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ABSTRACT. In this paper, we study some operations of fuzzy soft sets
and give fundamental properties of fuzzy soft sets. We discuss properties of
fuzzy soft sets and their interrelation with respect to different operations
such as union, intersection, restricted union and extended intersection.
Then, we illustrate properties of OR, AND operations by giving counter
examples. Also we prove that certain De Morgan’s laws hold in fuzzy soft
set theory with respect to different operations on fuzzy soft sets.
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1. INTRODUCTION

Modeling uncertain data has been an interesting subject in engineering, eco-
nomics, environmental and social sciences. Crisp set theory helped a little for formal
modeling, reasoning and computing uncertain data. However, there are many com-
plex problems in various branches of science that involve data which is not always
crisp. We can not successfully use classical methods because of various types of
uncertainties present in these problems. Some mathematical theories such as theory
of probability [20], theory of fuzzy sets [5, 9, [18, [19, 21], theory of intuitionistic
fuzzy sets [12, 28], theory of rough sets [22], theory of vague sets [3], theory of in-
terval mathematics [4} [7], are useful approaches to describe uncertainty. But, all
these theories have their inherent difficulties as pointed out by Molodtsov in [13].
He pointed out the reasons for these difficulties are possibly, the inadequacy of the
parameterization tool of these theories. In 1999 he introduced the Soft set theory
(SST) as a new mathematical tool to deal with uncertain data which is free from
such difficulties. This theory has proved to be useful in many different fields such as:
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decision making [10} 13} 17, 24], data analysis [6], forecasting [16] and simulation [§].
Basic notion of soft sets was presented by [13]. Later on Maji et al. [23] introduced
several operations of soft sets. Pei and Miao [14], M. I. Ali et al. [27] introduced and
studied several soft set operations. Sezgin and Atagun [24] studied several soft set
operations and properties of restricted symmetric difference. Recently J. H. Park et
al. [11] broaden the theoretical aspects of SST by defining the equivalence relation
of soft sets and related results.

In recent times, researches are contributing towards fuzzification of Soft set theory
due to fuzzy nature of parameters in complex real world problems. In 2001 Mayji et
al. [15] initiated the concept of Fuzzy Soft Sets and give some properties, followed
and improved by Ahmad and Kharal [25]. Later on Neog and Sut [26} 29] studied
and improved the notion of fuzzy soft complement and some properties of fuzzy soft
sets along with examples and proofs of certain results.

This paper is about fuzzification of some results of SST. The paper is organized
as follows: First we study in detail, operations of fuzzy soft sets. Then, we discuss
some properties of fuzzy soft sets with respect to different fuzzy soft operations and
interconnections between each other. Finally, we discuss certain De Morgan’s laws
in fuzzy soft set theory.

2. PRELIMINARIES

In this section, we recall some basic notions in fuzzy soft set theory. Let X be
initial universe set and Ex be the set of all possible parameters under consideration
with respect to X.

A B C Ex and ﬁ(X ) is the set of all fuzzy subsets of X. Usually, parameters
are attributes, characteristics or properties of objects in X. In what follows, Ex
(simply denoted by E) always stands for the universe set of parameters with respect
to X, unless otherwise specified.

Maji et al.[16] defined a fuzzy soft set in the following manner.

Definition 2.1 ([16]). A pair (F, A) is called a fuzzy soft set over X,
where F: A — P(X) is a mapping from A into P(X).

In other words, a fuzzy soft set over X is a parameterized family of fuzzy subsets
of the universe X. For e € A, F(e) may be considered as the fuzzy subset of
e-approximate elements of the fuzzy soft set (F, A).

Definition 2.2 ([I]). Let X be a universe and E a set of parameters. Then the

pair (X, E) denotes the collection of all fuzzy soft sets on X with parameters from
FE and is called fuzzy soft class.

Definition 2.3 ([16]). For two fuzzy soft sets (F, A) and (G, B) in a fuzzy soft class
(X, E), we say that (F, A) is a fuzzy soft subset of (G, B), if

(i) ACB

(ii) F(e) < G(e) foralleec A

It is denoted by (F, A) C (G, B)
340
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Definition 2.4. For two fuzzy soft sets (F,A) and (G, B) in a fuzzy soft class
(X, E), we say that (G, B) is a fuzzy soft superset of (F, A), if (F, A) C (G, B). i.e
(i) ACB
(ii) F(e) <G(e) foralleeB

It is denoted by (G, B) 2 (F, A)

Definition 2.5. For two fuzzy soft sets (F,A) and (G, B) in a fuzzy soft class
(X, E), we say that (F, A) is equal to (G, B), if (F, A) C (G, B) and (G, B) C (F, A)

Definition 2.6. [16] Union of two fuzzy soft sets (F, A) and (G, B) in a fuzzy soft
class (X, E) is a fuzzy soft set (H,C), where C' = AU B and for all e € C.

F(e) ifee A\ B
H(e) =< Gle) ifee B\ A
F(e)vG(e) ifeec ANB

This relation is denoted by (F, A)\/(G, B) = (H,C).

Definition 2.7. [16] Intersection of two fuzzy soft sets (F, A) and (G, B) in a fuzzy

soft class (ﬁ) is a fuzzy soft set (H,C), where C' = AN B and for all e € C.
H(e) = F(e) or G(e),(as both are the same set).

This relation is denoted by(F, A)/N\G, B) = (H,C)
Pei and Miao et al. [22] improved the definition for the intersection of soft sets
and B. Ahmad et al. [1] use the same notion for the fuzzy soft set as follows:

Definition 2.8. [1] Let (F, A) and (G, B) be two fuzzy soft sets in a fuzzy soft class

(X, E). The intersection of two fuzzy soft sets (F, A) and (G, B) is a fuzzy soft set
(H,C), where H(e) = F(e) NG(e) and for all e e C = AN B # @.

Since the notation of Maji et al. [16], B. Ahmad and A. Kharal et al. [1] are
same, thus may mislead the readers. We denote ”(F, A) intersection (G, B)” by
"(F,A)m (G,B) = (H,C)” as M. I. Ali et al. [2] used for soft sets. We call it
restricted intersection of fuzzy soft set.

Definition 2.9. Let (F, A) and (G, B) be two fuzzy soft sets in a fuzzy soft class

—

(X, E). The extended intersection of (F, A) and (G, B) is a fuzzy soft set (H, C),where
C=AUB and for alle € C.
F(e) ifeec A\ B
H(e) =< Gle) ifee B\ A
Fe)AG(e) ifeec ANB

This relation is denoted by (F,A) M. (G,B) = (H,C)
Definition 2.10. Let (F, A) and (G, B) be two fuzzy soft sets in a fuzzy soft class

—

(X, E). The restricted union of (F,A) and (G, B) is a fuzzy soft set (H,AN B),
where H(e) = F(e) VG(e) forallee AN B # @.

This relation is denoted by (F, A)\ (G, B) = (H, AN B).
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Definition 2.11 ([15]). Let E = {e1, ea, €3, ....... ,en} be a set of parameters of the
universe X. The NOT set of E denoted by |F is defined as
1E = {—e1, neq, —es, ....... , T €n by

where —e; = not e; Vi € {1,2,3,...,n}.

Proposition 2.12 ([15]). Let E be a set of parameters and A, B C E, then
(a) 1(]4)=A
(b) 1(AUB)=14U]B
() 1(ANB)=14N1B

Definition 2.13 ([16]). A fuzzy soft set (F, A) is said to be a null fuzzy soft set,
denoted by ®, if F(e) =0 for all e € A. Where, 0 is the null fuzzy subset of X.

Definition 2.14 ([16]). A fuzzy soft set (F, A) is said to be an absolute fuzzy soft

set, denoted by A, if F(e) =1 for all e € A. Where, 1 is the absolute fuzzy subset
of X.

Definition 2.15 ([16]). The complement of a fuzzy soft set (F, A) is denoted by
(F,A)¢ and is defined as (F, A)¢ = (F¢,]A), where F¢ :|A — P(X) is a mapping
given by F¢(e) = [F(—e)]°= A\ F(—e) for all e €]A.

Neog and Sut [I8] defined an alternative definition for the complement of fuzzy
soft set given as follows:

Definition 2.16. [I8] The complement of fuzzy soft set (F, A) is denoted by (F, A)¢

and is defined as (F, A)¢ = (F° A), where F¢: A — P(X) is a mapping given by
Fe(e) =[F(e)]°= A\ F(e) for all e € A.

Since the notation of Maji et al.[I6] and Neog and Sut [I8] are same, thus may
mislead the readers. So we propose a different notation and name for the complement
of fuzzy soft set defined by [18] with the same notion as proposed by M. I. Ali et al.
[2] for the soft sets as follows:

Definition 2.17. The relative complement of a fuzzy soft set (F, A) is denoted by
(F,A)" and is defined as (F, A)" = (F", A), where F" : A — P(X) is a mapping
given by F"(e) = [F(e)]" = A\ Fl(e) for all e € A.

Definition 2.18. A fuzzy soft set (F, A) is said to be a relative null fuzzy soft set
(with respect to parameter set A), denoted by ®4 , if F(e) = 04, for all ¢ € A.
Where, 04 is the null fuzzy subset of X with respect to parameter set A.

Definition 2.19. A fuzzy soft set (F, A) is said to be a relative absolute fuzzy soft
set (with respect to parameter set A), denoted by Uy, if F(e) = 14, for all e € A.
Where, 1,4 is the absolute fuzzy subset of X with respect to parameter set A. The
relative absolute fuzzy soft set U with respect to the universe set of parameters £
is the absolute fuzzy soft set A.

Definition 2.20. [16] If (F, A) and (G, B) are two fuzzy soft sets in a fuzzy soft

class (X, E) , then 7 (F, A) AND (G, B)” denoted by (F, A) A (G, B) is defined by

(F,A)AN(G,B) = (H, AxB), where H((e1,e2)) = F(e1)AG(e2) for all(eq, e3) € AxB.
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Definition 2.21 ([16]). If (F, A) and (G, B) are two fuzzy soft sets in a fuzzy soft

class (X, E), then 7 (F, A) OR (G, B) ” denoted by (F, A) V (G, B) is defined as
(F,A)V (G,B)=(H,A x B),

where H((e1,ez)) = F(e1) V G(eg) for all (e1,e2) € A x B.

Remark 2.22. From definition of equal fuzzy soft sets it is clear that two fuzzy soft

sets are equal if and only if they have same set-valued mapping, i.e.,
(F,A) = (G, B) if and only if F(e) = G(e) for all e € A = B.

3. MAJOR SECTION

In this section we will illustrate commutative, identity, inclusion, associative and
distributive properties of fuzzy soft sets by using different fuzzy soft operations
like union, restricted union, extended intersection and restricted intersection. Some
examples will illustrate the solution and applicability of these properties. We will
also discuss the absorption and idempotent laws by using these operations. At the
end of this section we will discuss some properties of OR, AND fuzzy soft operations.

Theorem 3.1. Properties of the unoin \/) operation

(
() (FAV(G,B) = (G, BIV(F, 4)
(b) (F, AW = (F, A), and (F, A)Vits = it [6
(c) (F,A)\/@B—(F A)< BC A 6]
(d) (F, A)\/( A) =04 & (F,A) =2, and (G, A) =
() (F,AV((G, B)V(H,C)) = ((F,A)(G,B)V(H 70)
() (F, A)g( \/ B)) in-general. But, if (F, A) C (@, B),

then (F, ) (( )\/(G B)), moreover (F, A) = (F, A)\/(G,B).

(&) (F,A)A (G, B)V(H,C)) = ((F,A) A (G, B)V((F, A) A (H,C))
(h) (F,A)V((G,B)a (H, )) ((F, )\/( B)) A ((F, A)V(H,C))
(i) ((F,A)A (G, B)V(H,C) = ((F,A)V(H,C))a (G, B)V(H,C))

Proof. (d). Let (F,A)\/(G,A) = (H,A) and for all e € A, H(e) = F(e) V G(e).
Now, it is given that (F, A)\/(G,B) = ®4, then H(e) = 04 for all e € A. This
implies F'(e) V G(e) = 04. Thus, F(e) = 04 and G(e) = 04 for all e € A Hence
(F,A)=®4 and (G, A) =

Conversely, suppose that (F, A) = &4 and (G, A) = ®,4. By definition of ®4,
F(e) =04 and G(e) = 04 for all e € A. Thus, F(e) V G(e) = 04. Hence (F, A) \/
(G, A) = Dy

(f). Let (F, A)V(G,B) = (H,C), where C = AUB. For all e € C, there are three
possibilities, either e € Aore € Bore € ANB.Ife € A, then F(e) = H(e). Ife € B,
then H(e) = G(e). If e € AN B, then H(e) = F(e) V G(e) implies F(e) < H(e) and
G(e) < Hf(e) for all e € AN B. But, for all the cases F(e) &« H(e) for all e € C.
Therefore, (F, A) ¢_ ((F, A)\/(G, B)) in-general.

Now, suppose that (F, A)_(G, B), then A C B and F(e) < G(e) for all e € A,
then A\ B=g. Foree ANB,H(e) = F(e)VG(e), since A C B and F(e) < G(e),
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then H(e) = F(e) V F(e) = F(e) for all e € AN B = A. This follows that F and H
are same set-valued mapping, hence the result. N

(g). First, we investigate left hand side of the equality. Suppose (G, B)V/(H,C) =
(I,D), where D = BUC and for all e € D

G(e) ifee B\C
I(e):{H(e) ifeeC\B
G(e)VH(e) ifee BNC

Also (F, A)m ((G, B))\N/(H7 C)=(F,Am(I[,D)=(J,AnD) forallec AND # @,
J(e) = F(e)AI(e), where AND = AN(BUC). By considering I as piecewise defined
function, we have

F(e) NG(e) ifee AN(B\C)
J(e):{F(e)/\H(e) ifee AN(C\ B)
F(e)A(G(e)vVH(e)) ifec AN(BNC)
F(e) NG(e) ifee (ANB)\(ANC)
(3.1) J(e):{ F(e) N H(e) ifee(ANC)\ (AN B)
(Fe)NG(e))V (F(e)NH(e)) ifec(ANnB)NC
Consider the right hand side of the equality. Suppose that (F, A)m (G, B) = (K, AN
B), where K(e) = F(e) ANG(e) for all e € AN B # @, also let (F,A)m (H,C) =

(L,ANC), where L(e) = F(e) ANH(e) foralle € ANC # &.
Now, ((F,A) @ (G, B)V((F,A) m (H,C)) = (K,AnB)(L,AnC) = (P,R),
where R=(ANB)U(ANC)=AN(BUC) and for alle € R

K(e) ifee (ANB)\(ANC)
P(e):{ L(e) ifeec(ANC)\ (AN B)
K(e)VL(e) ifee(ANB)N(ANC)
Considering K and L as piecewise functions, we have
F(e) NG(e) ifee(ANB)\ (ANC)
(3.2) P(e):{ F(e)NHfe) ifee (ANC)\ (AN B)
(Fle)ANG(e)V (F(e)NH(e)) ifec(ANB)NC

From (3.1) and ('% 2) it is clear that J and P are same set-valued mapping. Hence
(F, 4) (G, B)V(H,C)) = ((F, A) A (G, B)V((F, 4)  (H, C)).

(h). By similar techniques used to prove (g), (h) can be illustrated, therefore,
omitted.

(i). Let (F,A)m (G, B) = (I, AnB),where, I(e) = F(e)ANG(e) foralle € ANB #
J.

Also, ((F,A)m (G,B))\V(H,C)=(I,AnB)\/(H,C) = (J,D), where D = (AN
B)UC and for all e € D, we have

I(e) ifee (ANB)\C
J(e)z{ H(e) ifee C\(ANB)
I(eyVH(e) ifec(AnB)NC
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By taking into account the definition of I along with J, we can write

F(e) NG(e) ifeec (ANB)\C
J(e) =< H(e) ifeeC\(ANB)
{ (F(e) NG(e))VH(e) ifeec(ANB)NC
By using properties of operations in set theory, we have
F(e) NG(e) ifee (A\NC)N(B\C)
(3.3) J(e):{ H(e) ifee (C\A)U(C\ B)
(Fe)VH(e)N(G(e)vH(e)) ifeec AN(BNC)

Consider the right hand side of the equality. Let (F, A)\/(H,C) = (K, M), where
M =AUC and for all e e M
F(e) ifee A\C
K(e)=<¢ H(e ifeeC\ A
F(e (e) feec ANC

)
VH
Also, suppose that (G, B)\(H,C) = (L, N), where N = BUC and for alle € N

G(e) ifee B\C
L(e) =< Hfe) ifeeC\ B
G(e)VH(e) ifee BNC
Now, ((F, A)V(H,C)) m (G, B)V(H,C)) = (K, M) m (L, N) = (P,M N N), where
Ple)=K(e)ANL(e) forallee MNN =(AUuC)N(BUC)=(ANB)UC # @. By
taking into account the properties of operations in set theory and considering K, L
as piecewise defined functions, we have

F(e) ANG(e) ifee (A\NC)N(B\C)
P(e):{ H(e) AN H(e) ifee (C\A)U(C\ B)
(F(e)VH()AN(G(e)VH()) ifeec AN(BNCO)
F(e) ANG(e) ifee (A\NC)N(B\CO)
(3.4) P(e) = { H(e) ifee (C\A)U(C\ B)
(F(e)VH(e)AN(G(e)VH(e)) ifec AN(BNC)

From (3.3) and (3.4)) it is clear that J and P are same set-valued mapping, which
completes the proof. O

The following example illustrates Theorem 3.1(g).

Example 3.2. Let X = {a,b, c,d} be the set of four cars under consideration and
E = {e; = expensive, e; = beautiful, e3 = cheap, e, = fuel efficient, e; = latest
model} be the set of parameters. Consider the fuzzy soft sets (F, A), (G, B) and
(H, C) representing the attractiveness of the cars are defined as follows:

e1 = {ao.1,b0.3,c0.8,do.1}, €2 = {ao.5,b0.7, co.8, d1 }, }
F A = .
(£, 4) { e3 = {ao.8,b0.7, 0.9, do.5 }
(G,B) = {e2={ao.4,b0.3,c0,do.a},es = {ao.4,b0.9,c0.3,do.7}} .
(H,C) = {es={aos,bo.7,c08,d1},es ={aos,bo.7,c0.09,dos}}-

Now consider
345



A. Rehman et al./Ann. Fuzzy Math. Inform. 6 (2013), No. 2, 339-362

Y ez = {ao.4,b0.3,co,do.a}, e3 = {ao.s,b0.7,co.8,d1 },
G, B)V(H,C) = .
( VI ) { es = {ao.8,b0.9, 0.9, do.7}
This imply

(3.5) (F,A)m ((G, B))\/(H, C)) = { ez = {ag.4,b0.3,¢0,do.a}, }

es = {ao.5,b0.7, co.8,do.5}

Also

(F,A)m (G, B) = {es = {ag.4,b0.3,c0,do.4}, } -
and

(F,A)m (H,C) = {es = {aos,b0.7,¢c08,do5}} -
This imply

(3.6)  (FA) 0 (G, B)\/((F,A)n (H,C)) = { ez = {ao.4, bo.3, co, do.a}, } .

es = {ao.5,b0.7,co.8,do.5}

From (3.5) and (3.6) it is clear that

(F.A) M (G, B)\/(H,0) = (F, A)m (G, B)\/(F, A) m (H,C)).

Proposition 3.3. For any fuzzy soft sets (F, A) and (G, B) in (ﬁ), the following
properties hold. _

(a) (F,AV(FA) = (F,A)

(b) (F,A)n(F,A) =(F A)

() (F,AV((F, A)n (G B)) = (F,A)
(d) (B A0 ((F,AV(G, B)) = (F,A)
Proof. (a) and (b) are straightforward and can be proved easily.

(c).Suppose that (F, A)m (G, B) = (H, AN B), where H(e) = F(e) A G(e) for all

e € ANB # @. Now (F, A)\/(( A)m(G,B)) = (I,D), where D = AU(ANB) = A,
then for all e € A we have, I(e) = F'(e). Since I and [ are same set-valued mapping.
Hence (F, A)V((F, 4) 0 (G, B)) = (F, A)

By using similar technique we can prove (d). O

Theorem 3.4. Properties of the Restricted union (\N/m) operation

() (F, AW, B) = (G, B)n(F. A)

(b) (F, A)\/ D, = (F,A) and (F, A) \/SRLIA =44

(c) (FA)\/ =(F,A)eBCA

(d) (F, A)\/éﬁ( A) =0 (F,A) =04 and (G, A) =Py

© (F, ANp((G. B)(H.C)) = (F, A)V(G. B)V g (H. C)

(f) (F,A) ¢ (( F~A)\/ (@, B)) in-general. But, if (F, A) C (G, B),
then (F, A) € ((F, )\/%(G B)) moreover (F, A) = (F, )\/ (G,B)

(&) (FAVy((G.B) 0 (H.C)) = (F, AVx(G, B) 0 (F, AN, C)

(h) (F,4)n (G, B)Vx(H,C)) = ((F, A) 0 (G, B)V((F, A) m (H, C))

() ((FA)n (G, B)Vy(H.C) = ((F, A) m (H,C)Vn (G, B) 0 (H,C))
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Proof. (c). Suppose (F,A)\/x®p = (H,AN B), where H(e) = F(e) V 0p for all
e € ANB # @. Now, it is given that B C A then AN B = B this implies that
H(e) = F(e)VOg = F(e) for alle € ANB = B. This shows that H and F' are same set
valued mapping, thus (F, A)\/n®p = (F, A). Conversely, let (F, A)\/n®p = (F, A).
Then, (H, AN B) = (F, A) which implies AN B = A. Thus, B = A implies B C A
hence the required result.

(d). Let (F, A)V (G, A) = (H, A) where, H(e) = F(e)VG(e) for all e € A. Now,
it is given that (F, A)\/x(G, A) = ®4 then H(e) = 04, implies F(e) V G(e) = 04
for all e € A. Thus,F(e) = 04 and G(e) = 04, therefore, (F, A) = ®4 and (G, A) =
® 4.Conversely, suppose that (F,A) = ®4 and (G, A) = ®4. Then, by definition
of @4, F(e) = 04 and G(e) = 04 for all e € A = F(e) V G(e) = 04. Hence,
(F,A)Vgp(G,A) = D4.

(e). First, we investigate the left hand side of the equality. Suppose

(G.B\y(H.C) = (1,BNC),
where I(e) = G(e) V H(e) for all e € BN C # @. Also consider

(£, A\, (G.B)\/ (H,C)=(F.A\ (I,LBNC)=(J,AN(BNO)),

where J(e) = F(e) V I(e) for all e € AN (BNC) # @. By taking into account the
definition of I, we have

J(e) = Fe) V (G(e) V H(e)) = (F(e) V G(e)) V H(e)

Consider the right hand side of the equality. Let (F, A)\~/%(G,B) = (K,AN B),
where K(e) = F(e) V G(e) for all e € AN B # @.Now

(AN (G BN (H.C) = (K, AnNB)\/ (H,C) = (L,(ANB) N C),

where L(e) = K(e) V H(e) for all e € (AN B) N C # @. By taking into account the
definition of K, we have L(e) = (F(e) V G(e)) V H(e) for all e € (AN B)NC # @.
Since J and L are same set-valued mapping, hence the result.

(f). Let (F,A)Vx(G,B) = (H,AN B), where H(e) = F(e) V G(e) for all e €
ANB # @. Then, F(e) < H(e), but A ¢ AN B. Hence, (F,A)Z((F,A)\(G, B))
in-general.

Now, suppose that (F, A)C(G, B),then A C B and F(e) < G(e) for all e € A. =
A=ANBand H(e) =F(e)VF(e) = F(e) foralle € A,.

It conclude that F' and H are same set-valued mapping, thus the desired result.

(g). Suppose (G,B)m (H,C) = (I,Bn C), where I(e) = G(e) A H(e) for all
e € BNC # @. Also assume that (F, A)\/»((G,B)m(H,C) = (F,A)\/x(I,BNC) =
(J,AN(BNC)),where J(e) = F(e)VI(e) for alle € AN(BNC) # @. By considering
the definition of I, we have

J(e) = F(e)V(G(e)AH (e)) = (F(e)VG(e))A(F(e)VH(e)) for all e € AN(BNC) # 2.
Now, we investigate the hand side of the equality. Let(F, A)\~/%(G7 B) = (K,ANB),

where K (e) = F(e)VG(e) for all e € ANB # @. Also assume that (F, A)\/n(H,C) =
(L,AN C), where L(e) = F(e) V H(e) for all e € ANC # @&. Now consider
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(F,AVx(G,B))m ((F,A)Vx(H,C) = (K, AnB)m (L, AnC) = (M,(ANnB)N
(AN C)), where M(e) = K(e) A L(e) for all e € (ANB)N(ANC) # . By
taking into account the definitions of K and L along with M, we have M(e) =
(F(e)VG(e))A(F(e)VH(e)) foralle € (ANB)N(ANC). Since J and M are same
set-valued mapping, thus the result.

(h). By similar techniques used to prove (g), we can prove (h) and (i), therefore,
we omitted. 0

Now, we will illustrate Theorem [3.4(g) with an example.

Example 3.5. Let X = {a,b,¢,d} and F = {ej, ea,e3,e4} be initial universe and
parameter set. Consider the fuzzy soft sets (F,A),(G,B) and (H,C) defined as
follows:

(F,A) = {es={ao.1,b0.3,c0.8,do.1},es ={aos5,bo.7,c08,di}}.
(G,B) = {e2={ao.4,b0.3,c0,do.a},es ={ao.4,bo.9,c03,do7}}-
(H,C) = {ei1={aos,bo.7,c08,d1},es = {ao.s,bo.7,c0.9,dos}}-

NOW (G, B)\7§R(H’ C) = {64 = {a(].g, b(),g, C0.9, d()j}} . Then7

(3.7) (F,4)m (G, B)\/%(Ha C)) = {ea = {ao.5,bo.7,co.s,do.7}-

Also

(F,A)m (G, B) = {es = {ao.a,b0.7,c0.3,do.7}} -
and

(F,A)m (H,C) = {eqs = {aos,b0.7,¢c08,do5}} -

(38)  (FA)(G, B\ (FA) 8 (H,C) = {es = {aos,bo.7, o5, do.7}} -
From (3.7) and (3.8), we have

(F,A)M ((GvB))\/%(Ha Q) =((F.A)m (GvB))\/%((F, A)m (H,C)).
Proposition 3.6. For any fuzzy soft sets (F, A) and (G, A) in (Y,\), the following
properties hold.

(a) (F,A)V

§R( aA) - (Fv A)

Proof. (a). Let (F,A)V(G,A) = (H,C), where C = AUA = A and for e € A,
H(e) = F(e) vV G(e).

Also assume that (F, A)\/x(G,A) = (J,A), where J(e) = F(e) V G(e) for all
e € A. since H and J are same set-valued mapping, hence the result.

Similarly we can prove (b). O

Theorem 3.7. Properties of the Extended Intersection (M) operation
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(a) (F’A) Me (GvB):(GaB) Me (F’A)
(b) (F,LA) M. Py=P4 and (F,A) M. Uy = (F, A)
(C) (F,A)H€<D32<I>B(:)A§B
(d) (F,A)N:(G,A)=®4 & (F,A)=®4 and (G, A) =
(e) (F7 A) Me ((G’ B) TE (Hv C)) = ((F7 A) Me (G’ B)) Me (H’ C)
() ((F,A)nN. (G, B))Z(F, A) in-general. But, if (F, A)C(G, B),
then ((F, A) M. (G, B))C(F, A) moreover (F, A) = (F, A)N. (G, B)
(8) (F.A)N: (G, B)\/%(H ) = ((F, A) N: (G, B)Vy((F, A) N (H,C))
(h) (F, A\ g((G,B)) N (H,C)) = (F, AVy(G, B)) N (F, A)Vy(H, C))
(i) (FAVg(G B))N- H )= ((F, A) N (H,C)Vg((G, B) M. (H,C))
Proof. (c). Suppose (F,A)N. &5 = (H,C), where C = AUB for all e € C
F(e) ifeec A\ B
H(e)=4 0Op ifee B\ A
Fe)nOp ifeec ANB

Let A C B, then

F(e) ifeec A\B=0
63 if@EB\A
Fe)nOp ifeec ANB=A

N 0p ifeEB\A
H(e)_{OB ifee A

This shows that H and ®p are same set valued mapping. Thus, (F, A)MN. &5 = 5.

Conversely, let (F, A)M. ®p = ®p. Then, (H,C) = 5. = C = AU B = B, thus
A C AU B = B, so the proof is completed.

(d). Let (F, A)N. (G, A) = (H, A), where H(e) = F(e)AG(e) for all e € A. Now it
is given that (F, A)M. (G, B) = ® 4, then H(e) = 04 implies F(e)AG(e) =04 for all
e € A. Thus, F(e) =04 and G(e) = 04. Therefore, (F, A) = ®4 and (G, A) =

Conversely, suppose that (F, A) = ®4 and (G, A) = ®4. Then by definition of
Dy, F(e) = 04 and G(e) = 04 for all e € A implies F(e) A G(e) = 04. Hence,
(F,A)N: (G,A) =

(f). Let (F, A)N. (G, B) = (H,C), where C = AUB.Fore € ANB, H(e) = F(e)A
G(e), implies F(e) &« H(e), although AN B C A, Hence, ((F,A) N. (G, B))Z(F, A)
in-general. Now suppose that (F, A)E(G7 B). Then, A C B and for e € A, this imply
F(e) < G(e), thus H(e) = F(e) for all e € A. Hence, H and F are same set-valued
mapping, which completes the proof.

(g). Suppose (G,B)\/x(H,C) = (I,BNC), where I(e) = G(e) V H(e) for all
ee BNC # @. Also (F,A)N. ((G,B)Vx(H,C) = (F,A)N. (I,BNC) = (J,D),
where D = AU (BN C) and for all e € D.

F(e) ifee A\ (BNC)
J(e)z{[(e) ifee(BNC)\ A
Fle)nl(e) ifeec An(BNC)
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By taking into account the definition of I along with J as piecewise defined function,

e have { F(e) ifee A\ (BNC)
J(e) =< G(e)V H(e) ifee(BNC)\ 4
Fe)N(G(e)V H(e) ifeec AN(BNC)
By using properties of operations in set theory, it follows that
F(e) ifee (A\B)U(A\C)
(3.9) J(e) = { G(e) VvV H(e) ifee(B\A)N(C\A)
(F(e) A (G(e))V (F(e)NH(e)) ifeec AN(BNC)

Consider the right hand side of the equality. Let (F, A) M. (G, B) = (K, M), where
M=AUBforalleec M

F(e) ifeec A\ B
K(e):{G(e) ifee B\ A
Fe)ANG(e) ifec ANB
Also(F,A)N. (H,C) = (L,N), where N = AUC for all e € N
F(e) ifee A\C
L(e):{H(e) ifeeC\A
Fe)nH(e) ifeec ANC.

Now ((F, A)N. (G, B))Vg((F, A)N. (H,C) = (K, M)\/(L, N) = (P, MNN), where
P(e)=K(e)VL(e)forallee MNN =(AUB)N(AUC)=AU(BNC) # . By
assuming K and L as piecewise defined functions, we have

F(e) ifee (A\B)U(4\ )
(3.10) Pe) = { G(e) Vv H(e) ifee (B\A)N(C\ A)
(F(e) A (G(e))V(F(e)NH(e)) ifec AN(BNCQC)

From (3.9) and (3.10) it is clear that J and M are same set-valued mapping, so the
proof is completed.

(h). First we investigate the left hand side of the equality. Let (G, B)M. (H,C) =
(I,D), where D =BUC for all e € D.

G(e) ifee B\C
I(e):{H(e) ifeeC\ B
G(e)NH(e) ifee BNC

Also, (F, A)\/x((G,B)) N. (H,C)) = (F,A)\x(I,D) = (J,AN (B UC)), where
J(e) = F(e)VI(e) foralle € AN(BUC) # @. By taking into account the definition
of I along with J as piecewise defined function, we have

F(e) v Gle) itee AN(B\C)
J(e){F(e)\/H(e) ifee AN(C\ B))
Fle)V(G(e)AH(e)) ifeec AN(BNC(C)
By using properties of operations in set theory, it follows that
F(e) vV G(e) ifee (A\B)NnC
(3.11) J(e) = { H(e) ifee (B\A)NC
((F(e) NG(e)) V(G(e)NH(e)) ifec ANBNC

350



A. Rehman et al./Ann. Fuzzy Math. Inform. 6 (2013), No. 2, 339-362

Now, we consider the right hand side of the equality. Suppose that (F, A)\N/%(G, B) =
(K,AN B), where K(e) = F(e) V G(e) for all e € AN B # @. Also, assume that
(F,A)\/x(H,C) = (L,ANC), where L(e) = F(e) NH(e) for alle € ANC # @.
Now, ((F,A)Vx(G,B)) N (F,A)Vx(H,C)) = (K,ANB)M. (L,AnC) = (P,R),
where R=(ANB)U(ANC).

K(e) ifee (ANB)\(ANC)
P(e) =< L(e) ifee (ANC)\ (AN DB)
K(e)AL(e) ifeec (ANB)N(ANC)
By taking into account the definitions of K and L along with P as piecewise defined

function, we have

F(e) vV Gle) ifee (ANB)\(ANC)
P(e){F(e)/\H(e) ifee (ANC)\ (AN B)
(F(e)VG(e))AN(F(e) NH(e)) ifec (ANB)N(ANC)

By using properties of operations in set theory for alle€e R=(ANB)U(ANC) =
AN (BUC), we have

F(e) Vv Gle) itee AN(B\C)
(3.12) P(e) = { F(e) A H(e) ifee AN(C\ B))
(F(e)VG(e)) N(F(e) NH(e)) ifec AN(BNC)

From (13) and (14) it is clear that J and P are same set-valued mapping, hence the
result.

(i). By similar techniques used to prove (g) and (h), we can prove (i), therefore,
omitted. g

Now, we give a corresponding example of theorem 3(h).

Example 3.8. Let X = {a,b,¢} and E = {ej,ea,e3,e4} be initial universe and
parameter set, respectively. Consider the fuzzy soft sets (F, A), (G, B) and (H,C)
are given by

(F,A) = {e2={ao0.9,b0.3,c08},e3 = {ao.s,bo.7,co8}}
(G7B) = {61 = {a0.57b043a00}763 = {&0.83b0.976043}} .
(H,C) = {e1={ao,bo.7,c0s8},e2 ={aos,bo.7,co0}}-

Now

(G,B)N. (H,C) = {e1 = {ao,bo.3,c0},e2 = {ao.8,b0.7,¢c0.9}, 3 = {ao.s, bo.9,co3}}-
Then,

(3.13) (F, A)\/%((G’ B)) . (H,C)) = { ez = {ao.9,b0.7,c0.9}, } '

es = {ao.s,b0.9,Co.8}
Also,

(F, A)\N/%(G,B) = {e3 = {ao.8,b0.9,c0.8}} -

and

(F, A)\/%(H, C) = {e2 = {ao.9,bo0.7,co0}} -
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So

(3.14)  ((F, A)\/%(G, B)) N, ((F, A)\/%(H, c)) = { e2 = {ao.9,b0.7, 0.9}, } '

es = {ao.s,b0.9, 0.8}
From (3.13) and (3.14), we have

(F, A)\/%((G’ B))N. (H,C)) = ((F, A)\/ER(GvB)) Ne ((F, A>\/§R(H7 C)

Proposition 3.9. For any fuzzy soft sets (F, A) and (G, B) in (ﬁ), the following
properties hold.

(a) (F7A)D€ (F7A):(F’A)

(b) (F,A)\/%((F,A)DE (G,B)) = (F, 4) AU(ANB)=(AUAN(AUB) = A
(c) (F,A) N ((F, A)Vg(G, B)) = (F, 4)

(d) (F,A)1 (G, A)=(F,A)n (G, A)

Proof. (b). Consider (F, A)M. (G,B) = (H,C), where C = AU B and for all e € C

F(e) ifee A\ B
H(e):{H(e) ifee B\ A
Fe)NH(e) ifec ANB

Also, (F,A)\/x((F,A) M. (G,B)) = (J, AN C), where J(e) = F(e) V H(e) for all
e€ ANC = AN(AUB) = A # @. Then, for all e € A, we have H(e) = F(e)VF(e) =
F(e). Since H and F' are same set-valued mapping, so the proof is completed.

(c). By using similar techniques used to prove (b), we can prove (c).

(d). First, we investigate the left hand side of the equality. Suppose (F, A) M
(G,A) = (H,AU A), where H(e) = F(e) A G(e) for all e € A. Now we consider
the right hand side of the equality. Assume (F,A) m (G, A) = (I,AN A), where
I(e) = F(e) NG(e) for all e € A. Since H and I are same set-valued mapping, which
completes the proof. O

Theorem 3.10. Properties of the Restricted Intersection (M) operation

(a) (F,A)m (G, B) =(G,B)m(F,A)

(b) (F,A)Mm®4 =P4 and (F,A) My = (F,A)

(C) (F,A)O(I)B—(I)B@BQA

(d) (F,LAM(G,A) =04 < (F,A) =P4 and (G, A) =

() (FA)M((G B)m(H,C)) = ((F,A)m (G, B))mH )

) (F,A)m(G, )gZ(F A) in-general. But, if (I L A)C (G B)

then ((F, A) m (G, B))S(F, A) moreover (F, A) = (F, A)n (G, B)

(&) ((F,AV(G,B)A(H,C)=((F,A)n(H C)V(G,B)a(H,C))

(h) (F,A) A (G, B)Vx(H,C)) = ((F, A) A (G, B)Vx((F, A) A (H,C))

(@) ((F,A)Vx(G, B)) A (H,C)) = ((F,A) A (G, B))Vy((F, A) A (H, C))
Proof. (c). Consider 5 = (G, B) and (F,A)n®p = (F,A)m (G,B) = (H,AN B),
where H(e) = F(e) A G(e) for all e € AN B # @. Now, it is given that B C A.
Then, H(e) = F(e) NOg = 0p for all e € AN B = B, hence (F,A) M &5 = $p.
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Conversely, suppose that (F, A) m &5 = ®g. Then, (H,AN B) = (F, A), it follows
that AN B = B, therefore, B C A, which completes the proof.

(d). Let (F,A)m (G, A) = (H, A), where H(e) = F(e) A G(e) for all e € A.Tt is
given that (F, A) M (G, B) = ® 4, then H(e) = F(e) AG(e) =04 for all e € A. Thus,
F(e) =04 and G(e) = 04, therefore (F, A) = ®4 and (G, A) = P4

Conversely, assume that (F, A) = &4 and (G, A) = ®4 then, by definition of ® 4,
we have F(e) = 04 and G(e) = 04 for all e € A, this implies F(e) AG(e) = 04.Hence
(F,A)m (G, A) =Dy

(e). It is straightforward, therefore, omitted.

(f). Let (F,A)m(G, B) = (H, ANB),where H(e) = F(e)AG(e) foralle € ANB #
@. Since F(e) £ H(e) and A g AN B. Hence (F,A)Z((F,A)m (G, B)) in-general.

Now, suppose that (F, A)C(G, B). Then, A C B and F(e) < G(e) for all e € A,
this implies H(e) = F(e). Since, F and H are same set-valued mapping. This
completes the proof.

(g). Suppose that (F, A)\/( (I,D), where D = AU B and for all e € D.

B) =
F(e) ifeec A\ B
I(e) = {G(e) ifee B\ A
Fe)VG(e) ifeec ANB
Also, ((F, A)V(G,B))m (J(LI C):(I D)m(H,C) = (J,DNC), where J(e) = I(e) A

H(e)forallee DNC UB)NC # @ By taking into account the definition of
I along with H, we have

{F(e)/\H(e) ifee (A\B)N
(3.15) J(e) =4 G(e)ANH(e) ifee(B\A4)N
(Fle)VG(e)) NH(e) ifeec(ANB)N
Now, consider the right hand side of the equality. Let (F, A)m (H,C) = (K,ANC),

where K(e) = F(e)ANH(e) for alle € ANC # @. Also, (G,B)m(H,C) = (L, BNC),

where L(e) = G(e) A H(e) for all e € BNC # &. Now, (( ,A) (H ONHV((G,B)m

(H,C)) = (K, AnC)m (L,BNC) = (P,R), where R=(ANC)U(BNC) for all
e(AnC)u(BNnC).

K(e) ifee (ANC)\ (BNC)
P(e):{ L(e) ifee (BNC)\(ANC)
K(e)VL(e) ifec(ANC)N(BNC)

By assuming K and L as piecewise defined functions, we have for alle € (ANC) U
(BNC)=(AnB)uC

F(e) A H(e) ifee (ANC)\ (BNC)
P(e)=1< G(e)ANH(e ifee (BNC)\(ANC)
(F(e)VG(e)) NH(e) ifec(ANC)N(BNC)
F(e)NH(e) ifee (A\B)NnC
(3.16) Pe) =< G(e)AH(e) ifee(B\A)NC
(Fe)VG(e)) NH(e) ifec(ANB)NC
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From (3.15) and (3.16) it is clear that J and P are same set-valued mapping. There-
fore, the proof is completed.

(h). Suppose that (G,B)\/x(H,C) = (I,B N C), where I(e) = G(e) VvV H(e)
for all e € BNC # @. Also, (F,A)m ((G,B)\Vx(H,C)) = (F,A)m(I,BNC) =
(J,AN(BNCQC)), where J(e) = F(e)AI(e) for all e € AN(BNC) # @. It follows that
J(e) = F(e) AN (G(e)V H(e)) = (F(e)AG(e)) V (F(e) ANH(e)) for all AN(BNC) # &

Consider the hand side of the equality. Let (F, A) m (G, B) = (K, AN B), where
K(e)=F(e)ANG(e) foralle € ANB # @. Also (F,A)m (H C)=(L,ANC), where
L(e) = F(e)AH (e) for alle € ANC # @. Now, ((F, A)A(G, B))\x((F, A)m(H,C)) =
(K, ANB)\Vx(L,ANC) = (M,(ANB)N(ANC)), where M(e) = K(e) A L(e). for
alleec (ANB)N(ANC) # @.

By taking into account the definition of K and L along with M, we can rewrite
M as M(e) = (F(e) NG(e))V (F(e)NH(e)) for alle € AN (BNC). Since J and M
are same set-valued mapping, the proof is completed.

(i). By similar techniques used to prove (h), (i) can be shown, too, therefore we
skip the proof. O

Now, we give a corresponding example of theorem 4(h).

Example 3.11. Let X = {a,b,c} and F = {ej, es,e3,e4} be initial universe and
parameter set, respectively. Consider the fuzzy soft sets (F, A), (G, B) and (H,C)
are given by

(F,A) = {e1={ao.9,bo.3,c08},es ={aos5,b0.7,c08}}
(G,B) = {e1={aos,b03,c0},e3 =1{ao.s,bo.9,c0.3}}-
(H,C) = {e1={ao,bo.7,cos} ez ={aos,bo.7,co9}} -

Now

(F, A)\N/(G73) = {e1 = {ao.9,b0.3,c0.8},e3 = {ao.8,b0.9,c0.3},e4 = {ao.5,b0.7,c08}} -
Then,

(3.17) ((F, A)\/(G, B) M (H,C) = {e1 = {ao,bo.3,cos}}

Also consider, (F,A) m (H,C) = {e1 = {ao,bo3,¢c08}}, and (G,B) m (H,C) =
{er ={ao,bo3,co}}-

(3.18) ((F, A) m (G, B))\/((F, A)m (H,C)) = {e1 = {ao,bo3,c08}} -

From (3.17) and (3.18), we have

(F.A\(G B)m (H,C) = (F,A)n (H,C)\/(G,B)m (H,C))

Proposition 3.12. For any fuzzy soft sets (F, A) and (G, B) in (ﬁ), the following
properties hold.

(a) (F,A)A(G,B)# (G, B)A(F,A)
(b) (F,A)V(G,B) #(G,B)V(F,A)
(c) ((F;A)A(G,B))A(H,C) # (F,A)A((G, B) A (H,C))
(d) ((F,A)V(G.B) v (H.C) # (F,A) vV ((G.B) v (H,C))
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Proof. We shall show by counter example that the equality in above proposition
does not hold. O

3.1. Counter example. Let X = {a,b,c} and E = {ej,e2,e3,e4} be initial uni-
verse and parameter sets respectively. Consider the fuzzy soft sets (F, A), (G, B)
and (H,C) are given by

. { e1 = {01, bos: cos}, }

e3 = {ao.8,b0.7,co.0}

.5 = { e2 = {ao.4,bo3, o}, }

e4 = {ao.4,b0.9,co.3}
(H,C) = {e1={aos,bos,c0}}-
(F,A)V (G, B) = (I, A x B)
_ { (e1,e2) = {ao.4,b0.3,co.8}, (e1,€4) = {ao.4,b0.9,co.8} }
(e3,e2) = {ao.s,b0.7,c0.9}, (€3,€4) = {ao.s,b0.9,c0.0}
Also

((F,A)V (G,B))V (H,C)=(I,Ax B)V (H,C)=(J,(Ax B) x C)

= {ao.s, bo.5, 00.8}7

((e1, e2), e1)
319)  (RAV(GB)V(H.C) = (Ere o T e o el
((e3, €4), €1)

e3,ea),€1) = {ao.s,bo.9,co.9}
Now, considering right hand side
(e2,e1) = {aos,bo.5, o},
G,B)V(H,C)=(K,Bx(C)= .
(G, B)V(H,C) = (K, Bx0) { (e,e1) = {ao.s,b0.9,c0.3}
further
(F,A) v ((G,B) Vv (H,C)) = (L,Ax (B xC))

= {ao‘s, bo.5, CO.S}v

)
) (RA)V(GB)v o) =] e = {ms i ook
)

= {ao.s,b0.9,co.9}
From (3.19) and (3.20), we have
(F, A) A (G, B)) AN (H, C) # (F,A) A (G, B) A (H, C).

Remark 3.13. In set theory Cartesian product is neither commutative nor asso-
ciative, i.e A X B # B x A and A x (B x C) # (A x B) x C, therefore, above
proposition is true in-general. But, the equality in the above proposition can hold
iff A= B = C. We illustrate it in following proposition.
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Proposition 3.14. For any fuzzy soft sets (F, A) and (G, B) in (ﬁ), the following
properties hold.

(a) (FLA)N(G,A)=(G,A)N(F,A)
(b) (FLA)V(G,A)=(G,A)V(FA)
(¢c) (FLA)N(G,A)N(HA)= ( A)N((G,A) A (H,A))
(d) (F,A)V(G,A)V (H A)=(FA) V(G AV (HA)
Proof. (a). First we consider the left hand side of the equality. Suppose that (F, A)A

(G,A) = (H,Ax A), for e € A we have H((e,e)) = F(e)AG(e) for all (e,e) € Ax A.
Now, we consider the right hand side of the equality, let (G, A)A(F, A) = (I, Ax A),
where I((e,e)) = G(e) A F(e) = F(e) A G(e) for all (e,e) € A x A. Since H and [
are same set-valued mapping, the proof is completed.

(b). By using similar techniques used to prove (a), we can prove (b).

(¢). Suppose that (F, A)A(G, A) = (I, Ax A), where I((e,e)) = F(e) ANG(e) for all
(e,e) € Ax A. Also, consider that ((F, A)A(G,A)AN(H,A)=(I,AxA)N(H,A) =
(J,(Ax A)x A), where J((e,e),e)) = I((e,e)) ANH(e) for all ((e,e),e) € (Ax A) x A.
By taking into account the definition of I, we have J((e,e),e)) = (F(e) A G(e)) A
H(e). Now, we investigate the right hand side of the equality, let (G, A) A (H, A) =
(K,A x A), where K((e,e)) = G(e) A H(e) for all (e,e) € A x A. Further assume
that (F, A) A ((G,A) A (H,A)) = (F,A) N (K, A x A) = (L,A x (A x A)), where
L((e, (e,e)) = F(e) AN K(e,e) for all (e, (e,e)) € A x (A x A). By using definition of
K along L, it follows that L((e, (e,e)) = F(e)A(G(e)ANH(e)) = (F(e) ANG(e)) NH (e)
for all (e, (e,e)) € A x (A x A) = (A x A) x A. This shows that J and L are same
set-valued mapping, which completes the proof.

(d). The proof can be illustrated similar to (c), therefore omitted. O

4. DE MORGAN’S LAWS IN FUZZY SOFT SET THEORY

In this section first we will show by counter example that instead of De Morgan’s
inclusion laws as proved by [7] , how De Morgan laws hold by using same complemen-
tation operation . Later on we will further prove De Morgan laws by using relative
complementation operation over fuzzy union and extended intersection, restricted
union and restricted intersection and OR, AND operations.

4.1. Counter example. Let X = {a,b,c} and E = {e1,e2,e3,e4} be initial uni-
verse and parameter sets respectively. Consider the fuzzy soft sets (F, A) and (G, B)
are given by
e1 = {ao.1,b0.3,co8},
(F,A) =< ex={aos,b0.7,c08},
e3 = {ao.s,b0.7,c0.9}

e1 = {ao,bo.s, co.a},
(G,B)=4q e2=1{ao4,bo0.3,c0},
es = {ao.4,b0.9,c0.3}
Now

= {ao.1,b0.8,c0.8}, €2 = {ao.5,b0.7, o8}
F,A G,B — €1 {a017087087 2 ) B} 9 .
( )\/( ) { es = {ao.8,b0.7,C0.9}, €1 = {ao.4,b0.9,c0.3}
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and

1) ((F, A)\/(G,B))C _ { —e1 = {ao.9,b0.2, 0.2}, €2 = {ao.5,b0.3, co.2}, }

—e3 = {ao.2,b0.3,c0.1}, es = {ao.6,bo.1,co.7}
Now consider
—e1 = {ao.9,b0.7, 0.2},
(F,A) = (F°,]A) = ¢ —e2 ={aos,bo3,c02}, ¢-

—es = {ao.2,00.3,c0.1}

and
—e1 = {a1,bo.2,c0.6},
(G»B)C = (GCJB) = e = {00.67b0.7a31}7 .
€4 = {ao.ﬁabo.1,00.7}
4.9 F, A°m (G, B) = e1 = {ao.9,bo.2, o2}, .
(42) (FA)m ) { —ey = {ao.5,b0.3, 0.2}

From (4.1) and (4.2), we have

(F,H\/(G, B))* # (F,A)°n (G, B)*

Thus De Morgan’s laws do not hold in fuzzy soft sets, but instead of restricted
intersection if we use extended intersection, then these laws hold under same com-
plementation operation.

c —e1 = {a.9,b0.7,c0.2}, €2 = {ao.5,b0.3,c0.2}, }
43) (F,A)°n. (G,B) = :
(43) (FAM( ) { —e3 = {ao.2,b0.3,c0.1}, 7ea = {ao.6,b0.1,c0.7}
From (4.1) and (4.3), we have

((F, A)\/(G’ B))® = (F,A)°N: (G, B)*

This led us to the following proposition.
Proposition 4.1. For any fuzzy soft sets (F, A) and (G, B) in (ﬁ), the following
axioms hold _
(a) ((F,AVI(G, B))" = (F,A)N (G, B)*
(b) ((F.A) N (G, B))* = (F,A)°V(G, B)*

—

Proof. (a). Suppose (F, A) and (G, B) are fuzzy soft sets in a fuzzy soft class (X, F)
and (F, A)\/(G,B) = (H,C), whereC = AU B and for all e € C

F(e) ifeec A\ B

H(e):{G(e) ifee B\ A
Fe)vVG(e) ifeec ANB

Now ((F, A)\/(G, B))® = (H,C)¢ = (H¢,]C) for all =e € ]C =]A U |B

[F(e)]° if-ee 14\ |B
H¢(—e) =< [G(e)]° if-ee 1B\ ]4
[F(e)VG(e)¢ if-ee 1A N B
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Fe(—e) if -ee |A\|B
H¢(—e) =1 G°(—e) if-ee 1B\ 14
Fe(=e) NG°(—e) if-ee JA N B
Consider the right hand side of the equality.(F, A)1. (G, B)¢ = (F°,|A)N. (G, |B) =
(J, D), where D =] AU|B and for all —e € D.

Fe(=e) if-ec 1A\ 1B
J(—e) =< G°(—e) if-ee 1B\ ]4
{ Fe(=e) NG°(—e) if —ne€ ]A \ |B
Since H® and J are same set-valued mapping. We conclude that ((F, A)\/(G, B))¢ =
(F,A)° N, (G, B)°
(b). Straightforward, therefore, omitted. O
Proposition 4.2. For any fuzzy soft sets (F, A) and (G, B) in (ﬁ), the following
azioms hold. _
(a) ((F,AV(G,B))" = (F, A)" N (G, B)"
(b) ((F,A)N. (G, B)) = (F,AyV(G, By

Proof. (a). Suppose (F, A) and (G, B) are fuzzy soft sets in a fuzzy soft class (X, E)
and (F, A)V(G,B) = (H,C), where C = AU B and for alle € C

F(e) ifeec A\ B

H(e):{G(e) ifee B\ A

F(e)VG(e) ifeec ANB

Now ((F, A)\/(G,B))" = (H,C)" = (H",C) for all e € C

[F(e)]" ifeec A\ B
H'(e) = { [G(e)]" ifee B\ A
[F(e) VG(e)]” ifeec ANB
F7(e) ifeec A\ B
Hr(e):{ G"(e) ifee B\ A
Fr(e)VG (e) ifec ANB

Consider the right hand side of the equality. (F, A)"M.(G,B)" = (F", A)N.(G", B) =
(J,D), where D = AU B and for all e € D

Fr(e) ifeec A\ B
J(e){ G"(e) ifee B\ A
Fr(e)vVGT(e) ifeec ANB

Since H" and J are same set-valued mapping. We conclude that ((F, A)\7(G, B)) =
(F,A)" n. (G,B)"
(b). Proof is similar as in (a). O

In the following example we will illustrate (b) of the above proposition.
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Example 4.3. Let X = {a,b,¢,d} and F = {ey, ea,e3,e4} be initial universe and
parameter set. Consider the fuzzy soft sets (F, A) and (G, B) defined as follows:
(F,A) = {ex1={ao1,bo03,c0s},e3 ={aos, bo.7,co9}}-
(G,B) = {es={aou4,bos,co},esa ={ao4,b0.9,c03}}.
Then,

(F, A)\/(Q B) = {e1 = {ao.1,b0.3,c08},e3 = {ao.s,bo.7,c0.9}, €4 = {ao.a,b0.9,co.3}} -

Relative complement of (F, A)\7(G, B) is

(44) ((F, A)\/(G,B))T _ { €1 = {00.9,50.7760.2}763 = {ao.z,bo.37€0.1}7 }

es = {ao.6,b0.1,co.7}

Now consider

(F7 A)T = (FT, A) = {61 = {00.97 bo.7, 00.2}, €3 = {00.2, bo.3, Co.1}}~
and
(G,B)" = (G",B) = {es = {ao.6,bo.7,¢c1}, €4 = {ao.6,b0.1,c0.7}} -
Then, we have
={a0.9,b0.7,¢0.2},e3 = {ao.2,b0.3,co.1}
4.5 F7AT|_|E G,BT: €1 {a0950770273 ) ) ) )
( ) ( ) ( ) { €4 = {a0.67 bo.1, 00.7}

Hence,

((F, A)\/(GvB))T = (F,A)" N (G, B)"

_ [ ex ={ao0.0,bo.7,co.2}, €3 = {ao.2, bo.3, coa
eq4 = {ao.6,b0.1,co.7}

Proposition 4.4. For any fuzzy soft set (F,A) in (ﬁ), we have the following
properties.

(a) (@A)T = L(A and (L[A)T = (I)A

(b) (FA) =(FA)

(c) (FLAV(F,A)" = (F,AVg(F,A)" =y

(d) (FLAM (FA"=(FAnFA)" =3
Proof. Straightforward. O

Proposition 4.5. For any fuzzy soft sets (F, A) and (G, B) in (ﬁ), the following
axioms hold

(a) (F, V(G B))" = (F,A)" m (G, B)"
(b) ((F,A)A(G,B))" = (F,A)"Vy(G, B)"
(¢) (F,A)V(G,B))" = (F,A)" A (G, B)
(d) (F,A) NG, B))" = (F,A)" V(G B)

Proof (a). Assume that (F, A) and (G, B) are fuzzy soft sets in a fuzzy soft class

(X, E) and (F, A)\/%(G B) (H,AN B), where H(e) = F(e) V G(e) for all e €

ANB # . Now ((F, A)\/%(G,B))r = (H,C)" = (H",C), where H"(e) = (F(e) V

G(e))" = F"(e) NG"(e)) for all e € AN B # @. Now consider the right hand
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side of the equality. Suppose that (F, A)" m (G,B)" = (F",A)m (G",B) = (J, D),
where J(e) = F"(e) AG"(e) for all e € AN B # @. Then, since H" and J are same
set-valued mapping,.we conclude that ((F, A)\/x(G,B))" = (F,A)" m (G, B)"

(b). By similar technique, we can prove (b).

(c). Let (F,A) and (G, B) are fuzzy soft sets in a fuzzy soft class (ﬁ) and
(F,A)V(G,B) = (H, Ax B), where H(e1,e3) = F(e1)VG(e2) for all (e1,e2) € AxB.
The relative complement is given by ((F, A)V (G, B))" = (H,AxB)" = (H",Ax B),
where H"(e1,e2) = (F(e1) VG(e2))" = F"(e1) A G"(ez) for all (e1,e2) € A x B.

Now consider the right hand side of the equality (F, A)" A (G,B)" = (F", A) A
(G",B) = (J, A x B),where J(e1,e2) = F"(e1) A G"(y)for all (e1,e2) € A x B.

Since H" and J are same set-valued mapping. We conclude that ((F,A) V
(G,B))" = (F,A)" A (G,B)".

(d) By similar technique, we can prove (d). O

In the following example we will illustrate (d) of the above proposition.

Example 4.6. Let X = {a,b,c},E = {e1,eq,e3,e4}. Consider the fuzzy soft sets
(F,A) and (G, B) defined as follows:
(F,A) = {e1={ao.1,b0.3,co8} e3 = {aos,bo.7,c09}}-
(G,B) = {ez3={ao4,bo3,c0},es = {ao.4,b0.9,c03}}-
Then, we have
= {ag.4,b0.3,¢c08}, (€1,€e4) = {aop.4,b0.9,co8}
F7A V. G,B — (61763) {a047 0.3, 0.8 ) ) ’ ) )
AV (G B) { (3, €3) = {a0.8,bo.7, o0} (€3, €4) = {008, o, o0}
This imply
= .65 0.7, Co. } (61 64) = {ao.ﬁ bo.1 00.2}
F,A\/ G,B T (61363) {a06707a 0.2/ P s ) ) )
(B AV ) { (e3,e3) = {ao.2,b0.3,c0.1}, (e3,e4) = {ao.2,b0.1, 0.1}

Now consider

(F,A)" = (F",A) = {e1 = {ao.9,bo.7,c0.2}, e3 = {ao.2,b0.3,c0.1}} -
and

(G,B)" = (G",B) = {e3 = {ao.s,bo.7,c1},e4 = {ao.6,b0.1,co.7} } -
This imply

) = . 7b .75 C0. },(6 764) = {a0.67b0.1760‘2}7
F,A) A (G, B) = (e1,e3) = {ao.6,b0.7,Co.2 1 )
(EA)N G B) { (e3,e3) = {ao.2,b0.3,c0.1}, (e3,€4) = {ao.2,b0.1,c0.1}-
Hence

(FLA)V (G, B))" = (F,A)" A (G, B)"

5. CONCLUSIONS

In this paper, we have presented a detailed theoretical study of fuzzy soft sets. We
successfully made fuzzification of some algebraic properties of Soft set theory and
proved that they also hold in Fuzzy soft set theory under same kind of operations.
We have investigated the interrelation of different fuzzy soft operations with each
other. We have proved certain De Morgan’s laws hold in fuzzy soft sets with respect
to different operations.
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