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ABSTRACT. In this paper we define anti fuzzy ideals, anti fuzzy (gener-
alized) bi-ideals and anti fuzzy quasi-ideals in semirings. We characterize
different classes of semirings by the properties of their anti fuzzy ideals,
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1. INTRODUCTION

The fundamental concept of a fuzzy set, introduced by Zadeh in his definitive
paper [15] of 1965, provides a natural frame work for generalizing several basic
notions of algebra. Rosenfeld formulated the rudiments of the theory of fuzzy groups
in [13]. Kuroki initiated the theory of fuzzy semigroups in his papers [11} 12]. Ahsan
et al. discussed fuzzy semirings in [2] in 1993. In 1998, Ahsan characterized semirings
by their fuzzy ideals in his paper [I]. Many researchers worked on fuzzy ideals of
semirings, for example 3 5} 6], [7, 8, [9]. On the other hand Biswas [4] introduced the
concept of anti fuzzy subgroup of a group. Hong and Jun [10] modified Biswas’s idea
and applied it to BCK-algebras. They defined anti fuzzy ideal of a BCK-algebra. In
2010, Shabir and Nawaz characterized semigroups by their anti fuzzy ideals in [14].
In [3], Akram and Dar defined anti fuzzy h-ideals in hemirings. In this paper we
introduced the concept of anti fuzzy ideal, anti fuzzy (generalized) bi-ideal and anti
fuzzy quasi-ideal in semirings and characterized different classes of semirings by the
properties of these ideals.



M. Shabir et al./Ann. Fuzzy Math. Inform. 6 (2013), No. 2, 227-244

2. PRELIMINARIES

A semiring R is a non-empty set R equipped with two binary operations addition
” 4+ and multiplication ” -” such that (R, +) is a commutative semigroup, (R, -) is a
semigroup, multiplication distributes over addition from both sides and R contains
an element 0 such that ¢ + 0 =0+ a = a and a0 = 0a = 0 for all @ € R. A
non-empty subset A of a semiring R is called a subsemiring of R if it is closed under
addition and multiplication. A non-empty subset L of R is called a left (right) ideal
of R if it is closed under addition and ab € L (ba € L), for alla € Rand b€ L. A
non-empty subset L of R is called an ideal of R if it is both a left and a right ideal
of R. A non-empty subset B of R is called a generalized bi-ideal of R if it is closed
under addition and BRB C B. A non-empty subset B of R is called a bi-ideal of R
if it is a subsemiring of R and BRB C B. A non-empty subset ) of R is called a
quasi-ideal of R if it is closed under addition and QRN RQ C Q.

It is obvious that every left (right) ideal of a semirng is a quasi-ideal, every quasi-
ideal is a bi-ideal and every bi-ideal is a generalized bi-ideal. But the converse is not
true.

An element a of a semiring R is called regular if there exists an element z € R
such that a = axa. A semiring R is regular if every element of R is regular.

It is well known that:

Theorem 2.1. For a semiring R the following conditions are equivalent.
(1) R is regular.
(2) ANL = AL for every right ideal A and every left ideal L of R.

A fuzzy subset A of a universe X is a function from X to the unit closed interval
[0,1], that is A : X — [0,1]. For any two fuzzy subsets A and p of R, A\ C p means
that, for all x € R, A(z) < u(x). The symbols A Ay and A V g means the following
fuzzy subsets of R.

(AAp)(x) = A@) A p(x) and (AV p)(z) = Az) V pu(x)
for all z € R.
More generally if {\;};cs is a family of fuzzy subsets of X, then their union and
intersection is defined as follows:
(Vier M) () = V (Ni(2)) and (A, X) () = A (Ni(2))
iel iel
for all x € R.
Let A be a subset of X. Then the characteristic function of A is defined as:
1 ifxe A
Calz) = { 0 otherwise

3. ANTI FUZZY IDEALS

In this section we define anti fuzzy left (right) ideal, bi-ideal, generalized bi ideal
and quasi-ideal of semiring and study some properties of these ideals.

Definition 3.1. Let A be a fuzzy subset of a semiring R and z,y € R.
(D) Az +y) < Mz)V A(y)
(2) Azy) < Az)V A(y)
(3) Alzy) < Ay) (A(zy) < A ()
228
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(4) A(zyz) < A(x) VA (2).

Then A is called an anti fuzzy subsemiring of R, if it satisfies (1) and (2).

It is called an anti fuzzy left (right) ideal of R, if it satisfies (1) and (3).

A fuzzy subset A of R is called an anti fuzzy ideal of R if it is both an anti fuzzy
left and right ideal of R.

A is called an anti fuzzy generalized bi-ideal of R, if it satisfies (1) and (4).

A is called an anti fuzzy bi-ideal of R, if it satisfies (1), (2) and (4).

Definition 3.2. For any fuzzy subset A of a universe X and ¢ € [0, 1] we define
Lnt)={ze X : A(z) <t}
which is called the anti level cut of A.

Next we characterize anti fuzzy subsemiring (left ideal, right ideal, bi-ideal) by
their anti level cuts.

Theorem 3.3. (1) A fuzzy subset \ of a semiring R is an anti fuzzy subsemiring
of R if and only if L (\;t) # @ is a subsemiring of R for all t € [0, 1].

(2) A fuzzy subset \ of a semiring R is an anti fuzzy generalized bi-ideal of R if
and only if L (\;t) # & is a generalized bi-ideal of R for all t € [0,1].

(3) A fuzzy subset \ of a semiring R is an anti fuzzy bi-ideal of R if and only if
L (X\;t) # @ is a bi-ideal of R for all t € [0,1].

(4) A fuzzy subset A of a semiring R is an anti fuzzy left (right) ideal of R if and
only if L (\;t) # @ is a left (right) ideal of R for allt € [0,1].

Proof. (1) Let X be an anti fuzzy subsemiring of R and z,y € L (A;t). Then A\(z) <t
and A(y) < ¢. Since Mz +y) < Az)VA(y) <tVi=t, wehave A(z+y) < ¢,
that is z +y € L(A;t). Also A(zy) < A(z) VA(y) < tVt =t This implies that
A(zy) < t, that is xy € L (\;t). Hence L (A;t) is a subsemiring of R.

Conversely, assume that L (\;t) # @ is a subsemiring of R for all ¢ € [0,1].
Suppose there exist z,y € R such that A (x +y) > M) vV A(y). Choose t € [0,1]
such that A(z+y) >t > A(z) VA(y). Then z,y € L(\;t) but x +y ¢ L(\;¢),
which is a contradiction. Hence A (z +y) < A(z) V A(y). Similarly, we can prove
that A (zy) < A(z) V A (y). This proves that A is an anti fuzzy subsemiring of R.

The proofs of (2), (3) and (4) are similar to the proof of part (1). O

Example 3.4. Consider the semiring R = {0,1,a,b,c} defined by the following
tables

+10 1 a b c 0 1 a b c
0|0 1 a b c 0|0 0O O O O
1/1 b 1 a 1 1{0 1 a b ¢
ala 1 a b a al0 a a a c
blb a b 1 b b0 b a 1 c
cle 1 a b ¢ cl0 ¢c ¢ ¢ O
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Then (R,+,-) is a semiring. Define A : R — [0,1] by A(0) = 0.1, A(¢) = 0.3,
Aa) = 0.6, A(b) = A\(1) = 0.7.

R 0.7<t<1
{0,a,c} 0.6 <t<0.7
L(\t) = {0, c} 03<t<0.6
{0} 01<t<0.3
1%} t<0.1

Then by Theorem [3.3, A is an anti fuzzy ideal of R.
Theorem 3.5. Let A be a non-empty subset of a semiring R. Define the fuzzy

subset A of R by
[t ifeg A
Alz) = { r ifreA
where t,r € [0,1] such thatt > r. Then
(1) A is a left (right) ideal of R if and only if \ is an anti fuzzy left (right) ideal
of R.
(2) A is a subsemiring of R if and only if A is an anti fuzzy subsemiring of R.
(3) A is a (generalized) bi-ideal of R if and only if X is an anti fuzzy (generalized)
bi-ideal of R.

Proof. Straightforward. g

Remark 3.6. From above theorems we conclude that a non-empty subset A of a
semiring R is a left (right, bi, generalized bi) ideal of R if and only if the charac-
teristic function of the complement of A, that is Cse is an anti fuzzy left (right, bi,
generalized bi) ideal of R.

Lemma 3.7. The union of any family of anti fuzzy left (right) ideals of a semiring
R is an anti fuzzy left (right) ideal of R.

Proof. Let {\; : i € I'} be a family of anti fuzzy left ideals of R and z,y € R. Then
(\/Ai> @+y) =\ Ni@+y)
iel iel
(Since each \; is an anti fuzzy left ideal of R, so A; (z +y) < A; (z) V A; (y) for all
i € I). Thus

(\/A) (@+y) = Vil@+y)

< Vi@ va)

iel

= () () o)

(\/A> (zy) = \/ (\i (2y))

i€l i€l
230
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Ai(zy) < A (y) for all i € T'). Thus

<\/)\i> (zy) =\ (i (@) <V (i () = (\/A> (y)-

i€l iel icl icl

Hence V/ A; is an anti fuzzy left ideal of R. O
i€l

Definition 3.8. Let A, i be fuzzy subsets of R. Then the anti product of A and p
is defined by

Axp@@) = A\ [\/ [/\(yi)vu(zi)]]

=30 gz [1<i<p

for x € R and p € N.

Proposition 3.9. If A, u are anti fuzzy left (right) ideals of R, then A is an anti
fuzzy left (right) ideal of R.

Proof. Let A and p be anti fuzzy left ideals of R and a,b,r € R. Then

M@= A [\/ (M) V (=)

a:Zf:1 yizi | 1<i<p ]
and ]
Aem®) = N\ V) V)]
b=Y1_, v}z |1<i<q |
Thus

(Axp)(a) v (Axp)(b) = [ A [ V [/\(yz-)vu(zi)]”

a=y_"_ yizi [1<i<p

L [y ]

b=x7_, yz [1<i<q

= A A [\/ P‘(yi)\/ﬂ(zi)]]

a:Zle inibzzgzl y]’z; 1<i<p

v [ V [A(y'j)vu(éj)}]

1<j<q

> A [\/[A(yg)vu(zg)}]

atb=Si_, )= [15k<s

= (Ax ) +b).
231
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Now
(Asp)(a) = A V' @) v ul)]

a:z?zl y’]‘z’:]’ _1§j§q

> A V' ) V)]
a=39_1 9% [157<q

= A (VAREXTSIATES]
razzgzl yo 2l | 1<n<t

= (Axp)(ra).

Thus A * p is an anti fuzzy left ideal of R. 0

Theorem 3.10. Let A be an anti fuzzy right ideal and p be an anti fuzzy left ideal
of a semiring R. Then Axpu > AV .

Proof. Let A be an anti fuzzy right ideal and p be an anti fuzzy left ideal of a
semiring R and = € R. Then

(Axp)(z) = A VOV a)
122?:1 YiZi _1Si§p
= A A (yizs) V i (yizs))
1:2;5:1 YizZi _1Si§p
- A V @z | vV ewiz)
e=""_ yizs | [1<i<p 1<i<p
i .
= /\ A Zyzzl> Vo (Zyzzz>]
I:Zf=1 Yizi L i=1 i=1
= A |V 0@V
e=31_, yizs [ 1Si<p
= (Avp)(x)
Thus A% p > AV . .

Now we show that if A and p are anti fuzzy ideals of a semiring R, then Asp £ AV
and A xp £ XA .

Example 3.11. Consider the semiring R = {0, 1,a,b, c} defined by the following
tables
232



M. Shabir et al./Ann. Fuzzy Math. Inform. 6 (2013), No. 2, 227-244

+10 1 a b c 10 1 a b ¢
0|0 1 a b c 00 0O 0 0 O
1/{1 b 1 a 1 1{0 1 a b ¢
ala 1 a b a al0 a a a c
blb a b 1 b b0 b a 1 c
cle 1 a b ¢ c|0 ¢ ¢ ¢ 0

The (crisp) ideals of R are {0}, {0,c}, {0,a,c}, and R. Let A = {0,a,c} and
B ={0,c} then (Cac xCpe)(c) =1 but (Cac VCpe)(c) =0 and (Cae ACpe)(c) = 0.
Hence A pp £ AV pwand X« £ XA p.

Definition 3.12. Let A and p be fuzzy subsets of R. Then their anti sum A @ pu is
defined as

Now@ = A My Vi)

r=y+z

for all z € R.

Proposition 3.13. Let A and p be anti fuzzy left (right) ideals of R. Then X\ &
is an anti fuzzy left (right) ideal of R.

Proof. Let A and p be anti fuzzy left ideals of R and x,2 € R. Then

Aep@) = N Ny Vak)

r=y+z
and
NewE = N DM@ Vu)
F=y+7%
Thus

Ao p)(z)VvAop)(d) = l N\ ) \/u(Z)]] v [ N @) VM(Z’)]]

=y+z
= A DOV RETV G V)]

r=y+z t=y+2

= A D@ VADIV (1) v ()]

r=y+z t=y+2

> A Du+d)Vvuz+2)
r=y+z t=y+2
> A e Vo)

r+t=a+b
= Aop)(z+ ).
233
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Again, let z,a € R. Then
New = N\ Py vue)

T=y+=z

> A\ May) v u(az)]

T=y+z

= A DOV
ar=y+Z2

— (A& p)(az).

Hence A @ p is an anti fuzzy left ideal of R. O

Lemma 3.14. A fuzzy subset A of a semiring R is an anti fuzzy subsemiring of R
if and only if A\ @A D X and A2 =A% A D\

Proof. Let A be an anti fuzzy subsemiring of R and « € R. Then

MeN@ = A D VAR)

r=y+z

N\ P+ 2)

r=y+z

Y

Thus A® XA 2 A\. Now

(@) = (AxX)(2)

Y
>
<
~

—~

<

[
N—

<

>

—~

<

[

P 1<i<p
T:Z Yizi -
=1
= /\ \/ /\(yizi)]
P 1<i<p
T=3 Yizi -
=1

vV
r 1

B¢
W'Mu
N

<

R
L
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p
= Z YiZi
i=1

—  A(2) > Mx).

Thus A2 D .
Conversely, assume that ) is a fuzzy subset of R such that A@ X 2 X and A2 D A
Then for z,y € R, we have

Az +y) AP N)(z +v)

= A @) VAG)

z+y=a+b
Al@) vV Aly)
—  Alz+y) < A=) VAQY)

IA

and
Azy) < N(zy)
(A A) (zy)
= A Vi) v Az
Y= Zil Yizi 1sisp
< Az)VA)
= A(zy) < AMx) V()
Thus A is an anti fuzzy subsemiring of R. 0

Lemma 3.15. A fuzzy subset A 9f a semiring R is an anti fuzzy left (right) ideal of
R if and only if \@ A D X and Ox XD X (AxO D \), where O is the fuzzy subset
of R mapping every element of R on 0.

Proof. Let A be an anti fuzzy left ideal of R and x € R. Then

AeN@) = A D VAR

T=y+z

> A A+

T=y+z
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Thus A@ X 2 . Now

(O*A) () =
>
>

S
Thus O * A D \.

A |V [ow) vm-)]]
:E:iél Yvizi _1Slgp

A |V [owv A(ym)]]
w:izizl Yizi _lgzgp

A \/ [/\(yizi)]]
l:;i:l vizi _1Sl§p

A e
m:iél Yizi ) -

A @)
x:iél Yizi

Conversely, assume that ) is a fuzzy subset of R such that A D A and O%A D .

Then, for z,y € R we have

Az +vy)
And
Azy) <
<
=

Thus A is an anti fuzzy left ideal of R.

(A& N)(@+y)
A Ma) vAG)

z+y=a+b
A(x) V A(y)
Az +y) < Ax) V A®y).

236
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Definition 3.16. A fuzzy subset A of a semiring R is called an anti fuzzy quasi-ideal
of R, if it satisfies,

(D A(x+y) <A(z)VA(Y)

(2) Az) < max{(/\ * é) (x), (O * )\) (x)}
for all z,y € R.

Where O is the fuzzy subset of R mapping every element of R on 0.

Theorem 3.17. A fuzzy subset A of a semiring R is an anti fuzzy quasi-ideal of R
if and only if L (\;t) # @ is a quasi-ideal of R for all t € [0,1].

Proof. Suppose A is an anti fuzzy quasi-ideal of R and z,y € L (\;t). Then A(z) <t
and A(y) < t. Since Mz +y) < Ax) V A(y) < ¢, we have A(z +y) < ¢t. Thus
z+y € L(At). Now let a € (RL(X;t)) N (L(A;¢)R). Then a = Y7 | y;2; and
a= 23:1 s;t;, where y;,t; € R and z;,s; € L(M\t) (1 <i<p,1<j<gq). Thus
Azi) <tforl1<i<pandA(s;) <tforl<j<gq. Since

A [\/ [O<ak>vA<bk>]]

a=y p_;arby | 1<k<r

V [0w)v )]
tJSp

(O . )\) (a)

IN

IA

and

/N
>
*
(@}
—
—
Q
=
I

A [\/ [A(ul)vO(vl)}

1<i<a

a:é vl
\ A v o)

1<j<q
< t.

We have A (a) < max { ()\ * O) (a), (O * )\) (a)} <t. Thus a € L (A;t). This shows

that L (A;t) is a quasi-ideal of R.

Conversely, assume that L (\;t) # @ is a quasi-ideal of R for all ¢ € [0,1]. Let
z,y € R be such that Mz +y) > A(z) V A(y). Choose t € [0, 1] such that A(z +y) >
t> MNz)VAy) = =x,y€ L(\t) but x +y ¢ L(A;t) which is a contradiction.
Hence Az 4+ y) < A(z) V A(y).

Now let a € R be such that max{()\ s 0) (a), (O * )\) (a)} < A(a). Choose
t € [0, 1] such that max { ()\ * O) (a), (O * A) (a)} <t < A(a). Then ()\ * O) (a) <
t = aeL(\t)Rand (O* )\) (a) <t => a€ RL(\t). Hencea € (RL (A;t))N
(L (\t)R) € L(A;t), this implies that a € L (A;¢), that is A(a) < ¢, which is a
contradiction. Hence A (a) < max { ()\ * O) (a), (O * )\> (a)}. Thus A is an anti
fuzzy quasi-ideal of R.

IA
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Theorem 3.18. A non-empty subset Q of a semiring R is a quasi-ideal of R if and
only if the fuzzy subset A of R defined as

_Jt ifzéQ
)\(x){r if Te@

is an anti fuzzy quasi-ideal of R, where t,r € [0,1] such that t > r.

Proof. The proof is similar to the proof of Theorem 13.5. O

Remark 3.19. From above theorem we conclude that a non-empty subset @) of
a semiring R is a quasi-ideal of R if and only if the characteristic function of the
complement of @), that is Cq. is an anti fuzzy quasi-ideal of R.

Theorem 3.20. FEvery anti fuzzy left ideal of R is an anti fuzzy quasi-ideal of R.

Proof. Let A be an anti fuzzy left ideal of R. Then by Theorem 3.15 O % A > \.
Thus

max{()\*O) (x), (O*A) (x)} > (O*x\) (z) > Mx).

Hence A is an anti fuzzy quasi-ideal of R. 0

Theorem 3.21. Every anti fuzzy quasi-ideal of R is an anti fuzzy bi-ideal of R.

Proof. Suppose A is an anti fuzzy quasi-ideal of R and z,y € R. Then

AMzy) < ()\ * O) (xy) vV (O * /\> (xy)
_ A \V [a)vow)]|| v
w:él aibs 1<i<p
A |V [06)vow)
wy*jiijl sit 1<ji<q
< @ vow|v[oevaw)]

So A(zy) < A(z) V A(y). Also,
238
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AMzyz) < ()\ * O) (xyz) V (é * )\) (xyz)

IN
Qz

= A= ) A(2).
So A(zyz) < A(z) V A(2). O

4. REGULAR AND INTRA-REGULAR SEMIRINGS

In this section we characterize regular and intra-regular semirings by the proper-
ties of their anti fuzzy ideal, anti fuzzy bi-ideals and anti fuzzy generalized by-ideals.

Lemma 4.1. Let A, B be subsets of a semiring R and Cgc,Cpge be the characteristic
functions of the complements of A and B, respectively. Then

(1) CAc * CBc = C(AB)C

(2) CaVvVCp =Cayus.

Proof. (1) Let x € (AB)°. Then C(4p)(x) = 1. Now

(Cac #Cpe) (@)= J\ \/ [Cacyi) V Cpe(2)]

z=y " yiz; |1<i<p
As ¢ € (AB)°, so x ¢ AB. Thus there does not exist y; € A, z; € B such that
z =3 "  yiz. Hence whenever z = Y7 | y;2;, then y; € A° or z; € B®. Thus

(CAC * CBc) (SC) = /\ \/ [CAC (yl) \ CBC(ZZ)] =1

=37 yiz; [1<i<p

If © ¢ (AB)®, then © € AB. Thus there exist at least one expression form of z as
> | yizi where y; € A and z; € B. For this expression form

\/ [Cac(yi) V Cpe(z)] = 0.
1<i<p
Thus

(Che x Cpe) (x) = /\ \/ [Cac(yi) V Cpe(2i)]| =0
=0 yiz [1<i<p
239
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Hence CAC * CBc = C(AB)C.
(2) Straightforward. O

Theorem 4.2. For a semiring R, the following conditions are equivalent.

(1) R is regular.

(2) (AV ) = (A*xp) for every anti fuzzy right ideal A and every anti fuzzy left
ideal 1 of R.

Proof. (1) = (2) Let A be an anti fuzzy right ideal and p be an anti fuzzy left
ideal of R. Then by Theorem [3.10, A% u > AV u. Let a € R. Then there exists
x € R such that a = axa. Thus we have

Axp)(@) = A \YAREXARANED)
v 1<i<p
a:igl Yizi
Aaz) V p(a)
Aa) vV p(a)
AV 1) (a):
Which implies that A < AV u. Hence (AV ) = (A * p).

(2) = (1) Let A be a right ideal and L be a left ideal of R. Then by Remark
3.0, C'4c is an anti fuzzy right and Cpc is an anti fuzzy left ideal of R. Thus by
hypothesis Cac V Cpre = Cac x Cpe. By Lemmald.1, Cacyre = Ciar)e. This implies
A°UL°=(AL) = (ANL)*=(AL)* = ANL = AL. So by Theorem 2.1, R
is regular. 0

IAINA

Theorem 4.3. For a semiring R the following conditions are equivalent.

(1) R is regular.

(2) (CVAV L) > (CxAxp) for every anti fuzzy right ideal ¢, every anti fuzzy
generalized bi-ideal A, and every anti fuzzy left ideal p of R.

(3) (CVAV L) > (CxAxp) for every anti fuzzy right ideal ¢, every anti fuzzy
bi-ideal A\, and every anti fuzzy left ideal p of R.

(4) (CVAV ) = (CxAxp) for every anti fuzzy right ideal ¢, every anti fuzzy
quasi-ideal A\, and every anti fuzzy left ideal p of R.

Proof. (1) = (2) Let ¢, A and p be any anti fuzzy right ideal, anti fuzzy generalized
bi-ideal, and anti fuzzy left ideal of R, respectively. Let a be any element of R. Since
R is regular, so there exists z € R such that a = axza. Hence we have

Corsm@ = AL v ) ]
a:;i:lyizi
< lax) v (Axp)(a)
< @v o N V' ) v plty)]
a:isjtj 1<j<q

Jj=1

240
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INIA
=
&

Thus (CVAV ) > (Cx A x ).

(2) = (3) = (4) straightforward.

(4) = (1) Let ¢ and p be any anti fuzzy right and any anti fuzzy left ideal of
R, respectively. Since O is an anti fuzzy quasi-ideal of R, by assumption we have

(V) (@)= (¢vOovu) (@)= (¢x0xp)(a)

B /\ \/ (C * O) (yi) v u(zi)]]
a:élyizi | 1<i<p

= /\ \/ /\ [ \/ {Q(aj) \Y O(b])} Vi N(Zi)
> 1<i<p a 1<j<q
azizz:l vigi | i _yi=.7§1 a;b; ]
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Thus it follows that (¢ * p) < (¢ V ) for every anti fuzzy right ideal ¢ and every anti
fuzzy left ideal p of R. But (¢ * u) > (¢ V p) by Theorem/3.10l So (¢ * ) = (¢ V p).
Hence it follows from Theorem 4.2| that R is regular. O

Recall that a semiring R is intra-regular if for each a € R there exist z;,y; € R
such that a =f_, z;a%y;.
It is well known that

Theorem 4.4. A semiring R is intra-reqular if and only if ANL C LA for every
right ideal A and left ideal L of R.

Theorem 4.5. The following assertions are equivalent for a semiring R
(1) R is both regular and intra-regular.
(2) B = BB for each bi-ideal B of R.
(3) Q = QQ for each quasi-ideal Q of R.

Theorem 4.6. For a semiring R the following conditions are equivalent.
(1) R is intra regular.

(2) AV 1 > X p for every anti fuzzy left ideal A and every anti fuzzy right ideal
u of R.

Proof. (1) = (2) Let A and p be anti fuzzy left and right ideals of R, respectively

P
and a € R. Then there exist z;,y; € R such that a = ) z;a’y;. Thus
i=1

Cem@ = A |V ) Va)
a:i§1 yizi =
<\ D@a)Vplay)
1<i<p
<V ) Vaa)
= (\Vp) ().

Thus Axp < AV p.

(2) = (1) Let L be a left ideal and A a right ideal of R. Then Cp. is anti
fuzzy left ideal and C4c is an anti fuzzy right ideal of R. By hypothesis Cpc x C4e <
Cre VCac = C(paye < Cpeyae = (LA CL°UA* = LNACLA. Thus
by Theorem 4.4, R is intra-regular. O

Theorem 4.7. For a semiring R the following conditions are equivalent.

(1) R is both regular and intra-regular.

(2) Ax A= X for every anti fuzzy quasi-ideal A of R.

(3) Ax A = X for every anti fuzzy bi-ideal X of R.

(4) Ak p < AV p for every anti fuzzy quasi-ideals X\ and pu of R.

(5) Axpu < AV u for every anti fuzzy quasi-ideal A of R and for all anti fuzzy
bi-ideals 1 of R.

(6) Ak u < AV p for every anti fuzzy bi-ideals A and p of R.
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Proof. (1) = (6) Let A and p be any anti fuzzy bi-ideals of R and a € R.
Then, since R is regular, there exists x € R such that ¢ = axa. SinceR is intra-

n
regular, there exist y;,2; € R such that a = y;a’z;. Thus a = aza = araza =
i=1

n n
ax (Z yiazzi) za =Y (azy;a)(az;za). Hence
i=1 i=1

Mm@ = A \/ [A(yi) V pu(zi)]
< \/ A azy;a) V plaz;za)]
1<i<n

A
<
=
&
<
=
&

and so Axu < AV .

It is clear that (6) = (5) = (4).

(4) = (2) Taking A = p in (4), we get Ax X < AV A = A. Since every anti
fuzzy quasi-ideal of R is an anti fuzzy subsemiring of R, so by Theorem [3.14, we
have Ax A > A. Thus Ax A = \.

(6) = (3) Taking A = p in (6), we get Ax A < AV XA = A. Since every anti
fuzzy quasi-ideal of R is an anti fuzzy subsemiring of R, so by Theorem [3.14! we
have Ax A > . Thus A% A = A.

(3) = (2) Obvious.

(2) = (1) Suppose @ is a quasi-ideal of R. Then Cge is an anti fuzzy quasi-
ideal of R, thus by hypothesis Cge x Cge = Cge — (QQ)° =Q° — QQ =Q
and hence by Theorem 4.5, R is regular and intra regular. O
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