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1. INTRODUCTION

In 1965, Zadeh [16] introduced the concept of fuzzy sets. After that a lot of work
has been done on various aspects of fuzzy sets by several researchers and it is still
in progress. In 1986, Atanassov [1] introduced the notion of intuitionistic fuzzy sets,
which is a generalization of fuzzy sets. Fuzzy sets give the degree of membership
of an element in a given set, but the intuitionistic fuzzy sets give both a degree of
membership and a degree of non-membership. Both, the degree of membership and
degree of non-membership are real numbers between 0 and 1, having sum not greater
than 1. For more details on intuitionistic fuzzy sets, we refer to [1}, 2, [3]. Fuzzy sets
are intuitionistic fuzzy sets but the converse is not necessarily true [14].

Kim and Jun [5} 6] introduced the concept of intuitionistic fuzzification of several
ideals of semigroups. In 7] Kim and Lee gave the notion of intuitionistic fuzzy bi-
ideals of semigroups. Sen and Saha [12] defined the T'-semigroup and established a
relation between regular I'-semigroup and I'-group (see also [9, [10]. In 2007, Mustafa
et al. [15] introduced the notion of intuitionistic fuzzy I'-ideals in I'-semigroups.
Sardar et al. [I1] gave the concept of intuitionistic fuzzy prime ideals, semiprime
ideals and also intuitionistic fuzzy ideal extension in a I'-semigroup. The concept
of intuitionistic fuzzy bi-T-ideals of I'-semigroup was introduced by Lekkoksung [§].



M. Akram/Ann. Fuzzy Math. Inform. 5 (2013), No. 2, 309-320

In this paper, we introduce the notion of the prime, semiprime, strongly prime,
irreducible and strongly irreducible intuitionistic fuzzy bi-I'-ideals in I'-semigroup.

2. PRELIMINARIES

Let S ={z,y,2,..} and T = {«, 3,7, ...} be two non-empty sets. Then S is called
a I'-semigroup if it satisfies

(i) zyye S

(i) (zBy)yz = xB(yvyz), for all z,y,z € S and B,y € I.

A non-empty subset A of a I'-semigroup S is called I'-subsemigroup of S, if ATA C
A. A left (right) I'-ideal of a T'-semigroup S is a non-empty subset I of S such that
STI C I (ITS C I). A two sided T-ideal or simply a I'-ideal is that, which is
both a left and a right I'-ideal of S. A I'-subsemigroup B of a I'-semigroup S is
called a bi-I'-ideal of S if BI'STB C B. Every left(right, two sided) I'-ideal of a
I'-semigroup S is a bi-I'-ideal of S but the converse is not true in general. Also the
intersection of any number of bi-I'-ideals of S is a bi-I'-ideal of S. For any a € S,
the intersection of all bi-I-ideals of S which contains "a” is a bi-I'-ideal of S. This
is the smallest bi-I'-ideal of S containing a and is called the bi-I'-ideal generated by
a. It is denoted by B(a) clearly B(a) = {a} Ual'a U al'STa. A bi-T-ideal B of S
is called prime(strongly prime) if BiI'By C B (B1I'B; N BoI'B; C B) implies that
By, C B or By C B for any bi-I'-ideals By and Bs of S. A bi-I'-ideal B of S is called
semiprime if BiI'By; C B implies By C B for any bi-I'-ideal By of S. A bi-I'-ideal
B of S is said to be irreducible(strongly irreducible) if By N By = B (B; N By C B)
implies that By = B or By = B (By C B or By C B) for any bi-I-ideals B; and By
of S. Above definitions are due to [4] and [13].

A fuzzy set p in a non-empty set X is a function, u : X — [0,1] and the com-

pliment of yu, denoted by p is the fuzzy set in X given by p = 1 — u(z) for all
z e X.
An intuitionistic fuzzy set (briefly, IFS), A in a non-empty set X is an object
having the form
A={(z,pa(r),va(z)) |z € X},

where the functions g4 : X — [0,1] and v4 : X — [0,1] denotes the degree of
membership and the degree of non-membership respectively, and for all z € X

0 < pa(z) +yalz) < 1.

An intuitionistic fuzzy set A = {(x, ua(z),va(z)) |z € X} in X can be identi-
fied by an ordered pair (ua,v4) in I x IX. For simplicity, we shall use IFS for
intuitionistic fuzzy set and A = (ua,v4) for IFS A = {(x, pa(z),va(x)) |z € X}.

For any two intuitionistic fuzzy sets A = (ua,v4) and B = (up,vs) of a T-
semigroup S, we define, AT'B = (uarp,yars) where,

{ V' min[pa(a), up(b)] if @ = apsb,
parp(z) = z=apb

0 otherwise

and
{ A max([ya(a),ys(b)] if x=apb,
Yyarp(z) = w=apbb

1 otherwise.
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Also if B C C, then ATB C AT'C and BT'A C CTA. If {A;,i €I} be a col-
lection of intuitionistic fuzzy subsets of a I'-semigroup S then their intersection
_ﬂIAi = ('/\I,u A _\/[7,41,) is an intuitionistic fuzzy subset of S, where AW (x) =
1€ 1€ 1€ 1€

inf {pa,(z)| i€,z e S}t and '\E/I’}/Ai(a?) =sup{vya,(z)|iel,z e S}.
7

3. INTUITIONISTIC FUZZY BI-I'-IDEALS
In what follows, let S denote a I'-semigroup unless otherwise specified.

Definition 3.1. Let A be a non-empty subset of a I'-semigroup S, the intuitionistic
characteristic function of A is defined as x4 = (fy 4> Vx4 ), Where,

1 if xeA, 0 if x € A,
Paal@ =90 it v¢ A, d Yal®) =91 z ¢ A
Lemma 3.2. Let A and B be subsets of a I'-semigroup S then,
(i) AC B if and only if xa € xB (i) xal'xs = xars (i) xaNXB = XanB-

Definition 3.3. An IFS A = (ua,74) in S is called an intuitionistic fuzzy T-
subsemigroup of S if

pa(vay) = min{pa(z), pa(y)}
and
va(zay) < max{vya(x),va(y)}, forall z,y € S, a € T.
Definition 3.4. An IFS A = (pua,v4) in S is called an intuitionistic fuzzy left
(right) T-ideal of S if
pa(ay) = paly)  (palzay) > pa(e))
and
va(zay) <valy) (va(zay) <~va(z)), forall z,ye S,ael.
Definition 3.5. AnIFS A = (ua,v4) in a I'- semigroup S is called an intuitionistic

fuzzy I'- ideal of S if it is both an intuitionistic fuzzy left I'-ideal and an intuitionistic
fuzzy right I'- ideal.

It is clear that an intuitionistic fuzzy left (right) I'-ideal of S is an intuitionistic
fuzzy I'-subsemigroup of S but the converse is not true.

Definition 3.6. An intuitionistic fuzzy I'-subsemigroup A = (pa,7v4) of S is called
an intuitionistic fuzzy bi-I'-ideal of S if

pa(zazfy) > min{pa(z), pa(y)}
and
fYA(xazﬁy) < maX{VA(x),’VA(y)}’ for all T,Y,2 € Svavﬂ el

Lemma 3.7 ([15]). Every intuitionistic fuzzy I'-ideal of a T'-semigroup S is an in-
tuitionistic fuzzy bi-I'-ideal of S but the converse is not true.

Lemma 3.8. Let A be a non-empty subset of a TI'-semigroup S, then A is I'-
subsemigroup of S if and only if, xa = (Uxa>Vxa) 5 an intuitionistic fuzzy T-
subsemigroup of S.
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Proof. We suppose that A is a I'-subsemigroup of S then ATA C A. Let x,y € S
and o € T

Case I. If 2,y € A then zay € A. Also u,,(z) =1 and p,,(y) = 1 implies that,
min{/iy , (), fixa (Y)} = 1 = py, (zay). Also vy, (z) = 0 and vy, (y) = 0 implies
that, maX{'VXA (), Yxa (y)} =0= Yxa (TOY).

Case IL. If « ¢ A or y ¢ A then p,,(z) = 0 or p,,(y) = 0 implies that,
min iy, (@), s (1)} = 0 < fiys (). Also 7y, (2) = L or 7y, (4) = 1 implies that
max{yy, (), x4 (¥)} =1 > vy, (zay). Hence xa = (fty4sVx4) is an intuitionistic
fuzzy I'-subsemigroup of S.

Conversely, we suppose that x4 = (fty., Vy.) is an intuitionistic fuzzy I' - sub-
semigroup of S. Let z,y € A and a € T then p, , (zay) > min{pu, , (), iy, (y)} =1
but sy, (zay) < 1. This gives i, , (zay) = 1 that is zay € A implies that AT A C A.
Hence A is a I'-subsemigroup of S. O

Lemma 3.9. Let A be a non-empty subset of a I'-semigroup S, then A is a left
(right,two sided) T'-ideal of S if and only if xa = (Hya, Vxa) S an intuitionistic
fuzzy left (right,two sided) I'-ideal of S.

Proof. Straightforward. O

Lemma 3.10. Let B be a non-empty subset of a I'-semigroup S, then B is a bi-
T-ideal of S if and only if xB = (Uxp, Vxs) 8 an intuitionistic fuzzy bi-I'-ideal of
S.

Proof. Let B be a bi-T'-ideal of S then by lemma 3.8, xp = (Uyz,Vys) is a I'-
subsemigroup of S. Let x,y,z € S and o,8 € . If x,y € B then zazfy € B
and iy, () = Lyyg(2) =0 and py, (y) = 1%, (y) = 0. Also p,, (zazfy) =
1 and 7, ,(zazfBy) = 0. Hence p,,(zazfy) = 1 = min{u,,(x), 1y, (y)} and
’YXB(IO[Z/By) =0= maX{'YXB(x)ar)’XB(y)}' It z ¢ B ory ¢ B then MXB(:I") =0
or fiys(y) = 0 and vy, (2) = 1 or vy, (y) = L. Then min{py, (2), pys (y)} = 0 <

fix s (zazBy) and max{ryy , (2), 1y (Y)} = 1 2 Yy (wazfy). Hence, x5 = (kxs, Yxs)
is an intuitionistic fuzzy bi-I'-ideal of S.

Conversely, we suppose that xp = (t4y 5, Vx5 ) IS an intuitionistic fuzzy bi-I'-ideal
of S then by lemma 3.8, B is an intuitionistic fuzzy I'-subsemigroup of S. For all
z,y € B,z € Sand o, €T, we have 1, , (xazfy) > min{pu, , (x), ty 5 (y)}, because
XB = (fyp>Vxs) IS an intuitionistic fuzzy bi-I-ideal of S. Since, z,y € B then

Hxp (l‘) = HKxs (y) =1, and
fixs (azBy) = min{pn g, (), s (y)} = 1 but py (zazfy) < 1.
This gives p,, (zazfy) = 1, which implies that zazfy € B, for all z,y € B,z € S
and «, 3 € I'. Hence BI'ST'B C B implies that B is a bi-I'-ideal of S. g
Lemma 3.11. Let {A4;,i € I} be a collection of intuitionistic fuzzy bi-I'-ideals of S,
then their intersection N A; = (A pa,, V. va,) is an intuitionistic fuzzy bi-T'-ideal
iel iel i€l
of S, where
b (@) = inf{u, (@) [i €1, 2 € S)

and
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WV va;(2) = sup{ya, (@) | i € [,z € 5}

Proof. As NA; = (A pa,, Vva,), where A pa,(x) = inf{ua,(z)|i€l,ze S}
i€l i€l i€l i€l
and AVI'YAi(I) =sup{ya,(z) |i € I,z € S}. For z,y € S,a € T', we have
1€

_é\l pa,(zay) = inf{ua,(zay)|i el zay € S}
2 inf{min {/’LAi(x)huAi (y)} | iel,r,ye S}
> min{inf{ua,(2) | i € I,x € S},inf{ua,(y) |i € [,y € S}

) > i ) )
Apai(zay) = min{ A pa, (), Apa;(y)}
Also

Y ya(way) = sup{ya(vay) i€ I,zay € S}
< sup{max{vya,(x),va4,(¥)} | i€ ,z,y € S}
< max{sup{ya,(x) | i € I,z € S},sup{ya,(y) |i€ I,y €S}

Yoya(zay) < max{ Y ya(2), YV va ()}

So NA;=(Apa,, Va,) is a I-subsemigroup. Now for z,y,z € S,a,3 €T,
iel iel iel

A ba(aozBy) = inf{ua,(zazfy) i€ Laazpy € 5)
> inf{min{pua, (), pa,(y)} i€ I, z,y € S}
> min{inf{pa,(z) | € I,z € S},inf{pua,(y) |i € I,y € S}
) > i ) ) .
Apai(zazfy) = min{ A pa,(2), A pa;(y)}
Also
Y vai(zazBy) = sup{ya,(zazfy) | i€ I, zazfy € S}
< sup{max{y4,(z),7a,(y)} | i € I,z,y € S}
< max{sup{ya,(z) |i € I,z € S},sup{ya,(y) |i € I,y € S}
) < ) . .
Yya(wazfy) < max{V ya,(2), Vya, ()}
Hence _IQIAi = ('QIMA“ '\e/I’YA"') is an intuitionistic fuzzy bi-T'-ideal of S. O

4. INTUITIONISTIC FUZZY PRIME BI-I'-IDEALS

Definition 4.1. An intuitionistic fuzzy bi-T-ideal A = (a,v4) of a I'-semigroup S
is called an intuitionistic fuzzy prime bi-I'-ideal of S, if for any intuitionistic fuzzy
bi-I'-ideals B = (up,vp) and C = (uc,vc) of S, BIC C A implies that B C A or
C C A.

Definition 4.2. An intuitionistic fuzzy bi-T-ideal A = (ua,v4) of a I-semigroup S
is called an intuitionistic fuzzy strongly prime bi-I’-ideal of S if for any intuitionistic
fuzzy bi-I'-ideals B = (up,vs) and C = (uc,vc) of S, BIC N CTB C A implies
that BC A or C C A.
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Definition 4.3. An intuitionistic fuzzy bi-I'-ideal A = (ua,v4) of a I'-semigroup
S is called an intuitionistic fuzzy semiprime bi-I'-ideal of S if for any intuitionistic
fuzzy bi-I'-ideal B = (up,vp) of S, B['B C A implies that B C A.

Definition 4.4. An intuitionistic fuzzy bi-I'-ideal A = (ua,v4) of a I'-semigroup
S is called an idempotent if A = AT'A that is para = pal'ua = pa and yars =
yalya =va.

Theorem 4.5. A non-empty subset P of S is a prime bi-I'-ideal of S if and only
if the intuitionistic characteristic function xXp = (iy,,Vx,) of P is an intuitionistic
fuzzy prime bi-I'-ideal of S.

Proof. Suppose P is a prime bi-I-ideal of S. Then by Lemma 3.10, xp is an
intuitionistic fuzzy bi-T-ideal of S. Let A = (ua,va) and C = (uc,7vc) be any
intuitionistic fuzzy bi-T-ideals of S such that AT'C' C xp but A ¢ xp and C € xp.
Then there exist x,y € S such that

pa(x) # 0,74 (x) # 1 and pe (y) # 0,7¢ (y) #1

but fiy, (¥) = 0,7y, () =1 and iy, (y) = 0,7, () = 1.
Hence ¢ P and y ¢ P. Since P is a prime bi-T-ideal of S, then for bi-I'-ideals B (z)

and B (y), we have B (z)I'B (y) ¢ P. Since pa (z) # 0, va (z) # 1 and pe (y) # 0,

vo (y) # 1 therefore, min{pa(z), pc(y)} #0 and max{ya(x),vc(y)} # 1.
As B (z)T'B (y) € P, therefore there exists s € S such that s € B(z)'B (y) but

s ¢ P then p,, (s) =0, vy, (s) = 1. Hence parc (s) = 0 and yarc (s) = 1. Since
s € B(x)T'B (y) then s = byaby for some by € B(x) and by € B(y) and o € I'. So
we have

parc(s) = \/ min{pa(b1), po(b2)} = min{ua(b), pe(b2)}

s=biabs
and
yarc(s) = /\ max{ya(b1),vc(b2)} < max{ya(b1),vc(b2)}

s=bjaby

Since by € B(x), which is a bi-T'-ideal generated by x and B(z) = {z}UaTzUzI'STx,
we have by = x or by = x8x or by = x0r¢x for some r € S and (3,0, € T.

If by = x then pa(by) = pa (z) and va(b1) = va (x) .

If by = 26z then ua(br) = pa (252) > mingjua(e), pa(@)} = pa2)

and v4(b1) = ya (zBz) < max{ya(z),7a(z)} = va(z).

If by = xfrpx then pa(by) = pa (x0réx) > min{pa(x), pa(x)} = pa(x)

and v4(b1) = va (20réz) < max{ya(z),7a(r)} = ya(2).

Also as by € B(y) = {y} Uyl'y UyI'STy, then by = y or by = ydy or by = yntmy
for some t € S, and §,n, 7w € T.

If by =y then pc(b2) = pe (y) and ye(b2) = e (y).

If by = yéy then puc(b2) = pe (yoy) = min{pc(y), pe(y)} = pe(y)

and y¢ (b2) = Yo (yoy) < max{yc(y),7c )} = v (y).

If by = yntmy then pc(b2) = pe (yntry) > min{uc(y), pe(y)} = we(y)

and y¢(b2) = e (yntry) < max{yc(y),vc(y)} = vc(y)-
314



M. Akram/Ann. Fuzzy Math. Inform. 5 (2013), No. 2, 309-320

From above we can write

parc(s) > min{pa(br), pe(be)} > min{pa(z), uo(y)} # 0,
because pa () # 0,pc(y) #0,

and

qare(s) < max{ya(by),ye(bs)} < max{ya(@),10(y)} # 1,
becanse 14 () # 1,7¢ (y) # L.

Which is a contradiction that pare (s) = 0 and yare (s) = 1. Thus for any in-
tuitionistic fuzzy bi-I'-ideals A and C of S, AI'C C xp implies that A C xp or
C C xp. Hence xp = (pty,,Vy,) is an intuitionistic fuzzy prime bi-I-ideal of S.
Conversely, we suppose that xp = (i, ,7y,) is an intuitionistic fuzzy prime bi-I'-
ideal of S and let Biand Bs be any bi-I'-ideals of S such that B1I'By C P, then by
Lemma 3.10, xp, and xp, are intuitionistic fuzzy bi-I'-ideals of S also xp,rB, C
Xxp but we know xp,rp, = xB,I'xB, implies x5,I'xp, C xp. As by supposition xp
is prime so we have, xp, € xp or xp, € xp. Hence by Lemma 3.2, B; C P or
By C P implies that P is a prime bi-I-ideal of S. d

Theorem 4.6. A non-empty subset P of S is a strongly prime bi-I'-ideal of S if
and only if the intuitionistic characteristic function xp = (ty,,Vy,) of P is an
intuitionistic fuzzy strongly prime bi-I'-ideal of S.

Proof. Let P be a bi-I'-ideal of S then by Lemma 3.10, x p is an intuitionistic fuzzy
bi-I-ideal of S. We suppose that P is a strongly prime. Let A = (ua,7v4) and
C = (ue,7yc) be any intuitionistic fuzzy bi-I-ideal of S such that AT'C N CTA C
xp but A € x, and C € xp. Then there exist z,y € S such that pa (z) # 0,
va (z) # Land pc (y) # 0, vo (y) # 1 but py, () = 0, 7y, (2) = Land py,, (y) =0,
Yyp (y) = 1. Hence « ¢ P and y ¢ P. Since P is a strongly prime bi-I'-ideal of S,
then for bi-I'-ideals B (z) and B (y), we have B (z)I'B (y)NB (y)I'B (z) ¢ P. Since
ia (2) £ 0, 14 (2) £ 1 and e (y) £ 0, 7 (y) # 1 therefore, min{pa(z), uo(y)} # 0

and max{ya(z),vc(y)} # 1.
As B(z)TB(y) N B(y)I'B(x) ¢ P, then there exists s € S such that s €

B(z)TB(y)NB(y)I'B(x) but s ¢ P then p,, (s) =0 and ~,, (s) = 1 and hence
tarc (8) A pera (s) =0 and yare (s) Vyera (s) = 1. Since s € B(z)'B (y) and
s€ B(y)I'B(x).

When s € B (z)I'B (y), we can write s = byabs, for some b; € B(x), bs € B (y)
and o € I'. So we have

parc(s) =\ min{pa(br), po(be)} > min{ua(br), po(b2)}

s=biabs

and
yaro(s) = N\ max{ya(b1),yo(b2)} < max{ya(br),vc(b2)}-
8:b1ab2

Since b; € B(z), which is a bi-I-ideal generated by z and B(z) = {z}UzT'zUzI'STx,
then by = x or by = x0x or by = xfr¢x, for some r € S and 3,60,¢ € T.

If by =  then pa(b1) = pa (z) and ya(by) =y (v).

If by = 2fz then pa(b) = pa (zfz) > min{pa(z), pa(2)} = pa(z)
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and ya(b1) = ya (zfz) < max{ya(z),va(z)} = va(2).

If by = xfrpx then pa(by) = pa (x0réz) > min{pa(x), pa(x)} = palx)

and y4(b1) = ya (20réz) < max{ya(z),va(x)} = va().

Also as by € B (y) = {y} Uyly Uyl'STy, then by = y or by = ydy or by = yntry,
for some t € S, §,n,w € T.

If by = y then pc(b2) = pe (y) and ye(b2) = vo (y) -

If by = ydy then pc(b2) = pe (yoy) = min{uc(y), pe ()} = pe(y) and yo(b) =
Ye (ydy) < max{yc(y), ve(y)} = vc(y)-

If by = yntmy then pc(b2) = pc (yntry) > min{uc(y), po(y)} = pue(y) and
Y (b2) = ve (yntmy) < max{yc(y),ve(y)} = vc(y).

From above we can write,

parc(s) = min{pa(bi), pc(b2)} = min{pa(z), po(y)}t # 0,
since pua () # 0and pe (y) #0,

and

Yarc(t) < max{ya(b1),yc(b2)} < max{ya(z),yc(y)} # 1,
since y4 (z) # 1 and ye (y) # 1.

Similarly, by taking s € B(y)I'B(z), we can prove that pcra(s) # 0 and
vora(s) # 1. This implies that parc (s) A pera (s) #0 and vare (s) Vyora (s) #
1, which is a contradiction as we have parc (s) A pera (s) = 0 and yare (s) V
~vora (8) = 1. Thus for any intuitionistic fuzzy bi-T-ideals A and C of S, AT'C'N
CT'A C xp implies that A C xp or C C xp. Hence xp is an intuitionistic fuzzy
strongly prime bi-I'-ideal of S.

Conversely, we suppose that x p is an intuitionistic fuzzy strongly prime bi-I-ideal
of S and let By and By, be any bi-I'-ideals of S such that BiI'By, N BoI'By C P,
then by Lemma 3.10, xp, and xp, are intuitionistic fuzzy bi-I'-ideal of S and
also xB,rB, N XB,TB; C Xp but we know Xxp,rp, = XB,I'xB,. Which implies that
xB,I'xs, N xB,I'xB, C xp. As by supposition xp is strongly prime so we have,
xB, € xp or xB, € xp. Hence by Lemma 3.2, By C P or By C P implies that P
is a strongly prime bi-I'-ideal of S. O

Similarly, we can prove the following:

Theorem 4.7. A non-empty subset P of S is a semiprime bi-I"-ideal of S if and only
if the intuitionistic characteristic function xp = (ty,,Vx,) of P is an intuitionistic
fuzzy semiprime bi-I'-ideal of S.

Remark 4.8. Obviously every intuitionistic fuzzy strongly prime bi-I-ideal of S
is an intuitionistic fuzzy prime bi-I'-ideal of S and every intuitionistic fuzzy prime
bi-I'-ideal of S is an intuitionistic fuzzy semiprime bi-I'-ideal of S.

Note that the converse of above is not true.

Example 4.9. Consider S = {a,b,c} be a semigroup with following multiplication
table and I" be a non-empty set. Define S xI'x.S — S by zyy = x*y forall z,y € S
and v € I'. Then S is a I'-semigroup.
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*|a|blc
alalala
bla|b|b
clalclec

The bi-T-ideals of S are {a},{a,b},{a,c} and S. Here {a} is a prime bi-I-ideal
of S but it is not strongly prime as ({a,b}I'{a,c}) N ({a,c}T'{a,b}) = {a} C {a}
but {a,b} ¢ {a}, and {a,c} € {a}. Hence by Theorem 4.5 and 4.6, x {4} is an intu-
itionistic fuzzy prime bi-I-ideal of S but not an intuitionistic fuzzy strongly prime
bi-T'-ideal of S.

Example 4.10. Let 0 € S and |S| > 3 and T be any set. Then S is a I'-semigroup
with zero, under the operation defined by

Yy = { Z): oltfhaér;/iz(;, forall z,y € S,a €T.

Since for all subsets A and B of S containing {0}, we have AT'STA = A and
AT'B = ANB. All these subsets are semiprime bi-I'-ideals of S. Let C be a semiprime
bi-T'-ideal of S such that |S\C| > 3. Then for distinct a,b € S\C, we have (C U
{a)D(CU{b}) = (CU{a})N(CU{b}) = C, but (CU{a}) £ C and (CU{b}) £ C,
implies that C' is not a prime bi-I-ideal of S. Hence by Theorem 4.5 and 4.7, x¢
is an intuitionistic fuzzy semiprime bi-I'-ideal of S but not an intuitionistic fuzzy
prime bi-I'-ideal of S.

Proposition 4.11. The intersection of any family of intuitionistic fuzzy prime bi-
I'-ideals of S is an intuitionistic fuzzy semiprime bi-I'-ideal of S.

Proof. Let {A; : i € I'} be a collection of intuitionistic fuzzy prime bi-I-ideals of S,
where A; = (1a,,7va,) for ¢ € I. Then by Lemma 3.11, ‘ﬂlAi = (’/\I'uAi , ‘\/I’YAi) is
1€ 1€ 1E€

an intuitionistic fuzzy bi-T'-ideal of S. Let B = (up,vyp) be any intuitionistic fuzzy
bi-I'-ideal of S such that BI'B C ﬁIAi, which implies that BI'B C A; for all ¢ € I.
1€

But each A; is an intuitionistic fuzzy prime bi-I-ideal of S, so B C A;, for all i € T
implies that B C N A;. Hence N A; = (A pa, , V. y4,) is an intuitionistic fuzzy
el i€l i€l ier

semiprime bi-I'-ideal of S. 0

Definition 4.12. An intuitionistic fuzzy bi-I'-ideal A = (ua,v4) of a I'-semigroup
S is called an intuitionistic fuzzy irreducible bi-I'-ideal of S if for any intuitionistic
fuzzy bi-T-ideals B = (up,vs) and C = (uc,vc) of S, BN C = A implies that
B=Aor C=A

Definition 4.13. An intuitionistic fuzzy bi-I'-ideal, A = (u4,7va4) of a I'-semigroup
S is called an intuitionistic fuzzy strongly irreducible bi-I-ideal of .S if for any intu-
itionistic fuzzy bi-T-ideals B = (up,vp) and C = (ue,ve) of S, BNC C A implies
that BC Aor C C A.

Lemma 4.14. A non-empty subset Q of S is an irreducible (strongly irreducible) bi-
I-ideal of S if and only if the intuitionistic characteristic function xq = (fiye,Vxq)
of Q is an intuitionistic fuzzy trreducible (strongly irreducible) bi-I'-ideal of S.
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Proof. Straightforward. O

Every intuitionistic fuzzy strongly irreducible bi-I'-ideal of S is an intuitionistic
fuzzy irreducible bi-TI'-ideal of S but the converse is not true in general.

Example 4.15. Let S = {a,b,c,d,e, f} be a semigroup with following multiplica-
tion table and I' be a non-empty set. Define S x I' x § — S by xyy = x * y for all
z,y € S and v € I'."'Then S is a I'-semigroup.

x|alblcl|d|el|f
alalalalalala
bla|b|b|b|b]|b
cla|blc|d|b|b
dla|b|b|b|c|d
elalblel| f|b|Db
flalb|lb|blel|f

All bi-T-ideals of S are {a}, {a,b}, {a,b,c}, {a,b,d}, {a,b,e}, {a,b, f}, {a,b,c, e},
{a,b,d, f}, {a,b,c,d}, {a,b,e, f} and S. Here {a}, {a,b,c, e}, {a,b,d, f}, {a,b,c,d},
{a,b,e, f} and S are irreducible but only {a} and S are strongly irreducible. If
A={a,b,c,e}, B={a,b,d, f}, C ={a,b,c,d} and D = {a,b, e, f}, then by Lemma
4.14, x4, XB, XC, XD are intuitionistic fuzzy irreducible bi-I'-ideals of S which are
not intuitionistic fuzzy strongly irreducible bi-I'-ideals of S.

Proposition 4.16. An intuitionistic fuzzy strongly irreducible semiprime bi-I"-ideal
of S is an intuitionistic fuzzy strongly prime bi-I'-ideal of S.

Proof. Let A be an intuitionistic fuzzy strongly irreducible semiprime bi-I'-ideal of S.
Let B and C' be any two intuitionistic fuzzy bi-I'-ideals of .S such that, BTCNCTB C
A.Now as BNC C B and BNC C C implies that (BNC)I'(BNC) C BI'C, similarly
(BNC)I'(BNC) C CTB. Then we can write (BNC)I'(BNC) € BTCNCT B implies
(BNC)IN(BNC) C A. Since A is an intuitionistic fuzzy semiprime bi-T-ideal, so
BNC C A, as A is a strongly irreducible so B C A or C C A. Hence A is an
intuitionistic fuzzy strongly prime bi-I’-ideal of S. g

Proposition 4.17. Let B = (up,v5) be an intuitionistic fuzzy bi-T'-ideal of S with
up(a) =t andvg(a) = 1—t, fora € S andt € (0, 1], then there exist an intuitionistic
fuzzy irreducible bi-I'-ideal C = (uc,ve) of S such that B C C and pc(a) =t and
vo(a)=1—t.

Proof. Let F = {A| A is an intuitionistic fuzzy bi-I-ideal of S such that pa(a) =t
yala) = 1 —t and B C A}, then F # ¢ because B € F. Then the collection
F is a partially ordered set under inclusion. If w = {A; | i € I} is any to-
tally ordered subcollection of F then 'UIAi = ('\/I,u A _/\IVAi), where, '\/Iu A, () =
1€ S 1€ 1€
sup {ua,(z) |ie I,z € S} and ./\I’YAi(CU) = inf {ya,(x) |i € I,z € S}. Now we will
1S
show that 4U1Ai,i € I is an intuitionistic fuzzy bi-I'-ideal of S. For z,y € S, a € T,
1€
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we have,

Y pa; (ray) sup {pa, (ray) | i € I,zay € S}

> sup{min{pa,(z),pa, ()} |i€I,z,y € S}

> min{sup{pa,(x) | i€ I,z € S},sup{ua,(v)} i€ l,ye S}
Y pai(zay) = min Vo), Vopa ()}
and
ié\I’yAi (zay) = inf{ya,(zay)|icl,zay € S}

< inf{max{ya,(z),v4,(y)} | i € I,z,y € S}

< max{inf{ya,(z) |i € I,z € S},inf{ya,(y)} |i € [,y € S}
A (o) < max{ A (e). A s, )

Hence‘UIAi,i € I is an intuitionistic fuzzy I'-subsemigroup of S. Now for z,y, z €
1€
S7 a? 6 e F?

Y pa(zazfy) = sup{pa(vazfy) | i€ l,zazfy € S}

> Sup{mln{p’Al(w)aﬂAi(y)} | (S 179573/ € S}

> min{sup{ua,(z)|i € [,z € S},sup{ua,(y)} i€ I,y €S}
Y pa,(zazfy) = min{ Vs (2), Y pa(y)}
and
é\ﬂAi (zazBy) = inf{ya,(zazfy)|iec I, zazfy € S}

< inf{max{ya,(z),v4,(y)} | i € I,z,y € S}

< max{inf{ya,(z) |i € I,z € S},inf{ya,(y)} |i € [,y € S}
Aya(zazfy) < max{ Ava, (@), Ava;(y)}-

Thus U A; is an intuitionistic fuzzy bi-I-ideal of S. Since B C A; for alli € I, then
BC U Also (Via)(a) = Vua(a) = ¢ and (Ara)(a) = Avafa) =1t
Hence 'UIA is an upper bound of w that isw = {A; | i € I} is bounded above then by

1€

Zorn's lemma, there exists a maximal intuitionistic fuzzy bi-I-ideal, C' = (uc, o)
of S such that B C C and pc(a) = t,7¢(a) = 1 —t. Now we will show that
C is irreducible. Let Bj, By be any intuitionistic fuzzy bi-I'-ideal of S, such that
BiNBy; = C then C C By and C C By. We suppose that C' # By and C # Bs. Since
C' is the maximal intuitionistic fuzzy bi-T'-ideal of S with pc(a) = t,yc(a) =1 —t,
then up,(a) #tor vp,(a) #1 —t and pp,(a) #t or vp,(a) # 1 —t. Thus we have,
L= /Lc(a) = KB1NB; (a) = KB, (a‘) N B, (a‘) #1
or
1-t= ’YC(a) = VB1NB: (a) =B (a’> Ny, (a’) #1—1.

Which is a contradiction. Hence either By = C or By = C implies that C' is an
irreducible intuitionistic fuzzy bi-I'-ideal of S. 0
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