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1. INTRODUCTION

Rosenfeld [13] first studied the fuzzy subgroup of a group and then the fuzzifi-
cation of algebraic structures started to grow up. Afterward, Liu [11] introduced the
notion of fuzzy ideal. This idea of fuzzy ideal motivated Kumbhojkar and Bapat [9],
Dixit et al. [5] and Zaid [15] to investigate the concepts of fuzzy coset and fuzzy quo-
tient ring. Furthermore, the idea of anti fuzzy subgroups was introduced by Biswas
[3] which ultimately was extended by many researchers, e.g., [1, 6} [7, [8] 10} 12} [16].

Our work is an extension of the Biswas’ [3] idea of anti fuzzy subgroup of a
group. In our paper we apply this idea to the theory of ring. We introduce a notion
of anti fuzzy ideal A of a ring X and some of its properties are discussed. We give
a definition of lower level ideal of a ring in this paper. We prove that a fuzzy set
A of a ring X is an anti fuzzy ideal of X if and only if the lower level subsets A,
[3] of A are ideals of X. By giving an example, we show that Biswas’ [3] idea of
fuzzification of lower level subsets of fuzzy set is not valid in general. Accordingly,
a modified definition is given to fuzzify the lower level subsets A; of the fuzzy set A
and it is revealed that if A is an anti fuzzy ideal of X, then so is d 4,, the fuzzification
of 4;. In addition, the set % ={y+ A:y € X} is proved as a factor ring of the
ring X induced by the anti fuzzy ideal A of X and some isomorphism theorems are
established.
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Unless otherwise stated, X is considered as a ring associated with two binary
operations ‘4+’ and ‘. throughout this paper; negative of z, z + (—y) and z.y
are written as —x,  — y and zy, respectively; the zero (respectively identity, if
exist) element of X is denoted by O (respectively 1). Thus z 4+ (—z) = 0 and
x —y =x+ (—y). The characteristic function of a subset U of X is denoted by 1.

2. PRELIMINARIES

In this section, some definitions are recalled that have been employed in our
analysis.

Definition 2.1 ([14]). A fuzzy set A in a nonempty set X is a mapping A : X —
[0,1]. If A is a fuzzy set in X and « € X, then A(x) represents the membership
value of z. Also by A€, we denote the complement of A which is defined as A¢(x) =
1— A(x), ¥V z € X. For two fuzzy sets A and B in X. We define

(i) A=Bifandonly if A(z) = B(x) Vz € X.

(i) A< Bif and only if A(z) < B(z) Vz € X.

(i) (AV B)(z) = max{A(x),B(x)} Vz € X.

(iv) (AA B)(z) = min{A(z),B(z)} V= € X.

Definition 2.2 ([4]). Let f: X — Y be a mapping between sets and A a fuzzy set
in X. Then the image f(A) is a fuzzy set in Y which is defined as

s EA At

Definition 2.3 ([7]). Let f: X — Y be a mapping between sets and A a fuzzy set
in X. Then f_(A) is a fuzzy set in Y which is defined as

i = { Az T o

Definition 2.4 ([4]). Let f : X — Y be a mapping between sets and B a fuzzy set
in Y. Then the inverse image f~1(B) is a fuzzy set in X which is defined as

f7HB)(2) = B(f(x)),V = € X.

Definition 2.5 ([11]). A fuzzy set A in X is called a fuzzy left (respectively, right)
ideal of X if

(i) A(x — y) = min{A(z), A(y)}

(i) A(zy) > min{A(x), A(y)} and

(iii) A(xy) > A(y) (respectively, A(zxy) > A(z)).

Definition 2.6 (|3]). For a fuzzy set A in X and for ¢ € [0,1], the set A; = {z €
X : A(z) < t} is called the lower level subset of the fuzzy set A.

Definition 2.7 ([3]). A fuzzy set p of a group G is an anti fuzzy subgroup of G if
and ouly if ¥z, € G, pu(zy~") < maz{ju(z), j(y)}.

Definition 2.8. Let R and S be two rings. A function f : R — S such that
fla+0b) = f(a)+ f(b) and f(ab) = f(a)f(b) V a,b € R is called a homomorphism;
if f is onto, i.e., f(R) = S, then f is called an epimorphism.
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3. ANTI FUZZY IDEAL

In this section, an anti fuzzy ideal A of X is defined and some results on this are
proved.

Definition 3.1. A fuzzy set A of X is called an anti fuzzy left (respectively, right)
ideal of X if V z, y € X,

() Al —y) < maz{A(z), A@)},

(ii) A(zy) < max{A(x), A(y)} and

(iii) A(zy) < A(y) (respectively, A(zy) < A(x)).

Definition 3.2. A fuzzy set A of X is called an anti fuzzy ideal of X if it is an anti
fuzzy left ideal as well as an anti fuzzy right ideal of X.

Remark 3.3. (i) A fuzzy set A of X is an anti fuzzy left (respectively, right) ideal
of X if and only if A€ is a fuzzy left (respectively, right) ideal of X. (ii) Every anti
fuzzy (left or right) ideal of X is an additive anti fuzzy subgroup of X.

Remark 3.4. If A is an anti fuzzy ideal of X, then V z, y € X,
(i) A(z —y) <maz{A(z), A(y)} and
(i) A(zy) < min{A(z), A(y)}-

For every anti fuzzy (left or right) ideal A of X and V & € X, we have A(0) =
A(x — z) < maz{A(z), A(z)} = A(z),

A(—z) = A0 — z) < max{A(0),A(x)} = A(z) and A(zx) = A0 — (—x)) <
max{A(0), A(—z)} = A(—x).

Again if z,y € X and A is an anti fuzzy (left or right) ideal of X such that
A(x — y) = A(0), then A(y) = Az — (x — y)) < max{A(x), A(x —y)} = A(z) and
Ax) = Ay — (y — 2)) < maz{A(y), A(y — 2)} = maz{A(y), Az — y)} = A(y).

Thus we have the following proposition:

Proposition 3.5. For every anti fuzzy (left or right) ideal A of X,
(i) A(0) < A(z), Yz e X.
(i) A(z) = A(—=x), Vz € X.
(ii) A(z —y) = A(0) = A(z) = A(y),Y z,y € X.

Theorem 3.6. Let A and B be two anti fuzzy left (respectively, right) ideals of X.
Then AV B is also an anti fuzzy left (respectively, right) ideal of X .

Proof. ¥ z,y € X, we have
() (AV B)(& - y) = maz{A(x —y), Bz — y)} < maz{A(x), A(y), B(x), B(y)}
— maz{(AV B)(x), (A v B)(y)}.

(i) (AV B)(ay) = maz{A(zy), B(ry)} < maz{A(x), Ay), B(z), B(y)}
=maz{(AV B)(z),(AV B)(y)} and

(i) (AV B)(zy) = maz{A(zy), B(zy)} < maz{A(y), B(y)}

(respectively, maz{A(z), B(z)}) = (A V B)(y) (respectively, (A V B)(x)).

Thus we see that AV B is an anti fuzzy left (respectively, right) ideal of X. O

Corollary 3.7. The sup of any set of anti fuzzy left (respectively, right) ideals of
X is an anti fuzzy left (respectively, right) ideal of X .

The intersection of two anti fuzzy ideals is not necessarily an anti fuzzy ideal,
which is justified in the following example:
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Example 3.8. Let X = (Z,+,.), where Z is the set of integers. Define two fuzzy
sets A and B in X by
L if x is a multiple of 3 1 if x is even
— 27 . 9

Alz) = { 1, otherwise } and B(z) = { %, otherwise }

It can be verified that A and B are anti fuzzy ideals of X. Now, take x = 9 and
y = 4. We see that A(z) =%, A(y) =1, A(zx —y) =1, B(z) = 2, B(y) = % and
B(z —y) = 2. Clearly (AAB)(z) = %, (AAB)(y) = 5 and (AAB)(z —y) = 3.
Readily (A A B)(xz —y) > max{(A A B)(z),(AA B)(y)}.

Thus we see that, the intersection of two anti fuzzy (left or right) ideals of X need
not to be an anti fuzzy (left or right) ideal of X.

Example 3.9. Let X = (Z,+,.), where Z is the set of integers. Define two fuzzy
sets A and B in X by
=, if z is even 0, if z is even
Alz) = { %, otherwise } and B(x) = { 1, otherwise }
0, if x is even
1, otherwise
are anti fuzzy ideals of X.

Theorem 3.10. Let X be a skew field. Then for every anti fuzzy (left or right)
ideal A of X andV xz € X, v # 0, A(zx) = A(1).

Proof. Let x € X, 2 # 0. Suppose A is an anti fuzzy left ideal of X. Now A(z) =
A(z.1) < A1) = A(z7tz) < A(z) = A(x) = A(1).

Again, let A be an anti fuzzy right ideal of X. Now A(z) = A(1.z) < A(1)
A(z.a™1) < A(z) = A(z) = A(1).

Theorem 3.11. Let A be a fuzzy set in X such thatV x € X, © # 0, A(x) = A(zg
where xq is a fized element of X. Then A is an anti fuzzy ideal of X.

Now, AN B(z) = . It can be verified that A, B and AN B

— Ol

Proof. Let x, y € X. Now consider the following cases:

Case-1: (x =0 and y # 0) or (z # 0 and y = 0). Clearly A(z — y) = A(xo)
A(0) and A(zy) = A(0), and so (i)A(x — y) = maz{A(z), A(y)} and (i) A(zy)
min{A(z), Ay)}.

Case-2: x =y = 0. The proof is trivial.

Case-3: z # 0, y # 0. Clearly A(z) = A(y) = A(zo) > A(0). Now

A -0 ={ 4020 b < dlao) = masfate) A}

and

v

) Aten) = { 405 E 20 | < Alan) = min{a), A

Thus we see that A is an anti fuzzy ideal of X. O

Theorem 3.12. U is a left (respectively, right) ideal of X if and only if 1yc is an
anti fuzzy left (respectively, right) ideal of X .

Proof. First, let U be a left (respectively, right) ideal of X and z, y € X. Now
consider the following cases:
Case-1: {z, y} CU. Clearly x—y, zy € U. Now 1y<(z) = 1ye(y) = lye(z—y) =
1ye(zy) = 0, and therefore, 1y. is an anti fuzzy ideal of X.
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Case-2: {x, y} N U = @. Clearly maz{1ly-(z),1ly-(y)} =1, and so, (i) 1ye(z —
y) < max{lye(z),lye(y)} and (ii) 1ye(zy) < maz{ly-(x), 1y-(y)}. Moreover y €
U = xy € U (respectively, yz € U) = 1y<(zy) (respectively, 1y (yz)) = Ly-(y) = 0.
On the other hand, y ¢ U = 1y(zy) < lyc(y) = 1 and 1yc(yz) < 1y(y) = 1.
Therefore 1y is an anti fuzzy left (respectively, right) ideal of X.

Conversely, let 1yc be an anti fuzzy left (respectively, right) ideal of X, 2,y € U
and z € X. Now 1pe(xz) = 1ye(y) = 0. Consequently 1ye(z —y) = 0, 1y(zy) =
0 and 1y.(zz) (respectively, 1ye(zz)) = 0, and so = — y,zy and zz (respectively,
zxz) € U. Thus we see that U is a left (respectively, right) ideal of X. Hence the
theorem is proved. O

Theorem 3.13. Let X be a commutative ring with 1 such that for each anti fuzzy
ideal A of X, A(x) = A(1), Vz € X, #0. Then X is a field.

Proof. Let U be a nonzero ideal of X. Now 1y« is an anti fuzzy ideal of X. Therefore
1lye(z) = 1ye(1), Vo € X, x # 0. In particular, if € U, then 1y<(1) = 1y<(z) =
0. This implies that 1 € U, and so U = X. Thus we see that X has no non-zero
proper ideal. Therefore X is a field. O

Theorem 3.14. Every homomorphic pre-image of an anti fuzzy left (respectively,
right) ideal is also in an anti fuzzy left (respectively, right) ideal.

Proof. Consider a homomorphism f : X — Y between rings. Let B be an anti fuzzy
left (respectively, right) ideal of Y. Now V z1, 22 € X,
(i) fH(B) (21 — @2) = B(f(z — x2)) = B(f(wl) - f($2))
< maz{B(f(x1)), B(f(x2))} = max{f~(B)(z1), f~H(B)(x2)},
(i) f~1(B)(z122) = B(f(2122)) = B(f(z ) (22))
| < maz{B(f(z1)), B(f(22))} = maz{f~1(B)(z1), f~1(B)(z2)}

(iii) f~1(B)(z122) = (f(fle ) = B(f(z1)f(x2)) < B(f(x2))
(respectively, B(f(z1))) = f~'(B)(x2) (vespectively, f~!(B)(z1)).
Thus we see that, f~1(B) is an anti fuzzy left (respectively, right) ideal of X. O

Theorem 3.15. Let f: X — Y be an epimorphism between rings and A an anti
fuzzy ideal of X. Then f_(A) is an anti fuzzy ideal of Y.

Proof. It can be verified that (f_(A))¢ = f(A¢). Now A° is a fuzzy ideal of X and
so f(A°) is a fuzzy ideal of Y (cf. [9]). Therefore by the Remark 3.3, f_(A) is an
anti fuzzy ideal of Y. O

Theorem 3.16. Let A be a fuzzy set in X. Then A is an anti fuzzy left (respectively,
right) ideal of X if and only if for each t with A(0) <t <1, the lower level subset
Ay is a left (respectively, right) ideal of X.

Proof. First, let A be an anti fuzzy left (respectively, right) ideal of X. Suppose
A(0) <t <1, {a,b} € A; and z € X. Then A(a) < t and A(b) < t. Now
A(a — b) < max{A(a),A(b)} < t, A(ab) < max{A(a),A(b)} < t and A(za) <
A(a) <t (respectively, A(ax) < A(a) < t). Therefore, a — b, ab, ax (respectively,
ra) € Ay and so A; is a left (respectively, right) ideal of X.
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Conversely, let ¥ ¢ with A(0) <t < 1, the lower level subset A; is a left (respec-
tively, right) ideal of X. Suppose z,y € X, t = maxz{A(z), A(y)}. Now A(z) <t
and A(y) < t, and so x,y € A;. Consequently x —y, 2y € A; and therefore,
Al —y) < t = maz{A(z), A(y)} and A(zy) < t = maz{A(z), A(y)}.

Again y € AA(y). Consequently zy € AA(y) (respectively, yx € AA(y)). This
implies that A(zy) < A(y) (respectively, A(yx) < A(y)). Hence the theorem is
proved. O

Definition 3.17. Let A be an anti fuzzy ideal of X. Then for A(0) <t <1,
the lower level subsets A; are called lower level ideals of A. In particular, the set
Ap) ={r € X : A(r) = A(0)} is also an ideal of X which will be denoted later on
by AO .

Theorem 3.18. Given 0 < s <t < 1, and A is an anti fuzzy ideal of X. Then
A=Ay Inore X suchthats<A( ) <t.

Proof. First, let A; = A;. Therefore z € A, = z € A;. That is, A(z) <t = A(z) <
s. Thus 3 no z € X such that s < A(z) <t

Conversely, let 3no x € X such that s < A(x) < t. Therefore A(z) <t = A(x) <
s. Thatis, z € A; = z € A,. Thus A, C A,. Moreover A, C A, since s < t.
Therefore A, = A;. O

Theorem 3.19. For every anti fuzzy ideal A of X, there exists an anti fuzzy ideal
A of 4= = such that Az + Ao) = A(z). On the other hand, if U is an ideal of X and

B is an antl fuzzy ideal of 3 such that B(z+U) = (U) & x € U, then there exists
an anti fuzzy ideal A of X such that Ag = U and A=B.

Proof. Let A be an anti fuzzy ideal of X. Define A : —0 — [0,1] by A(z+A4o) = A(z).

A is well defined since, = + Ag = y+ Ay = z —y € Ay = Az —y) = A(0)
= A(z) = A(y) = A(z+ Ao) = A(y+ Ap). Also we see that A is an anti fuzzy ideal
of A%, since
() A((z + Ao) = (y + Ao)) = A((z —y) + Ao) = A(z — y) < maz{A(z), A(y)}
= maz{A(x + Ao), Ay + Ao)}
and R
(i) A((z + Ao)(y + Ao)) = A((zy) + Ao) = A(zy) < min{A(z), A(y)}
=min{A(z + Ao), A(y + Ao)}._
Again, let U be an ideal of X and B an anti fuzzy ideal of % X such that B(x—i—U)
BU)=zeU.
Now, define A : X — [0,1] by A(z) = B(z + U). We see that A is well defined,
U)=B(y+U) = A(z) = A(y). Also, A is

~

sincex=y=>2+U=y+U = B(z+
an anti fuzzy ideal of X as,
(i) Aw—y) = B((x—y)+U) = B((z+U)— (y+U)) < maz{B(x+U), By+U)}
. = maz{A(z), A(y)}
(i) A(zy) = B((zy) +U) = B((z + U)(y + U)) < min{B(z + U), B(y + U)}
— min{A(2), A}
Againz e U< B(x+U) =B({U) & A(x) = A(0) & x € Ay, and so U = Ayp.
354
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Finally, E(m +U)=Ax) = A\(x + Ap) = A\(x + U). Thus A=B. O

4. FUZZIFICATION OF A LOWER LEVEL SUBSET

According to Biswas [3], the fuzzification of the lower level set fi; of the fuzzy set
 is the fuzzy set Ay, defined by

. _ o) ifxep
Ap, (@) = { 0 otherwise [

Based on this definition it was claimed [in [3], Proposition 5.1] that if u is an
anti fuzzy subgroup of a group G, then Ay, is also an anti fuzzy subgroup of G.
But our analysis proves that this proposition is not valid in general. For, if it is
possible to find z,y € G such that x ¢ g, y & i but zy~1 € i, then A, (zy~!) =
w(xy™t), Az, (z) = 0 and Az, (y) = 0, and therefore, the condition Ay, (zy~1) <
max{Ag, (), Ag, (y)} is not satisfied, in general, unless u(zy~!) = 0. As for example,
¢ 2 ta,b,e,d € Z ;. Clearly G is
a group under matrix addition. Now, consider two subgroups S; and Sy of G such

thatSlz{(g 8>}and52:{<8 22:;) m,nEZ}. Define p1 : G — [0, 1]

by

let Z denotes the set of integers and G = {

0, ifzesS;
,LL(QJ): %, fxeSy—5;
1, ifxreG—25;
It can be verified that p is an (additive) anti fuzzy subgroup of G and 1= Ss.
0 3 0 1

Now, take x = 0 5 0 3

Clearly Az, (z) =0, Az, (y) =0 and Ay, (x —y) = 1. Thus we see that Az, is not
2 2 2 2
an (additive) anti fuzzy subgroup of G.

)andy:( ).Thenx%u;,ygﬁuébutx—ye,ué.

Here we give a modified definition of fuzzification of lower level subset:

Definition 4.1. Let A be a fuzzy set in X. For ¢ € [0, 1], the fuzzification of the
lower level subset A; = {x € X : A(z) <t} is a fuzzy set 4, and is defined by

s ={ 10 Hrsa )

Theorem 4.2. For a lower level subset A, of a fuzzy set A in X, (04,)e = Ay

Proof. Let x € (64,):- Then é 4, (x) < t. Also it is clear that A < d4,. Consequently,
A(z) < t, and so, x € A;. Thus (04,)¢ C Ay
Conversely, let © € A;. Then 64, (z) = A(z) < t. Therefore z € (d4,)¢. Thus

A, C (04,):- Hence the theorem is proved. g

Theorem 4.3. Let A be an anti fuzzy left ideal of X. Then 0 4, is also an anti fuzzy
left ideal of X.
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Proof. Let x,y € X. Now consider the following cases:
Case-1: Suppose z,y € A;. Clearly x —y, 2y € Ay, since A; is a left ideal of X.
Now
(1) 84, (z — 1) = Aw — y) < maz{A(x), A@)} = maa{ds, (2), 62, (1))
(i) 04, (zy) = A(zy) < max{A(z), A(y)} = max{dz,(x),04,(y)}
and
(iii) 04, (zy) = A(zy) < Aly) = 04, (¥)}- ) )
Case-2: Suppose © € A,y ¢ A;. Now  —y ¢ Ay, otherwise y =z — (x —y) € A,
a contradiction. Clearly 04, (x —y) =04,(y) = 1 and é 4, (v) = A(x). Now
(i) 04, (@ — 9) = maz {6 5,(2). 61, (1)}
(i) 61, (2y) < maz{x, (1), 65, ()}
and
(iii) 04, (xy) < 64,(y)- ) ) )
Case-3: Suppose x ¢ Ay, y € Ay. Now z —y ¢ A; and 2y € A;. Clearly
04, (x—y) =0d4,(x) =1, 04,(y) = A(y) and 54, (zy) = A(zy). Now
(i) 64, (x —y) = maz{dz, (z), 5,4t ()}
(i) 64, (zy) = Azy) < maz{A(z), A(y)}
< max{l,64,(y)} = maz{dz, (x)},04 (y)}
and

(ili) d4, (zy) = A(zy) < A(y) =64, (y)-
Case-4: Suppose x ¢ A;,y & Ay, Clearly d4,(x) = d4,(y) = 1 and therefore
(i) 04,(z —y) <maw{dz,(z),04,(y)} =1
(i) 6.1, (vy) < maa{os, (@), 64, (5)} = 1
and
(iii) 64, (zy) < 04,(y) = 1. Hence the theorem is proved. O

In a similar way we can prove the following theorem:

Theorem 4.4. Let A be an anti fuzzy right ideal of X. Then 04, is also an anti
fuzzy right ideal of X.

Corollary 4.5. If A is an anti fuzzy ideal of X, then so is 0 4,.

5. QUOTIENT RING

In 2], Bingxue gave a concept of fuzzy quotient ring of the form % considering

E as a fuzzy semi-ideal of X. In this section, a concept of quotient ring of the form
A, where A is an anti fuzzy ideal of X, is given and some isomorphism theorems
are established.

Definition 5.1 ([2,5, (9, 15]). Let A: X — [0,1]. Vy € X, y+ A is a fuzzy set in
X which is defined as follows: (y+ A)(z) = Az —y), Yz € X.

Theorem 5.2. Let A be an anti fuzzy ideal of X. Then ¥ y1, y2 € X, y1 + A <
y2 + A= A(y) = Aly2).

Proof. We have y1 + A < yo+ A = (1 + A)(z) < (g2 + A)(z) V2 € X. Now,

Aly2 —y1) = (y1 + A)(y2) < (y2 + A)(y2) = A(0)= A(y2 —y1) = A(0) = A(y1) =
A(y2). O
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Theorem 5.3. Let A be an anti fuzzy ideal of X. Then A(ys —y1) = A(0) =
ynt+A=y+A Vy, yo€X.

Proof. We have (y; + A)(z) = A(x — 1) = A((x — y2) — (11 — y2)) < maz{A(z —
Y2), A(y1 — y2)} = maz{A(z — y2), A(0)} = A(z — y2)(z) = (y2 + A)(z), V2 € X.
Therefore y; + A < ys + A. Similarly we can show that yo + A < y1 + A. O

Corollary 5.4. Let A be an anti fuzzy ideal of X. Then ¥ y1, yo € X, y1 + A =
y2 + A< Ay — y2) = A(0).

Theorem 5.5. Let A be an anti fuzzy ideal of X. Then ¥V x1,x2,x3,24 € X,

1+ A=29+A (x14+a3)+A=(xa+z4)+ A
and = and
rs+A=x4+A (x123) + A= (2024) + A

Proof. Clearly A(xs —x1) = A(zz — x4) = A(0). Now A((z2 + z4) — (21 + 23)) =
A((zg —x1) — (23 — 24)) < maz{A(ze — 21), A(zs —2x4)} = A(0) = A((x2 + 24) —
(x1 + z3)) = A(0). Therefore (x1 + 23) + A = (22 + 24) + A.
Again A(z125 — xox4) = A((21 — x2)x3 — T2(T4 — T3))
< max{A((x1 — x2)x3), A(x2(x4 — 23))}
< max{A(x; —x2), A(zg —x3)} = A(0) = A(x123 — x224) = A(0).
Therefore z123 + A = zox4 + A. O

The results obtained in Theorem 5.5 lead us to establish the following theorem:

Theorem 5.6. Let X be a ring and A be an anti fuzzy ideal of X. Then the set

% ={x+ A:x € X} is a quotient ring under the following operations:

(z+A)+@y+A)=(+y)+A and (z+ A)(y+ A) =2y + A.
Proof. ¥ x,y,z € X, the following are obvious:

(1) (z+A)+y+A4)=(@+y)+Ac .

2) @+ A)(y+A) =ay+Ae .

B)+A)+w+A)=w+A)+(@+A)=(@+y) +A

D) [(z+ A+ W+ A +E+A) = @+A)+[(y+A) +(+A)] = (z+y+2)+ A

BG)A+(z+A)=(x+A)+A=a+ A

6) (x+A)+ (—x+ A) = A

(M (x+A)[y+A)+z+A))=(@+A)(y+A) +(x+A)(z+A) = (zy+z2) + A.

@) [(z+A)+(y+A))(z+A4)=(z+A)(z+A) +(y+A)(z+A) = (zz+yz) + A.
Hence the theorem is proved. O
Theorem 5.7. Let A be an anti fuzzy ideal X. Then % = ALO.

Proof. Define f : X — % by f(z) = z + A. Clearly f is an epimorphism. Now
ker(f)l={r e X:x+ A=A} ={z € X : A(x) = A(0)} = Ao, and therefore by the
‘fundamental theorem of homomorphism’, % & ALO. O
Theorem 5.8. Let A and B be two anti fuzzy ideals X. Then % is an ideal of %

X.
Proof. Clearly By is an ideal of X. Let by + A, by + A € % and z + A € %.
Then bl - bg, blbz, ZL’bl, bll' € B(). Therefore (bl + A) - (bg + A), (b1 + A)(bg + A),
(b1 + A)(z + A), (z + A) (b1 + A) € B2, Hence £2 is an ideal of . O
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Theorem 5.9. Consider an epimorphism f: X — Y between rings and let B be an

anti fuzzy ideal of Y. Then iE = B

Proof. Consider a map g : f,lL(B) — L defined by g(z+ f~(B)) = f(z)+ B. Now,
v T, ro € X, x1 + fﬁl(B) = Iy + fﬁl(B) 4 fﬁl(B)(Il — Iz) = fﬁl(B)(O) 4
B(f(w1 — 2)) = B(0)  B(f(21)) — B(f(z2)) = B(0) ¢ f(a1) + B = f(z2) + B
& g(zy + f7YB)) = g(z2 + f~1(B)) = g is well defined and one-one.

Clearly g is onto as so is f.

Again Va1, 72 € X, g((z1+ 71 (B)) + (22 +fH(B))) = g((z1+22) + f(B)) =
flar+a2)+ B = (f(z1)+f(22))+B = (f(21)+B)+(f(x2)+ B) = g(a1+ f 1 (B)) +
g(w2 + f~1(B)).

Similarly we can show that,

g((z1 + f7H(B))-(22 + f7H(B))) = g(wr + f71(B)).g(x2 + f71(B)).

>~

=B

[~

Hence g is an isomorphism and so f‘lL(B) O

Theorem 5.10. Let A and B be two anti fuzzy ideals of X such that B < A and

A(0) = B(0). Then #; = 4.

|

Proof. Define f : % — Bio by f(x+ A) =2+ By. Let 21, 2 € X. Now 21 + A =
22+ A = A(x1—x2) = A(0). Since B < A, B(z1—x2) < A(z1—2x2) = A(0) = B(0).
Therefore B(z1 —x2) = B(0), and so, x1 + By = 22+ By = f is well defined. Clearly
f is onto. Again

f((@1+A)+(22+A)) = f(z1+32)+A) = (21+22)+Bo = (21+Bo)+(22+Bo) =
F((r1 -+ A)) + [((2 + A))
and

f((@1 + A)(z2 + A)) = f((z122) + A) = (z122) + Bo = (21 + Bo)(x2 + By) =

Thus we see that f is an epimorphism.

Now ker(f) = {x+A: 2+ By = By} = {x+ A: 2 € By} = B2, Therefore

O

(a3

X
Bo®

?, >\gv\>\><

eorem 5.11. Let A and B be two anti fuzzy ideals of a ring X such that A(0Q) =

0). Then AotBo o _Bo

B A — AVB"

—~

Proof. Define f : % — A]f/‘)B by f(a+b+ A) = b+ AV B, where a € Ay and
b€ By. Let (a1 +b1) + A= (a2 +bg) +A, where ay, a2 € AO and bl, by € By. Then
A((Zl + bl —ag — bQ) = A(O) = A((Ll — G,Q). Now A(bl - b2) = A((a1 + bl —ag — bg) —
(a1 —a2)) < max{A(a1+b; —az—bs), A(a; —az)} = A(0). Hence A(b; —bs) = A(0).
Therefore (AV B)(by —ba) = (AV B)(0) , and so, by + AVB =by+ AV B = fis
well defined.

Again, let f((a1+b01)+A) = f((a2+b2)+A). Thenby + AVB =by+AV B and
therefore, (AV B)(ba—b1) = (AV B)(0) = A(0). This implies that A(bs—by) = A(0).
Now A(a; + by — ag — by) = A((a; — az) — (ba — b1)) < max{A(a; — az), A(by —
b1)} = max{A(0), A(0)} = A(0). Therefore A(a; + by — az — ba) = A(0). Readily
(a1 +b1) + A = (a2 + b2) + A. Thus we see that f is one-one.

Moreover, it is clear that f is onto. Again,
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F({(ar £ b1) + A)+ (@2 +b2) + A)) = F((ar +b1) + A) + F((ar +b) + 4) =
(bh +b2)+AVB
and

f(((al+b1)+A)((a2+b2)+A)) = f((a1 +b1)+A)f(((12+b2)+A) = (b1b2)+A\/B.

Thus we see that f is a homomorphism and so it is an isomorphism. Therefore
Ao+Bo ~ _Bo 0
A~ AVB-

6. CONCLUSION

Biswas’ [3] idea of anti fuzzy ideal of groups is extended and a notion of anti fuzzy
ideal of rings is introduced in this paper. For any fuzzy set A of a ring X, it is found
that the corresponding lower level subsets A; are ideals of X if and only if A is an
anti fuzzy ideal of X. A modified definition of fuzzification of lower level subsets A,
is given and it is observed that if A is an anti fuzzy ideal of X, then the fuzzification
dz, of lower level subsets A, of A is also an anti fuzzy ideal of X. In addition, a
concept of qoutient ring of the form %, where A is an anti fuzzy ideal of a ring X
is given and various isomorphism theorems are established.
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