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1. INTRODUCTION

In the year 1999, Molodtsov [16] initiated the theory of soft sets as a new mathe-
matical tool for dealing with uncertainties. He has shown several applications of this
theory in solving many practical problems in economics, engineering, social science,
medical science, etc. Research works in soft set theory and its applications in various
fields have been progressing rapidly since Maji et al. ([13],[14]) introduced several
operations on soft sets and applied it to decision making problems. In the line of re-
duction and addition of parameters of soft sets some works have been done by Chen
[3], Pei and Miao [17] , Kong et al. [12] , Zou and Xiao [20]. Aktas and Cagman [1]
introduced the notion of soft group and discussed various properties. Jun ([10],[11])
investigated soft BCK/BCI — algebras and its application in ideal theory. Feng et
al. [8] worked on soft semirings, soft ideals and idealistic soft semirings. Ali et
al. [2] and Shabir and Irfan Ali ([2],[I8]) studied soft semigroups and soft ideals
over a semi group which characterize generalized fuzzy ideals and fuzzy ideals with
thresholds of a semigroup. The idea of soft topological spaces was first given by M.
Shabir, M. Naz [19] and mappings between soft sets were described by P. Majumdar,
S. K. Samanta [15]. Feng et al. [9] worked on soft sets combined with fuzzy sets
and rough sets. Recently in ([4],[5]) we have introduced a notion of soft real sets,
soft real numbers, soft complex sets, soft complex numbers and some of their basic
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properties have been investigated. Some applications of soft real sets and soft real
numbers have been presented in real life problems. In ([6],[7]) we introduced the
concept of ‘soft metric’, ‘soft linear spaces’, ‘soft norm’ on a ‘soft linear spaces’ and
studied various properties of ‘soft metric spaces’ and ‘soft normed linear spaces’ in
details.

It is worth mentioning here that, in fuzzy settings, topological concepts, metric
concept and norm linear space concept are extended nicely but complex valued inner
product theory of vector space has not been so successful because of some inherent
difficulty in the non-comparable order structure of complex number on one hand and
the lattice ordering of the gradation function of fuzzy sets on the other. In this paper
we have attempted to extend the inner product concept in soft set settings. We have
seen that in soft settings inner product theory could be extended meaningfully.

In fact, in this paper we have introduced a notion of soft inner product on soft
linear space and studied some of its properties. In section 2, some preliminary results
are given. In section 3, a notion of ‘soft inner product’ on a ‘soft linear space’ is
given and various properties of ‘soft inner product spaces’ are studied. It has been
shown that every ‘soft inner product space’ which satisfies (I5) is also a ‘soft normed
linear space’ ([7]) which satisfy (N5). By a counter example it has been established
that the converse does not hold in general. The definition of soft Hilbert space is
given in section 4 and some properties of soft Hilbert spaces are investigated. The
concepts of orthogonality and orthonormality in soft Hilbert spaces and their various
properties are studied in section 5 and section 6 respectively. Section 7 concludes
the paper.

2. PRELIMINARIES

Definition 2.1 ([16]). Let U be an universe and E be a set of parameters. Let
P(U) denote the power set of U and A be a non-empty subset of E. A pair (F, A)
is called a soft set over U, where F' is a mapping given by F': A — P(U). In other
words, a soft set over U is a parametrized family of subsets of the universe U. For
e € A, F(g) may be considered as the set of ¢ — approximate elements of the soft
set (F, A).

Definition 2.2 (][9]). For two soft sets (F, A) and (G, B) over a common universe
U, we say that (F, A) is a soft subset of (G, B) if

(1) AC B and

(2) foralle € A, F(e) C G(e). We write (F, A)C (G, B).
(F, A) is said to be a soft superset of (G, B), if (G, B) is a soft subset of (F, A). We
denote it by(F, A)D (G, B).

Definition 2.3 ([9]). Two soft sets (F, A) and (G, B) over a common universe U
are said to be equal if (F, A) is a soft subbet of (G, B) and (G, B) is a soft subset of
(F, A).

Definition 2.4 (|[14]). The union of two soft sets (F, A) and (G, B) over the common
universe U is the soft set
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(H,C), where C = AU B and for all e € C,

F (e) ifeec A—B
H(e)=4¢ G(e) ifeeB—A
F(e)UG(e) if eec ANB.

We express it as (F, A)U(G, B) = (H,C).

The following definition of intersection of two soft sets is given as that of the bi-
intersection in [8].

Definition 2.5 ([8]). The intersection of two soft sets (F, A) and (G, B) over the
common universe U is the soft set (H,C), where C = AN B and for all ¢ € C,
H (e) = F(e) N G(e). We write (F, A)N(G,B) = (H,C).

Let X be an initialuniversal set and A be the non-empty set of parameters. In
the above definitions the set of parameters may vary from soft set to soft set, but in
our considerations, throught this paper all soft sets have the same set of parameters
A. The above definitions are also valid for these type of soft sets as a particular case
of those definitions.

Definition 2.6 (|9]). The complement of a soft set (F, A) is denoted by (F, A)° =
(F°, A), where F°: A — P(U) is a mapping given by F°(a) = U — F(«), for all
ae A

Definition 2.7 ([14]). A soft set (F, A) over U is said to be an absolute soft set
denoted by U if for all e € A, F(e) =U.
F,

Definition 2.8 ([14]). A soft set (
by ® if for alle € A, F(e) =

Definition 2.9 ([19]). The difference (H, A) of two soft sets (F, A) and (G, A) over
X, denoted by (F, A) \(G, A), is defined by H (e) = F(e)\G(e) for all e € A.
[

Proposition 2.10 ([19]). Let (F, A) and (G, A) be two soft sets over X. Then
(i). (F.A)U(G A))C = (B, A)N(G, A
(ii). (F,A)N(G,A))" = (F,A)T(G,A)".

Definition 2.11 ([4]). Let X be a non-empty set and A be a non-empty parameter

set. Then a function ¢ : A — X is said to be a soft element of X. A soft element

e of X is said to belongs to a soft set B of X, which is denoted by €€B, if ¢ (e) €

A(e), Ve € A. Thus for a soft set A of X with respect to the index set A, we have
={e(e),c€B}, e € A.

It is to be noted that every singleton soft set (a soft set (F, A) for which F'(e) is
a singleton set, Ve € A) can be identified with a soft element by simply identifying
the singleton set with the element that it contains Ve € A.

Definition 2.12 ([4]). Let R be the set of real numbers and B(R) the collection
of all non-empty bounded subsets of R and A taken as a set of parameters. Then a
mapping F': A — B(R) is called a soft real set. It is denoted by (F, A). If specifically
(F, A) is a singleton soft set, then after identifying (F, A) with the corresponding
soft element, it will be called a soft real number.
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We use notations 7, §, ¢ to denote soft real numbers whereas 7, s, ¢ will denote
a particular type of soft real numbers such that 7(\) = r, for all A\ € A etc. For
example 0 is the soft real number where 0 (\) = 0, for all A € A.

We now introduce some definitions and prove a theorem on soft real numbers
which will be used in this paper.

Definition 2.13. A sequence of soft real numbers {3, } is said to be bounded above
if there is a soft real number M such that s, <M for all n € N. {5,} is said to be
bounded below if there is a soft real number 77 such that m<3, for all n € N. {5,}
is said to be bounded if it is both bounded above and bounded below.

Definition 2.14. A sequence of soft real numbers {3, } is said to be monotonically
increasing if m < n imply 5 <8n. {sn} is said to be monotonically decreasing if
m < n imply 8m>5n. {8, } is said to be monotene if it is either monotone increasing
or monotone decreasing.

Definition 2.15. A sequence of soft real numbers {3, } is said to be convergent if for
arbitrary £>0, there exists a natural number N such that for all n > N, |5 — 3,,| <¢.
We denote it by lim,, .o §, = §.

Theorem 2.16. A sequence of soft real numbers with respect to a finite set of
parameters which is monotonically increasing and bounded above is convergent.

Proof. Let {5,} be a sequence of soft real numbers with respect to a finite set
of parameters which is monotonically increasing and bounded above. Then Clearly
{5, (M)} is a sequence of real numbers which is monotonically increasing and bounded
above for each A\ € A. Then by the property of real numbers if follows that {s, (A)}
is convergent for each A € A. Let sy = limy, 00 5, (A), VA € A. Let § be a soft
real number such that §(\) = s), VA € A. Let £>0 be arbitrary. Then for each
A € A there exists ny € N such that, |5(X) — §, (A\)| < £(A), for all n > ny. Since
the parameter set is finite we can choose N( = max {ny; A € A} ) such that for all
n>N,|58\) =5, (N <&\, VA€ Aie, foralln > N, |5—3,|<¢ie., {5,}is
convergent. 0

Theorem 2.17. The infinite series 22021 Cr where ¢1, Co, ...,Cp... are soft real
numbers with respect to a finite set of parameters is convergent if the sequence {8, }
where §, = >, _, ¢ is monotonically increasing and bounded above.

Proof. This proof is similar to the above theorem and hence omitted. O

Definition 2.18 ([5]). Let C be the set of complex numbers and p(C)be the col-
lection of all non-empty bounded subsets of the set of complex numbers.A be a set
of parameters. Then a mapping

F:A— pC)

is called a soft complex set. It is denoted by (F, A).

If in particular (F, A) is a singleton soft set, then identifying (F, A) with the
corresponding soft element, it will be called a soft complex number.

The set of all soft complex numbers is denoted by C (4).
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Definition 2.19 ([5]). Let (F, A) be a soft complex set. Then the complex conjugate
of (F,A) is denoted by (F, A)and is defined by F(\) = {Z: 2z € F(\)}, VA€ 4,
where Z is complex conjugate of the ordinary complex number z. The complex
conjugate of a soft complex number (F, A) is F(\) = z;z € F()\),V\ € A.

Definition 2.20 ([5]). Let (F, A), (G, A) € C(A). Then the sum, difference, prod-
uct and division are defined by
(F+G)( )—Z—HU;ZEF()\)7 w e G(N\),VA € 4;
(F—G)(AN)=z—w;z€ F(A\), we G,V € A4
(F )()—zszF(/\),weG(/\),V/\eA;
(F/G)(N\) = z/w;z € F(X), w e G(N), YA € A; provided G(X) # @, VA € A.

Definition 2.21 ([5]). Let (F, A) be a soft complex number. Then the modulus of
(F, A) is denoted by (|F|, A)and is defined by |F| (X) = |z|;2 € F (A), VA € A, where
z is an ordinary complex number.

Since the modulus of each ordinary complex number is a non-negative real number
and by definition of soft real numbers it follows that (|F|, A)is a non-negative soft
real number for every soft complex number (F, A).

Let X be a non-empty set. Let X be the absolute soft set i.e., F(\) = X, VA € A,
where (F, A) = X. Let S(X) be the collection of the null soft set ® and those soft
sets (F, A) over X for which F'(\) # &, for all A € A.

Let (F,A)(# ®) € S(X), then the collection of all soft elements of (F, A) will
be denoted by SE (F,A). For a collection B of soft elements of X, the soft set
generated by 9B is denoted by SS(9B).

Definition 2.22 ([6]). A mapping d : SE(X ) x SE(X) — R(A)" , is said to be a
soft metric on the soft set X if d satisfies the following conditions:

(M1). d(&,§) >0, for all Z, jEX.
(M2). d(z,9) = 0, if and only if & = §.
(M3). d(z,7) =d (g, )for all yeX
(M4). For all Z,7,2€X,d (%, %) <d (z, y) +d (7, %)

The soft set X with a soft metric d on X is said to be a soft metric space and is
denoted by (X,d, A) or (X,d).

Definition 2.23 ([6]). Let (X,d) be a soft metric space, be a non-negative soft
real number and @€X. By an open ball with centre & and radius 7, we mean the
collection of soft elements of X satisfying d(&,a)<7.

The open ball with centre @ and radius 7 is denoted by B(a, 7).

Thus B (a,7) = {#€X;;d(7,a)<7} C SE(X).

SS(B (a,)) will be called a soft open ball with centre & and radius 7.

Definition 2.24 ([6]). Let (Y, A) be a soft subset in a soft metric space (X, d).
Then a soft element a is said to be an interior element of (Y, A) if 3 a positive soft
real number 7 such that @ € B (a,7) C SE(Y, A).

Definition 2.25 ([6]). Let V(f(,d) be a soft metric space and (Y, A) be a non-null

soft subset belonging to S (X) in (X, d). Then (Y, A) is said to be ‘soft open in X

with respect to d’ if there is a collection B of soft elements of (Y, A) such that B is
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open with respect to d and (Y, A) = SS(B). In a soft metric space (X, d), the null
soft set ® is considered to be soft open.

Theorem 2.26 ([6]). If a soft metric d satisfies the condition:

(M5). For (§,n) € X x X, and X € A, {d(Z,5)(N):2(N)=¢&9(\) =
singleton set, and if for X € A, dy : X x X — R is defined by dx (&, 77) =d(z
where &, JE€X such that & (\) = &,5 (\) =n. Then dy is a metric on X.

n} is a
) (A),
Proposition 2.27 ([6]). Let (X',d) be a soft metric space satisfying (M5). Then
for every open ball B (a,T) in (X,d) , SS(B(a,m) (N = B(a(N),7(N), an open
ball in (X, dy), for each \ € A.

Proposition 2.28. [[6]] Let (X,d) be a soft metric space satisfying (M5). Then
(F, A) is soft open with respect to d if and only if (F, A) (A\) is open in (X,dy), with
centre & (X) and radius 7 (A) for each A € A.

Definition 2.29 ([6]). Let (X d) be a soft metric space. A soft set (Y, A) € S(X),
is sald to be ‘soft closed in X with respect to d’ if its complement (Y, A)° is a member
of S(X) and is soft open in (X,d).

Definition 2.30 ([7]). Let V' be a vector space over a field K and let A be a
parameter set. Let G be a soft set over (V, A). Now G is said to be a soft vector
space or soft linear space of V over K if G(\) is a vector subspace of V, VA € A.

Definition 2.31 ([7]). Let F' be a soft vector space of V over K. Let G: A — p(V)
be a soft set over (V, A). Then G is said to be a soft vector subspace of F' if

(i) for each A € A, G()) is a vector subspace of V over K and
(i) FIA) 2G(\), VAe A

Definition 2.32 ([7]). Let G be a soft vector space of V over K. Then a soft
element of G is said to be a soft vector of G. In a similar manner a soft element of
the soft set (K, A) is said to be a soft scalar, K being the scalar field.

Definition 2.33 ([7]). Let X be the absolute soft vector space i.e., X (\) = X,
VA € A. Then a mapping ||.|| : SE(X) — R(A)" is said to be a soft norm on the
soft vector space X if ||.|| satisfies the following conditions:

(N1). ||#]| =0, for all & € X;

(N2). ||Z|]| = 0 if and only if & = ©;

(N3). ||a.Z| = |&| 12 for all #€ X and for every soft scalar &;

(N4). For all Z,5€ X, ||z + 7]l < |12 + [14].

The soft vector space X with a soft norm II H on X is said to be a soft normed
linear space and is denoted by (X, Il , A) or (X IIN- (N1), (N2), (N3) and (N4)

are said to be soft norm axioms.

Theorem 2.34 ([7]). If a soft norm ||.|| satisfies the condition
(N5). For§ € X, and X € A, {||Z]| (A) : £ (N\) = &} is a singleton set.
And if for each X € A, |.||, : X — R*" be a mapping such that for each & €
X, €]l = [12]| (\), where & € X such that & (\) = €. Then for each X € A, |||, is
a norm on X.
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Definition 2.35 ([7]). A sequence of soft elements {Z,, } in a soft normed linear space
(X, |, A) is said to be convergent and converges to a soft element 7 if ||Z,, — || — 0
as n — oo. This means for every £>0, chosen arbitrarily, 3 a natural number
N = N (&), such that 0< ||, — #|| <& , whenever n > N.

ie, n > N = &, € B(Z, €). We denote this by &, — & as n — oo or by
lim, o0 &y, = . T is said to be the limit of the sequence Z,, as n — oc.

Theorem 2.36 ([7]). Let (X, |||, A) be a soft normed linear space. Then
(i) if &, — & and §p, — § then Tn + §n — T+ 7.
(il) if @ — & and Ay — A then An.Zn — N&, where {\,} is a sequence of soft
scalars. . B
(iii) if {@n} and {gn} are Cauchy sequences in X and {\,} is a Cauchy sequence
of soft scalars, then {Z, +9n} and {X &} are also Cauchy sequences in X .

Definition 2.37 ([7]). Let (X,].]|, A) be a soft normed linear space. Then X is
said to be complete if every Cauchy sequence in X converges to a soft element of X
. Every complete soft normed linear space is called a soft Banach Space.

Theorem 2.38 ([7]). Every Cauchy sequence in R(A), where A is a finite set of
parameters, is convergent, i.e., the set of all soft real numbers with its usual modulus
soft morm with respect to a finite set of parameters, is a soft Banach space.

Definition 2.39 ([7]). A soft linear space X is said to be of finite dimensional if
there is a finite set of linearly independent soft vectors in X which also generates X,
i.e., any soft element of X can be expressed as a linear combination of those linearly
independent soft vectors.

The set of those linearly independent soft vectors is said to be the basis for X
and the number of soft vectors of the basis is called the dimension of X.

Theorem 2.40 ([7]). Every finite dimensional soft normed linear space which sat-
isfies (N5) and have a finite set of parameters, is complete.

Definition 2.41 ([6]). For two soft real numbers 7, § we define

(i) 7<5if 7(\) < 5(\), for all A € 4;
(if) 7>§if 7 (X) > §(A), for all A € A4;
(iii) 7<§if 7(A) < 5(N), for all X € 4;
(iv) 7>8if 7 (X) > §(A), for all X € A.

3. SOFT INNER PRODUCT AND SOFT INNER PRODUCT SPACES

Let X be a vector space over a field C' of complex numbers, X is also our initial
universal set and A be a non-empty set of parameters. Let X be the absolute soft
vector space i.e., X (M) = X, VA € A. We use the notation Z, g, Z to denote soft
vectors of a soft vector space and 7, 3, £ to denote soft real numbers whereas 7, s, ¢
will denote a particular type of soft real numbers such that 7(\) = r, for all A € A
etc. For example 0 is the soft real number where 0 (\) = 0, for all A € A.

Definition 3.1. Let X be the absolute soft vector space i.e., X (A) = X, VA € A.
Then a mapping (.) : SE(X) x SE(X) — C(A) is said to be a soft inner product
on the soft vector space X if (.) satisfies the following conditions:
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(I1). (&,%) >0, for all Z € X and (Z,#) = 0 if and only if Z = ©;
(12). (z,9) = (g Z) where bar denote the complex conjugate of soft complex
numbers;

(13). (a.&,§) = @. (&, §) for all #, §€ X and for every soft scalar &;

(14). For all Z,9€ X, (Z +§,2) = (2, 2) + (7, 2).

The soft vector space X with a soft inner product (.) on X is said to be a soft
inner product space and is denoted by (X, (.),A) or (X, (.)). (I1), (I2), (I3) and
(T4) are said to be soft inner product axioms.

Example 3.2. Let X = l3. Then X is an inner product space with respect to
the inner product (z,y) = > 2, &7 for o = {&}, y = {n:} of lo. Let 2,7 be soft
elements of the absolute soft vector space X. Then & (A\) = {&}}, 5 (\) = {n}} are
elements of 5. The mapping (.) : SE(X) x SE(X) — C (A) defined by (z,7) (\) =
Z;’il {f‘g = (T (N),g(N\)), VA € A, is a soft inner product on the soft vector space
X.

Let us verify (I1), (12), (I3) and (I14) for soft inner product.

(I1). We have (Z, )(A)z( (A),i(x\))zzllf)‘ >0,YA €A, Vi € X,

. (2,%)>0, for all 7 € X.

Also, (£,7) =0 < <5¢ z)
', (I1) is satisfied.

AN=0,V €A== T(\)=0,VAc A<= =06

12). We have, (z,9) (M) = (2 (1), () = (5 (A),Z(N)
=(0,%) (\),VA€ A, Vi, j € X. - (%,7) = (5, )
(I3) We have, (a.z, ) ()\)=<5(>\) A (A),7(N)
=a(A).(z ()7 j(A), VA€ A
= (a.(2,7)) (), VA € A.
- {a.z, y> a.(z,7) for all #,J€ X and for every soft scalar @.
( 4). For all 2,7, % € X,
(@+3.2) N =@ +7),Z(N)
= @A), (/\)er@ (A),2(N)

{Z+79,2) =(%,2) + (g, 2) . Thus (I4) is satisfied.
- {.) is a soft inner product on X and consequently (X, (.))) is a soft inner product
space.

Proposition 3.3. Let {(.),,A € A} be a family of crisp inner products on a crisp
vector space X. Then the mapping () : SE(X) x SE(X) — C(A) by (z,9) (\) =
(), g(\)y, VA€ A, Vi,g€ X is a soft inner product on the soft vector space
X.

Proof. The proof of this proposition is similar to the above example and hence
omitted. g

Corollary 3.4. Ewvery crisp inner product (.)y on a crisp vector space X can be
extended to a soft inner product on the soft vector space X.

Proof. First we construct the absolute soft vector space X using a non-empty set of
parameters A.
158



Sujoy Das et al./Ann. Fuzzy Math. Inform. 6 (2013), No. 1, 151-170

Let us define a mapping (.) : SE (X) x SE (X) — C(A) by

(Z,9) (A) = (E(A),§ (V) x, VA€ A, Vi, jEX.

Then using the same procedure as in Example [3.2] it can be easily proved that (.)
is a soft inner product on X.

This soft inner product is generated using the crisp inner product ||.|| i and it is said
to be the soft inner product generated by |.|| y.

Remark 3.5. The soft inner product (.) as defined in Example 3.2 satisfies the
condition
(I5). For (§,n) € X x X and X € A,
{{(%,9) () : &, §EX such that & (\) =& §(\) =n}
is a singleton set.

Theorem 3.6. (Decomposition Theorem). If a soft inner product {.) satisfies the
condition (15), and if for each A € A, (.), : X x X — C be a mapping such that for
all (€,m) € X x X, (£,n), = (Z,7) (\), where 7, §EX such that & (\)= &, §(\) = 1.
Then for each A € A, (.), is an inner product on X.

Proof. Clearly (.), : X x X — C is a rule that assigns an ordered pair of X to
a crisp complex number VA € A. Now the well defined property of (.), , VA € A
follows from the condition (I5) and the soft inner product axioms gives the inner
product conditions of (.), , VA € A. Thus the soft inner product satisfying (I5)
gives a parameterized family of crisp inner products. With this point of view, it also
follows that, a soft inner product, satisfying (I5) is a particular ‘soft mapping’ as
defined by P. Majumdar, et al. in [I5] where (.) : A — (C)***. O

Proposition 3.7. Let (X,(.),A) be a soft inner product space, Z, i, 2 € X and
a, B etc. be soft scalars. Then

() (@ + B, 2) = @@, 2+ 5 2);

(ii) (2, &) =a.(z, );

(i) <x &jj + 52> =T, §) + B3, 5).

Proof. (i) We have, (@& + 37, z> — (GF, 3) + <Bg, z> =&z, 3+ 55, ).
(i) (2, ag) = (ag, &) = a.(g, &) = a. (T, 7). B
(iid) <a: &+ Bz> - <ag + 3z, :r> - W%ﬁé? x> =G, D+B.G T) =
a(E, §) + 6. (7, 3). O

Theorem 3.8. (Schwarz inequality). Let (X,(.),A) be a soft inner product space
satisfying (I5). Let &, 4, 2 € X and &, (3 etc. be soft scalars. Then |(&, §)| < ||Z||. |7l

Proof. (i) If & be a soft scalar, then (& + a7, & + ag) >0 i.e.,
(3.1) (T, &) + (5.7 ) +a. (& §)+al* (@ §)=0
If (§, §) =0 then § = © and so (Z, §) = (&, ©) = (#,0. ©) =0 and in this case
the inequality is proved.
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In case (7, §) >0; Let & = — g ?;i Then we obtain from (3.1)

- - - + Z
[l I31/* [l
ie., 3] - ELEDSD e, (7, ) 23] 3]
Next let § # © be such that (7, >)$O then (g, §) # 0. Let C C A be a set of
parameters such that (g, 7) (A) = (g (A),5(N)), > 0; for A € C and (g, ) (\) =
0= (G(\),g(N),, i.e., 7(A) = 0 ; for A € A\C. In this case both the sets C' and
A\C' are non-empty. For S A\C, (@, 9)(A) =@\, g(\), = (T(N),0), =
((N),0.0),=0=0(N).

17l - @ 9P @ 9-E g, 1&g i)

Thus,
(3-2) 1@, o)1 (A) = ([Z]l - lgl]) (A), VA € A\C.
Since (X, (.), A) satisfies (I5), we get from (3.1), for all A € C, (F(\),Z(\), +

(X
NG E )y +a )@, +1al* (W) G, §(N), =0
A

let @ (\) = % Then from (3.1) we get,

g2 LEQL TN @) TO)LEX) TN, | EX T,
[EZeSIIN Rt Al A e
[2eSI R 17 (M1l 15 (M)l

. ~ A A A A ~ ~ 2 ~ 2 1~ 2
fe., | ()~ HEEIAECIIAN > 0, e, [(F (A), 5 (A < 1@ VI 15 W11,

>0

i.e.,

(3-3) (@, o)l (A) < (Izll- gl (A), vA e C.
From (3.2) and (3.3), it follows that [(Z, 7)| (A) < (|2 . |9]) (A), VA € A.
@ Pl Izl 9]l R

Proposition 3.9. Let (X,(.),A) be a soft inner product space satisfying (15). Let
g, 2€X anda ﬂ etc be soft scalars. Then

() 12+ g1 + 12 — gl1* = 2012* + 2[|g||* (Parallelogram law);

i) (& 3) = Mz +al> - & —9° + | +79)° -7 ||z —7|"} (Polarization
identity).

(iil) imy—oo Bn = &, liMp—oo Y = Y, then (Tn, Jn) — (T, §) as n — 0.

Proof. (i) |2 +3[* + 12 — 91> = (& + 5, % + §) + (& — §, % — )
=(z, )+ (9,7 ) + (Z, z)>+<.7], 2)>+<i°, ) — (9,2 ) — (2, §)+ (Y, )
=2(3, ) +2(7, §) = 2% +2)3l”.

(ii) We have

(3.4) 17 +31° = @+ 5.2 +5) = |121° + 171” + (5,7 ) + (%, §)
In (3.4) replace y by —y, 1y, —iy then we obtain
12 = g1* = 1&° + 191 - @,% ) — (&, §)
|7 +7g||* = 121> + 171* +7 (5,7 ) —7(z, §) and
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|E —gﬂH 1Z1° + |§]1> =7 (g, & ) +3 (&, §) Or what are same as
(3.5) — 112 = glI* = = 1121* = |191* + (5, % ) + (&, §)
(3.6) i@+l =lz* + gl - 5.7 ) + @ 5)
and

(3.7) iz 7" = <zl ~ 3l - @.2) + (& 9)

After adding (3.4)), (3.5)), (3.6) and (3.7) the right hand side becomes 4 (Z, ) and
that proves the identity.

(iii) If lim, oo &, = Z, then the sequence {||Z, ||} is bounded. Let ||Z,|| <M for
n=123,... -
Now, [(Zn, §n) = (%, §)[ <[{
— |(Ens G — ) — (Fn — 5, §
SMA|gn = gl + |20 — 2] - 1|71

s yn> <-i'n7 g> + <jn7 g) - <-%a g)l
<&l g0 = Gl + 120 — 2] - 1|3
— 0 asn — 00. So, (Tn, Un) — (T, 7). O

__3

Theorem 3.10. Let (X,(.),A) be a soﬁ inner product space satisfying (15). Let us
define ||.|| : X — R(A)* by |z|| = \/(Z, &), for all z€ X. Then ||.|| is a soft norm
on X satisfying (N5).

Proof. We have, (N1, N2) 12| = /(& z)>0, for all Z€X, and [|Z]| = 0 <
(z, 7) = 0 < & = O [using (I1)]

(N3). ||a.z|| = V(a.7,a. 7) = \/a. (F,a. 7) = \Ja.a. (&, 3) = |a| /(E, ©) =
|a| . ||Z|| for all # € X and for every soft scalar &. [using (I2)].
(N4). We have, [+ §|* = (2 +3. & +§) = (T, &) + (& §) + G &)+ (G, )

(3:8) = 21 + 131° + (7.2 ) + (. 9)
Now, since (.) satisfies (I5), we have [(Z, §)|<||Z||. ||| and so
1@, 2) | =1, pI< |zl 1]
So, |(&, §) + (5, )| <[z, B+ (G, 7)1<2[Z] - |5]]- But
(z, )+, 2) = (2, y) + (T, 9)

is a soft real number. Hence, (Z, §) + (g, ) <2||Z||.||7]|. So, from (3.8),

~ ~12 =01 ~112 ~112 ~ ~ ~ ~11\2
12 +gl"<llZ" + g™ + 21zl - gl = (lz]l + llgl)"

Hence, ||Z + 3| < ||#]| +||7]|. Hence ||.| is a soft norm on X. Further since (.) satisfies
(I5). For (£,n) € X x X and A € A, {(Z,9) (A\) : 2 (\) =&,5(\) =n} is a singleton
set. Therefore, For £ € X and A € A, {||Z|| (A\) = (Z,Z) (A) : & (X) = £} is a singleton
set. Thus, ||.|| satisfies (N5). O
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Remark 3.11. From the above theorem it follows that every ‘soft inner product
space’ which satisfies (I5) is also a ‘soft normed linear space’ which satisfies (N5) with
the soft norm defined as above. With the help of this soft norm, we can introduce a
‘soft metric’ on X by the formula d (Z,9) = || — gl = /(& — 9, & — ).In a similar
way as above, it can be proved that, this soft metric satisfies (M5).

Remark 3.12. The converse of the above theorem is however not true. For example
consider X =1[,(p > 1,p # 2). Then X is a normed linear space with respect to the

norm ||z|| = (32, |§i|p)1/p for x = {&;} of [,,. Let & be a soft element of the absolute
soft vector space X. Then # (\) = {€}} is an element of /,. Then it is easy to verify

that the mapping |.|| : SE(X) — R(A) defined by [|Z||(\) = >, |§i|p)1/p =
|1Z (N)||, VA € A, is a soft norm on the soft vector space X. Obviously this soft
norm satisfy (N5). Let us define d : SE(X) x SE(X) — R(A) by d(z,9) = ||z — 9],
V:%,gng. Then it is simple to verify that (X,d) is a soft metric space satisfying
(M5).

We now show that the soft norm |.|| of X cannot be obtained from a soft inner
product. We verify this by showing that such a norm does not satisfy parallelogram
law. Let us consider soft elements Z1,7; of X such that for each \ € A, &4 (A =
{1,1,0,0,....} € I, 91 (A) = {1,-1,0,0,....} €l,. Then ||Z1] = |51l = 37 and
|21+ 91]| = ||Z1 — 1]] = 2. We see that if p # 2, then the parallelogram law does
not hold. Hence for p # 2, X is not a soft inner product space.

4. SOFT HILBERT SPACE AND ITS PROPERTIES

Definition 4.1. A soft inner product space which satisfies (I5), is said to be com-
plete if it is complete with respect to the soft metric defined by soft inner product.
A complete soft inner product space is said to be a soft Hilbert space.

Example 4.2. The soft inner product space (X, (.), A) defined as in Example [3.2]

with the parameter set A being a finite set, is a soft Hilbert space. Obviously

(X,(.),A) satisfies (I5). We recall that /5 is a complete metric space with respect
1

to the metric d (z,y) = (> iy [& — ni|?)? for z = {&}, y = {m} of l. Let Z,§ be
any two soft elements of X, then # (\) = {&}}, 5 ()\) = {n}} are elements of 5. It
can be easily verified that the mapping d : SE(X) x SE(X) — R (A) defined by

1
2

d(@,9) (V)= 2, |8 - n;\}Q) = d(z (N),5(N\), YA € A, is a soft metric on the
absolute soft set X.

Let {Z,} be a Cauchy sequence of soft elements in (X ,d). Then corresponding
to every 850, 3 m € N such that d(Z;,&;) <&, ¥V i,j > m; ic., d(&,%;) (\) =
d(@;(N),z;(N) < E\), VA € Aand V i,j > m. Thus {Z, ()\)} is a Cauchy
sequence of elements in X. Since X is complete, {Z, (A\)} is convergent for each
A € A. Let £50 be arbitrary. Then corresponding to every A € A there are elements
zx € X and a positive integer Ny such that d(Z, (\),zy) < €(A) for n > Nj. Let
us consider the soft element # of X such that & (\) = z, VA € A and a positive
integer N such that N = max {N), A € A}. Such N exists, since A is finite. Then
(%, T)<E , whenever n > N. This proves that {Z,} is convergent and hence (X , d)

is complete.
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1/2

Now we have \/[F =% 9) () = (52, 6 = )€ 1)
:4zzJ8—mlf—dzy(w,WeA.

Therefore, d (Z,9) = \/{Z — ¢, & — 7), Vi, j€X. Thus the soft metric d is induced
by soft inner product (.) and the soft metric space (X ,d) is complete. Hence

(X, (.),A) is a soft Hilbert space.

Theorem 4.3. A soft Banach space which satisfies (N5) is a soft Hilbert space if
and only if the parallelogram law holds.

Proof. For simplicity, we consider the underlying soft linear space of a real vector
space. We have already noted that in every soft inner product space which satisfies
(1), parallelogram law holds and also every soft inner product space which satisfies
(I5), is also a soft normed linear space which satisfies (N5) and in both spaces
completeness is based on the completeness of the soft metric obtain from them.
Thus, it is clear that a soft Hilbert space is a soft Banach space which satisfies (N5),
where the parallelogram law holds.

We now suppose that X be a soft Banach space which satisfies (N5), where the
parallelogram law holds. We introduce a soft inner product on X by (z, §) =

T ST
i +a1* -1z -}
Clearly, (%, Z) >0, and (Z, &) = 0 if and only if 2=0; Also, (&, Z) = ||Z]|* and
(Z, §) = (g, 7 ); therefore we should verify the other two axioms
(I13). (a.7,9) = a. (z, ) for all Z,5€ X
and for every soft scalar Q;
(I4). For all Z,9€ X, (T + 4, 2) = (%, Z) + (7, 2).
By parallelogram law we obtain,
i+ 04 @|° + ||a+ 0 — @ = 2||a+o||* + 2||@|* and
i@ — 04| + ||t — 0 — @ = 2||a — 8||* + 2/|@||°. On subtraction, we obtain
i+ 5+ ®|* + i@+ 5 — @)~ ||@ — 0 + @] [|a — 5 — @ = 2)|a+ 9)|*—2)|a — 5|
By the definition of soft inner product we have

(@+o,@) + (@ — 0, @) = 2 (@, 7).

If weset T =u+v,y=u—0v and Z = w, then we obtain

(#,2) +(9,2) = (T +9,2) .

The relation (a.#,7) = a. (Z,9) for all #, € X and for every soft scalar &; may be
proved similarly. This proves the theorem.
In the complex case, we take the inner product of z,y as

~ ~ 1 ~ ~ ~ ~ - ~ o~ - ~ o~
(@, 9) = g a -+ 31 — 15— g1 +ill + 9] * ]| 7]}

5. ORTHOGONALITY IN SOFT HILBERT SPACES

In the rest of this paper the symbol H stands for a soft Hilbert space.
163



Sujoy Das et al./Ann. Fuzzy Math. Inform. 6 (2013), No. 1, 151-170

Definition 5.1. Let L be a non-null soft subset of H such that L (\) # @,V\ € A.
Two soft vectors &, § of H are said to be orthogonal if (@, 9) = 0. In symbol,
we write Z1y. If & is orthogonal to every soft vectors of L then we say that 7 is
orthogonal to L and we write ZLL.

Example 5.2. Consider the soft Hilbert space (X,(.),A) as in Example 4.2, Let
us consider soft elements &1, #,...%,,... € X such that for each A € 4, #; (\) =

{2,0,0,...}, 22(A) ={0,2,0,... }, ..., 2, (A) ={0,0,0,...,2,... },...

Then we have (Z;, &;) =0 for i # j.

So, ¥; is an orthogonal to &; for ¢ # j.

Theorem 5.3. (Pythagorean theorem). If &, § € H and &L, then ||& +|> =
S12 12 o2 12 12

21"+ |g[1™ and |2 = g[I” = [|Z]" + lg]"-

Proof. We have ||:%—|—Q|| = <x+ 7,7 + y) (Z,z) +(x, 9) + (9,2) + (g, §) =
(@,2) + (@, ) = %>+ |7 and Hx*yH =(@- 92— 9 = (@2 — (T 7
(9,8 + (@, §) = (&) + @ §) = |2]” + 13]*. O

Definition 5.4. Let S be a non-null soft subset of H such that S (\) # @,V €
A. Then the set of all soft vectors of H orthogonal to S is called the orthogonal
complement of S and is denoted by S=. SS(S'J-) will be called the soft orthogonal
complement of S.

Theorem 5.5. (i) {6} = H, {I:I}L = 0;
(i) If S be a non-null soft subset of H such that S(\) # @,YA € A, then
SE (s) nst = {ey;
(iii) If S1CSoCH then Si D Si and hence SS(Si-)SSS(S5-).
Proof We prove only (iii). For iéSQ = T is orthogonal to every soft vectors of

Sy = 7 is orthogonal to every soft vectors of S (since S1CSyCH ) = iéﬁf
Hence S O Si-and consequently SS(S1)555(S5). O

To prove the next proposition we first prove the following lemma.

Lemma 5.6. Let (X,gl) be a soft metric space satisfying (M5). Then for every soft
closed set (Y, A) € S§(X), the sets Y (X) is closed in (X,dy) for each X € A.

Proof. Let (Y, A) € S(X) be soft closed in (X, d) satisfying (M5).Then (Y, A)° is a
member of S(X) and is soft open in (X, d). Now by Proposition 2.28, it follows that
(Y, A)°(\) =Y ()) is open in (X, d)) for each A € A. Then

[Y¢(X)]°= Y()) is closed in (X, dy) for each \ € A. O

Proposition 5.7. Let~C~’ be a soft closed subset of a soft inner product space (X, {.), A)
satisfying (15). Then C () is a closed subset of the inner product space (X, (.),), VA €
A.

Proof. From the Remark 3.11, we know that Every soft inner product space satis-

fying (I5) is also a soft metric space satisfying (M5). Also using the above lemma it

follows that for a soft closed set C' of a soft inner product space (X, (.)) satisfying

(15), C'()) is a closed set for each A € A. O
164



Sujoy Das et al./Ann. Fuzzy Math. Inform. 6 (2013), No. 1, 151-170

Theorem 5.8. Let C be a soft closed convex soft subset of a soft Hilbert space H
and having a finite set of parameters A. Then C contains a unique soft vector of
smallest soft norm.

Proof. Since H is a soft Hilbert space, it satisfies (I5) and hence C ()) is a closed
convex subset of the Hilbert space H (\), YA € A. Let us consider the soft real
number d defined by d (\) =inf {||Z]| () (= ||& (A M), z€ C~'} YA € A. Then for
each \ € A, there exists a sequence {#, 1} of soft vectors of C' such that [Znall (A) =
1Zn 2 (M, — d(\). Let us consider the sequence {f, } of soft vectors of C' such that
Un () = Ty (1) Vo € Ao Let €50 be chosen arbitrarily. Then £(X) > 0, VA € A.
Since [|Znx (M), — d()\) , 3 a natural number Ny = N,(E())), such that 0 <
1 Zax My —d(N) | < E(N) , whenever n > Ny ie., 0 < [[[Gia]| () —d (V)| < E(N)
ie., ||inll—d] (\) < E(\) , whenever n > Ny. Let N be a positive integer such that
N > Ny, YA € A, (such an N exists because A is a finite set) then | [|g,|| — d| (\) <
g(\) , whenever n > N, for all A\ € A i.e., | |||l — d|<& whenever n > N. Thus
|gnll — d as n — co. Now G, GmeC and since C' is convex, (fn+ §m)/2€C and
therefore ||(Jn+ §m)/2|| >d i.e.,

(5.1) G0+ Gl >2d

Using parallelogram law, we get

2 2 c 2 e e 12300 112 =2 7
(5:2)  Fa— Tl = 20Fnll” + 2l Gull® = G0+ Gnll*<20Gnll” + 21| Gonll” — 4d°
from (5.1).
Since ||| — d as n — 00, ||[fim|| — d as m — oo, the right hand side of (5.2) tends
to 2d2 + 2d2— 4d® = 0 as m,n — 0. So {@n} is a Cauchy sequence. Since H is
complete, 3 §JEH such that 7, — 7. Then §, (A) — 7 (A), VA € A. Since C ()) is a
closed, 7 (\) € C(\), VA € A. ie., §€C. So, ||| = lim, e |7n] = d.

*. 9 is a soft vector of C with the smallest norm. }
Let i/ be a soft vector of C' such that HQ/H = d. Then C being convex, we have,

(7+ 9/)/2€C and also,

(5.3) |+ 3)72| 2d

Applying the parallelogram law, we obtain H (g4 7/) /2” |y|| /2 + Hy/H /2 —

G- 5)/2]° # 11gl /2+ﬂy/H [2=d (if§# §/)
(g+ g/)/QH #d. This contradicts (5.3) and so §= §/. This proves the
theorem. 0

6. ORTHONORMALITY IN SOFT HILBERT SPACES

Definition 6.1. Let H be a Hilbert space. Then a collection B of soft vectors of
H is said to be orthonormal if for all Z, § € B

@ 0= {

= Ol
—
-k
ISh}
TS
<
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If the soft set 2B contains only a countable number of soft vectors then we can arrange
it in a sequence of soft vectors and call it an orthonormal sequence.

Example 6.2. Consider the soft Hilbert space (X, (.),A) as in Example [4.2] Let
us consider soft elements &1, #,...%,,... € X such that for each A € A, #; (\) =
{1,0,0,...}, 22 (A\) ={0,1,0,...}, ..., %, (A\) ={0,0,0,...,1,... },...

Then we have (Z;, Z;) =1 and (&;, &;) =0 for ¢ # j.

So, {Z,} is an orthogonal sequence in (X, (.), A).
Theorem 6.3. An orthonormal set of soft vectors is linearly independent.

Proof. Let B be an orthonormal set and B = {ay, @s, ..., a,}. Suppose that é;. a;+

Ca. Qo + .. + ¢y. @, = O, where ¢q, Co, ..., ¢, are soft scalars. Then if 1 <j<n
n n
0=1(0, a;) = <Zak. ks, aj> = & lax, ;) = ¢ (@, a;) =¢.
k=1 k=1

So ¢; = 0 for each j = 1,2,..,n. This proves that any orthonormal set consists of
a finite number of soft vectors is linearly independent. If B consists of an infinite
number of soft vectors then from definition of linearly independence of soft vectors
it follows that 9B is linearly independent. O

Theorem 6.4. (Bessel’s inequality). Let &y, Qa, ..., 0y, . ... be an orthonormal se-
quence in a soft Hilbert space H. Then for every & € H, > .o, | (%, ;) < 1Z)°.

Proof. Let n be any positive integer and let a = (&, ;). Then

62 <53 - Z?:l gz’&ia T — Z?:l gj&j>

) — <:%, i gjaj> - <Z?:1 &idi, 57> + <Z?:1 &, i1 gjaj>

LB = S &4, ) — S & (s )+ T & (F T 63

BB - Y G~ Y &6+ Y, Y &6 (@, &)

=8P - &) - B s B = e - o 8] se.

S &) S IEP e, S0 (&, di) [P< [|#]%. Since this is true for any positive

integer n, the infinite series
S 1(F, @) |? is convergent and S20°, | (7, &) |*< [|Z]|°. O

ISh}
ISh}

)

]

=
= {
=

Lemma 6.5. If {Z,,Z,.....,&,} be an orthogonal set of soft vectors in H, ie.,
T Lz # 7, 4,5 =1,2,..,n, then

|Z1 +F2 + -+ Eall* = |27 + 1l + - + |20l
Proof. We have (i;,4;) =0 for i # j and so |0, & = <2;;1 50 fj> -
R =2
i Z;:1 (#4,25) = 3002y I1Z]° O
Definition 6.6. Let {Z,,} be a sequence of soft vectors in a soft normed linear space
(X, |.Il,A). If 3, = 1 +F2+ - -+, and if there exists S€X such that ||5,, — 3| — 0
as n — 00, then the infinite series Z14+Zo+- - -+Tp+- - - = 2211 T is said to converge

to 5 in the soft norm of X and we write § =F1 + To 4+ + Tp + - = D poy Tk
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Theorem 6.7. If ai,qz,...,Qn,.... be an orthonormal sequence in a soft Hilbert
space H having a finite set of parameters. Then the infinite series

>k Gk ———(%)
where €1, Co, ...,Cn... are soft scalars, is convergent if and only if the series
S22 L |ér]? s convergent.

Proof. Let §, = ¢1a1 + Colia + -+ + Gy and 0, = >0y |Ei|2. Now, {a,} is
orthonormal, so using the technique of Lemma 6.5, we obtain for n > m
n
~ - ~ ~ ~ ~ S~ 2 S 2~ o~
||3n - SmH = ||cm+1am+1 + Cmt+2Qmy2 + -0+ Cnan” = Z |CZ| =0n — Om-
i=m-+1

So, {5,} is a Cauchy sequence in H if and only if {5, } is a Cauchy sequence of soft
real numbers. Since the set of all soft real number with a finite set of parameters is
Complete and H is also complete, it follows that {5,} is convergent if and only if
{Gn} is convergent. O

Theorem 6.8. If the series (*) converges to & then ¢, = (%, ag), k=1,2,..,n.

Proof. For any positive integer n, let 5, = ¢ia; + s + -+ + ép,. We take
the soft inner product of §,, and &;. Then using the orthonormality of {¢;}, we get
(8n, a;) = ¢&; for j =1,2,..k and k < n. Since §,, — & as n — oo and using the
properties of soft inner product, we have &; = (3, &;) — (&, &;).

So, a; = (&, a;), for j = 1,2,.,k. Since k may be taken as large as we please
because n — oo, we have a; = (Z, a;), for j =1,2,.... O

Theorem 6.9. If the series (*) converges to @ then ||z = >y |ex|®.

Proof. Let §, = ¢ia1+ éaqs+ ---+Epq,. Then, by assumption, §,, — Z as n — oo.
S0, (3n, 3n) — (%, @) = |Z||*. But

n n
(8, 8n) = < &idi;, Zéjaj>

i=1 j=1
n n
= Z Z ¢icj (@i, @)
i=1 j=1
n
= @a
i=1
n
o
=2 la
i=1
Therefore we have [|Z]* = 377, |é&]*. O
Theorem 6.10. If ay, s, ...,Qn,.... be an orthonormal sequence in a soft Hilbert

space H having a finite set of parameters.
Then for any & € H, (z — Y o, (%, &) &;)La; for each j.
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Proof. By Theorem [2.17 and Theorem [6.7, the series >, (¥, &;)@; is convergent.
Let § = Zf; <.’f}, &z> &'z and §n = E?:l <$E‘, &Z> &z
Then if 1 S] S n (.’i, &J> - <§n, &J> = <i’, &j> - <Z?:1 <.’f$, &z> &i, &J> = <i‘, &J> -

(z, @;) =0, giving that (z, &;) = (5,, &;). Now we have

<f—z<5:, i) ag, aj> = (¥ -5, a;) = (&, ;) — (5, @)

= <9~37 a]> - <lzm§na aj> = <:ia a]> —lim <§Tlﬂ a]>

Thus the result follows. O

Definition 6.11. Let B be a non-null collection of orthonormal soft elements of
H. Then B is said to be complete orthonormal if there exists no orthonormal set ©
such that ® is a proper subset of B.

If the set B contains only a countable number of soft elements then we call it an
complete orthonormal sequence.

Let S be the collection of all soft vectors & of H such that & (\) # 6, YA € A,
together with the null soft vector ©.

Then for a non-null soft vector § € S implies ¢ (A) # 6, VA € A.

Theorem 6.12. Let oy, aa,. .., 0, . ... be an orthonormal sequence in a soft Hilbert
space H having a finite set of parameters. Then the following conditions are equiv-
alent:

(i) {an} is complete;
(ii) Vz € S, Tlay fori=1,2,.. implies T = ©;
(iti) For all & € H, with (& — Y02, (¥, &) a&;) € S, &= Y00 (%, &) a;;
(iv) For all & € H, with (¥ — Y72, (%, &) a;) € S, ||E)° = 30, | (& &) .

Proof. (i) = (ii). If (ii) is not true, then there exists a soft element € S such that
Z#0 and Zla; for i =1,2,.. Then & (A) # 0, VA € A. Since H satisfies (I5), we
must have [|Z (\)||,, = [|Z|| (A) # 0, VA € A, i.e., ||Z] >0. Let & = #/||Z||. Then ||&| =
1 and ala; for = 1,2,.... . So {&,&1,d2,...,Qp,....} is a orthonormal set such
that {&1,&2,...,&n,....} C {&,&1,&2,...,&n,....} and {&1,&2,...7&n,....} #
{a,aq,q9,...,0y,....}. That contradicts that {c,} is complete. Hence (ii) holds.

(ii) = (iii). By Theorem [6.10, (& — > .=, (¥, &;) &;)La; for each j and by the
given condition (& — > "7, (Z, &;)&;) € S, s0 by (il) T — Y ooy (&, a;)a; = O e,
&= (&, &) di.

(iii) = (iv). Since {a,} is orthonormal and (Z — Y .- (%, &;) &;) € S, we have
1317 = (3, ) = (X2 @ a0 d 52 (@ 65) ;)
_ <z¢mz§:1 (&, &) im Y (7, aj>aj>
= tim (X, (7, @) @, Sy ()65 )

. n ~ ~ ~ ~ . n ~ —~ 2 o0 ~ ~ 2
=lim Y (%, ai) (T, o) = lim Y, [(&, aq) |7 =320 [ (&, aq) |

(iv) = (i). If {@,} is not complete, then {ay,ds,...,ay,....} is a subset of an
orthonormal subset say {&, &y, d2,...,ap,....} such that {ay,qs,...,ap,....} #
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{@,ay1,d9,...,0n,. ...}, where ||a|| = 1. Now alq; for=1,2,..... So (@, &;) =0,
ie, (@, a;)a; = O, for i = 1,2,.... .and hence Y .o, (&, ;) a; = O but since H
satisfy (I5) and ||&|| =1 so & (\) # 6 for any XA € A. Thus (& — > o, (&, &;) &) €
S and then from (iv) we get [|@l|> = 0%, (@, @)[°=0 = @ = © and that
contradicts ||a|| = 1. So (i) is true. O

Definition 6.13. Let ay, s, ..., ap, . ... be a complete orthonormal sequence of soft
vectors in a soft Hilbert space H. Then (Z, ;) are called the Fourier coefficients
of Z, the expansion = > =, (%, &;)&; is called the Fourier ezpansion of Z and

Iz = Yoo @, @) |? is called Parseval’s equation, all with respect to the sequence
{an}.

7. CONCLUSIONS

In this paper we have introduced a concept of soft inner product on a soft linear
space. Some basic properties of soft inner product spaces has been investigated with
examples and counter examples. Soft Hilbert spaces has been defined and some basic
properties of soft Hilbert spaces are also investigated. Properties of orthogonal and
orthonormal sets in soft Hilbert spaces are studied. There is an ample scope for
further research on soft vector spaces and soft inner product spaces.

Acknowledgements. The authors express their sincere thanks to the Referees
for their valuable suggestions in rewriting the paper in the present form. The authors
are also very much thankful to the Editors-in-Chief and the Managing Editors for
their valuable advice.

This work is partially supported by the Department of Mathematics, Visva Bharati,
under the project UGC SAP (DRS) Phase — II.

REFERENCES

[1] H. Aktas and N. Cagman, Soft sets and soft groups, Inform. Sci. 177 (2007) 2226-2735.

[2] M. 1. Ali, F. Feng, X. Liu, W. K. Min and M. Shabir, On some new operations in soft set
theory, Comput. Math. Appl. 57 (2009) 1547-1553.

[3] D. Chen, The parametrization reduction of soft sets and its applications, Comput. Math. Appl.
49 (2005) 757-763.

[4] Sujoy Das and S. K. Samanta, Soft real sets, soft real numbers and their properties, J. Fuzzy
Math. 20(3) (2012) 551-576.

[5] Sujoy Das and S. K. Samanta, On soft complex sets and soft complex numbers, J. Fuzzy Math.
21(1) (2013) 195-216.

[6] Sujoy Das and S. K. Samanta, On soft metric spaces, J. Fuzzy Math. Accepted.

[7] Sujoy Das, Pinaki Majumdar and S. K. Samanta, On soft linear spaces and soft Normed linear
spaces, Communicated to Ukrainian Math. J.

[8] F. Feng, Y. B. Jun and X. Zhao, Soft semirings, Comput. Math. Appl. 56 (2008) 2621-2628.

[9] F. Feng, C. X. Li, B. Davvaz and M. I. Ali, Soft sets combined with fuzzy sets and rough sets:
a tentative approach, Soft Computing 14 (2010) 8999-9911.

[10] Y. B. Jun, Soft BCK/BCI-algebras, Comput. Math. Appl. 56 (2008) 1408-1413.

[11] Y. B. Jun and C. H. Park, Applications of soft sets in ideal theory of BCK/BClI-algebras,
Inform. Sci. 178 (2008) 2466—2475.

[12] Z. Kong, L. Gao, L. Wong and S. Li, The normal parameter reduction of soft sets and its
algorithm, Comput. Math. Appl. 56 (2008) 3029-3037.

[13] P. K. Maji, R. Biswas and A. R. Roy, An application of soft sets in a decision making problem,
Comput. Math. Appl. 44 (2002) 1077-1083.

169



Sujoy Das et al./Ann. Fuzzy Math. Inform. 6 (2013), No. 1, 151-170

[14] P. K. Maji, R. Biswas and A. R. Roy, Soft set theory, Comput. Math. Appl. 45 (2003) 555-562.

[15] P. Majumdar and S. K. Samanta, On soft mappings, Comput. Math. Appl. 60 (2010) 2666
2672.

[16] D. Molodtsov, Soft set theory first results, Comput. Math. Appl. 37 (1999) 19-31.

[17] D. Pie and D. Miao, From soft sets to information systems, Granular Computing, 2005, IEEE
International Conference, Volume 2, 617-622.

[18] M. Shabir and M. Irfan Ali, Soft ideals and generalized fuzzy ideals in semigroups, New Math.
Nat. Comput. 5 (2009) 599-615.

[19] M. Shabir and M. Naz, On soft topological spaces, Comput. Math. Appl. 61 (2011) 1786-1799.

[20] Y. Zou and Z. Xiao, Data analysis approaches of soft sets under incomplete information,
Knowledge-Based Systems 21 (2008) 941-945.

Sujoy DAS (sujoy-math@yahoo.co.in)
Assistant Professor, Department of Mathematics, Bidhan Chandra College, Asansol-
4, West Bengal, India

SYAMAL KUMAR SAMANTA (syamal_123@yahoo.co.in)
Professor, Department of Mathematics, Visva Bharati, Santiniketan-731235, West
Bengal, India

170



