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1. INTRODUCTION

In dealing with the uncertainties inherent in the problems of physical science,
biological science, engineering, economics, social science, medical science etc., various
theories such as probability theory, fuzzy set theory, and rough set theory were
developed. In 1999, Molodtsov [11] proposed a new approach, viz. soft set theory,
for modeling vagueness and uncertainties, and in 2001-03, Maji et al. [7,[8],9] worked
on some mathematical aspects of soft sets, fuzzy soft sets, and intuitionistic fuzzy soft
sets. After that, many researchers have implemented different algebraic structures
on soft sets and shown several applications in the process. Aktas and Cagman [1] in
2007 introduced a basic version of soft group theory which was further extended to
fuzzy soft group by us [12]. Feng [3] in 2008, introduced soft semirings; Shabir and
Ali (2009) [13] studied soft semigroups and soft ideals. Kharal and Ahmed [6] as well
as Majumdar and Samanta [10] defined soft mappings etc. Recently in 2011, Shabir
and Naz [14] gave a definition of soft topological spaces on the collection of soft
sets. Later on, Cagman et al. in [2] and Hazra et al. in [4] defined soft topologies
in different manners. In 2011, Hussain and Ahmad [5] studied some properties
of soft topological spaces, and, in 2012, Zorlutuna et al. [15] gave some remarks
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on soft topological spaces. As a continuation of this, it is natural to insvestigate
the behaviour of topological structures in soft set-theoretic form. To this end, we
introduce in this paper a notion of neighbourhoods in Shabir and Naz-type [14] soft
topological spaces, and study some of its properties. The organization of the paper
is as follows:

Section 2 is the preliminary part where definitions and some properties of soft
sets (in our form) have been given and features of soft topologies have been studied.
In section 3, we have defined soft elements, soft neighbourhood system, soft interior
operators, soft closure operators etc., and have studied their properties. Section 4
concludes the paper. For the sake of economy, a few straightforward proofs have
been omitted throughout this paper.

2. PRELIMINARIES

Following Molodtsov [11] and Maji et al. [7], some definitions and preliminary
results on soft sets are presented in this section in our form. Unless otherwise stated,
U will be assumed to be an initial universal set and A will be taken to be a set of
parameters. Let P(U) denote the power set of U and S(U) denote the set of all soft
sets over U.

Soft sets:

Definition 2.1. A pair (F, A), where F' is a mapping from A to P(U), is called a
soft set over U.

Let (Fy, A) and (F», A) be two soft sets over a common universe U. Then (F}, A)
is said to be a soft subset of (Fy, A) if Fi(x) C Fy(x),Vax € A. This relation is
denoted by (Fy, A) C (Fy, A). (Fy, A) is said to be soft equal to (Fy, A) if Fy(z) =
Fy(z), Vo € A. This relation is denoted by (Fi, A) = (Fy, A).

The complement of a soft set (F, A) is defined as (F, A)¢ = (F¢, A), where F¢(z) =
(F(z)=U — F(z),Yx € A.

A soft set (F, A) over U is said to be a null soft set (an absolute soft set) if

F(z) = ¢ (F(w) = U),vgc € A. This is denoted by <T>( ,Z).
The dif ference of two soft sets (F, A) and (G, A) is defined by (F, A) — (G, A) =
(F — G, A), where (F — G)(x) = F(z) — G(x), Yz € A.

Definition 2.2. Let {(F;, A);i € I} be a nonempty family of soft sets over a common
universe U. Then their

(a) Intersection, denoted by Nicr, is defined by Nier(Fi, A) = ( NierFy, A),
where ( ﬁiejFi)(l‘) = ﬂieI(Fi(m)),Vm € A.

(b) Union, denoted by User, is defined by Uses(F;, A) = ( UsjerFi, A), where
(UierF)(x) = Uier(Fi(z)), Yz € A.

Definition 2.3. Let X, Y be two non-empty sets and f : X — Y be a mapping.
Then

(i) the image of a soft set (F,A) € S(X) under the mapping f is defined by
J(F.A) = (F(F), A), where [f(F)](x) = f[F(2)], ¥z € A;

(ii) the inverse image of a soft set (G, A) € S(Y ) under the mapping f is defined
by f7HG, A) = (f71(G), A), where [f~1(G)](z) = fH[G(2)], Yz € A.
2



Sk. Nazmul et al./Ann. Fuzzy Math. Inform. 6 (2013), No. 1, 1-15

Proposition 2.4. Let X, Y be two non-empty sets and f: X — Y be a mapping.
If(FlaA)’ (F27 ) ( )7 then _

(i) (F1,A) C(Fz, A) = fI(F1, A)] CfI(Fa, A);

(ii) f{(F1,A) U(F, A)] = f(F1, A)] UF[(Fs, A);

(i) f{(F1, A) O(F2, A)] CF(Fr, A)] Df[(F2, A);

(iv) fl(Fi, A) O(Fy, A)] = fl(F1, A)] Nf[(Fz, A)], if f is injective.

Proposition 2.5. Let X, Y be two non-empty sets and f: X — Y be a mapping.
If (Gl, ) (GQ,A) S S(Y), then

(i) (GhA) C(Ga, A) = fH(G1, A)] 6ff[(Gz,A)};

(ii) f7'(G1,A) U(Go, A)] = f7H(G1, A)] UfFH(G2, A));

(i) f7'[(G1, A) N(G2, A)] = (G, A)] D (G2, A)].

Proposition 2.6. Let X, Y be two non-empty sets and f : X — Y be a mapping.
If (G,A) € S(Y), then

() ff NG, A) C(G,A);

(i) ff G, A) = (G, A), if f is surjective.

Proposition 2.7. Let X, Y be two non-empty sets and f : X — Y be a mapping.
If (F,A) € S(X), then

() (F,A) CfLf(F,A);

(i) f7Lf(F,A) = (F, A), if f is injective.

Soft topology:

In this section some properties of soft topologies are studied using the definition
of a soft topology given by Shabir and Naz [14]. Unless mentioned otherwise, X
is an initial universal set; A is the non-empty set of parameters; S(X) denotes the
collection of all soft sets over X under the parameter set A; P(S(X)) denotes the
power set of S(X).

Definition 2.8 ([14]). Let 7 be the collection of soft sets over X. Then 7 is said to
be a soft topology on X if

(i) (¢, A), (X,A) €1, where d(a)=¢and X(a)=X, Vo € A;

(ii) the intersection of any two soft sets in 7 belongs to 7;

(iii) the union of any number of soft sets in 7 belongs to 7.
The triplet (X, A, 7) is called a soft topological space over X. The members of T are
said to be T—soft open sets or, simply, soft open sets in X.

Proposition 2.9 ([14]). Let (X, A,T) be a soft topological space over X. Then the
collection 7 = {F(«a) : (F,A) € 7} defines a topology on X for each a € A.

Remark 2.10. From Proposition 2.9, it can be seen that if (X, A, 7) is a soft topo-
logical space over X in the sense of Shabir and Naz [14], then there is a mapping
a — 7% from the parameter set A to the collection of all topologies on X. Thus, the
question is whether the converse of the above is true or not. In the next Proposi-
tion, we get an affirmative answer to this question, and a relation between the two
representations of a soft topology is obtained.

3
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Proposition 2.11. Let (X, A, 7) be a soft topological space and T be the topologies
on X as in Proposition [2.9. Let 7* = {(G,A) € S(X) : G(a) € 7, V a € A}.
Then 7* is a soft topology on X with [7*]* = 7%, Va € A.

Proof. Since g(a) =¢peT* Vae A= ( $,A) € 7, and )N((a) =X et Vace
A= (X, Aer

Now, let (F1, A) and (Fy, A) € 7*. Then Fi (), Fa(a) € 7%, Yoo € A. Thus Fi(a)N
Fy(a) € 7, Ya € A = (F) NEFy)(a) € 7, Va € A. Therefore, (Fy, A) N(Fy, A) =
(Fl ﬁFQ,A) S

Again, let (F;, A) € 7*, Vi € I. Then F;(a) € 7, Vi € I, Va € A = Ui Fi(a) €
7% VYa € A. So (UjerFy)(a) € 7%, Va € A. Hence Ujer(Fi, A) € 7. Therefore, 7
is a soft topology on X.

Next let U € 7. Then 3 (F, A) € 7 such that U = F(«). We construct (G, A) €
S(X) such that G(a) = F(a) and G(8) = ¢, VB # «. Then (G,A) € 7* and
U = F(a) = G(a) € [1*]*. Therefore, 7 C [7*]“......... (1)

Also, let V € [7*]*. Then 3 (F,A) € 7* such that V = F(a) € 7*. Therefore,
[T*]* C 7% (2)

Thus, from (1) and (2), we get 7% = [7*]%, Vo € A. O

Remark 2.12. It is to be noted that 7 and 7* of Proposition 2.11 may be different.
This is exemplified below.

Example 2.13. Let X = {a, b} and A = {«, §}. Then all possible soft sets over
X are given below:
={{o}, {0}}, (F1,4) = {{e}, {a}}, (F2,4) = {{¢}, {b}},

( ) {{¢}v {av b}}a (F47A) = {{a}7 {¢}}’ (F53A) = {{CL}, {a}},
(Fo, A) = {{a}, {b}}, (Fr,4) = {{a}, {a, D}}, Fs» = {{o}, {o}},
(F9’A) {{b}a {a}} FlO» {{b}7 {b}} FU’ {{b} {a b}}
(Fl A) = {{a, b}, {(15}} F137 = {{a, b}, {a}}, ( F14, = {{a, b}, {b}},

)* {iav b}v {av b}} -
Let T ={(¢,A4), (F2, A), (Fs,A), (F11,4), (X,A)}. Then (X, A,7) is a soft topo-
logical space such that 7¢ {¢, {a}, {b}, X} and 77 = {9, {b}, X}.
Now, let us construct 7* = {(¢, A), (F2,A), (F3,A), (F1, A), (Fs,A), (F7, A), (Fs,
A), (Fl(),A), (Fll,A), (Flg,A), (F‘ML,AA)7 (X,A)} Then 7 7é 7* but [T*]a = Ta, Va €
A.

Proposition 2.14 ([14]). Let (X, A, 1) and (X, A, 2) be two soft topological spaces
over X, then (X, A, 71 N12), where 1y Nro = {(F, A) : (F,A) € 11 & (F,A) € o} is
a soft topological space over X. But the union of two soft topological spaces over X
may not be a soft topological space over X itself.

F3a

Definition 2.15. Let 7 and 75 be two soft topologies over X. Then 75 is said to
be soft finer than 71 if 7y C 7.

Definition 2.16. Let X and Y be two non-empty sets, 7 and v be two soft topologies
on X and Y respectively, and f : X — Y be a mapping. The image of 7 and the
preimage of v under f are denoted by f(7) and f~!(v) respectively, and they are
defined by

4
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(i) f(r)={(G,A) e S(Y,A): fHG. A)=(f"1G),A) e}

(i) f71 () ={/7HG,A) = (f71(G),A): (G,A) ev}.
Theorem 2.17. Let X and Y be two non-empty sets, 7 and v be two soft topologies
on X and Y respectively, and f : X — Y be a mapping. Then

(i) f~Y(v) is a soft topology on X;

(ii) f(7) is a soft topology on'Y.

Proof. Follows from Propositions 2.4, 2.5, and 2.6. O

Definition 2.18 ([15]). A soft set (F, A) is called a soft point in (X, A), denoted by
er, if for the element e € A, F(e) # ¢ and F(e') = ¢, Ve’ € A— {e}. The soft point
er is said to be in the soft set (G, A), denoted by er € (G, A), if for the element
e€ A, F(e) CG(e).

Definition 2.19. ([15]) A soft set (G, A) in a soft topological space (X, A,7) is
called a soft neighbourhood of the soft point e € (X, A) if there exists a soft open
set (H, A) such that ep € (H, A) C (G, A).

A soft set (G,A) in a soft topological space (X,A,7) is called a soft neigh-
bourhood of the soft set (F,A) if there exists a soft open set (H,A) such that
(F,A) C (H,A) C (G, A). The neighbourhood system of a soft point e, denoted
by N.(er), is the family of all its neighbourhoods.

Theorem 2.20 ([15]). The neighbourhood system N, (er) at er in a soft topological
space (X, A,T) has the following properties:
(i) If (G, A) € Ni(ep), then ep € (G, A);

(ii) If (G, A) € N, (er) and (G,A) C (H, A), then (H,A) € Ny (er);
(iii) If (G, A), (H A) € N,(er), then (G,A) N(H, A) € N,(er);
(iv) If (G, A) € N-(er), then there exists a (M, A) € Ny(er) such that (G, A) €

N;(ez) for each ez € (M, A).

Definition 2.21. Let (X, A.7) be a soft topological space, and let (G, A) be a soft
set over X.

(i) [14] The soft closure of (G, A) is the soft set (G, A) = N{(S,A4) : (S,A) is
soft closed and (G, A) C (S, A)};

(ii) [15] The soft interior of (G, A) is the soft set (G, A)° = U{(S,A): (S, A) is
soft open and (S, A) C (G, A)}.

Proposition 2.22. Let (X, A.7) be a soft topological space, and let (F, A), (G, A)
be a soft sets over X.

(i) [14] If (F,A) C (G, A), then (F, A) C (G A);

(i) [15] If (F, A) C (G, A), then (F,A)° C (G, A)°.

3. NEIGHBOURHOOD PROPERTIES OF SOFT TOPOLOGICAL SPACES

In this section (X, A, 7) stands for a soft topological space, where X is an initial
universal set, A is a set of parameters, and 7 is a soft topology over X.

Definition 3.1. A soft set (E, A) over X is said to be a soft element if 3o € A such
that F(«) is a singleton, say {z}, and E(8) = ¢, V8(# a) € A. Such a soft element
is denoted by EZ. Let £ be the set of all soft elements of the universal set X.

5
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Definition 3.2. The soft element EZ is said to be in the soft set (G, A), denoted
by E% € (G, A), if x € G(a).

Proposition 3.3. EZ € (F, A) iff EX ¢(F¢, A).

Proof. fEZ € (F,A) < z€ F(a) & 1€ X—F(a) = F(a) & E* ¢(F° A). O

Definition 3.4. A soft set (F, A) is said to be a soft neighbourhood (abbreviated
as a soft nbd) of the soft set (H, A) if there exists a soft set (G, A) € 7 such that
(H,A) C (G,A) C (F,A). If (H,A) = EZ, then (F, A) is said to be a soft nbd of
the soft element EZ.

The soft neighbourhood system of a soft element E*, denoted by N, (EZ%), is the
family of all its soft nbds.
Example 3.5. Let X = {z,y,z}, A= {a1,as} and
T= {( ?, A>’ ( X’A)a (Fv A) = {{x}v {yv Z}}a (Gv A) = {{y}a {it, Z}}} Therefore,
NT(E&) = {{{1‘}, {yv Z}}a {{ZIJ}, {1‘7 Y, Z}}7 {{337 y}7 {y7 Z}}a {{JZ, y}a {Jﬁ, Y, Z}}a

{o2h A3} (o zhdo w2} {{owh (vsd ({2 (o)}
No(Bz,) = {{{v} {2}, {owh o2} {{v2h fo2b), oy 2hdon b,
{y} Az, 2}, ({oyh Azy 2} {{y 2 {oy 23, {{w,yw},{fmy,z}}}-

No(BY,) = {{{yh Az 21}, {ohdow 2t} {dowh do2b), (oo {oy 20,
{osh o {y b o2l Howsh o) (o sh foy o)}
NA(EY) = {{ah .24} {owh o 2b), {Howh dow b}, {Ho2h {u o),
{o.2h de ) (o 2h (o2t {ow b oyl oy 2h (o2

N-(EZ,) = {{z,y, 2} {z,y, 2}}
N (ES,) = {{{x},{y,z}}, {{z,y}h A, 24} ({22 {2 ({ooy ) {23 )

Hab Az 2}, {oyb Azy b} ({2 oy, 2 {{oy, 2 oy 23}
{yh Az 23} {{owb e 2 (w2 o2t} {{oy,2h {23}

{uhAey 2ty {{oh oy 23 {{u2h dow2h) )

Proposition 3.6. A soft set (F, A) over X is soft open iff (F,A) is a nbd of each
of its soft elements, i.e. (F,A) € 7 iff (F,A) € N.(E%), VE® € (F, A).

Proof. Let (F,A) € 7 and E* € (F,A). Then E2 € (F,A) C (F,A). Therefore,
(F,A) is anbd of E%, VEZ € (F, A).

Conversely, let (F, A) be a nbd of each of its soft elements. Let E* € (F, A). Since
(F, A) is a nbd of the soft element E%, 3 (G, A) € 7 such that EZ € (G, A) C (F, A).
Since (F, A) = U{ar; ar € (F,A)}, it follows that (F, A) is a union of soft open
sets and hence (F, A) is soft open. O

Proposition 3.7. If {N,(E%): E% € £} be the system of soft nbds. Then,
(i) N:(E3) # o, VEZ €E;
6
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( € (F.A), V (F,A) € N-(E3);

(iii) (F, A) € N.(E%) and (F,A) C (G,A) = (G, A) € N.(E);

(iv) (F, A), (G, A) € N, (Ew) = (F,A) N (G,A) € N.(E®);

(v) (F,A) € N.(E*) = 3 (G,A) € N.(E*) such that (G,A) C (F,A) and
(G, A) € N.(E}), V E} € (G, A).

Proof. Proofs of (i)-(iv) are straightforward.

(v) Since (F, A) is a nbd of E%, 3 (G, A) € 7 such that E} € (G, A) C (F,A).
Therefore, E* € (G, A) C (G, A), and hence, (G, A) € N,(EZ) and (G, A) C (F, A).
Again, since (G, A) is open by Proposision 3.6., (G, A) is a nbd of each of its soft
clements, i.e. (G,A) € N,(E}), ¥V Ej € (G, A). O

Definition 3.8. A mapping v: & — P(S(X)) is said to be a soft nbd operator on
& if the following conditions hold.
(N V(B 0. VE? < &
N(2)) Eg € (F,A), V (F, A) € v(Eg);
3)) (F A) e v(E?%) and (F,A) C (G ,A) = (G,A) e v(E%);
4)) (F,A),(G,A) e v(BZ) = (F,A) N (G, A) € v(EY); N
) (F,A) € V(E(”j) = 3 (G,A) € v(E%) such that (G,A) C (F,A) and
cv(E ) VEy € (G, A).

Proposition 3.9. If (X, A, 1) is a soft topological space, then the mapping v : £ —
P(S(X)) defined by v(EZ) = N, (EZ), VEZ € E, where N,(EZ) is the system of all
soft nbds of EZ, is a soft nbd operator on £.

Proposition 3.10. Ifv be a soft nbd operator on £, then there exists a soft topology
over X such that v(EZ) is the family of all T-soft nbds of EX, VE* € £.

Proof. Let 7 = {(F,A) € S(X): (F,A) € v(E%), VET € (F,A)}. As there are no
soft elements in ( ¢, A), the condition ( ¢, A) € v(E%), VEZ € ( ¢,A) is trivially
satisfied. Therefore, ( b, A) € 7. Let EZ € ( X, A). Since v be a nbd operator,
V(EZ) # ¢. Let (F, A) € v(EZ). Since (F, A) C ( X, A), by N(3), ( X, A) € v(E®).
Therefore, ( X, A) € 7. Again, let (F;, A) € 7, Vi € I and (F,A) = Uie;(F;, A).

Let EZ € (F, A). Then 3 i € I such that EZ € (F;, A). Since (F;, A) € 7, we have,
(F;, A) € v(E®). Also, (F;,A) C (F,A). Thus (F,A) € v(E%), VE* € (F,A) and
hence (F,A) e T

Next, let (Fl,A),(FQ,A) € 7 and Eg S (Fl,A) N (F27A) So (Fl,A),(FQ,A) S
v(E%). Therefore, (F1, A) N(Fy, A) € v(E%) and hence (Fy, A) N(Fy, A) € 7. Hence
T is a soft topology over X. Let (F, A) be a 7-soft nbd of E%. Then 3(G, A) € 7 such
that F2 € (G, A) C (F, A). Since (G, A) € 7, from the definition (G, A) € v(E?)
and (G,A) C (F,A) = (F, A) € v(E%).

Conversely, let (F,A) € v(EZ). Since v is a nbd operator, 3(G,A) € v(EZ)
such that (G, A) C (F, A) and (G, A) € v(E}), VE} € (G, A). By the definition of
7, (G,A) € 7. Again (G, A) € v(EX) = E* € (G, A). So EX € (G, A) C (F, A) and
hence (F, A) is a 7-nbd of EX. Thus v(EZ%) is the family of all 7-soft nbds of EZ. O

7
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Definition 3.11. Let (X, A, ) be a soft topological space. A sub-collection 5 of T
is said to be an open base of 7 if every member of 7 can be expressed as the union
of some members of 3.

Example 3.12. Let X = {a,b,¢,d, e}, A= {a1, az}, and 7 = {( a,A), ( )~(,A),

(F17A) = {{a}’{b}}’ (F27A) = {{d}’{c}}’ (F37A) = {{b7c}’{aad}}v (F47A) =
{{a,d},{b,c}},(F5,A) = {{a,b,c},{a,b,d}}, (Fs,A) = {{b,c,d},{a,c,d}}, (Fr,
A) = {{a, b,c,d},{a,b,c, d}}} Then 7 is a soft topology over X.

Let 8= {( 5, A), ( )Z',A), (F1,A), (Fy, A), (F5,A)}. Then § forms an open base
of 7.

Proposition 3.13. A collection § of soft open sets of a soft topological space
(X, A, 7) forms an open base of T iff V(F,A) € 7 and VE® € (F,A), 3(G,A) € 3
such that EZ € (G, A) C (F, A).

Proof. Let 3 be an open base of 7. Let (F, A) € 7 and E® € (F, A). Since 3 forms an
open base of 7, (F, A) can be expressed as the union of some members of 3. Since
E* € (F,A), 3 (G,A) € 8 such that E* € (G,A) C (F, A). Therefore, the given
condition is satisfied.

Conversely, let the given condition be satisfied. Let (F, A) € 7 and EZ € (F, A).
By the given condition, 3 (G, A) € § such that E* € (G, A) C (F, A). So (F, A) =
Ugs ¢ (mayBa © Ugps ¢ (ra) (G, A) C (F,A). Hence (F, A) = Ug,s ¢ (5,4)(G, A).
Thus (F, A) is the union of some members of (.

Therefore, § forms an open base of 7. 0

Proposition 3.14. A collection B of soft subsets over X forms an open base of a
soft topology over X iff the following conditions are satisfied.

(i) (¢,4)€p;

(ii) ( X, A) is union of the members of [3;

(iil) If (F1, A), (Fa, A) € B then (Fy, A) N(Fa, A) is union of some members of
B e (F,A),(Fy,A) € B and EX € (Fy,A) N(Fy, A), 3(F3,A) € B such that
E* € (F3,A) C (Fi, A) N(Fy, A).

Proof. Let 8 form an open base of a soft topology 7 over X. Since ( 5, A), ( )Z', A) e,
the conditions (i) and (ii) are obviously satisfied.

Next, let (Fy, A), (Fp, A) € 3 then (Fy, A), (Fy, A) € 7 and hence (F1, A) N (Fp, A) €
7. Since 3 forms an open base of 7, (F;, A) N(Fy, A) can be expressed as the union
of some members of 3. Therefore, the condition (iii) is also satisfied.

Conversely, let 3 satisfy the conditions (i), (ii) and (iii). Let 7 = {(F, 4) : (F, A)
can be expressed as the union of some members of §}. We shall now show that 7 is
a soft topology over X. From conditions (i) and (ii), we get ( ¢, A), ( X, A) € 7.

Let (F;,A) € 7, Vi € I and (F,A) = U;es(F;, A). Since (F;, A) € 7, 3 a sub-
collection §; of § such that (F;, A) is the union of the members of 3;, Vi € I.
Let ' = U;erBi- Then (F, A) is the union of the members of 5’ C . Therefore
(F,A) eT.

Again, let (Fy, A), (Fs, A) € 7. Then there exist subcollections 81, (2 of 8 such
that (Fl,A) = O(G’7A)€51 (G,A), (FQ,A) = O(H7A)€ﬂ2(Ha A) Therefore, (Fl,A) ﬁ

8
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(F2,A) = (Ug,yep (G A) N O, ayep, (H, A)) = Uig,ayes U aes (G A) N
(H,A)). Since (G, A) € 1, (H,A) € o = (G,A),(H,A) € 3. Therefore, (G, A) N
(H, A) can be expressed as the union of some members of 3. Thus (Fy, A) N(Fy, A)
can also be expressed as the union of some members of 3. Therefore, (Fy, A) N(Fy, A)
€ 7, and hence 7 is a soft topology over X. Also from the definition of 7 it follows
that 8 forms an open base of 7. O

Definition 3.15. Let (X, A, 7) be a soft topological space. A soft element EZ € £
is said to be a limiting soft element of a soft set (F, A) over X if every open soft
set containing EZ contains at least one soft element of (F, A) other than E%, i.e. if
Y(G,A) € 7 with B2 € (G, A), (F,A) N[(G,A) - EZ] # (6, A).

The union of all limiting soft elements of (F, A) is called the derived soft set of
(F, A) and is denoted by (F, A)’.

Example 3.16. Let X = {x,y,z}, A= {al,a2} and 7 = {( 5,14) = {{¢},{¢}},

(Fi, 4) = {{z}, {13}, (o) = {{w}. {=}} (B, 4) = {{wwh w23}, (X4) =
{{X} {X}}} Then 7 is a Soft topology over X. Let (F,A) = {{z,y}, {z, z}} Now
EZ € (Fy,A) € 7, but (F,A) N(Fy,A) = EZ . Therefore, EZ not a limiting soft

element of (F, A). The open soft sets contalmng EY are (I3, A), (F3,A),( X, A).
Also (F,A) N(Fy, A) # EY., (F,A) N(F3,A) # Egl and (F,A) N( X,A) # EY,
Therefore, EY is a limiting soft element of (F,A). Similarly, we can show that
EZ , E;,, EY,, EZ, are limiting soft elements of (F,A). Therefore, (F,A)" =

{{y, 2}, {z,y,2}}.

Proposition 3.17. A soft set (F, A) of a soft topological space (X, A,T) is closed
iff (F,A) contains all its limiting soft elements.

Proof. Let (F, A) be closed and E* &(F, A). Since (F, A) is closed, (F¢, A) is open
and EZ € (F¢, A). Since (F,A) N(F<,A) = ( ¢, A), ET cannot be a limiting soft
element of (F, A). Therefore, (F, A) contains all its limiting elements.

Conversely, let (F, A) contains all its limiting elements. Let EZ € (F¢, A). By
our assumption, EZ is not a limiting soft elemnt of (F, A). Then 3 (G, A) € 7 such
that E2 € (G, A) and (F, A) N(G, ) (4, A). Therefore, (G, A) C (F°, A). There-
fore, (F©, A) = GE; ¢ (re,ayEa c UEGr ¢ (pe,a)(G,A) C (£, A). Thus (F°,A) =
OEg ¢ (re,4)(G, A). Therefore, (F°, A) is open and hence (F} A) is closed. O

Proposition 3.18. For any two soft sets (F, A), (G, A) of a soft topological space
(X, A, 1), the following conditions hold.

() (64) = (o 4);

(i) (F,4) € (G.A) = (F,A) € (G, A)’;
(iif) [(F, A) (GaA)]’—( A) O(G, A);
(iv) [(F, 4) O(F, )} E (F, 4) O(F, )"

Proof. (i) and (ii) follow from definition. N
(iii) From (ii) it follows that (F, A)’ U(G, A)" C [(F, A) U(G, A)]'........... (1).
9
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Next, let Eg; é (F, (G A)'. Then 3 (H, 4), (K,A) € 7 such that EY €
(H,A), Eg € (K, A), ( ) [(H, A) = EZ] = (,4) and (G, A) N [(K, A) - Bz] =
( qb A). Let (V,A)=(H,A) N (K, A) Then E* € (V, A) € . Alsg (V, A) N[((F, A) U
(G, A)—E ]ZN[( A)O((F,A)- ~)} Ul(v. 4) A((G, A)—EZ)] € [(H, A) D((F, A)—

ED) U[(G, A) N((G,A)—E2)] = ( ; A). Therefore, EY] is not a limiting soft element
of (F, A) U(G, A). Therefor € [(F, A) U(G, A)'] and hence [(F, A) U(G, A)] C
(F,A) U(G, A) .......... (2).

From (1) and (2) we have [(F, A) U(G, A))' = (F, A)" U(G, A)".

(iv) Let EZ € [(F, A) U(F, A)’]’ we have to show that EZ € [(F, A) U(F, A)'].
If B2 € (F, A), then E% € [(F, A) U(F, A)].
Now we consider the case where EZ &(F, A). Since [(F, A) U(F, A)'] = (F, A) U[(F,
A)') and hence E* € [(F, A) U(F, A)')' = E* € (F,A) or E% € [(F, A)")".
If B2 € (F, A)’, then EZ € [(F,A) U(F, A)'].
If B2 ¢(F,A) then EZ € [(F, A)']. Let (G, A) be any soft open set containing EZ.

Since EZ is a limiting soft element of (F A)', we have that (G, A) N[(F, A)' — E%] #
(¢, A). Let Ey € (G, A) N[(F, A)’ — E%]. Then (G, A) is an open soft set contalnlng
Ej, which is a limiting soft element of (F, A). Therefore, (G, A) A[(F, A) — Ej] #
(6,4).

Let EZ € (G, A) A[(F, A)—Ey} Now EZ # EY (as By %(F A)) and EZ € (G, A) A[(F,
A)—EZ] # (¢, A). Therefore, EF is a limiting soft element of (F,A)ie. E%€(F A).
Therefore, [(F, A) U(F, A)') C (F,A) U(F, A)'. O

Let us now define the closure of a Soft set in terms of soft limit point.

Definition 3.19. The closure of a soft set (F, A) over X denoted by (F, A) is defined
by (F, A) = (F, A) U(F, A'.

Example 3.20. Let X, A, 7 be the same as in Example 3.16.
If (F, A) = {{z,y} {z, 2} then (F, A)" = {{y,z},{z,y,2} and (F, A) = {{z,y,z},
{z,y,2}.

Proposition 3.21. A soft set (F, A) over X is soft closed iff (F,A) = (F, A).

Proof. Let (F, A) be soft closed. Then (F€, A) is soft open. Then no soft element
belonging to (F¢, A) is a soft limiting element of (F, A).
Therefore, (F, A)' C (F, A) = (F, A) = (F, A).

Conversely, let (F, A) = (F, A). Then (F, A)' C (F, A). So, for any E* € (F°, A), 3
soft open set (G, A) such that E* € (G, A) C (F¢, A). So (F¢, A) can be expressed
as a union of soft open sets and hence (F¢, A) is soft open. Therefore, (F, A) is soft
closed. 0

Remark 3.22. That Definitions [3.19] and 2.21/(i) are equivalent is shown by the
following proposition.

Proposition 3.23. The closure of a soft set (F,A) over X is the smallest closed
soft set containing (F, A), i.e. it is the meet of all closed soft sets containing (F, A).

10
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Proof. Since [(F, A)] = (F, A), therefore (F,A) is closed. Also (F,A) C (F,A),
therefore (F, A) is a closed soft set containing (F, A). Let (G, A) be any closed soft
set containing (F, A). Then (F,A) C (G,A) = (F,A) C (G,A) = (G,A). Thus
(F, A) is a smallest closed soft set containing (F, A). O

Proposition 3.24. For any two soft sets (F, A), (G, A) of a soft topological space
(X, A, 1), the following conditions hold.

D) (6,4)=(4);
(i) (F,4)C (F,A); —
(iii) [(F, A) U(G, A)] = F, A) U(G, A);

(iv) (F, A) = (F, A).

Definition 3.25. Let X be a non-empty set. A mapping C : S(X) — S(X) is said
to be a soft closure opetator over X if it satisfies the following conditions:

(1) [( (Eﬂ )] = ( 57 A)7

(i) (£, ) CI(F, A)J; N
(ii)) C[(F, 4) (G, 4)] = C[(F, )] OC[(G, A}
(iv) C[C [( )H= CI(F, A)].

Proposition 3.26. If C' is a soft closure operator over X, then there exists a unique
soft topology T over X such that C[(F, A)] is the T-closure of (F, A).

Proof. Let F = {(F,A) : CI[(F,A)] = (F,A)}. Clearly ( qE,A), ( A) € F. Let
{(F;,A), i € I} be any collection of members of F and (F, A) = mq,e[( F;, A). So
Vi€ T, (1 4)C (P 4) > CI(F )] Ol A)) - (. 4). Thus CI(F, 4] (.4
and also (F, A) C C[(F, A)] = C[(F, A)] = (F, A). Therefore, (F, A) €

Next, let (F, A), (G, A) € F then C[(F,A) U(G,A)] = C’[(F A)] UC’[(G,A)] =
(F,A) U(G, A) = (F,A) U(G, A) € F.Now, let 7 = {(F,A) : (F°,A) € F}. Then
is a soft topology over X. Clearly F is the family of all 7-closed soft sets over X. O

Definition 3.27. Let (X, A, 7) be a soft topological space. For any soft set (F, A)
over X, define T(FA) = {(G A) A(F,A) : (G,A) € 7}. Since ( ¢,A) € 7 and
(¢, A)(F,A) = (¢, A) = (o, A) € 7(p 4. Also, since ( X, A) € 7 and ( X, A) A(F,
4) = (F,A) = (F, A) € 5.0,

Again, let {(G;, A) : i € I} be any collection of members of 75 4y and (G, A) =
Uicr(Gi, A). Since Vi € I, (G;,A) € 7(pa), I(H;,A) € 7 such that (G;, A) =
(H;, A) N(F, A). Therefore, (G,A) = Uier(Gi, A) = Uier[(H;, A) N(F,A)] =
[ OieI(HiaA)] ﬁ(F, A) € T(F,A)-

Finally, let (G1, A), (G2, A) € 7(p,a) then 3 (Hy, A), (Ha, A) € 7 such that (G, A)
= (Hy,A) N(F, A) and (Go, A) = (Hy, A) N(F, A). Therefore, (G1,A) N(Ga, A) =
[(Hy, A) N(Hy, A)] N(F, A) € 7(r,4)- Therefore, 7 4 is a soft topology on (F, A).

This soft topology is called soft relative topology of 7 on (F, A), and [(F, A), 7(F,4)]
is called subspace of (X, A, 7).

Proposition 3.28. Let (X, A, ) be a soft topological space and (F, A) be any soft
set over X. Then
11
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(i) (G,A) C (F,A) is closed in T iff (G, A) = (F, A) N(K, A) where (K, A)
is closed in (X, A, T);

(ii) a soft element EX of (F, A) is a limiting soft element of a soft subset (G, A)
of (F,A) in (F, A, 7(p a)) iff 5 is a limiting soft element of (G, A) in (X, A, T);

(iii) [(GaA>T(F,A) = [(G7 A)]‘r ﬂ(F7 A)f _

(iv) B be an open base of T then Bp 4y = {(G,A) N(F,A) : (G,A) € B} is an
open base of T(p, a)-

Proof. (i) Let (G, A) be closed in 7(p 4). Then (F, A) (G,A) = (F,A) N (G, A) €
7(r,A)- Therefore, 3 (H,A) € 7 such that (F, A) N ( A) = (F,A) — (G’ A). Now
(G,A) = (F,A)=[(F, A)— (G, A)] = (F,A) N [(F, A) N ( ,A)J° = (F, A) N [(F,A) 0
(H,A)°] = (F,A) N (H¢ A), where (H® A) is closed in (X, A, 7). Therefore, the
given condition is satisfied.

Conversely, let (G,A) = (F,A) N (K, A) where (K, A) is closed in (X, A, 7).
Therefore, (F,A) — (G, A) = (F,A) N (G¢,A) = (F,A) N [(F,A) N (K,A)° =
(F,A) N [(F,A)° U (K,A)] = (F,A) N (K¢ A). Since (K, A) is soft closed in
(X, A, 1), (K¢ A) is soft open in (X, A, 7) and hence (F, A) — (G, A) is soft open in
T(r,A)- S0 (G, A) is soft closed in 7(p 4).

(ii) Let EX € (F,A) be a limiting soft element of soft subset (G, A) of (F,A)
in (F,A,7(p4))- Let (H,A) be any soft open set in (X, A,7) containing E. Then
(H,A) N (F,A) is a 7(p ) soft open set containing EZ. Since EZ is a soft limiting
element of (G,A) in (F,A,7pa), [(H,A) N (F,A)] N [(G,A) — EZ] # (¢, A).
Therefore (H, A) 01 [(G, A) — EZ] # (¢, A). Therefore, EZ is a soft limiting element
of (G,A) in (X, A,T).

Conversely, let EZ be a soft limiting element of (G, A) in (X, A, 7). Let (H, A)
be any soft open set in 7(p, 4) containing E. Then 3 (K, A) € 7 such that (H, A) =
(F,A) N (K, A). Since E? is a soft limiting element of (G, A) in (X, A,7), (K,A4) N
(G, A) — B2) # (& A). Therefore, [(K,A) i (F,A)] A (G, A) — 2] # (3, A).
Therefore, (H, A) N [(G, A) — E%] # (¢, A). Therefore, EZ is a soft limiting element
of (G, A) in (F,A,T(RA)).

(iii) (G, A) = N{(H,A); (G,A)C (H,A) and (H,A) is 7(p ) closed} =

A{(P,A) N (FT(Z;) (G, A)C (P, A) and (P, A) is 7 closed} = (F, A) N [N{(P, 4); (G,
A)C (P, A) and (P, A) is 7 closed}] = (F, A) N (G, A).
(iv) Straightforward. O

Definition 3.29. A soft element EZ is said to be a soft interior element of a soft
set (F, A if there exists (G, A) € 7 such that E* € (G, A) C (F, A). The soft interior
of a soft set (F, A) over X, denoted by (F, A)" is defined to be the union of all soft
interior element EZ € (F, A).

Proposition 3.30. For any two soft sets (F, A), (G, A) over X,
(i) (F,A) is open;

(i) (F.A) is open iff (F.4) = (F.A);
(it} [(F, 4)°]° = (F, A)°;

(i) (6. 4)° = ( 6, A); )

(v) (F.A) € (G, A) = (F,4)° C (G, A);
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(vi) [(F, A) A(G, A)° = (F, A)° N(G, A)°.
Definition 3.31. Let (X, A,7) and (Y, A,v) be two soft topological spaces. A
mapping f : (X, A4,7) — (Y, A,v) is said to be soft continuous at EX € S(X) if for
any soft nbd (G, A) of f(EZ) 3 a soft nbd (F, A) of EZ such that f[(F,A)] C (G, A).
f is said soft continuous over (X, A, 7) if it is soft continuous at all E2‘€ S(X).

Remark 3.32. Clearly, a mapping f : (X, A,7) — (Y, A,v) is soft continuous at
a soft element E2 € S(X) if V (G, A) € v such that f(EY) € (G,A), I (F,A) er
such that EZ € (F, A) and f[(F, A)] C (G, A).

Proposition 3.33. Let (X, A,7) and (Y, A,v) be two soft topological spaces and
(X, A7) — (Y, A,v) be a mapping. Then the following conditions are equivalent.

(i) f is soft continuous;

(ii) For any soft open set (G, A) in (Y, A,v), f~1(G, A)] is soft open in (X, A, T);

(iii) For any soft closed set (F,A) in (Y,A,v), f7Y(F,A)] is soft closed in
(X, A T;.

(iv) V (F. A) € S(X), fI(F,A)] C fI(F A).

Proof. Let f be soft continuous. Also, let (G,A) € v and E* € f~1[(G,A)] =
f(E®) € (G, A). Since (G, A) is soft open, (G, A) is a soft nbd of f(EZ%). Therefore,
by the definition, 3 a nbd (F, A) of EZ such that f[(F,A)] C (G, A). Therefore,
(F,A) C f~'[(G, A)]. Since (F, A) is a nbd of EZ, f~[(G, A) is also a nbd of EZ.
Thus f~1[(G, A)] is a soft nbd of each of its elements. Therefore, f~1[(G, A)] € 7.
Therefore, (i) = (it).

Next, let (F, A) be soft closed set in (Y, A,v). Then [(Y, A) — (F, A)] € v. There-
fore, by (ii) we have f~1[(Y,A) — (F, A)] = [(X,A) — f~}(F,A)] € 7. Therefore
F(F, A)] is closed in (X, A, 7). Therefore, (ii) = (iii).

Again, from (iii), we get that the conceopt of soft continuity is equivalent to
inverse images closed soft sets being soft closed. Therefore, f=1f[(F, A)] is closed
and containing (F, A). So (F, A) C f~1f[(F, A)] = f[(F, A)] C f[(F, A)]. Therefore
(i3i) = (iv).

Also let E* € S(X) and (G, A) be any soft nbd of f(E%). Then 3 (H, A) € v such
that f(E*) € (H, A) C (G, A). Then (H¢, A) is a soft closed in (Y, A, v). Therefore,
from (iv) we have f(F-1[(H%, A)]) C FIF (S A)] C (H,A) = (H*.A)
= f~I[(He,A)] C fY[(H®, A)]. Therefore, f~1[(He, A)] = f~1[(H¢, A)].
Therefore, f~1[(H¢, A)] is soft closed in (X, A,7) = [f~1[(H, A)]]¢ is soft closed
in (X, A, 7). Therefore, f~1[(H,A)] € 7. And E® € f~1[(H,A)] = f(H,A)] is
a soft nbd of EZ such that f[f~'(H,A)] C (H,A) C (G, A). Therefore, f is soft
continuous. Therefore, (iv) = (7).

Therefore, the above statements are equivalent. O

Definition 3.34. Let (X, A,7) and (Y, A,v) be two soft topological spaces. A
mapping f : (X, A,7) — (Y, A, v) is said to be

(i) soft open if (F,A) € 7= f(F,A) € v;

(ii) soft closed if (F, A) is closed in (X, A, 7) = f(F,A) is closed in (Y, 4,v).
Proposition 3.35. Let (X, A,7) and (Y, A,v) be two soft topological spaces. A
mapping f: (X, A, 1) — (Y, A,v) is
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(i) soft open iff ¥ (F, A) € S(X), f[(F,A)°] C [f(F,A)
(i) soft closed iff ¥ (F, A) € S(X), f(F,A) C f[(F,A)].
Proof. Proof is similar to that of Proposition 3.33. g

Definition 3.36. Let (X, A,7) and (Y, A,v) be two soft topological spaces. A
mapping f : (X, A,7) — (Y, A,v) is said to be a soft homeomorphism if

(i) f: X — Y is bijective mapping;

(i) f: (X,A,7) = (Y,A,v),and f~1:(Y,A,v) — (X, A,T) are soft continuous.

Proposition 3.37. Let (X, A, 1) and (Y, A,v) be two soft topological spaces. For a
bijective mapping [ : (X, A,7) — (Y, A,v), the following statements are equivalent.
(i) f:(X,A71)— (Y, A,v) is soft open;
(ii) f:(X,A,7)— (Y, A,v) is soft closed;
(iii) f~1: (Y, A,v) — (X, A, 1), is soft continuous.

Proposition 3.38. Let (X, A, 7) and (Y, A,v) be two soft topological spaces. For a

bijective mapping f : (X, A, 7) — (Y, A,v), the following statements are equivalent.
(i) f:(X,A1)— (Y, A, v) is soft homeomorphism;

() f:(X,A,7)— (Y,A,v) and f~1: (Y, A,v) — (X, A,T) are soft continuous;

(iii) f: (X, A,7) — (Y, A,v) is both soft continuous and soft open;

(iv) f: (X, A7) — (Y, A,v) is both soft continuous and soft closed;

V) f

[(F,A)] = f(F,A), ¥V (F,A) € S(X).

4. CONCLUSION

—-
=
N2

In this paper, we have introduced the notions of the various facets of a neighbour-
hood system in soft topological spaces. Using these, ideas, we have studied different
soft topological properties in terms of neighbourhoods. As a next step, there are
scopes for investigating the neighbourhood properties of soft topological groups at
their identity elements. Seperation axioms, connectedness etc. in the setting of soft
topological groups as well, we think.
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