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ABSTRACT. Molodtsov initiated the concept of soft sets in [17]. Maji et
al. defined some operations on soft sets in [15]. In this paper, we introduce
the concept of the homology module of fuzzy soft chain complexes. Finally,
we investigate about whether or not the exactness of the homology sequence
of fuzzy soft modules.
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1. INTRODUCTION

Many practical problems in economics, engineering, environment, social science,
medical science etc. cannot be dealt with by classical methods, because classical
methods have inherent difficulties. The reason for these difficulties may be due to
the inadequacy of the theories of parameterization tools. Molodtsov [17] initiated the
concept of soft set theory as a new mathematical tool for dealing with uncertainties.
Maji et al. [14} 15, [16] research deal with operations over soft set. The investigations
over fuzzy soft set were made at the studies [9, [10, 20]. Rosenfeld [19] proposed the
concept of fuzzy groups in order to establish the algebraic structures of fuzzy sets.
Firstly, fuzzy sets was given by Zadeh|22] and operations fuzzy sets were given in
the studies [6, 11, 24]. Aktas and Cagman [2] defined soft groups and compared
soft sets with fuzzy sets and rough sets. After the definition of fuzzy soft groups is
given by some authors [4, [10]. F. Feng et al. [7] gave soft semirings and U. Acar et
al. [1] introduced initial concepts of soft rings. Definition of fuzzy module is given
by some authors [3] 12, 13, 23]. Qiu- Mei Sun et al. [21] defined soft modules and
investigated their basic properties. Category of chain complexes of soft modules was
given in the study[18].
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C. Gunduz and S. Bayramov defined fuzzy soft modules and intiutionistic fuzzy
soft modules and investigated their basic properties [9].

In this study, the chain complexes category of fuzzy soft modules is defined and
the homology module of fuzzy chain complexes is given. This fuzzy soft homology
module which is invariant according to fuzzy soft homotopy is proved. Generally, the
sequence of homology modules of fuzzy modules is not exact [5]. Thus the homology
sequence of fuzzy soft modules is not also exact. At the end of the study, under the
some conditions exactness is obtained.

2. PRELIMINARIES

In this section, we recall some basic concepts of soft set theory. Let E be all of
convenient paramter set for the universe X.

Definition 2.1 ([15]). Let X be an initial universe set and E be a set of parameters.
A pair (F, E) is called a soft set over X if only if F' is a mapping from F into the
set of all subsets of the sets X, i.e., F': E — P(X), where P(X) is the set of X.

In other words, the soft set is a parameterized family of subsets of the set X.
Every set F(e), for every e € E , may be considered as the set of e—elements of the
soft set (F, E), or as the set of e—approximate elements of the soft set.

According to this manner, a soft set (F, E) is given as consisting of collection of
approximations:

(F,E) = {F(e) : e € E}

Definition 2.2 ([16]). Let I denote the set of all fuzzy sets on X and A C E. A
pair (f, A) is called a fuzzy soft set over X, where f is a mapping from A into IX.
That is, for each a € A, f(a) = f, : X — I is a fuzzy set on X.

Definition 2.3 ([16]). For two fuzzy soft sets (f, A) and (g, B) over a common
universe X, we say that (f, A) is a fuzzy soft subset of (g, B) and write (f, A) C (g, B)
if

(1) AC B and

(2) For each a € A, f, < g, that is, f, is fuzzy subset of g,.

Definition 2.4 (|[16]). Two fuzzy soft sets (f, A) and (g, B) over a common universe
X are said to be equal if (f, A) C (g, B) and (g, B) C (f, A).

Definition 2.5 ([16]). The intersection of two fuzzy soft sets (f, A) and (g, B) over
a common universe X is the fuzzy soft set (h,C), where C = AN B and Ve € C,
he = fe A ge. It is written as (f, 4) N (g, B) = (h,C).

Definition 2.6 ([16]). The union of two fuzzy soft sets (f, A) and (g, B) over a
common universe X is the fuzzy soft set (h,C), where C = AU B and,

fes if cc A - B,
h(c) =< ges ifce B—AVeeC
feVge, if ce AN B.

This relationship is denoted by (f, A) U (g, B) = (h, C).
608
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Definition 2.7 ([16]). If (f, A) and (g, B) are two soft sets, then (f, A)AND(g, B)
is denoted as (f, A) A (g, B). (f, A) A (g, B) is defined as (h, A x B) where h(a,b) =
ha,b = fa N gp, V(a,b) € Ax B.

Throughout this subsection, let M be a left R-module, A be any nonempty set.
F: A— P(M) refer to a set-valued function and the pair (F, A) is a soft set over
M.

Definition 2.8 (|2I]). Let (F, A) be a soft set over M.(F,A) is said to be a soft
module over M if and only if F(xz) < M for all x € A.

Definition 2.9 ([21]). Let (F, A) and (G, B) be two soft modules over M and N
respectively. Then (F, A) x (G, B) = (H, Ax B) is defined as H(z,y) = F(z) x G(y)
for all (x,y) € (A x B).

Definition 2.10 ([21]). Let (F, A) and (G, B) be two soft modules over M and N
respectively, f: M — N, g: A — B be two functions. Then we say that (f,g) is a
soft homomorphism if the following conditions are satisfied:

(1) f: M — N is homomorphism of module;

(2) g: A — B is a mapping;

(3) f(F(x)) = G(g(x)), Vo € A.

Now, R is an ordinary ring. Let M be a left (or right) R—module, and let A # &
be a set. PF(M) denotes the family of fuzzy sets over M.

Definition 2.11 ([9]). Let (F, A) be a soft set over M. Then (F, A) is said to be a
fuzzy soft module over M iff Va € A, F(a) is a fuzzy submodule of M and denoted
as F,.

Definition 2.12 ([9]). Let (F,A) and (H,B) be two fuzzy soft modules over M
and N respectively, and let f : M — N be a homomorphism of modules, and let
g : A — B be a mapping of sets. Then we say that (f,g) : (F, A) — (H, B) is a fuzzy
soft homomorphism of fuzzy soft modules, if the following condition is satisfied:

f(Fa) = H(g(a)) = Hy(q)-
We say that (F, A) is a fuzzy soft homomorphic to (H, B).
Note that for Va € A, f: (M, F,) — (N, Hy,)) is a fuzzy homomorphism of
fuzzy modules.

Fuzzy soft modules and their morphisms is consists of a category. This category
is denoted F'SM.

Let M = ker f. Define F' : A — PF(M') by F, = F,|,; . Then (F',A) is a
fuzzy soft module over M ". It is clear that this module is a fuzzy soft submodule of
(F, A).

Definition 2.13 ([9]). (F', A) is said to be kernel of (f, g) and denoted by ker(f, g).

Now, let B' = g(A4). Then for all b € B', there exists a € A such that
gla) = b. Let N' = Imf < N. We define the mapping H : B® — PF(N') as
H'(b) =(H(g(a))|y - Since (f,g) is a fuzzy soft homomorphism, f(F,) = H

g(a) 18
609
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satisfied for all @ € A. Then the pair (H', B') is a fuzzy soft module over N and
(H',B) is a fuzzy soft submodule of (H, B).

Definition 2.14 ([9]). (H', B') is said to be image of (f, g) and denoted by Im(f, g).

Proposition 2.15 ([9]). Let (F, A) be a fuzzy soft module over M and N be an
R—module and f : M — N be a homomorphism of R—modules. Then (f(F),A) is
a fuzzy soft module over N.

Theorem 2.16 ([9]). The category of fuzzy soft modules has zero objects, sums,
product, kernel and cokernel.

Definition 2.17 ([8]). Let IFS(X) denote the set of all intiutionistic fuzzy sets on
X and A C E. A pair (F, A) is called an intiutionistic fuzzy soft set over X, where F
is a mapping from A into IF'S(X). That is, foreacha € A, F(a) = (F,, F*): X — I
is an intiutionistic fuzzy set on X, where F,,, F'* : X — I are fuzzy sets.

By fgm% we mean the category of fuzzy graded (left) A—modules. An object
Qnr in fgm¥% is a family {Qﬁw}, 1 € Z of obobjects of A—fzmod, a morphism

qNb 1 Qm — Q. of degree p is a family

{60t Qi = Qhriphs i €2
of fuzzy module homomorphisms|[3].
Definition 2.18 ([3]). A fuzzy chain complex Qc ={Q¢, ,8 } over A is an obJect
in fgm% together with a fuzzy endomorphism 8 Qc — Q¢ of degree —1 with 6
8 = 0. In fact, we have a famlly {QM }, i € Z of objects of A—fzmod and a family
of morphisms of A—fzmod {5‘ (@, — QMn 1} n € Z such that 5n5n+1 =0. If

Qc = {an,ﬁn} is a fuzzy complex, then we use the following notation:

QC e T QT]\L/}'—nl-ﬁ—l - Q?\/[" - QTJ(/I_nl—l -
The morphism 9 is called the fuzzy differential (or fuzzy boundary operator). A

morphism of fuzzy complexes or a fuzzy chain map ¢ : Q¢ — vp is a morphism of

degree 0 in fgm¥% such that ¢d = 0 ¢, where & denotes the fuzzy differential in vp.

Remark 2.19 ([3]). Let Q = {Qg, ,8 } be a fuzzy chain complex. The condition

8 3 = 0 implies that Im8n+1 C ker 8n, n € Z. Hence we can associate with Q¢ the
fuzzy graded module

H(Qc) ={Hn(Qc)},
where

Hn(QC) = Qn ker 8n/Iman+17

Q., is the fuzzy quotient of ker@Nn by Im0Op41, n € Z. Then H(Qc)(Hn(Qc)) is
called the (nth) fuzzy homology module of Q.

610
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Definition 2.20 ([3]). A fuzzy homotopy ¥ : ¢ — 1 between two fuzzy chain maps
0,7 : Qo — vp is a morphism of degree +1 of fuzzy graded modules ¥ : Qo — vp
such that ¢ — p = 8% + 20, Le., such that for n € Z.

(e SNO = 8n+12n + Zn—lan~
We say that @,1) are fuzzy homotopic, and write ¢ 2 ¢ if there exists a fuzzy
homotopy X : ¢ — ).
Proposition 2.21 ([3]). If two fuzzy chain maps 0,0 : Qe — vp are fuzzy homo-
topic, than
H(p)=H(): H(Qc) — H(vp).
3. HOMOLOGY MODULES OF FUZZY SOFT MODULES

Definition 3.1. Let (F, A) and (G, B) be two fuzzy soft modules over M and N
respectively, f : M — N be homomorphism of modules and ¢ : A — B be a mapping
of sets. If for each a € A

~

[ (M, F(a)) — (N, G(¢(a)))
is a fuzzy isomorphism of fuzzy modules, then the morphism
(f9): (F,A) — (G, B)
is said to be fuzzy soft isomorphism.

Let {(F;, A)}ier be a family of fuzzy soft modules over {M;};cr and

(3.1) oo (B, A) ) (B )y V) (o Ay
be a sequence of fuzzy soft modules.

Definition 3.2. If for each a € A the following sequence of fuzzy modules is exact,

Ni fi—1
= (M, Fy(a)) 25 (Mi_y, Fy_1(a)) 253 (Mi_o, Fy_s(a)) — ...
then the sequence 3.1 is said to be exact sequence of fuzzy soft modules.

Theorem 3.3. Let
P Mz — Mi,1 — Mi72 — ...

be a exact sequence of modules. For each a € A, under the condition F;(a) =
(X{0}) s, the following sequence of fuzzy soft modules is also exact.

e T (Mi,Fi) I (Mithzel) B (Mi727Fi72) — ..
611
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Definition 3.4. The sequence

(3.2) 0= (F, )Y (p ) ) (7 4 S0

is said to be a short exact sequence of fuzzy soft modules, where M = {0}, F : A —
PF(M), Ya € A F(a)(m) = 1.

Theorem 3.5. Let (F, A) and (G, B) be two fuzzy soft modules over M and N re-

spectively, and (}, 14) : (f, A) — (G, B) be the homomorphism of fuzzy soft modules.
Then the following sequence of fuzzy soft modules is exact.

(3.3) 6err}—>(F,A)—»(G,A)Hcokeryﬂﬁ

Proof. Since for each a € A, ; : (M, F(a)) — (N,G(p(a))) is a homomorphism of
fuzzy modules, the following sequence of fuzzy modules is exact.

0 — ker f — (M, F(a)) — (N,G(¢(a))) — coker f — 0

Therefore, the sequence 3.3l of fuzzy soft modules is exact. O

Lemma 3.6. Let the sequencel3.2 be a fuzzy soft short exact sequence. Then f is a
monomorphism and q is a epimorphism.

Theorem 3.7. Let the following diagram of fuzzy soft modules be commutative.

0 - (P4 o (moay) om0
(@) + Gyt G b
- (G17B) (G27B> (gi?) (G37B) -

(91.18)
—

|
|

Then

(1) If (a,¢) and (V,¢) are monomorphisms(epimorphisms), then (B, ) s a
fuzzy soft monomorphism(epimorphism).

~

(2) If any two of the three fuzzy soft homomorphisms (a, @), (7,¢) and (3, @)
are fuzzy soft isomorphism, then third is too.

Proof. For each a € A and the mapping ¢ : A — B, the following diagram of fuzzy
modules is commutative.

0 = (M, F) 5% (MyR) 2  (MsF@) — 0
-1 5 -1

0 — (N,Gip(a) L5 (N Galp(a)) 2 (Na,Gs(p()) — 0

(1) If @, are fuzzy monomorphisms(epimorphisms), then 3 is a fuzzy monomor-
phism(epimorphism).
(2) If any two of the three fuzzy homomorphisms a,~ and f are fuzzy isomor-
phism, then third is too.
Therefore, for each a € A
612
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(1) Since 8 is a monomorphism(epimorphism) then (5, ) is also a monomor-
phism(epimorphism).

(2) We know that when any two of the three fuzzy homomorphisms «,~ and
0B fuzzy isomorphism then the third is also fuzzy isomorphism. From here
we coincluade that if any two of the three fuzzy soft homomorphisms (c~v, ®),

(7, ) and (E, ) are fuzzy soft isomorphism, then third is too.
O

Proposition 3.8. Let the following diagram of fuzzy soft modules be commutative.

0 — (FLA) — (FB,A) — (FA) — (FLA) — (FA) — 0
- (@1,) ! (G2,) ! (as,9) ! (4,9) ! (cls,) ! -
0 — (G1,B) — (G9,B) — (G3,B) — (G4,B) — (G5,B) — 0

Where the rows are fuzzy soft exact sequences. Then

(1) If (a1, ) is fuzzy epimorphism and (&, @), (04, @) are fuzzy soft monomor-
phisms, then (0737 ©) is a fuzzy soft monomorphism.

(2) If (a5, ) is fuzzy soft monomorphism and (G, @), (04, @) are fuzzy soft epi-
morphisms, then (073, ©) is a fuzzy soft epimorphism.

(3) If (a1, ¢), (qa, ), (a4, @) and (as, @) are fuzzy softisomorphisms, then (as, @)
is a fuzzy soft isomorphism.

Proof. For each a € A, the proof is similar to proof of above theorem. O

Definition 3.9. If the fuzzy soft homomorphism
(aa lA) : (FaA) - (F”7A)

has a right inverse on the short exact sequence 3.2 of fuzzy soft modules, then
sequence is called a splitting sequence.
Theorem 3.10. The following statements are equivalent.

(1) The short exact sequence 3.2 of fuzzy soft modules is a splitting.

(2) The fuzzy soft homomorphism (f,14) : (F', A) — (F, A) has a left inverse.

(3) (R A) = (F, A& (F ,A).
Proof. Since for each a € A the following short exact sequence of fuzzy modules can
be splited,

0= (M ,F (a) & (M, F(a) & (M, F () = 0
then the theorem is easily proved. O
Definition 3.11. If for each a € A,

{(M, Fy(a)), 0p + (My, Fro(a)) = (Mp—1, Fn—1(a))
is a chain complex of fuzzy modules, then

{On;14) : (Fn, A) = (Fre1, A)}
613
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is called a chain complex of fuzzy soft modules.

Let C = {(0n,14) : (Fu, A) — (Fo_1,A)}n and ¢ = {(9,,,15) : (Gn,B) —
(Gn-1,B)}n be two chain complexes of fuzzy soft modules and g : A — B be a
mapping of sets and {p,, : M,, — N, } be the homomorphisms family of modules.

Definition 3.12. If for each a € A the following diagram of fuzzy modules is

commutative,

(Ma, Fu(@) % (M1, Fui(a))

(€n,9) i (907771,9)i
(Mo, Gu(9(@))) 2 (N1, G1(9(a))

then ({¢n}tn,9) : C — C’ is called a morphism of chain complexes of fuzzy soft
modules.

Remark 3.13. Chain complexes of fuzzy soft and their morphisms consists a cate-
gory. This category is denoted by F.SCC.

Definition 3.14. Let ({¢n}n,9); {¥n}n,g) : C — C be two morphisms of chain

complexes of fuzzy soft modules and D= {(Dn,9) : (Fu,A) — (Gny1,B)}nez
be a family of homomorphisms of fuzzy soft modules. If for each a € A, the

condition 0,,,y 0 Dy + Dy—10 0y = Jn — 1), is satisfied that is, if for each a € A,
the difference of diagonal lines in the following diagram is equal to sum of edges,

N

o= (M, P (@) <25 (Mo, Fo(a) «— ..
N /son,t/}n \D"

~
Dp_1

— (Nn-1,Gn-1(g(a))) L (Nn, Gn(g(a))) Tos (Nns1,Gnya(g(a))) — ...

then D is called a fuzzy soft chain homotopy and the morphisms ({¢y, }n, 9), {¥n tn, 9)
are said to be chain homotopy and the morphisms of chain complexes of fuzzy soft
modules. This denoted by ({©n}n,g) = {¥n}n,9).

b2 ”

Theorem 3.15. The fuzzy soft chain homotopy relation ” ~ 7 is an equivalent
relation.

Proof. (1) We show that ({¢n}n,9) =~ ({¥n}n,g).Let the morphism of modules
D, : M,, - Nyp41 be D, =0.

Now, we check that D,, : (M,,, Fi,(a)) = (Nn+1, Gnt1(g(a))) is a fuzzy homotopy
of fuzzy modules. That is, let ’s check that G,,+1(g(a))(D,(z)) > F,(a)(zx). Since
Dy =0, then Goy1(g(a)(0) = 1 > Fo(a)(x).

Let ({gpn}n,g) ~ ({¥n}n,g). We show that ({¢)n}n,9) ~ {¢n}n,g). Let the homo-
topy between ({¢y}n,9) and ({¢n}n, ) be {(Dn, g) }n- N

Now, we handle the family {(—D,,¢)}, . For each a € A, we show that —D,, is
a homomorphism of fuzzy modules. For —D,, : (M, F,,(a)) — (Np+1, Gry1(g(a))),

Gry1(9(a))(=Dn(x)) = G%i(g(a))(Dn(if)) 2 Fu(a)(x)
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is satisfied.

(2) Let ({@n}tn,9) = ({¥ntn.9) and ({¥n}tn,9) = ({Xn}n,9). Let the homo-
topy between ({¢n}n,g) and ({n}n, g) be {(Dy, g)}, and the homotopy between

({¥nin, 9) and ({xn}n, g) be {(Hn,g)}n. Then for each a € A,

Dy + Hy  (My, Fu(a)) = (Ns1, Goia (9(a)))

is a homomorphism of fuzzy modules and

~
~

a/n+lo(Dn+Hn)+(anl+anl an

~

)o
8/71+1ODTL+DTL—1O an"’ 8/n+1oHn+Hn—1o an
Jn_ﬂ}n“‘d)n_an
= Jn_fn

O

Theorem 3.16. The relation of fuzzy soft chain homotopy is invariant according
to composition.

PTOOf- L?,t {entn9) = {Yntn.g) + C — C' and ({Qp;z}nvg/) = ({w;z}nvg,) :
C' — C . Let the homotopies between above relations be {(D,,g) : (Fn,A) —
(Gn+1>B)}n7 {(an/g) : (GnaB) - (Kn+17A)}n~ Then {(‘Pn+1 o Dp,g og) :
(Fn,A) — (Kpt1,A )}n is a morphisms family of fuzzy soft modules and for each
a € A,

~ ~
" / "

(3.4) 0 n+1‘;n+1oDn+9}noDn—1 On = ‘:Non( 9 nt1Dy + Dy 0On)
= ;n&n - an/lz[}n

is satisfied. If {(¢n 0 Hp,g 0g) : (Fn, A) — (Kpni1, A)}y is a morphisms family of

fuzzy soft modules, then for each a € A,

~
"

2

~
/

35) 9 n+1f}n ° an + H,po Tznq Bn = 0 n+11~{n;;n + Ho alnfbn
= (0 o Hyt Hyr 000,
= Wt
= ¢ =¥ ¥
Thus, the proof of theorem is obtained from (3.4) and (3.5). O

Let C = {(0pn,14) : (Fn, A) — (Fy_1, A)}, be chain complex of fuzzy soft mod-
ules. For each a € A, the family

{(Man(a))v Bn : (MnaFn(a)) - (Mn—th—l(a))}n
615
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is a chain complex of fuzzy modules. n— dimensionel fuzzy homology module of
these complexes defined by H(C, A) = {H(C,a)}. Here,

H(C,a) = ker 8,/ Imdyy1, F(a)).

ker 9,, and Imd,, 1 are the submodules of M,,. ker d,,/Im0, 1 is not a submodule
of M, but there exists a one to one and surjective mapping between the quotient
modules of M,, and submodules M,,. Therefore, we consider ker d,,/Imd,+1 as a
submodule that corresponding to do submodules of M,,. Then for each a € A,
H(C,a) to be a fuzzy module. Thus,

H(C;—): A— PF(M,)
is defined. That is, (H(C, —); A) to be a fuzzy soft module over M,

Definition 3.17. (H(C,—);A) is called a fuzzy soft homology module of chain
complex C of fuzzy soft modules over M,.

Now, we show that the corresponding C — (H(C,—); A) is a functor. Let
({@n}tn,g) : C — C" be the morphism of chain complexes of fuzzy soft modules. For
each a € A, the family {p,, : (M, F,(a)) — (Nn,Gn(g(a)))} is a morphism that

goes from the chain complex {(M,, F,(a)), On : (My, Fp(a)) = (My—1, Fno1(a)) }n

~

of fuzzy modules to the chain complex {(Ny,,Gn(g(a))), 8 v : (Ny,Gnlg(a))) —
(Np—1,Gn-1(9(a)))}n of fuzzy modules. Then we can define the fuzzy homomor-
phism H,({¢,},a) : H,(C,a) — H,(C', g(a)) fuzzy modules.

Clearly, Ho({¢n}n,g) : (H(C,=);A) — (H(C',-); B) the homomorphism of
fuzzy soft modules.

Theorem 3.18. The corresponding C —— (H(C,—); A), {¢n}n,9) — Hn({ontn,9)
is a covariant functor from the category F'SCC' to the category FSM.

Theorem 3.19. The fuzzy soft homology module is invariant according to chain
homotopy relation. That is, If

’

({‘pn}nvg) =~ ({¢n}n79) :C—=C
then Hn({‘Pn}mg) = Hn({wn}nvg)

Proof. For each a € A, let us take the family {¢,,, ’:/;n : (M, Fr(a)) = (N, Gn(g(a)))}-

Since {¢,,} and {1, } are fuzzy chain homotopy mappings of fuzzy chain complexes,
then

(3.6) Ho ({3} a) = Hu({th,}, )

is satisfied. Since for each a € A, the equality [3.6 is satisfied then the result of
theorem is obtained.

After than, let us take the chain complexes of fuzzy soft modules over the same set
A. If C is a chain complex of fuzzy soft modules, then for each a € A let us denote
chain complexes of fuzzy modules by C(a).Let ({Ch}nez, {fn : Cn — Crn_1}n) be
the chain complexes of fuzzy soft modules and their morphisms. O

616
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Definition 3.20. If for each a € A, the sequence

n fn1
.. — Cyla) Ty n—1(a) "= Ch_a(a) — ...

of chain complexes of fuzzy modules is exact,then the sequence

oo, o L
of chain complexes of fuzzy soft modules is exact.
Definition 3.21. The exact sequence
0—-C -C—C" -0
is said to be a short exact sequence of chain complexes of fuzzy soft modules.
Let C and C' be two chain complexes of fuzzy soft modules.

Definition 3.22. For each a € A and the chain complexes

O(a) = {(My, Fula)). D}, €' (a) = (M}, Fi(a)), &)

of fuzzy modules if the pair (M}, F! (a)) is fuzzy submodule of the pair (M, F,,(a)),
then C' is said to be a chain subcomplex of C' and denoted by C <cC.

Let C' < C. Since C’(a) < C(a) on the category of fuzzy modules for each a € A,
we can obtain the quotient complex C'(a)/cr(4)- Then the chain complexes of fuzzy
soft modules which is defined as

C/er i A= PFCC, (C/er)(a) = C(a)/
are called the quotient complexes according to C’ of C.
Remark 3.23. If C' < C, then the sequence

0-C 50 Clp —0

is the short exact sequence of chain complexes of fuzzy soft modules where i is
embedding mapping and p is canonical mapping.

Definition 3.24. The homology module of chain complexes of fuzzy soft modules
is called a homology module of the pair (C",C) and denoted by H,(C",C).

Theorem 3.25. If the short exact sequence

"

OHC/(M)C(M)C —0

of chain complexes of fuzzy soft modules is splitting, then the homology sequence

"

(3.7) ie— Hy 1(C) «—— H,(C ) — H,(C) «— H,(C') — ...

of fuzzy soft modules is exact.
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Proof. For each a € A let us take the following short exact sequence of chain com-
plexes of fuzzy modules

(3.8) 0— C'(a) - Cla) 2 C"(a) — 0.

Generally, The homology sequence of fuzzy modules is not exact. However, from the
condition of theorem, the sequence 3.8 is a splitting. Then the following homology
sequence of fuzzy modules is exact (see [9]).

(3.9) ... H,_1(C'(a)) — H,(C"(a)) «— H,(C(a)) «— H,(C (a)) — ...

For each a € A, since the sequence 3.9] is exact, then the homology sequence 3.7 of
fuzzy soft modules is exact. d

4. CONCLUSIONS

In this study, the chain complexes category of fuzzy soft modules is defined and
the homology module of fuzzy chain complexes is given.
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