that Ho C
intFa MNintGp. Then Heo C intF4 and He C intGp. That is He(e) € Fa(e) and
He(e) € Gp(e) for all e € E. So, Ho(e) C Fa(e) NGp(e) = (FaMGp)(e) for all
e € E. Thus Ho C Fy N Gp. So Ho = intHe C int(Fa M Gp). This implies that
intFa NintGp C int(Fa4 M Gp). This completes the proof. O

Definition 3.10. Let F)y € F'S(U, E) be a fuzzy soft set. Then the complement of
F4, denoted by F§, is defined by
Fi(e) =1-U%, forec A,
=1, otherwise.

Definition 3.11. A fuzzy soft set Fy € FS(U, E) is called a fuzzy soft closed set if
F§ is a fuzzy soft open set in F.S(U, E).

Definition 3.12. Let Fy € FS(U, E) be a fuzzy soft set. Then the intersection of
all closed sets, each containing F4, is called the closure of F4 and is denoted by Fj.

Example 3.13. Let us consider the example 3.8/ and a fuzzy soft set L.,, where
Ur,, =1{.5, 2, .6}. Then L., C G, H¢,. Therefore L., = Gz M H, = Gg.
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4. Q—NEIGHBORHOOD STRUCTURE AND ACCUMULATION POINT

Definition 4.1. A fuzzy soft point G, is said to be a quasi-coincident with Fjy,
denoted by G.qF4 if and only if lg, (z)+ U%, (x) > 1 for some z € U.

Definition 4.2. A fuzzy soft set H4 is said to be a quasi-coincident with Fg,
denoted by HagqFp if and only if (g (z)+ (%, (x) > 1 for some z € U and
ec ANB.

Definition 4.3. A fuzzy soft set Fy is called a Q-neighborhood of G, if and only if
there exists Hg €T such that G.qHp and Hg C F4.

Proposition 4.4. Hg T F4 if and only if Hg and F§ are not quasi-coincident. In
particular, G. € Hp if and only if G, is not a quasi-coincident with H.

Proof. This follows from the fact:
Hp C Fa Uy, (v) <%, (z) forallz € U and e € E
S, (x)+,u%z (z) =y, (v) +1— %, () < 1forallz € U and e € E. O

Proposition 4.5. Let g, be a family of Q-neighborhood of a fuzzy soft point G,
in a fuzzy soft topological space T.

(i) If Fa € lgq,, then G, is quasi-coincident with Fj.

(ii) If Fa € Yg, and Fy C Hp, then Hp € g, .

(i) If Fa € i, , then there exists Hg € g, such that Hg C Fp and Hp € iy,
for every fuzzy soft point 15 which is quasi-coincident with Hg.

Proof. (i) suppose Fy € Ug,. Then there exists I €T such that G.qlc and
Ic € Fy. That is, g, (z0)+M17, (T0) > 1 for some o € U.
Again 15 (z) <U%, (x) for all z € U.
Therefore g, (z0)+U%, (T0) >[a, (o) + . (20) > 1. Hence G, is quasi-coincident
with FA.

(ii) obvious.

(iii) Suppose F4 € U, . Then there exists Hg €T such that G.gHp and Hp C
F5. That is, there exists Hp € g, such that G.gHp and Hg T F4. Let I; be any
fuzzy soft point which is quasi-coincident with Hp. Therefore Hg € ;. d

Proposition 4.6. Let {FZ‘J_ Yiea be a family of fuzzy soft sets over (U, E).Then a
fuzzy soft point G, is quasi-coincident with uFf,j if and only if GeqFflj for some
jeA.

Proof. Obvious. O

Theorem 4.7. A subfamily 3 of a fuzzy soft topology T over (U, E) is a base for
T if and only if for each fuzzy soft point G and for each Q-neighborhood F4 of G,
there exists a member Hp € ﬁ such that Go.qHp and Hg € F4.

Proof. First we suppose that (3 is a base for 7. Let G, be a fuzzy soft point and

F4 be a Q-neighborhood of G.. Then there exists I €T such that G.qlc and

Ic T Fy. Since I €T and (3 is a base for T, by theorem 2.10, I can be expressed

as UjesHp, where Hp, €f for all j € J. Therefore G, is a quasi-coincident with

UjesHp;. So there exists some Hp, such that GeqHp, and Hp; C F4. This proves
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the necessary part of the theorem. We shall now prove the sufficient part of the
theorem.

If possible, let (3 is not a base for 7. Then there exists Fiy €T such that
G=U{Hp Gﬁ: Hp C Fa} # Fa.

Therefore there exists e € E such that Ug(z) <%, (z) for some x € U. Thus
We, (x) + 1= (z) > 1. That is I.qF4 where [lg, () = 1—[4g(z). So by the given
condition there exists Hp Eﬁ such that I.qHp and Hg C F4. Since Hg € G, it
follows that (g (z) <pG(z). That is, Wy, (v)+4r, (v) < 1, which contradicts the
fact that I.qHpg. This completes the proof. O

Theorem 4.8. A fuzzy soft point Ge € F4 if and only if each Q-neighborhood of
G. is a quasi-coincident with Fy.

Proof. G. € F4 if and only if for every closed set Hp containing F4, G. € Hp i.e.,
W, () =g, (v) for all x € U.

That is, Ge € Fy if and only if 1-f4% () < 1—fie, (z) for all 2 € U and for all
closed set Hg J Fl4.

Therefore G. € Fy if and only if for any fuzzy soft open set Ic C F§, we have
Wi (r) < 1=, (x) for all z € U.

In other words, for every fuzzy soft open set Ic satisfying (g _(z) > 1—lg, (z) for
some z € U, I¢ is not contained in F'§. Again I¢ is not contained in F§ if and
only if I is a quasi-coincident with F4. We have thus proved that G, € Fy if and
only if every open Q-neighborhood I- of G, is quasi-coincident with F4, which is
evidently equivalent to what we want to prove. O

Definition 4.9. A fuzzy soft point G, is called an adherence point of a fuzzy soft
set F4 if and only if every Q-neighborhood of G, is a quasi-coincident with F4.

Proposition 4.10. Every fuzzy soft point of Fa is an adherence point of Fa.

Definition 4.11. A fuzzy soft point G, is called an accumulation point of a fuzzy
soft set Fy if G, is an adherence point of Fy and every Q-neighborhood of G, and
F4 are quasi-coincident at some fuzzy soft point different from e, whenever G, € Fj4.
The union of all accumulation points of F'4 is called the derived set of F)4, denoted
by F4.

Theorem 4.12. F4 = F4 U Ff‘

Proof. Let Q@ = {G. : G, is an adherent point of F}. Then by theorem [4.8|
Fa = UQ. Now G, € Q if and only if either G, € Fa or G, € F¢. Hence
Fa=UQ=F4UF§. O

Corollary 4.13. A fuzzy soft set F4 € FS(U, E) is closed in a fuzzy soft topological
space (U, E,T) if and only if Fa contains all its accumulation points.

5. CONCLUSIONS

Many research works have been done in fuzzy soft topological spaces. The con-
cepts of closed set and accumulation point have been defined there but no relation
between the closed set and its accumulation points is established there. In this
paper, we have defined the accumulation point with the help of Q-neighborhood
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structure and have been able to construct a relation between the closed set and
its accumulation points. One can try to establish separation axioms on fuzzy soft
topological spaces with the help of Q-neighborhood structure.
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