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1. INTRODUCTION

With the advent of notion of compatible maps introduced by Jungck [9], the
study of common fixed point theorems for contractive maps has centered around the
study of compatible maps and its weaker forms. On the other hand, the study of
noncompatible maps is also equally interesting. Pant [12], Aamri and Moutawkil [2]
and others have initiated wonderful works in this field. In [3], the authors gave a
notion of property(E.A.) which generalizes the concept of noncompatible mappings
in metric spaces, and they proved some common fixed point theorems for noncom-
patible mappings under strict contractive conditions. Recently, in [8] the authors
extended the results of [3, [12] to symmetric(semi-metric) spaces under tight condi-
tions, that is, nither the triangular inequality nor d(z, z) = 0, for all, x, are required
for the proofs.

Symmetric spaces were introduced in 1931 by Wilson [17], as metric-like spaces
lacking the triangle inequality. Several fixed point results in such spaces were ob-
tained, for example, see [4, [8 [18]. Hicks and Rhoades [7] established some common
fixed point theorems in symmetric spaces using the fact that some of the properties
of metrics are not required in the proofs of certain metric theorems.
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Most of the existing mathematical tools for formal modeling, reasoning and com-
puting are crisp, deterministic and precise in character. But, in real life situation,
the problem in economics, engineering, environment, social science, medical science,
etc., do not always involve crisp data. Consequently, we can not successfully use the
traditional classical methods because of various type of uncertainties presented in the
problem. To deal with the uncertainties, fuzzy set theory [19] can be considered as
one of the mathematical tool. That is why, so many researchers are trying to fuzzify
different classical mathematical concepts. Kramosil and Michalek [10] introduced
the concept of fuzzy metric spaces ( briefly , FM-spaces ) in 1975 , which opened an
avenue for further development of analysis in such spaces. Later on it is modified
that a few concepts of mathematical analysis have been generalized by George and
Veeramani [5, [6] and also they have generalized the fixed point theorem in fuzzy
metric space [16]. In fuzzy metric space, the notion of compatible maps under the
name of asymptotically commuting maps was introduced in the paper [11] and then
in the paper [15], the notion of weak compatibility has been studied in fuzzy metric
space. Later on Pant and Pant[13] studied the common fixed point theorems for a
pair of non-compatible maps in fuzzy metric space.

In this paper, we have studied the common fixed point theorems in fuzzy sym-
metric space. Here our target is to generalize the common fixed point theorems for a
pair of weakly compatible self mappings, for four self mappings in fuzzy symmetric
space. Using weakly compatibility, Occasionally weakly compatible maps and prop-
erty(E.A.), we will establish the unique common fixed point for pair of self mappings
and for four self mappings in fuzzy symmetric space.

2. PRELIMINARIES

We quote some definitions and statements of a few theorems which will be needed
in the sequel.

Definition 2.1 ([I4]). A binary operation = : [0,1] x [0,1] — [0,1] is called con-
tinuous ¢ - norm if * satisfies the following conditions :

(i) * is commutative and associative;

(ii) * is continuous;

(iii) a * 1 = aVa € [0, 1];

(iv) axb < ¢+ d whenever a < ¢, b < d and a,b,c,d € [0,1].

Definition 2.2. The pair (X, u) is called a fuzzy symmetric space if X is an arbitrary

non-empty set, u is a fuzzy set in X2 x (0, 00) satisfying the following conditions:
(i) w@,y,t)>0
(ii) p(x,y,t) =1if and only if x = y;

(iti) p(z, y,t) = ply, 2, t);

(iv) p(z,y,-) : (0,00) — (0,1] is continuous for all z,y € X and t > 0.

If (X, ) be a fuzzy symmetric space then p is called fuzzy symmetric for X.

Let (X, n) be fuzzy symmetric space. (X, p) is said to satisfy the following axioms:
(W3) if for a sequence {z,} in X and z,y € X,

lim p(z,,z,t) =1
338
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and
lim p(z,,y,t)=1=z=y.

n—00

(W) if for any two sequences {z,}, {yn} in X and z € X,

lim p(z,,z,t) =1

lm p(xn,yn,t) =1 = lm p(yn,z,t) = 1.
n—oo

n—00

(Hg) if for any two sequences {z,}, {y,} in X and z € X,

lim p(z,,z,t) =1

n—oo
and
lim M(ynaxat) =1= lim :U’(mn7yn>t) =1L

n—oo n—oo

(W=*) if for any two sequences {z,}, {y,} in X and z,y € X,
lim p(z,,z,t) =1, im p(y,,y,t) =1
n—oo n—oo
and

lim (T, Yn,t) =1 imply z = y.

Remark 2.3. (W) implies (W3). So, (Wy) implies (W*).

Proof. Suppose (Wy) holds and for any two sequences {z,}, {y,} in X and x,y € X,
lim p(z,,z,t) =1 lim p(yn,y,t) =1 and lim p(z,,yn,t) = 1.

This imply lim p(z,,y,t) =1 and hence by (W3), we have x = y. O

Definition 2.4. Let A and B be two self mappings of a fuzzy symmetric space
(X, ).

(i) The order pair (A, B) satisfy the condition (p) if lim p(AAx,, Az t) =

n—oo

1 and lim p(BAz,,Bz,t) = 1, whenever {z,} is a sequence in X such that
lim p(Ax,,2,t) =1 and lim p(Bx,,z,t) =1 for some z € X .

(ii) The order pair (A, B) is strongly partially commuting, if for any sequence
{z,} in X,

lim p(Az,,Bz,,t)=1= lim pu(AAz,, BAz,,t) =1.

n—oo n—oo

(iii) A and B are said to be compatible ( or asymptotically commuting ) if for
allt >0
lim pw(ABx,, BAx,,t) =1,
n—oo

whenever {z,} is a sequence in X such that

lim p(Ax,,z,t) = lim pu(Bz,,z,t) =1,
for some z € X.
(iv) [1] A point z in X is called a coincidence point of A and B iff Az = Bz.
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(v) A and B are said to be weakly compatible if they commute at their coin-
cidence points, that is, Az = Bz implies that ABz = BAz.

(vi) We say that A and B satisfy the property (E.A.) if there exists a sequence
{z,} in X such that

lim p(Az,,z,t) = lim u(Bz,,z,t) =1,

for some z € X.

Example 2.5. Let X = [0, +00) with the fuzzy symmetric p defined by
_ t

Ctdelemul -1

for all z,y in X. Define A, B : X — X as follows

Ar =2z +1 and Bz =x+2

w(z,y,t)

for all z € X. Note that the function y is not a fuzzy metric but a fuzzy symmetric.
Consider the sequence x,, = % +1,n=1,2,---.
Clearly
lim p(Az,,3,t) = lim p(Bz,,3,t) = 1.
Then A and B satisfy the property (E.A.).

Example 2.6. Let X = R, with the fuzzy symmetric p defined by
-
t+elz=yl —1
for all z,y in X. Define A, B : X — X as follows
Az =2? and Bz =z +2.

Ar = Bz iff. z = 2.
Let {z,} be a sequence in X defined by: z, =2+ %, n > 1. Now,

p(z,y,t) =

lim p(Az,,4,t) = lim p(Bx,,4,t) = 1.

Then A and B satisfy the property (E.A.).
As AB(2) = A(4) = 16, BA(2) = B(4) = 6, therefore (A, B) is not weakly compati-
ble .

Definition 2.7. The mapping A, B,S,T : X — X of a fuzzy symmetric space
(X, ) satisfy a common property (E.A.) if there exist two sequences {x, } and {y,}
such that

lim Az, = lim Sz, = lim By, = nllrr;o Ty, = z,

n—oo n—oo n—oo

for some z € X.

Example 2.8. Let X = [0, +00) with the fuzzy symmetric p defined by
_ t

Ctdeleul -1

for all z,y in X. Define A, B,S,T : X — X as follows

Ar=2x+5Bx=3x+2,Sc=x+5 and Tax =2z +3
340
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for all z € X. Consider the sequence
1 1
r,=— and y,=—+1, n=12---.
n n

Clearly
lim p(Ax,,5,t) = lim pu(Sz,,5,t) =

lim w(Byn,5,t) = lim pw(Ty,,5,t) = 1.
So, A, B, S, T satisfy the property (E.A.).

Definition 2.9. Two self maps f and g of a set X are occasionally weakly compatible
(owc) iff there is a point € X which is a coincidence point of f and g at which f
and g commute.

3. COMMON FIXED POINT

In the sequel, we need a function ¢ : [0,00) — [0, 00) satisfying the condition
¢(t) > t for each t > 0. For example, we could let ¢(t) = at + k for some a > 1 and
k> 0.

Theorem 3.1. Let p be a fuzzy symmetric for X that satisfies (Ws) and (Hg). Let
A and B be weakly compatible self-mappings of fuzzy symmetric space (X, p) such
that for all x,y € X and Az # Ay,

(i) p(Az, Ay,t) > ¢(min{u(Bz, By, t), u(Bz, Ay, t), u(Ay, By, t)});

(ii) A and Bsatisfy the property(E.A.);

(iil) AX C BX. If the range of AorB is a complete subspace of X, then AandB
have a unique common fized point .

Proof. Since AandB satisfy the property (E.A.), there exists a sequence {z,} in X
such that

lim p(Azy,,l,t) = p(Bxy,l,t) =1,

n—oo

for some | € X. Therefore, by (Hg), we have
lim p(Ax,, Bx,,t) = 1.

Suppose that BX is a complete subspace of X. Then [ = Bu, for some u € X. We
claim that Au = Bu. Indeed by (i), we have
w(Au, Az, t)
>¢{min(u(Bu, Bxy,t), u(Bu, Axp,t), u(Azy, Bx,,t))}
> min(p(Bu, By, t)u(Bu, Az, t), f(Azy,, Bty,t)).

Taking limit as n — oo, we have lim p(Au, Az,,t) > 1.

This implies that lim p(Au, Az,,t) = 1. Hence by (W3), we have Au = Bu. The
weak compatibility of A and B implies that ABu = BAu and then AAu = ABu =
BAu = BBu.
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Let us show that Au is a common fixed point of A and B. Suppose that AAu # Au.
In view of (i), it follows
w(Au, AAu,t)
>¢{min(p(Bu, BAu,t), u(Bu, AAu,t), u(AAu, BAu,t))}
>¢{min(pu(AAu, Au,t), u(AAu, Au,t),1)}
>p{u(AAu, Au,t)}
>u(AAu, Au,t)
which is a contradiction . Therefore Au = AAu = BAu and Au is a common fixed
point of A and B. The proof is similar when AX is assumed to be a complete
subspace of X, since AX C BX. If Au = Bu = v and Av = Bv = v and u # v,
then (i) gives
w(u,v,t) = p(Au, Av,t)
> ¢{min(u(Bu, Bv,t), u(Bu, Av,t), u(Av, Bu,t))}
= p{p(u, v, 1)}
> p(u,v,t)

which is a contradiction. Therefore u = v and the common fixed point is unique. [J

Theorem 3.2. Let i be a fuzzy symmetric for X that satisfies (Wy) and (Hg). Let
A,B,T and S be self-mappings of (X, u) such that for all x,y € X and Ax # By,

(i) p(Az, By,t) > ¢p(min{p(Sz, Ty, t), p(Sz, By, t)u(Ty, By, 1)});

(ii) (A, T) and (B, S) are weakly compatibles;

(iii) (A,S) and (B,T) satisfy the property (E.A.);

(iv) AX C TX and BX C SX. If the range of any one of the mappings A, B, T
or S is a complete subspace of X then A, B,T and S have a unique common fixed
point.

Proof. Suppose that (B, T) satisfies the property (F.A.). Then there exists a se-
quence {z,} in X such that

lim p(Bz,,l,t) = lim w(Tx,,l,t) =1,

for some | € X. Since BX C SX, there exists a sequence {y,} in X such that
Bz, = Sy,. Hence
lim p(Syn,l,t) = 1.

n—oo

Let us show that lim p(Ayn,,l,t) = 1. Indeed, in view of (i), we have
n—oo

1WAy, Bxn,t)

P(min{u(Syn, Txn, t), 1(SYn, Bxn,t), f(TTn, By, 1)})

d(min{pu(Bxy, Txn, t)1u(Txy, Bry, t)})
(
(

v 1V

(T, By, t))
w(Txz,, Bxy,t).

V
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Therefore, by (Hg), one has lim u(Ay,, Bxy,t) = 1.

n—oo
By (Wy), we deduce that lim u(Ay,,l,t) = 1. Suppose that SX is a complete
subspace of X. Then | = Su for some u € X. Subsequently, we have

lim p(Ayp, Su,t) = lim pu(Bz,, Su,t) = lim u(Tz,, Su,t)

= lim u(Syn, Su,t) = 1.
Using (i) it follows
p(Au, Bxy,t) > ¢(min{u(Su, Tay, t), p(Su, Bep,t), p(Txn, Bxy,t)}).

Taking limit as n — oo, we have, lim p(Au, Bz, t) = 1.

By (W3), we have Au = Su.
The weak compatibility of A and S implies that ASu = SAu and then

AAu = ASu = SAu = SSu.

On the other hand, since AX C TX, there exists v € X such that Au = Tv. We
claim that Bv = Au. If not, condition (i) gives

w(Au, Bv,t) > ¢(min(p(Su, Tv,t), p(Su, Bv,t), u(Tv, Bv,t)})
= ¢(min(1, u(Au, Bu,t), u(Au, Bv,t)})
= ¢(u(Au, Bv,t)) > u(Au, Bu, t),
which is a contradiction . Hence
Au = Su=Tv = Bw.
The weak compatibility of B and T implies that BTwv = T'Bv and
TTv=TBv= BTv= BBv.
Suppose that AAu # Au. Then we have
w(Au, AAu,t) = u(AAu, Bu,t)
>¢(min{p(SAu, Tv,t), u(SAu, Bv,t), u(Tv, Bv,t)})
>p(min{p(AAu, Au, t), u(AAu, Au,t),1})
>P(u(Au, AAu,t))
>u(Au, AAu,t)
which is a contradiction. Therefore Au = AAu = SAu and Au is a common fixed
point of A and S. Similarly, we can prove that Bv is a common fixed point of
B and T. Since Au = Bv, we conclude that Au is a common fixed point of A, B, T
and S. The proof is similar when T'X is assumed to be a complete subspace of X.

The cases in which AX or BX is a complete subspace of X are similar to the cases
in which TX or SX respectively is complete, since AX C TX and BX C SX. If

Au=Bu=Tu=Su=u

and
Av=Bv=Tv=Sv=v
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and u # v, then (i) gives
p(u,v,t) =p(Au, Bo,t)
>¢(min{p(Su, Tv,t), u(Su, Bv,t), u(Tv, Bv,t)})
(

>¢(u(u,v,t))
>p(u, v, t)

which is a contradiction. Therefore u = v and the common fixed point is unique. [

Theorem 3.3. Let X be a set endowed with a symmetric . Suppose f, g,
h, and k are four self-mappings of (X, p) satisfying the condition :
(i) 1 (fo,gy,t) > min{o(u(ha, ky,t))d(pu(ha, fy,1)),
o(u(he, ky, 1) o(u(ky, gy, 1)), o(u(ha, fx,t))

o(p
o(u(ky, gy, 1)), o(u(hy, gy, ) p(u(ky, fo,t))}
forall z,y € X and fx # gy,

(ii) the pairs (f,h) and (g,k) are owc.
Then f,g,h and k have a unique common fized point .

Proof. Since pairs of mappings (f, h) and (g, k) are owe, there exist two elements u
and v in X such that fu = hu and fhu = hfu, gv = kv and gkv = kgv. First, we
prove that fu = gv. Indeed, by (i) we get
1% (fu, gv,t)
> min{@(p(hu, kv, ) p(p(hu, fu,t)), d(u( 1(
o(phu, Fu, 0)d(p(kv, go,1)), o(pulhuu, gv, £))(u(ko, fu, 1))}
— min{o(u(fu, gv, £)), 6 fu, gv,£)), 1, d(u( Fu, v, D)1 fu, gv, 1))}
= & (u(fu, gv, 1)),
= p?(fu, gv,t) > ¢*(u(fu, gv,t)) > 1 (fu, gv,t),
which is a contradiction, hence fu = gv = hu = kv.
Now, suppose that ffu # fu. By using inequality (i) we obtain
1*(f fu, gv,t)
> min{o(u(hfu, kv, )6 (u(h fu, f fu, 1)),
o(u(hfu, ko, £)d(u(kv, gv, 1)), d(u(h fu, f fu.1))
O(1(kv, g0, 1)), (a(h fu, gv, ) 6(pkv, f Fu, 1)}
= min{¢(u(f fu, gv,1)), o(u(f fu, gv, 1)), 1, o(u(f fu, gv, 1)) d(u(f fu, gv, 1))}
= ¢2(M(ffu>gvv t))7
— W2(F Fu, gv, 1) = 62(u(f fu, gu, 1)) > 1 (f Fu, go, ),
which is a contradiction, hence ffu = fu = hfu.
Similarly gfu = kfu = fu. Therefore fu = gv = hu = kv is a common fixed point
of mappings f,g,h and k.
Put fu=gv=hu=kv=1,then fl=gl=hl=Fkl=1.
Now, let [ and z be two common fixed point of mappings f,g,h and k such that
z# 1, so

hu, kv, t))o(u(kv, gu, t)),

fl=gl=hl=kl=1land fz=g2=hz=kz=z.
From (i), we have
W21z, t) = p?(fl,92,t)
> min{@(u(hl, k2, t))p(u(hl, f1,1)), ¢(u(hl, kz,1))d(u(kz, g2, t)),

o(p(hl, 1, 1) p(p(kz, 92,1)), d(u(hl, g2, 1)) p(p(kz, f1,1))}
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= min{¢(u(lv 2, t))7 (b(:u(lv 2, t))7 L, qj)(u(l’ 2, t))(b(u(l? 2, t))}
= ¢2(/"’(l72’t))7
= 121, 2,t) 2 ¢*(u(l, 2,)) > p?(1, 2, 1),
which is a contradiction, hence [ = z. O

Theorem 3.4. Let (X, u) be a fuzzy symmetric space with the aziom (W*) and
property (Hg). Let A, B,S and T be self maps on X satisfying

(3.1) n(Az, By, t) > min{p(Sz, Ty, t) * p(Az, Sz, t) = p(By, Ty, t),
u(Sz, By, t), w(Ty, Az, t)}

for all x,y € X and for allt > 0. Then A,B,S and T have a unique common fixed
point if one set of the following conditions are true .

(I) (a) A and S satisfy the property (E.A.);
(b) The order pair (A, S) satisfy the condition (p) and is strongly partially
commuting;
(c) A(X) € T(X);
(d) B and T are weakly compatible.
or
(I1) (a) B and T satisfy the property (E.A.);
(b) The order pair (B, T) satisfy the condition (p) and is strongly partially
commuting;
() B(X) C 5(x);
(d) A and S are weakly compatible.

Proof. Suppose the set of conditions in (I) are true. From I(a), there exists a
sequence {z,} in X such that

(3.2) lim p(Az,,z,t) = lim p(Sz,,z,t) =1,

for some z € X.

Since (A4, S) satisfy the condition (p), from (3.2)), we have

(3.3) lim p(AAz,, Az,t)=1= lim pu(SAx,,Sz,t).

From (3.2) and the property (Hg), we have

(3.4) lim p(Az,, Sx,,t) = 1.

Since the order pair (A4, .5) is strongly partially commuting, from (3.4), we have
(3.5) lim p(AAx,, SAz,,t) =1.

From (3.3), (3.5) and the axiom (W*) it follows that

(3.6) Az = Sz.

Since A(X) C T(X), there exists v € X such that

(3.7 Az =To.

If possible, let Az # Bv. Then u(Az, Bu,t) € [0,1). From (3.1) we have

w(Az, Bu,t) > min{u(Sz,Tv,t) * u(Az, Sz, t) * u(Bv, Tv,t),
345
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w(Sz, Bu,t), u(Tv, Az, t)}

= p(Az, Bu,t)
by (3.6), (3.7) and (ii) of definition(2.1).
This contradiction proves that

(3.8) Az = Bo.
From (3.6), (3.7) and (3.8)), we have
(3.9) Az =8z = Bv =Tv = u(say).

Since the pair (A, .S) is strongly partially commuting, it follows that A and S are
weakly compatible. Hence,

(3.10) Au=ASz=8SAz= Su (from(3.9)).
If possible, let Au # w. From (3.1) we have
p(Au, u,t) = p(Au, B, t)

> min{pu(Su, Tv, t) * p(Au, Su,t) * u(Bv, Tv, t), p(Su, Bu,t), u(Tv, Au, t)}
= p(Au,u,t)

by (3.9), (3.10) and (ii) of definition(2.1).
This contradiction proves that

(3.11) Au = u = Su.
Since B and T are weakly compatible, similarly we have
(3.12) Bu=u="Tu.

From (3.11) and (3.12)) it follows that u is a common fixed point of A, B, S and T
Uniqueness of common fixed point follows from (3.1)).

Similarly we can prove the result, if the second set of conditions are assumed to be
true. 0

Corollary 3.5. Let (X,u) be a fuzzy symmetric space with the axiom (W*) and
property (Hg). Let A and S be self maps on X satisfying

p(Az, Ay, t) > min{u(Sz, Sy, t) * p(Az, Sz,t) * u(Ay, Sy, t),

ILL(S:Z:7 Ay7 t)? /’L(Sy7 Ax? t)}’
for all x,y € X and for allt > 0.
If A and S satisfy the property (E.A.), the condition (p) and is strongly partially
commuting, A and S have a unique common fized point.

Acknowledgements. We are grateful to the chief editor and the reviewers for
their better suggestions to rewrite this paper.
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