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ent properties. We show that every (i-v) fuzzy completely regular subsemi-
group of a semigroup S is a union of (i-v) fuzzy subgroups of S. We also
characterize (i-v) fuzzy completely regular subsemigroup by (i-v) fuzzy
semilattice of (i-v) fuzzy subgroups.
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1. INTRODUCTION

In 1965, the concept of fuzzy sets first introduced by L. A. Zadeh. At present,
it is an important tool in science and engineering (like computer science, control
engineering, information sciences etc). In 1975, L. A. Zadeh [15] first introduced the
concept of interval-valued fuzzy subset as a generalization of fuzzy subsets. In this
concept, the degree of membership of each element is a closed subinterval in [0,1].
The theory based on this extension is known as theory of Interval-valued Fuzzy Sets
and the interval-valued fuzzy set is called an interval-valued membership function.
A. Rosenfeld, the father of fuzzy abstract algebra, first studied the notion of fuzzy
subgroup [12] in 1971. In 1981, N. Kuroki introduced the concept of fuzzy semigroup
in [7] and characterized different classes of semigroups [§] in terms of fuzzy ideals in
1991. In [13,[14], the authors introduced the concept of fuzzy (weakly) regular, fuzzy
(weakly) completely regular subsemigroups and investigated some of their properties.
In [2], the authors characterized a fuzzy completely regular subsemigroup by a fuzzy
partition into a family of fuzzy e—subgroups.
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Many researchers [1}, 4, 9, [10] have been working on different algebraic structures
using this interval-valued fuzzy concept. In [I], Biswas defined the interval-valued
fuzzy subgroups of Rosenfeld’s nature and investigated some elementary properties.
AL. Narayanan and T. Manikantan [10] introduced the notions of an interval-valued
fuzzy subsemigroup and various interval-valued fuzzy ideals in semigroups. They
[9] also introduced interval-valued fuzzy left (right, two-sided, interior, bi-) ideal
generated by an interval-valued fuzzy subset in semigroups and characterized them.
We introduced the concept of interval-valued prime fuzzy ideal in [6] and interval-
valued semiprime fuzzy ideals in [5] of semigroups and studied their properties using
interval-valued fuzzy ideals and interval-valued fuzzy points. The class of completely
regular semigroups is a special subclass of regular semigroups. There are many useful
tools to characterize various types of fuzzy semigroups by using different types of
fuzzy ideals. As a continuation of this process completely regular semigroups have
been characterized by different types of ordinary fuzzy ideals and related structures.

In this paper, we introduce the notion of interval-valued fuzzy (weakly) completely
regular subsemigroups of a semigroup and study their properties. We also define
(i-v) fuzzy subgroups of an (i-v) fuzzy subsemigroup of a semigroup. Finally, we
have shown that every (i-v) fuzzy completely regular subsemigroup of a semigroup
is an (i-v) fuzzy semilattice of (i-v) fuzzy subgroups.

2. PRELIMINARIES

In this section, we give some preliminary definitions of fuzzy algebra which will
be used in this paper.

Throughout this paper, we denote the semigroup (S,-) by S and multiplication
‘.7 by juxtaposition. We consider the product AB of any two non-empty subsets
A and B of a semigroup S, defined by AB = {ab:a € A,b € B}. Also we consider
the subsets R, and C, of a semigroup S, defined by R, = {y € S : zyx = z} and
C,={z€8:2z=zzx}, where x € S.

Definition 2.1 ([I5]). An interval number on [0, 1], denoted by @, is defined as the
closed subinterval of [0,1], where @ = [a~, a™] satisfying 0 < a~ <at < 1.

We denote D[0,1] as the set of all interval numbers on [0, 1] and also denote the
interval numbers [0, 0] and [1,1] by 0 and 1 respectively.

Definition 2.2 ([9]). Let @ = [a~,at] and b = [b~,b"] be two interval numbers in
DJ0,1]. Then

()a<bif a= <b” and at < bT.

(i)a=b if a= =b~ and a* = b+.

(i) @ <b if @a#banda<b.

We write a > b whenever b < aanda > b whenever b < @. In this paper we
assume that any two interval numbers in D[0, 1] are comparable i.e. for any two
interval numbers @ and b in D[0, 1], we have either @ < b or @ > b.

Definition 2.3 ([4]). The interval Min-norm is a function Min® : D[0,1]x D[0, 1] —
D[0,1], defined by Min'(a,b) = [min(a~,b"), min(a*,b")] for all a,b € D[0,1],
where @ = [a~,a*] and b = [b—, b"].
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Definition 2.4 ([4]). The interval Max-norm is a function Maz® : D[0,1]x D[0,1] —
D[0,1], defined by Maz*(a,b) = [mazx(a=,b~),mazx(a™,b")] for all a,b € D|0,1],
where @ = [a™,a™] and b= [b—,b"].

Definition 2.5 ([6]). Let {a; : ¢ € A} be a family of interval numbers in DJ0, 1],

where @; = [a; ,a;f]; i € A. Then sup {a;} = [sup a;, sup af | and inf {a;} =
i€A i€A i€A €A
. — . +
g o g o )

Definition 2.6 ([6]). Let S(# @) be a set and A C S. Then (i-v) characteristic
function of A, denoted by X 4 , is an (i-v) fuzzy subset of S, defined as :

Xa(z) = 1, when z € A;
= 0, whenze S\ 4;
where x € S.

Definition 2.7 ([4]). Let i be an (i-v) fuzzy subset of a set S(# @) and [a,b] €
DJ0,1]. Then the level subset of i, denoted by U(, [a, b]), is defined by

U(fi, [a,b]) = {x € S : fi(x) > [a,b]}.

Definition 2.8 ([6]). Let 11 and fiz be two (i-v) fuzzy subsets of a semigroup S.
Then the product of fi; and fig is an (i-v) fuzzy subset of S, defined by :

(71 0 fiz)(x) = sup {Mini (ﬁ1(p),ﬁ2(q))}, when z = pq for some p,q € S;
z=pq

= 0, otherwise.

Definition 2.9 ([9]). A non-empty (i-v) fuzzy subset i of a semigroup S is called
an (i-v) fuzzy subsemigroup of S if fi(zy) > Min' (i(z), fi(y)) for all z,y € S.

3. (I-V) FUZZY COMPLETELY REGULAR SUBSEMIGROUPS

Definition 3.1 ([11]). A subsemigroup A of a semigroup S is said to be completely
regular if for all x € A, there exists y € A such that z = zyx and zy = yz.

Definition 3.2. An (i-v) fuzzy subsemigroup fi of a semigroup S is said to be
an (i-v) fuzzy completely regular subsemigroup of S if for all z € S, there exists
x' € R, N C, such that g(z") > p(x), when p(x) # 0.

Now we can easily prove the following propositions.

Proposition 3.3. Let A be a non-empty subset of a semigroup S. Then A is a
subsemigroup of S if and only if Xa is an (i-v) fuzzy subsemigroup of S.
Proposition 3.4. An (i-v) fuzzy subset i of a semigroup S is an (i-v) fuzzy sub-
semigroup of S if and only if for all [a,b] € D[0,1], U(g, [a,b]) is a subsemigroup of
S.

Proposition 3.5. Let A be a non-empty subset of a semigroup S. Then A is a
completely regular subsemigroup of S if and only if Xa is an (i-v) fuzzy completely
reqular subsemigroup of S.
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Proof. Let A be a completely regular subsemigroup of S. Then from Proposition
3.3, it follows that Y4 is an (i-v) fuzzy subsemigroup of S. Let z € S. If Y4 () # 0,
then Ya(z) = 1. So z € A. Therefore, by our assumption, there exists z* € A such
that ¢ = zo*z and xz* = z*z, ie. 2* € R, N C,. Thus Ya(z*) = 1= Xa(z).
Therefore, X 4 is an (i-v) fuzzy completely regular subsemigroup of S.

Conversely, let x4 be an (i-v) fuzzy completely regular subsemigroup of S. Then
A is a subsemigroup of S, by Proposition [3.3. Let z € A. Then xa(z) = 1+#0.
Thus by our assumption, there exists z* € R, N C, such that Ya(z*) > Xa(x).
Therefore, Ya(z*) = 1 and so z* € A. Also, we have © = zz*z and zz* = z*z.
Therefore, A is a completely regular subsemigroup of S. O
Proposition 3.6. An (i-v) fuzzy subsemigroup i of a semigroup S is an (i-v)
fuzzy completely reqular subsemigroup of S if and only if for all [a,b] € D[0,1]\{0},

U(f, [a,b]) is a completely reqular subsemigroup of S.

Proof. Let 1 be an (i-v) fuzzy completely regular subsemigroup of S. Let z €
U(f, [a,b]). Then fi(z) > [a,b] # 0. Thus by our assumption, there exists an z* €
R, N C, such that fi(z*) > fi(z). Therefore, fi(z*) > [a,b] and so z* € U(f, [a, b]).
Again, since z* € R, N Cy, x = zz*z and zz* = z*x. Hence, [7(;7, [a,b]) is a
completely regular subsemigroup of S.

Conversely, let U (11, [a, b]) be a completely regular subsemigroup of .S, where [a, b] €
D[0,1]\{0}. Let 2 € S and consider fi(z) = [a1,b1] # 0. Then = € U(Ji, [ay,b1]) and
hence by our assumption, there exists z* € U (1, [a1,b1]) such that z = za*z and
za® = x*x. Therefore, z* € R, N C, and p(z*) > [a1,b1], i.e. p(x*) > p(z), where

fi(z) # 0. Thus fi is an (i-v) fuzzy completely regular subsemigroup of S. O

Definition 3.7 ([5]). Let A and B be two non-empty sets and o : A — B be a
function. Let 1z and & be (i-v) fuzzy subsets of A and B respectively. Then image
of 1 under the function «, denoted by a(g), is an (i-v) fuzzy subset of B, defined as

a@y) = sw i) whena™(y) £
z€e€a 1y

= 5, otherwise ;
where y € B and a™1(y) = {z € A: a(z) = y}.
Pre-image of & under the function «, denoted by a~1(7), is an (i-v) fuzzy subset
of A, defined as a 10)(z) = g(a(z)) for all z € A.

Proposition 3.8. Let a be a semigroup surjective homomorphism from S onto T.
If @ be an (i-v) fuzzy completely regular subsemigroup of S, then «(ji), image of i
under «, is an (i-v) fuzzy completely regular subsemigroup of T.

Proof. Let [n be an (i-v) fuzzy completely regular subsemigroup of S. We have to
show that for all y € T, there exists y* € R, N Cy such that a(x)(y*) > a(n)(y),

when a(fi)(y) # 0, ie. sup  (z*) > sup p(z), when a(g)(y) # 0. Let
2t € a=(y) z € a"t(y)

y € T. Since a is onto, a™(y) # @. Let z € a~(y) C S. If fi(x) # 0, then by our

hypothesis, there exists ©* € R, N C, such that p(z*) > pi(z). Since z* € R, N Cy,

x = xz*zx and zz* = x*z. Therefore, a(x) = alzz*z) = a(x)a(z*)a(x) and
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a(z)a(z*) = a(zz*) = alz*z) = a(z*)a(x) (since a is homomorphism). This
shows that a(z*) € Ry(y) N Co(z) = Ry NCy # @. Let y* = a(z*) € R, NC,. Then
a(p)(y*) = sup w(u*) > ﬁ(x*) > f(z), where z € a~*(y). Therefore,

u* € a~(a(z*))

a@@)> s File) = a(f)y), where sup fi(x) # 0. Consequently, a(7)
z € a"1(y) z € a"l(y)

is an (i-v) fuzzy completely regular subsemigroup of 7. O

Proposition 3.9. Let a : S — T be a semigroup isomorphism. If i be an (i-v)
fuzzy completely regular subsemigroup of T, then a~'(ji), pre-image of ji under a,
is an (i-v) fuzzy completely reqular subsemigroup of S.

Proof. Let x € S. Then a(x) € T. Therefore, by our hypothesis, there exists
y* € Ry(z) N Ca(I) such that p(y*) > ( (z)), when [i(« ( )) # 0. Since « is onto,
there exists 2* € S such that a(z*) = y*. Again, since y* € Ry (y) N Co(a), (x) =

a(r)y*alz) = a(z) = ( Ja(z®)a(r) = alx) = alzz*z). Also, a(zz*) =
a(z)a(z*) = a(z) y* = y* a(z ) ( a(x) = alx*z). Since « is injective, it
follows that x = za*z and rx* = z*z, ie. ¥ € R, NC,. Now a~(p)(z) =
Ao(2) < fly") = Alofa")) = o~ (7) (&), where * € R, C, and = (7)(x) £ .
Thus o~ !(z) is an (i-v) fuzzy completely regular subsemigroup of S. O

Definition 3.10 ([6]). Let S be a non-empty set and x € S. Let a € D[0,1]\{0}.
An (i-v) fuzzy point zz of S is an (i-v) fuzzy subset of S, defined by
_foa, ify=uwz;
st ={ &

otherwise ;
where y € S.

Definition 3.11 ([6]). Let @ be a non-empty (i-v) fuzzy subset of a non-empty set
S and z; be an (i-v) fuzzy point of S. Then the (i-v) fuzzy point z; is said to be
contained in [ or to belong to fi (denoted by zz € ) if p(z) >a

Lemma 3.12 ([6]). If xz, y; be (i-v) fuzzy points of a semigroup S, then xz o y; =
(@Y) prins @, b

Theorem 3.13. An (i-v) fuzzy subsemigroup i of a semigroup S is an (i-v) fuzzy
completely reqular subsemigroup of S if and only if for any (i-v) fuzzy point x5 € [,
there exists an (i-v) fuzzy point y; € 11 such that x5 = x5 0 y; 0 xg and xg 0 Yy =
Yy 0 Ty

Proof. Let 11 be an (i-v) fuzzy completely regular subsemigroup of S. Let xzz €
be an (i-v) fuzzy point. Then fi(z) > @ # 0. Therefore, by our assumption, there
exists y € R, N C, such that p(y) > p(z). Thus, u(y) > @ and hence y; € [
Agam since y € R, N Cy, x = xyx and xy = yx. Therefore, for an interval number
b(>a) in D[0,1]\ {0}, 2z = (zyz)s (myx)Mml(mb) Tz 0y; 05 and X 0 Yy =
(xy)Mmi(‘d,b) = (y:z:)Mmi(bya) =Yy; 0 Tg, by using Lemma [3.12.

Conversely, let f be an (i-v) fuzzy subsemigroup of S such that j satisfies the
conditions. Let = € S. If fi(z) # 0, let fi(z) = a. Then x5 € fi. Therefore, by our
hypothesis, there exists an (i-v) fuzzy point y; € & such that xz = z3 0 y; 0 27 and
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Tz 0Y; = ¥y 0 Tg. Now x5 = x5 0 Y 0 g = T = (Tyw) ) implies that

Min'(a,b
r = zyranda < b. Also, x5 0 y; = y; 0 x5 implies that (xy)Mm,;(a B = (ya:)Mm,;(Nb -
Thus it follows that zy = yz. So y € R, NC, and p(y) > b>a= w(x), e ply) >
i(x). Therefore, i1 is an (i-v) fuzzy completely regular subsemigroup of S. O

4. (1-vV) FUZZY WEAKLY COMPLETELY REGULAR SUBSEMIGROUPS

Definition 4.1. An (i-v) fuzzy subsemigroup @ of a semigroup S is said to be an
(i-v) fuzzy weakly completely regular subsemigroup of S if for all z € S, R,NC, # &
and  sup p(a’) > p(z), when u(x) # 0.

#' € Ry N C,
Definition 4.2. An (i-v) fuzzy subsemigroup i of a semigroup S is said to have

supremum property if for any P C S, there exists x, € P such that sup p(z) =
z € P

(o).
Theorem 4.3. If i be an (i-v) fuzzy completely reqular subsemigroup of a semigroup
S, then @ is an (i-v) fuzzy weakly completely reqular subsemigroup of S.

Proof. Since j1 is an (i-v) fuzzy completely regular subsemigroup of S, for any x € S,
there exists z* € R, N Cy such that p(z*) > p(x), when f(z) # 0. It implies that

R,NCy # @and  sup  Ji(z) > fi(z*) > fi(z), where fi(z) # 0. Thus i is an
z€R, NC,
(i-v) fuzzy weakly completely regular subsemigroup of S. O

The converse of the above result may not be true in general. But in particular,
we have the following result.

Theorem 4.4. If i be an (i-v) fuzzy weakly completely reqular subsemigroup of
a semigroup S and 11 has supremum property, then i is an (i-v) fuzzy completely
reqular subsemigroup of S.

Proof. Since p is an (i-v) fuzzy weakly completely regular subsemigroup of S, for
any v € S, R, NCy # @ and  sup  u(z) > p(z), when pi(x) # 0. Since g has

z€ R, NCy
supremum property, there exists z* € R, N C, such that  sup  p(z) = g(a*).
z€ R, NCy
Therefore, fi(x*) > p(z). Thus p is an (i-v) fuzzy completely regular subsemigroup
of S. 0

Proposition 4.5. Let A be a non-empty subset of a semigroup S. Then A is a
completely regular subsemigroup of S if and only if Xa is an (i-v) fuzzy weakly
completely reqular subsemigroup of S.

Proposition 4.6. An (i-v) fuzzy subsemigroup fi of a semigroup S is an (i-v) fuzzy
weakly completely reqular subsemigroup of S if and only if for all [a,b] € D[0, 1]\{1},
[7(/7>, [a,b]) is a completely reqular subsemigroup of S, where U’(ﬁ>, [a,b]) ={z €S
: () > [a, b]}.

Proposition 4.7. Let o : S — T be a semigroup epimorphism. If i be an (i-v)
fuzzy weakly completely reqular subsemigroup of S, then a(i) (image of i under o)
is an (i-v) fuzzy weakly completely regular subsemigroup of T.
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Proof. Let 1 be an (i-v) fuzzy weakly completely regular subsemigroup of S. We
have to show that for all y € T, R, N C, # @& and sup o) (y*) > ali)(y),
y* € Ry NCy
when a(fi)(y) # 0, sup { sup Az} = sup [(z), when
y*€R, NCy 2z*€ al(y*) z€ a~1(y)
a(fi)(y) # 0. Let y € T. Since avis onto, o~ (y) # @. Let & € a~(y) C 8. If fi(x) #
0, then by our hypothesis, we can say that R,NC, # @ and  sup  fi(z*) > fi(z).

z* € Ry NCy
Since R, N C, # @, let z* € R, N C,. Then x = zz*z and xx* = x*x. Therefore,
a(z) = a(ze*z) = a(z)a(z*)a(z) and a(z)a(z*) = a(zz*) = a(z*z) = alz*)a(z),
(since  is homomorphism). This shows that a(2*) € Ry (o)NCo(s), .. RyNC, # 3.

Now  sup a(p)(y*)=  sup { sup az")}
y* € Ry NCy y*€R,NCy 2z*€ al(y*)
> sup { sup i(z*)}
a(z*) e RyNCy 2z* € a a(z*))
= sup { sup n(z*)}
a(z*) € Ro(z) N Ca(x) 2*€ al(a(z*))
sup { sup a(z*)}

a(z*) € a(Ry) Na(Cy) 2z*€ a~l(a(z*))
(since a(R;) € Ry (y) for any z € 5)

> sup { sup f(z*)}
a(z*) € a(Ry NCy) z*€ a1 (a(z*))
> e e

a(z*) € a(Ry NCy)
> sup  pi(z¥)

z* € R, N Cy
> ji(x).
Therefore, sup  a(@)(y*) > sup fi(z) = () (y), when a(fi)(y) # 0. Thus,
y* € R, NCy z € a1(y)
it follows from the above that «(g) is an (i-v) fuzzy weakly completely regular
subsemigroup of S. d

Proposition 4.8. Let o : S — T be a semigroup isomorphism. If it be an (i-v)
fuzzy weakly completely regular subsemigroup of T, then a~'(p), pre-image of i
under «, is an (i-v) fuzzy weakly completely reqular subsemigroup of S.

Proof. Let x € S. Then a(z) € T. Therefore, by our hypothesis, Ry () N Co(z) # @

and sup u(z) > p(a(x)), when p(a(x)) # 0. Since Roz) N Coay # 9,
FAS Ra(z) n Ca<z>

let y* € Ry(z) N Co(z)- Since a is onto, there exists #° € S such that a(z®) = y*.

Again7 since y* € Ra(z) ﬁC'oc(a:)7 Ot(l‘) = O[(J,‘) y*Oé(Jf) = Oé( ) ( ) ( ) ( ) =
a(z) = a(zz®z). Now a(zz®) = a(x)a(z®) = o(z) y = y* oz(x) alz®)a(z) =
a(z®x). Since « is injective, it follows that * = zaz®x and xz® = z°z, i.e. z° €
R, NC,;. Hence R, NC, # @. Now  sup a’l(ﬁ)(z) =  sup plalz) >
2€R,NC, ZE€R, mcz
sup  pla(z®)) = sup a(y*) (since « is injective) > p(a(z)) =
z® € R, NCy y* € Ra(m) n Ca(m)

w° € a=l(y*)
o~ Y([)(z), when a~1(fi)(z) # 0. Thus a~'(fi) is an (i-v) fuzzy weakly completely
regular subsemigroup of S. O

=
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Definition 4.9. Let 1 be an (i-v) fuzzy subset of a semigroup S and z,z € S. We
define
sup f(y), if uw==zyz for somey € S;

(afiz)(w) = { u=rz

0, otherwise;

where u € S.

Theorem 4.10. Let i be an (i-v) fuzzy subsemigroup of a semigroup S. Then
is an (i-v) fuzzy weakly completely regular subsemigroup of S if and only if for all
z €S, (22 pa?)(x) > f(z), when f(x) # 0.

Proof. Let v be an (i-v) fuzzy weakly completely regular subsemigroup of S. Let

x € S. If p(x) # 0, by our assumption R, N C, # @ and sup  p(x*) > p(x).
x* € R, NCy

Since R, NC, # @, let 2’ € R, NC,. Then x = za'r and zx’ = x’x. Therefore,

r = za'r = x2!(za'x)x’'z = 22 (2')32% € 22Sx?. Thus,

(@PF)@) = sw FEZ  sw  EEP): s ) 2 ).
T fefgzzxz z = z?(z'z'z’")x? ' € Ry NCy

z/ € Ry N Cyp

Conversely, let the condition hold for an (i-v) fuzzy subsemigroup i of S. Let
x € 8. If Ji(x) # 0, by our assumption, (2* pa?)(z) > fz) # 0. Therefore, from
Definition 4.9, we can say that there exists 2’ € S such that x = 2?2'2%. Now x =
222'2? = x(x2'z)2 and z(xa'w) = 222/ (222'2?) = (2%0'2?)2'2? = 2a'2? = (v2'2)2.
Thus, z2'z € R, N C,, and hence R, N C,, # <.

Now sup fi(z) > sup p(za'z)
z€R, NCy zx'x € Ry N Cy
z/ €S

> s M (), i) }
zx'x € R, N Cy
z/ €8

(since f is an (é-v) fuzzy subsemigroup of .S)
= Min' (i), s L}

zx'x € R, N Cy
z/ €8

MW( lz),  sup 2{ ﬁ(m')})
wes ”

= Min'( fi(2), (z%]i0%)() )
> Min' (ji(), i) )

Y

— jile).
Therefore, it follows from the above that  is an (i-v) fuzzy weakly completely
regular subsemigroup of S. g

Theorem 4.11. Let i be an (i-v) fuzzy subsemigroup of a semigroup S. Then [
is an (i-v) fuzzy weakly completely regular subsemigroup of S if and only if for any

(i-v) fuzzy point zz € @, x5 € (:vga opo 3325).
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Definition 4.12. Let g be an (i-v) fuzzy subset of a semigroup S and z € S. We
define
sup fi(s), if there exists s € S such that u = zs;

(2 ) () = { s

0, otherwise;

and

sup fi(y), if there exists y € S such that u = yu;
(i o) () = { w=ve
0, otherwise;

for any u € S.

Theorem 4.13. An (i-v) fuzzy subsemigroup 11 of a semigroup S is an (i-v) fuzzy
weakly completely reqular subsemigroup of S if and only if for all x € S,

(227 N fa?)(x) > fi(x), when fi(z) # 0.
Proof. Let 1 be an (i-v) fuzzy weakly completely regular subsemigroup of S. Let

z € S such that fi(x) # 0. Then R, N C, # & and sup  p(x*) > p(z). Since
z* € R, NCy
R, NC, # &, let ' € R, NC,. Then z = zx'x and xzz’ = z’z. Therefore,

x =22z’ € 225 and © = 2'z? € Sx°.

Now ‘
(27 0 ia?) (@) = Min' (22 i) (@), (fi2®) (@)
= Min'( sup w(z), sup2u(z*))
T
> Min'( sup p(z), sup  ji(z"))
LRI, ST
> Min'( sup j(a’), sup fi(z'))
N ' € Ry NCy ' € Ry NCy
> fi(z).

Conversely, let the condition hold for an (i-v) fuzzy subsemigroup i of S. Let
z € S.If i(z) # 0, by our assumption, (2 i N px?)(z) > n(z)
— Mint (2 i) (2), (7i2*) (2)) > ()
= (22 1) (z) # 0 and (7 2%)(z) # 0. Thus, there exist z’,2” € S such
that = 2?2’ € 25 and © = 2”22 € Sa?. Also, (2% i)(z) = sup f(z) > a(z)
2

r = Tz
z€S
and (7 2?)(z) = sup [(z*) > A(z). Now za'z = (2'2%)a'z = 2”(2%2)z =
x = z*x?
z* €S

2"2? = x and x2"x = z2” (2%2') = x(2"2?)2’ = 222’ = x. Therefore, z(z"rz")x =
(xa"x)x'x = z2'x = z, x(x"zx’) = (za'2)2’ = z2’ = 2" 2% = 2"z = 2" (v2'x) =

(z"xax’)x. Thus, 2”’zz’ € R, N C, and hence R, N C, # @.

2

Now sup [i(z) > sup w(x"za’)
z€R, NCy z'xx’ € Ry N Cy
z/,z! e s

> sup f i (Mind ("), i), () }
xz'xx’ € Ry NCy
z!, z! €8

(since p is an (i-v) fuzzy subsemigroup of S)

=
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> Mt swp M ("), (@) } i)

x''xx’ € Ry NCy

z!, z! €S
> Min'(sup {Min' (fa"), fix")) }. ()
o=z r2
m’z,:ma/:?zls
= Mint ( Mini(* sup {fi(a')}, sup {fi2")}),fi())
z=x2x' z=x''z2
z'es z''es
— i),
Therefore, it follows from the above that g is an (i-v) fuzzy weakly completely
regular subsemigroup of S. 0

Theorem 4.14. Let i be an (i-v) fuzzy subsemigroup of a semigroup S. Then [ is
an (i-v) fuzzy weakly completely reqular subsemigroup of S if and only if
x5 € (2% o1 N [ o &%) for any (i-v) fuzzy point x5 € [i.

Definition 4.15. Let X be a set and A C X. For any a € D[0,1], we define an
(i-v) fuzzy subset @A on X as:

(aA)(z) = a, whenz € 4;
0, otherwise.

Proposition 4.16. Let {A;:i € Q} be a set of sets and a € D|0,1]. Then

U@a)=a( U 4).
i€ Q

i€ Q

Definition 4.17 ([1]). An (i-v) fuzzy subset ji of a group G is called an (i-v) fuzzy
subgroup if for any z,y € G,

(1) fi(zy) > Min'{ ji(z), fi(y) }

(i) (") = ().
Theorem 4.18 ([3]). A semigroup S is completely regular if and only if S is a union
of (disjoint) groups.

Theorem 4.19. Every (i-v) fuzzy completely regular subsemigroup 1 of a semigroup
S is a union of (i-v) fuzzy subgroups of S.
Proof. Let 1 be an (i-v) fuzzy completely regular subsemigroup. Then we can write
= U at@a= J at@Ea).
a €D[0,1] @ eD[0,1]\{0}
(7a) # @

<1

Since g is (i-v) fuzzy completely regular, U (1, @) is completely regular, by Propo-

sition 3.6/ and hence U(p,a) = |J Ai(a), where A;(a)’s (i € Q) are disjoint groups
i€Q

corresponding to @, by Theorem 4.18 . Therefore,

= U a@a= U a(UAa@)= U aA@.

a €D[0,1]\{0} a €D[0,1]\{0} €0 a €D[0,1]\{0}
U(f,a) # @ i€EQ
Since 4;(a) s are disjoint groups, then it is easy to show that aA;(a) ’s are disjoint
(i-v) fuzzy subgroups and hence the result. O
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Definition 4.20. Let fi, 1o and 3 be (i-v) fuzzy subsets of a semigroup S such
that yi1 C p3 and iz C pig. Then iy and fi are said to be disjoint with respect to
i if Min (7 (1) ia(0) < inf { fis(u) }

Definition 4.21. Let g be an (i-v) fuzzy subset of a semigroup S and G be a
subgroup of S. Then an (i-v) fuzzy subset 6 of S is said to be an (i-v) fuzzy
subgroup of i corresponding to G if

(i) §~(x) < p(z) forallz € S

(i) HN(xy) > M~mi (6(2),0(y)) for all z,y € S
(iii) @(x=1) > O(x) for all z € G.

In [3], we know that a semigroup S is a semilattice of groups if S is a set union
of mutually disjoint subgroups {S; : i € L (a semilattice)} of S such that, for every
j,k € L, the products S;S; and S;S) are both contained in the same subgroup
S; (I € L). Similar way, we define (i-v) fuzzy semilattice of (i-v) fuzzy subgroups in
the following definition.

Definition 4.22. An (i-v) fuzzy subsemigroup & of a semigroup S is called (i-v)
fuzzy semilattice of (i-v) fuzzy subgroups if

(i) there exists a family {f; : j € L (a semilattice)} of (i-v) fuzzy subgroups of &
such that it’s corresponding family {S; : j € L} of subgroups of S make a partition
of Sand g = U py

jeL
(ii) fz; and fy, are disjoint with respect to i for any j, k(# j) € L
(iii) for any j, k € L, there exists [ € L such that i; o fi € iy and pi 0 fi; C fiy.

Now we characterize the (i-v) fuzzy completely regular subsemigroup by (i-v)
fuzzy semilattice of (i-v) fuzzy subgroups as follows :

Theorem 4.23. An (i-v) fuzzy subsemigroup 11 of a semigroup S is an (i-v) fuzzy
completely regular if and only if [ is an (i-v) fuzzy semilattice of (i-v) fuzzy sub-
groups of i.

Proof. Let i be an (i-v) fuzzy completely regular subsemigroup of S. Then S is
completely regular. Therefore, from [3], we can write S is a union of mutually
disjoint subgroups {S; : i € L} of S such that for any j,k € L, there exists | € L
such that S; Sy C S; and S S; C S;. Now we define (i-v) fuzzy subset fi; of S as

ij(@) = file), if 7€ 5

= 0, otherwise;
for every j € L and « € S. Then clearly, ; C pr and for any two j,k(# j) € L,
f; and [i;, are pairwise disjoint w.r.t. . Now let x € S. Then = € S; for some
I € L. Therefore, ( U p;)(z) = sup fij(z) = Maz'(fu(z), sup f;(z)) = a(z).

JEL jeL JEL,j#
Thus, ( J ;) = p. Again, let 2,y € S. If 2,y € S; for every j € L, then
jEL
xy € S;. Therefore, for every j € L, pj(wy) = fi(zy) > Min' (i(x), i(y)) =
Min® (i;(x), [t (y)). Again, if either z ¢ S or y ¢ S;, then f1;(z) = 0 or 7i;(y) = 0.
Therefore, fi;(zy) > 0= Min'(fij(x), f1j(y)). This implies that for every j € L, fi;
is an (i-v) fuzzy subsemigroup of S. Again, let a € S;. Since i is an (i-v) fuzzy
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completely regular subsemigroup, there exists b € R, N C, such that (b)) > f(a).
Let b € S, for some k € L. Therefore, a®> € S; and a?b = aba = a € S;. Again,
since {S; : j € L} is a partition of S with S; Si, C S;, Sk S; C 5y, it follows that
S; Sk € S; and hence ba € S; and bab € S;. Since S; is a group with identity e;,(say)
and aba = a = ae;, it follows that ba = e;. Now a(bab) = (aba)b = ab = ba = e; and
(bab)a = b(aba) = ba = e;. For unique inverse in a group, it shows that a~! = bab.
Therefore, fij(a™') = 1;(bab) = f(bab) > Min'(fi(b), i(a)) = fi(a) = p;(a). Thus,
every [i; is an (i-v) fuzzy subgroup of [ corresponding to S;.

Again, let z € S. Suppose z € S; for some | € L. Then for any j,k € L,
(i 0 7)) = sup {Min' Gy (p). ivla))} < sup {Min' i) i(0)} < sup (7o)}
= sup p(z) = p(x) = w(z). Again, if © ¢ S, then there exists no such p € S

and ¢ € Sy that & = pg. Therefore, (7i; o fiy)(z) = sup {Min'(11;(p), in(q))} =
@=pq

0= fu(x). Thus, it follows that zi; o i C ;. In a similar way, we can prove that
fi o fi; C . Therefore, from above, it follows that i is an (4-v) fuzzy semilattice
of (i-v) fuzzy subgroups.

Conversely, let ix be an (i-v) fuzzy semilattice of (i-v) fuzzy subgroups. Then there
exists a family {f; : j € L} of (i-v) fuzzy subgroups of 1 such that its corresponding
family {S; : j € L} of subgroups of S forms a partition of .S and

i) r=U#

JjeL

(ii) pm; and fu are disjoint with respect to g for any j, k(# j) € L

(iii) for any j, k € L, there exists [ € L such that fz; o i € 1y and pi 0 fi; C fiy.

Let x € S. Then x € S; for some [ € L. Since S is a subgroup of S, z~! € §;.
Therefore, 1;(z=1) > fu(z) and also, x = zx~ !z and zz=! = 27 to, ie. 271 € R, N
C. Now fi(z) = (U fiy)(w) = sup i (v) = Maz (julw), s fiy(@) = fu(w) <

JEL jeL i £ 1,

J ,JEL
) = Mart(fu@ ™), swp @) = swp ) = (U f)a) =
Jj#L JeL JjeL jeL
p(z~1). Hence [ is (i-v) fuzzy completely regular. O
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