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1. Introduction

In dealing with the uncertainties inherent in the problems of physical science,
biological science, engineering, economics, social science, medical science etc., various
theories such as probability theory, fuzzy set theory, and rough set theory were
developed. In 1999, Molodtsov [11] proposed a new approach, viz. soft set theory,
for modeling vagueness and uncertainties, and in 2001-03, Maji et al. [7, 8, 9] worked
on some mathematical aspects of soft sets, fuzzy soft sets, and intuitionistic fuzzy soft
sets. After that, many researchers have implemented different algebraic structures
on soft sets and shown several applications in the process. Aktas and Cagman [1] in
2007 introduced a basic version of soft group theory which was further extended to
fuzzy soft group by us [12]. Feng [3] in 2008, introduced soft semirings; Shabir and
Ali (2009) [13] studied soft semigroups and soft ideals. Kharal and Ahmed [6] as well
as Majumdar and Samanta [10] defined soft mappings etc. Recently in 2011, Shabir
and Naz [14] gave a definition of soft topological spaces on the collection of soft
sets. Later on, Cagman et al. in [2] and Hazra et al. in [4] defined soft topologies
in different manners. In 2011, Hussain and Ahmad [5] studied some properties
of soft topological spaces, and, in 2012, Zorlutuna et al. [15] gave some remarks
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on soft topological spaces. As a continuation of this, it is natural to insvestigate
the behaviour of topological structures in soft set-theoretic form. To this end, we
introduce in this paper a notion of neighbourhoods in Shabir and Naz-type [14] soft
topological spaces, and study some of its properties. The organization of the paper
is as follows:

Section 2 is the preliminary part where definitions and some properties of soft
sets (in our form) have been given and features of soft topologies have been studied.
In section 3, we have defined soft elements, soft neighbourhood system, soft interior
operators, soft closure operators etc., and have studied their properties. Section 4
concludes the paper. For the sake of economy, a few straightforward proofs have
been omitted throughout this paper.

2. Preliminaries

Following Molodtsov [11] and Maji et al. [7], some definitions and preliminary
results on soft sets are presented in this section in our form. Unless otherwise stated,
U will be assumed to be an initial universal set and A will be taken to be a set of
parameters. Let P (U) denote the power set of U and S(U) denote the set of all soft
sets over U.

Soft sets:

Definition 2.1. A pair (F, A), where F is a mapping from A to P (U), is called a
soft set over U.

Let (F1, A) and (F2, A) be two soft sets over a common universe U. Then (F1, A)
is said to be a soft subset of (F2, A) if F1(x) ⊆ F2(x), ∀x ∈ A. This relation is
denoted by (F1, A) ⊆̃ (F2, A). (F1, A) is said to be soft equal to (F2, A) if F1(x) =
F2(x), ∀x ∈ A. This relation is denoted by (F1, A) = (F2, A).

The complement of a soft set (F, A) is defined as (F, A)c = (F c, A), where F c(x) =
(F (x))c = U − F (x), ∀x ∈ A.

A soft set (F, A) over U is said to be a null soft set
(
an absolute soft set

)
if

F (x) = φ
(
F (x) = U

)
,∀x ∈ A. This is denoted by Φ̃

(
Ã

)
.

The difference of two soft sets (F,A) and (G,A) is defined by (F, A)− (G,A) =
(F −G,A), where (F −G)(x) = F (x)−G(x), ∀x ∈ A.

Definition 2.2. Let {(Fi, A); i ∈ I} be a nonempty family of soft sets over a common
universe U. Then their

(a) Intersection, denoted by ∩̃i∈I , is defined by ∩̃i∈I(Fi, A) = ( ∩̃i∈IFi, A),
where ( ∩̃i∈IFi)(x) = ∩i∈I(Fi(x)), ∀x ∈ A.

(b) Union, denoted by ∪̃i∈I , is defined by ∪̃i∈I(Fi, A) = ( ∪̃i∈IFi, A), where
( ∪̃i∈IFi)(x) = ∪i∈I(Fi(x)), ∀x ∈ A.

Definition 2.3. Let X, Y be two non-empty sets and f : X → Y be a mapping.
Then

(i) the image of a soft set (F, A) ∈ S(X) under the mapping f is defined by
f(F, A) = (f(F ), A), where [f(F )](x) = f [F (x)], ∀x ∈ A;

(ii) the inverse image of a soft set (G,A) ∈ S(Y ) under the mapping f is defined
by f−1(G,A) = (f−1(G), A), where [f−1(G)](x) = f−1[G(x)], ∀x ∈ A.

2
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Proposition 2.4. Let X, Y be two non-empty sets and f : X → Y be a mapping.
If (F1, A), (F2, A) ∈ S(X), then

(i) (F1, A) ⊂̃(F2, A) ⇒ f [(F1, A)] ⊂̃f [(F2, A)];
(ii) f [(F1, A) ∪̃(F2, A)] = f [(F1, A)] ∪̃f [(F2, A)];
(iii) f [(F1, A) ∩̃(F2, A)] ⊂̃f [(F1, A)] ∩̃f [(F2, A)];
(iv) f [(F1, A) ∩̃(F2, A)] = f [(F1, A)] ∩̃f [(F2, A)], if f is injective.

Proposition 2.5. Let X, Y be two non-empty sets and f : X → Y be a mapping.
If (G1, A), (G2, A) ∈ S(Y ), then

(i) (G1, A) ⊂̃(G2, A) ⇒ f−1[(G1, A)] ⊂̃f−1[(G2, A)];
(ii) f−1[(G1, A) ∪̃(G2, A)] = f−1[(G1, A)] ∪̃f−1[(G2, A)];
(iii) f−1[(G1, A) ∩̃(G2, A)] = f−1[(G1, A)] ∩̃f−1[(G2, A)].

Proposition 2.6. Let X, Y be two non-empty sets and f : X → Y be a mapping.
If (G,A) ∈ S(Y ), then

(i) ff−1(G,A) ⊂̃(G,A);
(ii) ff−1(G,A) = (G,A), if f is surjective.

Proposition 2.7. Let X, Y be two non-empty sets and f : X → Y be a mapping.
If (F, A) ∈ S(X), then

(i) (F,A) ⊂̃f−1f(F, A);
(ii) f−1f(F,A) = (F, A), if f is injective.

Soft topology:

In this section some properties of soft topologies are studied using the definition
of a soft topology given by Shabir and Naz [14]. Unless mentioned otherwise, X
is an initial universal set; A is the non-empty set of parameters; S(X) denotes the
collection of all soft sets over X under the parameter set A; P (S(X)) denotes the
power set of S(X).

Definition 2.8 ([14]). Let τ be the collection of soft sets over X. Then τ is said to
be a soft topology on X if

(i) ( φ̃, A), ( X̃, A) ∈ τ , where φ̃(α) = φ and X̃(α) = X, ∀α ∈ A;
(ii) the intersection of any two soft sets in τ belongs to τ ;
(iii) the union of any number of soft sets in τ belongs to τ.

The triplet (X,A, τ) is called a soft topological space over X. The members of τ are
said to be τ−soft open sets or, simply, soft open sets in X.

Proposition 2.9 ([14]). Let (X, A, τ) be a soft topological space over X. Then the
collection τα = {F (α) : (F, A) ∈ τ} defines a topology on X for each α ∈ A.

Remark 2.10. From Proposition 2.9, it can be seen that if (X, A, τ) is a soft topo-
logical space over X in the sense of Shabir and Naz [14], then there is a mapping
α → τα from the parameter set A to the collection of all topologies on X. Thus, the
question is whether the converse of the above is true or not. In the next Proposi-
tion, we get an affirmative answer to this question, and a relation between the two
representations of a soft topology is obtained.
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Proposition 2.11. Let (X, A, τ) be a soft topological space and τα be the topologies
on X as in Proposition 2.9. Let τ∗ = {(G, A) ∈ S(X) : G(α) ∈ τα, ∀ α ∈ A}.
Then τ∗ is a soft topology on X with [τ∗]α = τα, ∀α ∈ A.

Proof. Since φ̃(α) = φ ∈ τα, ∀α ∈ A ⇒ ( φ̃, A) ∈ τ∗, and X̃(α) = X ∈ τα, ∀α ∈
A ⇒ ( X̃, A) ∈ τ∗.

Now, let (F1, A) and (F2, A) ∈ τ∗. Then F1(α), F2(α) ∈ τα, ∀α ∈ A. Thus F1(α)∩
F2(α) ∈ τα, ∀α ∈ A ⇒ (F1 ∩̃F2)(α) ∈ τα, ∀α ∈ A. Therefore, (F1, A) ∩̃(F2, A) =
(F1 ∩̃F2, A) ∈ τ∗.

Again, let (Fi, A) ∈ τ∗, ∀i ∈ I. Then Fi(α) ∈ τα, ∀i ∈ I, ∀α ∈ A ⇒ ∪i∈IFi(α) ∈
τα, ∀α ∈ A. So ( ∪̃i∈IFi)(α) ∈ τα, ∀α ∈ A. Hence ∪̃i∈I(Fi, A) ∈ τ∗. Therefore, τ∗

is a soft topology on X.
Next let U ∈ τα. Then ∃ (F, A) ∈ τ such that U = F (α). We construct (G,A) ∈

S(X) such that G(α) = F (α) and G(β) = φ, ∀β 6= α. Then (G,A) ∈ τ∗ and
U = F (α) = G(α) ∈ [τ∗]α. Therefore, τα ⊆ [τ∗]α.........(1)

Also, let V ∈ [τ∗]α. Then ∃ (F, A) ∈ τ∗ such that V = F (α) ∈ τα. Therefore,
[τ∗]α ⊆ τα.........(2)

Thus, from (1) and (2), we get τα = [τ∗]α, ∀α ∈ A. ¤
Remark 2.12. It is to be noted that τ and τ∗ of Proposition 2.11 may be different.
This is exemplified below.

Example 2.13. Let X = {a, b} and A = {α, β}. Then all possible soft sets over
X are given below:
(φ̃, A) =

{{φ}, {φ}}, (F1, A) =
{{φ}, {a}}, (F2, A) =

{{φ}, {b}},

(F3, A) =
{{φ}, {a, b}}, (F4, A) =

{{a}, {φ}}, (F5, A) =
{{a}, {a}},

(F6, A) =
{{a}, {b}}, (F7, A) =

{{a}, {a, b}}, (F8, A) =
{{b}, {φ}},

(F9, A) =
{{b}, {a}}, (F10, A) =

{{b}, {b}}, (F11, A) =
{{b}, {a, b}},

(F12, A) =
{{a, b}, {φ}}, (F13, A) =

{{a, b}, {a}}, (F14, A) =
{{a, b}, {b}},

(X̃, A) =
{{a, b}, {a, b}}.

Let τ = {(φ̃, A), (F2, A), (F6, A), (F11, A), (X̃, A)}. Then (X, A, τ) is a soft topo-
logical space such that τα =

{
φ, {a}, {b}, X

}
and τβ =

{
φ, {b}, X

}
.

Now, let us construct τ∗ = {(φ̃, A), (F2, A), (F3, A), (F4, A), (F6, A), (F7, A), (F8,

A), (F10, A), (F11, A), (F12, A), (F14, A), (X̃, A)}. Then τ 6= τ∗ but [τ∗]α = τα, ∀ α ∈
A.

Proposition 2.14 ([14]). Let (X, A, τ1) and (X,A, τ2) be two soft topological spaces
over X, then (X,A, τ1 ∩̃τ2), where τ1 ∩̃τ2 = {(F, A) : (F, A) ∈ τ1 & (F,A) ∈ τ2} is
a soft topological space over X. But the union of two soft topological spaces over X
may not be a soft topological space over X itself.

Definition 2.15. Let τ1 and τ2 be two soft topologies over X. Then τ2 is said to
be soft finer than τ1 if τ1 ⊆̃ τ2.

Definition 2.16. Let X and Y be two non-empty sets, τ and ν be two soft topologies
on X and Y respectively, and f : X → Y be a mapping. The image of τ and the
preimage of ν under f are denoted by f(τ) and f−1(ν) respectively, and they are
defined by

4
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(i) f(τ) = {(G,A) ∈ S(Y, A) : f−1(G,A) = (f−1(G), A) ∈ τ};
(ii) f−1(ν) = {f−1(G,A) = (f−1(G), A) : (G,A) ∈ ν}.

Theorem 2.17. Let X and Y be two non-empty sets, τ and ν be two soft topologies
on X and Y respectively, and f : X → Y be a mapping. Then

(i) f−1(ν) is a soft topology on X;
(ii) f(τ) is a soft topology on Y.

Proof. Follows from Propositions 2.4, 2.5, and 2.6. ¤
Definition 2.18 ([15]). A soft set (F, A) is called a soft point in (X,A), denoted by
eF , if for the element e ∈ A, F (e) 6= φ and F (e′) = φ, ∀e′ ∈ A−{e}. The soft point
eF is said to be in the soft set (G,A), denoted by eF ∈̃ (G, A), if for the element
e ∈ A, F (e) ⊆ G(e).

Definition 2.19. ([15]) A soft set (G,A) in a soft topological space (X, A, τ) is
called a soft neighbourhood of the soft point eF ∈̃ (X,A) if there exists a soft open
set (H, A) such that eF ∈̃ (H, A) ⊆̃ (G,A).

A soft set (G,A) in a soft topological space (X, A, τ) is called a soft neigh-
bourhood of the soft set (F, A) if there exists a soft open set (H,A) such that
(F, A) ⊆̃ (H, A) ⊆̃ (G, A). The neighbourhood system of a soft point eF , denoted
by Nτ (eF ), is the family of all its neighbourhoods.

Theorem 2.20 ([15]). The neighbourhood system Nτ (eF ) at eF in a soft topological
space (X,A, τ) has the following properties:

(i) If (G, A) ∈ Nτ (eF ), then eF ∈̃ (G,A);
(ii) If (G,A) ∈ Nτ (eF ) and (G,A) ⊆̃ (H,A), then (H,A) ∈ Nτ (eF );
(iii) If (G,A), (H,A) ∈ Nτ (eF ), then (G, A) ∩̃(H, A) ∈ Nτ (eF );
(iv) If (G,A) ∈ Nτ (eF ), then there exists a (M, A) ∈ Nτ (eF ) such that (G,A) ∈

Nτ (e′F ) for each e′F ∈̃ (M, A).

Definition 2.21. Let (X,A.τ) be a soft topological space, and let (G,A) be a soft
set over X.

(i) [14] The soft closure of (G,A) is the soft set (G,A) = ∩̃{(S, A) : (S,A) is
soft closed and (G, A) ⊆̃ (S, A)};

(ii) [15] The soft interior of (G, A) is the soft set (G,A)0 = ∪̃{(S, A) : (S, A) is
soft open and (S,A) ⊆̃ (G,A)}.
Proposition 2.22. Let (X, A.τ) be a soft topological space, and let (F,A), (G,A)
be a soft sets over X.

(i) [14] If (F, A) ⊆̃ (G, A), then (F, A) ⊆̃ (G,A);
(ii) [15] If (F, A) ⊆̃ (G,A), then (F,A)0 ⊆̃ (G,A)0.

3. Neighbourhood properties of soft topological spaces

In this section (X, A, τ) stands for a soft topological space, where X is an initial
universal set, A is a set of parameters, and τ is a soft topology over X.

Definition 3.1. A soft set (E,A) over X is said to be a soft element if ∃α ∈ A such
that E(α) is a singleton, say {x}, and E(β) = φ, ∀β(6= α) ∈ A. Such a soft element
is denoted by Ex

α. Let E be the set of all soft elements of the universal set X.
5
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Definition 3.2. The soft element Ex
α is said to be in the soft set (G,A), denoted

by Ex
α ∈̃ (G,A), if x ∈ G(α).

Proposition 3.3. Ex
α ∈̃ (F, A) iff Ex

α
˜6∈(F c, A).

Proof. If Ex
α ∈̃ (F, A) ⇔ x ∈ F (α) ⇔ x 6∈ X−F (α) = F c(α) ⇔ Ex

α
˜6∈(F c, A). ¤

Definition 3.4. A soft set (F, A) is said to be a soft neighbourhood (abbreviated
as a soft nbd) of the soft set (H,A) if there exists a soft set (G,A) ∈ τ such that
(H, A) ⊆̃ (G,A) ⊆̃ (F, A). If (H, A) = Ex

α, then (F, A) is said to be a soft nbd of
the soft element Ex

α.
The soft neighbourhood system of a soft element Ex

α, denoted by Nτ (Ex
α), is the

family of all its soft nbds.

Example 3.5. Let X = {x, y, z}, A = {α1, α2} and
τ = {( φ̃, A), ( X̃, A), (F, A) = {{x}, {y, z}}, (G, A) = {{y}, {x, z}}}. Therefore,
Nτ (Ex

α1
) =

{{{x}, {y, z}},
{{x}, {x, y, z}},

{{x, y}, {y, z}},
{{x, y}, {x, y, z}},

{{x, z}, {y, z}},
{{x, z}, {x, y, z}},

{{x, y, z}, {y, z}, {{x, y, z}, {x, y, z}}
}

.

Nτ (Ex
α2

) =
{{{y}, {x, z}},

{{x, y}, {x, z}},
{{y, z}, {x, z}},

{{x, y, z}, {x, z}},
{{y}, {x, y, z}},

{{x, y}, {x, y, z}},
{{y, z}, {x, y, z}},

{{x, y, z}, {x, y, z}}
}

.

Nτ (Ey
α1

) =
{{{y}, {x, z}},

{{y}, {x, y, z}},
{{x, y}, {x, z}},

{{x, y}, {x, y, z}},
{{y, z}, {x, z}},

{{y, z}, {x, y, z}},
{{x, y, z}, {x, z}},

{{x, y, z}, {x, y, z}}
}

.

Nτ (Ey
α2

) =
{{{x}, {y, z}},

{{x, y}, {y, z}},
{{x, y}, {x, y, z}},

{{x, z}, {y, z}},
{{x, z}, {x, y, z}},

{{x, y, z}, {y, z}},
{{x, y, z}, {x, y, z}},

{{x, y, z}, {x, y, z}}
}

.

Nτ (Ez
α1

) =
{{x, y, z}, {x, y, z}}.

Nτ (Ez
α2

) =
{{{x}, {y, z}},

{{x, y}, {y, z}},
{{x, z}, {y, z}},

{{x, y, z}, {y, z}},{{x}, {x, y, z}},
{{x, y}, {x, y, z}},

{{x, z}, {x, y, z}},
{{x, y, z}, {x, y, z}},{{y}, {x, z}},

{{x, y}, {x, z}},
{{y, z}, {x, z}},

{{x, y, z}, {x, z}},{{y}, {x, y, z}},
{{x, y}, {x, y, z}},

{{y, z}, {x, y, z}}
}

.

Proposition 3.6. A soft set (F, A) over X is soft open iff (F, A) is a nbd of each
of its soft elements, i.e. (F, A) ∈ τ iff (F, A) ∈ Nτ (Ex

α), ∀Ex
α ∈̃ (F, A).

Proof. Let (F,A) ∈ τ and Ex
α ∈̃ (F, A). Then Ex

α ∈̃ (F, A) ⊆̃ (F,A). Therefore,
(F, A) is a nbd of Ex

α, ∀Ex
α ∈̃ (F, A).

Conversely, let (F, A) be a nbd of each of its soft elements. Let Ex
α ∈̃ (F, A). Since

(F, A) is a nbd of the soft element Ex
α, ∃ (G,A) ∈ τ such that Ex

α ∈̃ (G,A) ⊆̃ (F,A).
Since (F,A) = ∪{αF ; αF ∈̃ (F, A)}, it follows that (F, A) is a union of soft open
sets and hence (F, A) is soft open. ¤

Proposition 3.7. If {Nτ (Ex
α) : Ex

α ∈ E} be the system of soft nbds. Then,
(i) Nτ (Ex

α) 6= φ, ∀Ex
α ∈ E;

6
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(ii) Ex
α ∈̃ (F,A), ∀ (F,A) ∈ Nτ (Ex

α);
(iii) (F,A) ∈ Nτ (Ex

α) and (F, A) ⊆̃ (G,A) ⇒ (G, A) ∈ Nτ (Ex
α);

(iv) (F, A), (G,A) ∈ Nτ (Ex
α) ⇒ (F,A) ∩̃ (G,A) ∈ Nτ (Ex

α);
(v) (F,A) ∈ Nτ (Ex

α) ⇒ ∃ (G,A) ∈ Nτ (Ex
α) such that (G,A) ⊆̃ (F, A) and

(G,A) ∈ Nτ (Ey
β), ∀ Ey

β ∈̃ (G,A).

Proof. Proofs of (i)-(iv) are straightforward.
(v) Since (F, A) is a nbd of Ex

α, ∃ (G,A) ∈ τ such that Ex
α ∈̃ (G, A) ⊆̃ (F,A).

Therefore, Ex
α ∈̃ (G,A) ⊆̃ (G, A), and hence, (G,A) ∈ Nτ (Ex

α) and (G,A) ⊆̃ (F,A).
Again, since (G,A) is open, by Proposision 3.6., (G,A) is a nbd of each of its soft
elements, i.e. (G,A) ∈ Nτ (Ey

β), ∀ Ey
β ∈̃ (G,A). ¤

Definition 3.8. A mapping ν : E → P (S(X)) is said to be a soft nbd operator on
E if the following conditions hold.

(N(1)) ν(Ex
α) 6= φ, ∀Ex

α ∈ E ;
(N(2)) Ex

α ∈̃ (F,A), ∀ (F, A) ∈ ν(Ex
α);

(N(3)) (F,A) ∈ ν(Ex
α) and (F, A) ⊆̃ (G,A) ⇒ (G,A) ∈ ν(Ex

α);
(N(4)) (F,A), (G,A) ∈ ν(Ex

α) ⇒ (F,A) ∩̃ (G,A) ∈ ν(Ex
α);

(N(5)) (F, A) ∈ ν(Ex
α) ⇒ ∃ (G, A) ∈ ν(Ex

α) such that (G,A) ⊆̃ (F, A) and
(G,A) ∈ ν(Ey

β), ∀ Ey
β ∈̃ (G,A).

Proposition 3.9. If (X,A, τ) is a soft topological space, then the mapping ν : E →
P (S(X)) defined by ν(Ex

α) = Nτ (Ex
α), ∀Ex

α ∈ E, where Nτ (Ex
α) is the system of all

soft nbds of Ex
α, is a soft nbd operator on E .

Proposition 3.10. If ν be a soft nbd operator on E, then there exists a soft topology
over X such that ν(Ex

α) is the family of all τ -soft nbds of Ex
α, ∀Ex

α ∈ E .

Proof. Let τ = {(F,A) ∈ S(X) : (F, A) ∈ ν(Ex
α), ∀Ex

α ∈̃ (F, A)}. As there are no
soft elements in ( φ̃, A), the condition ( φ̃, A) ∈ ν(Ex

α), ∀Ex
α ∈ ( φ̃, A) is trivially

satisfied. Therefore, ( φ̃, A) ∈ τ. Let Ex
α ∈ ( X̃, A). Since ν be a nbd operator,

ν(Ex
α) 6= φ. Let (F,A) ∈ ν(Ex

α). Since (F, A) ⊆̃ ( X̃, A), by N(3), ( X̃, A) ∈ ν(Ex
α).

Therefore, ( X̃, A) ∈ τ. Again, let (Fi, A) ∈ τ, ∀i ∈ I and (F, A) = ∪i∈I(Fi, A).
Let Ex

α ∈̃ (F, A). Then ∃ i ∈ I such that Ex
α ∈̃ (Fi, A). Since (Fi, A) ∈ τ , we have,

(Fi, A) ∈ ν(Ex
α). Also, (Fi, A) ⊆̃ (F, A). Thus (F,A) ∈ ν(Ex

α), ∀Ex
α ∈̃ (F, A) and

hence (F, A) ∈ τ.
Next, let (F1, A), (F2, A) ∈ τ and Ex

α ∈ (F1, A) ∩̃ (F2, A). So (F1, A), (F2, A) ∈
ν(Ex

α). Therefore, (F1, A) ∩̃(F2, A) ∈ ν(Ex
α) and hence (F1, A) ∩̃(F2, A) ∈ τ. Hence

τ is a soft topology over X. Let (F,A) be a τ -soft nbd of Ex
α. Then ∃(G,A) ∈ τ such

that Ex
α ∈̃ (G,A) ⊆̃ (F, A). Since (G, A) ∈ τ, from the definition (G,A) ∈ ν(Ex

α)
and (G,A) ⊆̃ (F, A) ⇒ (F,A) ∈ ν(Ex

α).
Conversely, let (F, A) ∈ ν(Ex

α). Since ν is a nbd operator, ∃(G,A) ∈ ν(Ex
α)

such that (G,A) ⊆̃ (F, A) and (G,A) ∈ ν(Ey
β), ∀Ey

β ∈̃ (G,A). By the definition of
τ, (G,A) ∈ τ. Again (G,A) ∈ ν(Ex

α) ⇒ Ex
α ∈̃ (G,A). So Ex

α ∈̃ (G, A) ⊆̃ (F,A) and
hence (F,A) is a τ -nbd of Ex

α. Thus ν(Ex
α) is the family of all τ -soft nbds of Ex

α. ¤
7
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Definition 3.11. Let (X, A, τ) be a soft topological space. A sub-collection β of τ
is said to be an open base of τ if every member of τ can be expressed as the union
of some members of β.

Example 3.12. Let X = {a, b, c, d, e}, A = {α1, α2}, and τ =
{

( φ̃, A), ( X̃, A),

(F1, A) =
{{a}, {b}}, (F2, A) =

{{d}, {c}}, (F3, A) =
{{b, c}, {a, d}}, (F4, A) ={{a, d}, {b, c}}, (F5, A) =

{{a, b, c}, {a, b, d}}, (F6, A) =
{{b, c, d}, {a, c, d}}, (F7,

A) =
{{a, b, c, d}, {a, b, c, d}}

}
. Then τ is a soft topology over X.

Let β = {( φ̃, A), ( X̃, A), (F1, A), (F2, A), (F3, A)}. Then β forms an open base
of τ.

Proposition 3.13. A collection β of soft open sets of a soft topological space
(X, A, τ) forms an open base of τ iff ∀(F, A) ∈ τ and ∀Ex

α ∈̃ (F, A), ∃(G, A) ∈ β

such that Ex
α ∈̃ (G,A) ⊆̃ (F, A).

Proof. Let β be an open base of τ. Let (F, A) ∈ τ and Ex
α ∈̃ (F,A). Since β forms an

open base of τ, (F, A) can be expressed as the union of some members of β. Since
Ex

α ∈̃ (F,A), ∃ (G,A) ∈ β such that Ex
α ∈̃ (G, A) ⊆̃ (F, A). Therefore, the given

condition is satisfied.
Conversely, let the given condition be satisfied. Let (F, A) ∈ τ and Ex

α ∈̃ (F,A).
By the given condition, ∃ (G,A) ∈ β such that Ex

α ∈̃ (G,A) ⊆̃ (F,A). So (F,A) =
∪Ex

α ∈̃ (F,A)E
x
α ⊆̃ ∪Ex

α ∈̃ (F,A) (G,A) ⊆̃ (F, A). Hence (F,A) = ∪Ex
α ∈̃ (F,A)(G, A).

Thus (F,A) is the union of some members of β.
Therefore, β forms an open base of τ. ¤
Proposition 3.14. A collection β of soft subsets over X forms an open base of a
soft topology over X iff the following conditions are satisfied.

(i) ( φ̃, A) ∈ β;
(ii) ( X̃, A) is union of the members of β;
(iii) If (F1, A), (F2, A) ∈ β then (F1, A) ∩̃(F2, A) is union of some members of

β i.e. (F1, A), (F2, A) ∈ β and Ex
α ∈̃ (F1, A) ∩̃(F2, A), ∃(F3, A) ∈ β such that

Ex
α ∈̃ (F3, A) ⊆̃ (F1, A) ∩̃(F2, A).

Proof. Let β form an open base of a soft topology τ over X. Since ( φ̃, A), ( X̃, A) ∈ τ,
the conditions (i) and (ii) are obviously satisfied.
Next, let (F1, A), (F2, A) ∈ β then (F1, A), (F2, A) ∈ τ and hence (F1, A) ∩̃ (F2, A) ∈
τ. Since β forms an open base of τ, (F1, A) ∩̃(F2, A) can be expressed as the union
of some members of β. Therefore, the condition (iii) is also satisfied.

Conversely, let β satisfy the conditions (i), (ii) and (iii). Let τ = {(F, A) : (F, A)
can be expressed as the union of some members of β}. We shall now show that τ is
a soft topology over X. From conditions (i) and (ii), we get ( φ̃, A), ( X̃, A) ∈ τ.

Let (Fi, A) ∈ τ, ∀i ∈ I and (F, A) = ∪i∈I(Fi, A). Since (Fi, A) ∈ τ, ∃ a sub-
collection βi of β such that (Fi, A) is the union of the members of βi, ∀i ∈ I.
Let β′ = ∪i∈Iβi. Then (F, A) is the union of the members of β′ ⊆ β. Therefore
(F, A) ∈ τ.

Again, let (F1, A), (F2, A) ∈ τ. Then there exist subcollections β1, β2 of β such
that (F1, A) = ∪̃(G,A)∈β1(G,A), (F2, A) = ∪̃(H,A)∈β2(H, A). Therefore, (F1, A) ∩̃

8
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(F2, A) = ( ∪̃(G,A)∈β1(G,A)) ∩̃( ∪̃(H,A)∈β2(H, A)) = ∪̃(G,A)∈β1 ∪̃(H,A)∈β2((G,A) ∩̃
(H, A)). Since (G,A) ∈ β1, (H,A) ∈ β2 ⇒ (G, A), (H,A) ∈ β. Therefore, (G,A) ∩̃
(H, A) can be expressed as the union of some members of β. Thus (F1, A) ∩̃(F2, A)
can also be expressed as the union of some members of β. Therefore, (F1, A) ∩̃(F2, A)
∈ τ, and hence τ is a soft topology over X. Also from the definition of τ it follows
that β forms an open base of τ. ¤

Definition 3.15. Let (X, A, τ) be a soft topological space. A soft element Ex
α ∈ E

is said to be a limiting soft element of a soft set (F,A) over X if every open soft
set containing Ex

α contains at least one soft element of (F,A) other than Ex
α, i.e. if

∀(G, A) ∈ τ with Ex
α ∈̃ (G,A), (F, A) ∩̃[(G,A)− Ex

α] 6= ( φ̃, A).
The union of all limiting soft elements of (F,A) is called the derived soft set of

(F, A) and is denoted by (F, A)′.

Example 3.16. Let X = {x, y, z}, A = {α1, α2} and τ =
{

( φ̃, A) =
{{φ}, {φ}},

(F1, A) =
{{x}, {y}}, (F2, A) =

{{y}, {z}}, (F3, A) =
{{x, y}, {y, z}}, ( X̃, A) ={{X}, {X}}

}
. Then τ is a soft topology over X. Let (F,A) =

{{x, y}, {x, z}}. Now

Ex
α1
∈̃ (F1, A) ∈ τ, but (F, A) ∩̃(F1, A) = Ex

α1
. Therefore, Ex

α1
not a limiting soft

element of (F,A). The open soft sets containing Ey
α1

are (F2, A), (F3, A), ( X̃, A).
Also (F, A) ∩̃(F2, A) 6= Ey

α1
, (F, A) ∩̃(F3, A) 6= Ey

α1
and (F, A) ∩̃( X̃, A) 6= Ey

α1
.

Therefore, Ey
α1

is a limiting soft element of (F, A). Similarly, we can show that
Ez

α1
, Ex

α2
, Ey

α2
, Ez

α2
are limiting soft elements of (F, A). Therefore, (F,A)′ ={{y, z}, {x, y, z}}.

Proposition 3.17. A soft set (F,A) of a soft topological space (X, A, τ) is closed
iff (F, A) contains all its limiting soft elements.

Proof. Let (F,A) be closed and Ex
α

˜6∈(F,A). Since (F, A) is closed, (F c, A) is open
and Ex

α ∈̃ (F c, A). Since (F, A) ∩̃(F c, A) = ( φ̃, A), Ex
α cannot be a limiting soft

element of (F, A). Therefore, (F, A) contains all its limiting elements.
Conversely, let (F, A) contains all its limiting elements. Let Ex

α ∈̃ (F c, A). By
our assumption, Ex

α is not a limiting soft elemnt of (F,A). Then ∃ (G,A) ∈ τ such
that Ex

α ∈̃ (G,A) and (F, A) ∩̃(G,A) = ( φ̃, A). Therefore, (G,A) ⊆̃ (F c, A). There-
fore, (F c, A) = ∪̃Ex

α ∈̃ (F c,A)E
x
α ⊆̃ ∪̃Ex

α ∈̃ (F c,A)(G,A) ⊆̃ (F c, A). Thus (F c, A) =
∪̃Ex

α ∈̃ (F c,A)(G, A). Therefore, (F c, A) is open and hence (F, A) is closed. ¤

Proposition 3.18. For any two soft sets (F, A), (G,A) of a soft topological space
(X, A, τ), the following conditions hold.

(i) ( φ̃, A)′ = ( φ̃, A);
(ii) (F, A) ⊆̃ (G,A) ⇒ (F,A)′ ⊆̃ (G,A)′;
(iii) [(F, A) ∪̃(G,A)]′ = (F, A)′ ∪̃(G, A)′;
(iv) [(F,A) ∪̃(F, A)′]′ ⊆̃ (F,A) ∪̃(F, A)′.

Proof. (i) and (ii) follow from definition.
(iii) From (ii) it follows that (F,A)′ ∪̃(G,A)′ ⊆̃ [(F,A) ∪̃(G,A)]′...........(1).

9
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Next, let Ex
α

˜6∈ (F, A)′ ∪̃ (G,A)′. Then ∃ (H,A), (K, A) ∈ τ such that Ex
α ∈̃

(H, A), Ex
α ∈̃ (K, A), (F,A) ∩̃ [(H, A)−Ex

α] = ( φ̃, A) and (G,A) ∩̃ [(K, A)−Ex
α] =

( φ̃, A). Let (V, A) = (H, A) ∩̃ (K, A). Then Ex
α ∈̃ (V, A) ∈ τ. Also (V, A) ∩̃[((F, A) ∪̃

(G,A))−Ex
α] = [(V, A) ∩̃((F,A)−Ex

α)] ∪̃[(V, A) ∩̃((G,A)−Ex
α)] ⊆̃ [(H, A) ∩̃((F, A)−

Ex
α)] ∪̃[(G,A) ∩̃((G,A)−Ex

α)] = ( φ̃, A). Therefore, Ex
α is not a limiting soft element

of (F,A) ∪̃(G,A). Therefore, Ex
α ∈̃ [(F, A)′ ∪̃(G,A)′] and hence [(F, A) ∪̃(G, A)]′ ⊆̃

(F, A)′ ∪̃(G,A)′..........(2).
From (1) and (2) we have [(F, A) ∪̃(G,A)]′ = (F, A)′ ∪̃(G,A)′.
(iv) Let Ex

α ∈̃ [(F, A) ∪̃(F, A)′]′, we have to show that Ex
α ∈̃ [(F,A) ∪̃(F, A)′].

If Ex
α ∈̃ (F, A), then Ex

α ∈̃ [(F, A) ∪̃(F,A)′].
Now we consider the case where Ex

α
˜6∈(F,A). Since [(F, A) ∪̃(F, A)′]′ = (F, A)′ ∪̃[(F,

A)′]′ and hence Ex
α ∈̃ [(F, A) ∪̃(F, A)′]′ ⇒ Ex

α ∈̃ (F, A)′ or Ex
α ∈̃ [(F, A)′]′.

If Ex
α ∈̃ (F, A)′, then Ex

α ∈̃ [(F,A) ∪̃(F, A)′].
If Ex

α
˜6∈(F, A)′ then Ex

α ∈̃ [(F,A)′]′. Let (G,A) be any soft open set containing Ex
α.

Since Ex
α is a limiting soft element of (F,A)′, we have that (G,A) ∩̃[(F, A)′−Ex

α] 6=
( φ̃, A). Let Ey

β ∈̃ (G,A) ∩̃[(F, A)′−Ex
α]. Then (G,A) is an open soft set containing

Ey
β , which is a limiting soft element of (F,A). Therefore, (G,A) ∩̃[(F,A) − Ey

β ] 6=
( φ̃, A).
Let Ez

γ ∈̃ (G,A) ∩̃[(F, A)−Ey
β ]. Now Ez

γ 6= Ex
α (as Ex

α
˜6∈(F, A)) and Ez

γ ∈̃ (G, A) ∩̃[(F,

A)−Ex
α] 6= ( φ̃, A). Therefore, Ex

α is a limiting soft element of (F, A) i.e. Ex
α ∈̃ (F, A)′.

Therefore, [(F,A) ∪̃(F, A)′]′ ⊆̃ (F, A) ∪̃(F, A)′. ¤

Let us now define the closure of a Soft set in terms of soft limit point.

Definition 3.19. The closure of a soft set (F,A) over X denoted by (F, A) is defined
by (F,A) = (F, A) ∪̃(F,A)′.

Example 3.20. Let X, A, τ be the same as in Example 3.16.
If (F, A) =

{{x, y}, {x, z} then (F, A)′ =
{{y, z}, {x, y, z} and (F, A) =

{{x, y, z},
{x, y, z}.
Proposition 3.21. A soft set (F,A) over X is soft closed iff (F, A) = (F, A).

Proof. Let (F, A) be soft closed. Then (F c, A) is soft open. Then no soft element
belonging to (F c, A) is a soft limiting element of (F, A).
Therefore, (F, A)′ ⊆̃ (F,A) ⇒ (F, A) = (F, A).

Conversely, let (F, A) = (F, A). Then (F, A)′ ⊆̃ (F, A). So, for any Ex
α ∈̃ (F c, A), ∃

soft open set (G,A) such that Ex
α ∈̃ (G,A) ⊆̃ (F c, A). So (F c, A) can be expressed

as a union of soft open sets and hence (F c, A) is soft open. Therefore, (F,A) is soft
closed. ¤

Remark 3.22. That Definitions 3.19 and 2.21(i) are equivalent is shown by the
following proposition.

Proposition 3.23. The closure of a soft set (F,A) over X is the smallest closed
soft set containing (F, A), i.e. it is the meet of all closed soft sets containing (F,A).

10
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Proof. Since [(F,A)] = (F, A), therefore (F,A) is closed. Also (F, A) ⊆̃ (F,A),
therefore (F,A) is a closed soft set containing (F, A). Let (G,A) be any closed soft
set containing (F,A). Then (F, A) ⊆̃ (G,A) ⇒ (F, A) ⊆̃ (G,A) = (G,A). Thus
(F, A) is a smallest closed soft set containing (F, A). ¤

Proposition 3.24. For any two soft sets (F, A), (G,A) of a soft topological space
(X, A, τ), the following conditions hold.

(i) ( φ̃, A) = ( φ̃, A);
(ii) (F, A) ⊆̃ (F, A);
(iii) [(F, A) ∪̃(G,A)] = F,A) ∪̃(G,A);
(iv) (F, A) = (F, A).

Definition 3.25. Let X be a non-empty set. A mapping C : S(X) → S(X) is said
to be a soft closure opetator over X if it satisfies the following conditions:

(i) C[( φ̃, A)] = ( φ̃, A);
(ii) (F,A) ⊆̃ C[(F, A)];
(iii) C[(F, A) ∪̃(G,A)] = C[(F, A)] ∪̃C[(G,A)];
(iv) C[C[(F, A)]] = C[(F,A)].

Proposition 3.26. If C is a soft closure operator over X, then there exists a unique
soft topology τ over X such that C[(F, A)] is the τ -closure of (F,A).

Proof. Let F = {(F, A) : C[(F, A)] = (F, A)}. Clearly ( φ̃, A), (X̃, A) ∈ F . Let
{(Fi, A), i ∈ I} be any collection of members of F and (F, A) = ∩̃i∈I(Fi, A). So
∀i ∈ I, (F, A) ⊆̃ (Fi, A) ⇒ C[(F, A)] ⊆̃ C[(Fi, A)] = (Fi, A). Thus C[(F, A)] ⊆̃ (F, A)
and also (F,A) ⊆̃ C[(F, A)] ⇒ C[(F,A)] = (F,A). Therefore, (F,A) ∈ F .

Next, let (F, A), (G,A) ∈ F then C[(F,A) ∪̃(G,A)] = C[(F,A)] ∪̃C[(G,A)] =
(F, A) ∪̃(G,A) ⇒ (F, A) ∪̃(G,A) ∈ F . Now, let τ = {(F,A) : (F c, A) ∈ F}. Then τ
is a soft topology over X. Clearly F is the family of all τ -closed soft sets over X. ¤

Definition 3.27. Let (X,A, τ) be a soft topological space. For any soft set (F, A)
over X, define τ(F,A) = {(G,A) ∩̃(F, A) : (G,A) ∈ τ}. Since ( φ̃, A) ∈ τ and
( φ̃, A) ∩̃(F,A) = ( φ̃, A) ⇒ ( φ̃, A) ∈ τ(F,A). Also, since ( X̃, A) ∈ τ and ( X̃, A) ∩̃(F,
A) = (F,A) ⇒ (F, A) ∈ τ(F,A).

Again, let {(Gi, A) : i ∈ I} be any collection of members of τ(F,A) and (G,A) =
∪̃i∈I(Gi, A). Since ∀i ∈ I, (Gi, A) ∈ τ(F,A), ∃(Hi, A) ∈ τ such that (Gi, A) =
(Hi, A) ∩̃(F, A). Therefore, (G,A) = ∪̃i∈I(Gi, A) = ∪̃i∈I [(Hi, A) ∩̃(F, A)] =
[ ∪̃i∈I(Hi, A)] ∩̃(F, A) ∈ τ(F,A).

Finally, let (G1, A), (G2, A) ∈ τ(F,A) then ∃ (H1, A), (H2, A) ∈ τ such that (G1, A)
= (H1, A) ∩̃(F, A) and (G2, A) = (H2, A) ∩̃(F, A). Therefore, (G1, A) ∩̃(G2, A) =
[(H1, A) ∩̃(H2, A)] ∩̃(F,A) ∈ τ(F,A). Therefore, τ(F,A) is a soft topology on (F,A).

This soft topology is called soft relative topology of τ on (F, A), and [(F, A), τ(F,A)]
is called subspace of (X, A, τ).

Proposition 3.28. Let (X, A, τ) be a soft topological space and (F, A) be any soft
set over X. Then

11
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(i) (G,A) ⊆̃ (F,A) is closed in τ(F,A) iff (G,A) = (F,A) ∩̃(K, A) where (K, A)
is closed in (X, A, τ);

(ii) a soft element Ex
α of (F, A) is a limiting soft element of a soft subset (G,A)

of (F, A) in (F,A, τ(F,A)) iff Ex
α is a limiting soft element of (G,A) in (X, A, τ);

(iii) [(G,A)τ(F,A) = [(G,A)]τ ∩̃(F, A);
(iv) β be an open base of τ then β(F,A) = {(G, A) ∩̃(F, A) : (G,A) ∈ β} is an

open base of τ(F,A).

Proof. (i) Let (G,A) be closed in τ(F,A). Then (F, A)− (G,A) = (F, A) ∩̃ (Gc, A) ∈
τ(F,A). Therefore, ∃ (H,A) ∈ τ such that (F, A) ∩̃ (H,A) = (F, A) − (G,A). Now
(G,A) = (F,A)−[(F,A)−(G, A)] = (F,A) ∩̃ [(F,A) ∩̃ (H,A)]c = (F, A) ∩̃ [(F,A)c ∪̃
(H, A)c] = (F, A) ∩̃ (Hc, A), where (Hc, A) is closed in (X, A, τ). Therefore, the
given condition is satisfied.

Conversely, let (G,A) = (F, A) ∩̃ (K,A) where (K,A) is closed in (X, A, τ).
Therefore, (F, A) − (G,A) = (F, A) ∩̃ (Gc, A) = (F,A) ∩̃ [(F, A) ∩̃ (K, A)]c =
(F, A) ∩̃ [(F, A)c ∪̃ (K, A)c] = (F, A) ∩̃ (Kc, A). Since (K, A) is soft closed in
(X, A, τ), (Kc, A) is soft open in (X, A, τ) and hence (F, A)− (G,A) is soft open in
τ(F,A). So (G,A) is soft closed in τ(F,A).

(ii) Let Ex
α ∈̃ (F, A) be a limiting soft element of soft subset (G,A) of (F, A)

in (F,A, τ(F,A)). Let (H,A) be any soft open set in (X,A, τ) containing Ex
α. Then

(H, A) ∩̃ (F, A) is a τ(F,A) soft open set containing Ex
α. Since Ex

α is a soft limiting
element of (G,A) in (F, A, τ(F,A)), [(H, A) ∩̃ (F, A)] ∩̃ [(G,A) − Ex

α] 6= (φ̃, A).
Therefore (H, A) ∩̃ [(G,A)− Ex

α] 6= (φ̃, A). Therefore, Ex
α is a soft limiting element

of (G, A) in (X, A, τ).
Conversely, let Ex

α be a soft limiting element of (G,A) in (X, A, τ). Let (H, A)
be any soft open set in τ(F,A) containing Ex

α. Then ∃ (K, A) ∈ τ such that (H,A) =
(F, A) ∩̃ (K,A). Since Ex

α is a soft limiting element of (G,A) in (X, A, τ), (K,A) ∩̃
[(G,A) − Ex

α] 6= (φ̃, A). Therefore, [(K,A) ∩̃ (F, A)] ∩̃ [(G,A) − Ex
α] 6= (φ̃, A).

Therefore, (H, A) ∩̃ [(G,A)−Ex
α] 6= (φ̃, A). Therefore, Ex

α is a soft limiting element
of (G, A) in (F, A, τ(F,A)).

(iii) (G,A)τ(F,A) = ∩̃{(H, A); (G,A)⊆̃ (H,A) and (H,A) is τ(F,A) closed} =
∩̃{(P, A) ∩̃ (F, A); (G,A)⊆̃ (P, A) and (P,A) is τ closed} = (F, A) ∩̃ [∩̃{(P, A); (G,

A)⊆̃ (P, A) and (P, A) is τ closed}] = (F, A) ∩̃ (G, A)τ .
(iv) Straightforward. ¤

Definition 3.29. A soft element Ex
α is said to be a soft interior element of a soft

set (F, A if there exists (G,A) ∈ τ such that Ex
α ∈̃ (G,A) ⊆̃ (F, A). The soft interior

of a soft set (F, A) over X, denoted by (F,A)0 is defined to be the union of all soft
interior element Ex

α ∈̃ (F, A).

Proposition 3.30. For any two soft sets (F, A), (G, A) over X,
(i) (F, A)0 is open;
(ii) (F, A) is open iff (F, A) = (F,A)0;
(iii) [(F, A)0]0 = (F, A)0;
(iv) ( φ̃, A)0 = ( φ̃, A);
(v) (F,A) ⊆̃ (G,A) ⇒ (F, A)0 ⊆̃ (G, A)0;
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(vi) [(F,A) ∩̃(G,A)]0 = (F, A)0 ∩̃(G, A)0.

Definition 3.31. Let (X,A, τ) and (Y,A, ν) be two soft topological spaces. A
mapping f : (X, A, τ) → (Y, A, ν) is said to be soft continuous at Ex

α ∈̃ S(X) if for
any soft nbd (G,A) of f(Ex

α) ∃ a soft nbd (F, A) of Ex
α such that f [(F, A)] ⊆̃ (G, A).

f is said soft continuous over (X,A, τ) if it is soft continuous at all Ex
α‘∈̃ S(X).

Remark 3.32. Clearly, a mapping f : (X, A, τ) → (Y,A, ν) is soft continuous at
a soft element Ex

α ∈̃ S(X) if ∀ (G, A) ∈ ν such that f(Ex
α) ∈̃ (G,A), ∃ (F, A) ∈ τ

such that Ex
α ∈̃ (F,A) and f [(F, A)] ⊆̃ (G,A).

Proposition 3.33. Let (X,A, τ) and (Y,A, ν) be two soft topological spaces and
f : (X, A, τ) → (Y, A, ν) be a mapping. Then the following conditions are equivalent.

(i) f is soft continuous;
(ii) For any soft open set (G,A) in (Y, A, ν), f−1[(G,A)] is soft open in (X, A, τ);
(iii) For any soft closed set (F, A) in (Y, A, ν), f−1[(F, A)] is soft closed in

(X, A, τ ; .
(iv) ∀ (F,A) ∈ S(X), f [(F, A)] ⊆̃ f [(F, A)].

Proof. Let f be soft continuous. Also, let (G,A) ∈ ν and Ex
α ∈̃ f−1[(G,A)] ⇒

f(Ex
α) ∈̃ (G,A). Since (G,A) is soft open, (G,A) is a soft nbd of f(Ex

α). Therefore,
by the definition, ∃ a nbd (F, A) of Ex

α such that f [(F, A)] ⊆̃ (G,A). Therefore,
(F, A) ⊆̃ f−1[(G,A)]. Since (F, A) is a nbd of Ex

α, f−1[(G,A) is also a nbd of Ex
α.

Thus f−1[(G,A)] is a soft nbd of each of its elements. Therefore, f−1[(G,A)] ∈ τ.
Therefore, (i) ⇒ (ii).

Next, let (F,A) be soft closed set in (Y, A, ν). Then [(Ỹ , A)− (F, A)] ∈ ν. There-
fore, by (ii) we have f−1[(Ỹ , A) − (F,A)] = [(X̃, A) − f−1(F, A)] ∈ τ. Therefore
f−1[(F, A)] is closed in (X, A, τ). Therefore, (ii) ⇒ (iii).

Again, from (iii), we get that the conceopt of soft continuity is equivalent to
inverse images closed soft sets being soft closed. Therefore, f−1f [(F, A)] is closed
and containing (F, A). So (F,A) ⊆̃ f−1f [(F,A)] ⇒ f [(F, A)] ⊆̃ f [(F,A)]. Therefore
(iii) ⇒ (iv).

Also let Ex
α ∈̃ S(X) and (G,A) be any soft nbd of f(Ex

α). Then ∃ (H, A) ∈ ν such
that f(Ex

α) ∈̃ (H, A) ⊆̃ (G, A). Then (Hc, A) is a soft closed in (Y,A, ν). Therefore,
from (iv) we have f [f−1[(Hc, A)]] ⊆̃ f [f−1[(Hc, A)]] ⊆̃ (Hc, A) = (Hc.A)
⇒ f−1[(Hc, A)] ⊆̃ f−1[(Hc, A)]. Therefore, f−1[(Hc, A)] = f−1[(Hc, A)].
Therefore, f−1[(Hc, A)] is soft closed in (X, A, τ) ⇒ [f−1[(H, A)]]c is soft closed
in (X, A, τ). Therefore, f−1[(H,A)] ∈ τ. And Ex

α ∈̃ f−1[(H, A)] ⇒ f−1[(H, A)] is
a soft nbd of Ex

α such that f [f−1(H, A)] ⊆̃ (H, A) ⊆̃ (G,A). Therefore, f is soft
continuous. Therefore, (iv) ⇒ (i).
Therefore, the above statements are equivalent. ¤
Definition 3.34. Let (X,A, τ) and (Y,A, ν) be two soft topological spaces. A
mapping f : (X, A, τ) → (Y, A, ν) is said to be

(i) soft open if (F, A) ∈ τ ⇒ f(F, A) ∈ ν;
(ii) soft closed if (F, A) is closed in (X,A, τ) ⇒ f(F,A) is closed in (Y, A, ν).

Proposition 3.35. Let (X, A, τ) and (Y, A, ν) be two soft topological spaces. A
mapping f : (X, A, τ) → (Y, A, ν) is

13



Sk. Nazmul et al./Ann. Fuzzy Math. Inform. 6 (2013), No. 1, 1–15

(i) soft open iff ∀ (F, A) ∈ S(X), f [(F,A)0] ⊆̃ [f(F, A)]0;
(ii) soft closed iff ∀ (F,A) ∈ S(X), f(F, A) ⊆̃ f [(F, A)].

Proof. Proof is similar to that of Proposition 3.33. ¤
Definition 3.36. Let (X,A, τ) and (Y,A, ν) be two soft topological spaces. A
mapping f : (X, A, τ) → (Y, A, ν) is said to be a soft homeomorphism if

(i) f : X → Y is bijective mapping;
(ii) f : (X, A, τ) → (Y, A, ν), and f−1 : (Y,A, ν) → (X, A, τ) are soft continuous.

Proposition 3.37. Let (X, A, τ) and (Y, A, ν) be two soft topological spaces. For a
bijective mapping f : (X, A, τ) → (Y, A, ν), the following statements are equivalent.

(i) f : (X,A, τ) → (Y,A, ν) is soft open;
(ii) f : (X, A, τ) → (Y, A, ν) is soft closed;
(iii) f−1 : (Y, A, ν) → (X, A, τ), is soft continuous.

Proposition 3.38. Let (X, A, τ) and (Y, A, ν) be two soft topological spaces. For a
bijective mapping f : (X, A, τ) → (Y, A, ν), the following statements are equivalent.

(i) f : (X,A, τ) → (Y,A, ν) is soft homeomorphism;
(ii) f : (X, A, τ) → (Y, A, ν) and f−1 : (Y, A, ν) → (X,A, τ) are soft continuous;
(iii) f : (X, A, τ) → (Y, A, ν) is both soft continuous and soft open;
(iv) f : (X,A, τ) → (Y,A, ν) is both soft continuous and soft closed;
(v) f [(F, A)] = f(F,A), ∀ (F,A) ∈ S(X).

4. Conclusion

In this paper, we have introduced the notions of the various facets of a neighbour-
hood system in soft topological spaces. Using these, ideas, we have studied different
soft topological properties in terms of neighbourhoods. As a next step, there are
scopes for investigating the neighbourhood properties of soft topological groups at
their identity elements. Seperation axioms, connectedness etc. in the setting of soft
topological groups as well, we think.
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