Annals of Fuzzy Mathematics and Informatics

Volume 5, No. 2, (March 2013), pp. 283-300 QFMI
ISSN: 2093-9310 (print version) © Kyung Moon Sa Co.
ISSN: 2287-6235 (electronic version)

http://www.afmi.or.kr

http://www.kyungmoon.com

Tg-interval-valued (€, € Vq)-fuzzy subgroups

D. R. PrincE WiLLIAMS, K. B. LATHA, E. CHANDRASEKAR

Received 16 February 2012; Accepted 6 June 2012

ABSTRACT. In this paper, we introduce the notions of an interval-valued
(€, € Vq)-fuzzy subgroups, Tg-interval-valued (€, € Vq)-fuzzy subgroups
and investigate some of their related properties.

2010 AMS Classification: 20K27, 08A72

Keywords: Fuzzy subgroup, Interval-valued fuzzy subgroup, Interval-valued (€,
€ Vq)-fuzzy subgroup, Tg-interval-valued (€, € Vq)-fuzzy subgroup.

Corresponding Author: D. R. Prince Williams (princeshree1@gmail.com)

1. INTRODUCOION

The theory of fuzzy set was first developed by Zadeh [23] and has been applied
to many branches in Mathematics. Later fuzzification of the “group” concept into
“fuzzy subgroup” was made by Rosenfeld [19]. This work was the first fuzzification
of any algebraic structure and thus opened a new direction, new exploration, new
path of thinking to mathematicians, engineers, computer scientists and many oth-
ers in various tests. To study more about fuzzy subgroups, see [1} 2, 13 [7, 16 [17].
Also, Zadeh [22] have introduced the concept of fuzzy set by an interval-valued
fuzzy set (ie., a fuzzy set with an interval-valued membership function) and he con-
structed a method of approximate inference using his interval-valued fuzzy sets. The
interval-valued fuzzy subgroups were first defined and studied by Biswas [6] which
are the subgroups of the same nature of the fuzzy subgroups defined by Rosen-
feld. In [24] Zeng et.al, gave a kind of method to describe the entropy of interval-
valued fuzzy set based on its similarity measure and discussed their relationship
between the similarity measure and the entropy of the interval-valued fuzzy sets in
detail. However, the results obtained can still be applied in many fields such as
pattern recognition, image processing and fuzzy reasoning etc. To study more about
interval-valued fuzzy subgroups, see [0 20, 24]. Later Davvaz [10] have defined Ty
and Sy - interval-valued fuzzy H, - subgroups. A new type of fuzzy subgroups
that is, the (€, € Vq)-fuzzy subgroups were introduced in Bhakat et. al [5] by using
the combined notions of “belongingness” and “quasi-coincidence” of fuzzy points
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and fuzzy sets, which was introduced by Pu and Liu [18]. In fact, the (€, € Vq)-
fuzzy subgroups are an important generalization of Rosenfeld’s fuzzy subgroups.
With this objective in view, Davvaz [9] have applied this theory to near-rings and
obtained some useful results. Using the relations between fuzzy points and fuzzy
sets Osman et al.[I3] have introduced the notions fuzzy bi-ideals with thresholds,
(€, € Vq)-fuzzy bi-ideals and (€, € V q)-fuzzy bi-ideals and have studied in detail.
The notion of interval-valued (€, € Vq)-fuzzy filters of pseudo BL-algebras was dis-
cussed by Jianming Zhan et.al [25]. To study more about (€, € Vq)-fuzzy algebraic
structures, see [4, 5, 8, 9 13| 15, 21}, 25]. Using the ‘belongs to relation’ (€) and
‘quasi-coincidence with the relation’ ¢ between fuzzy points and fuzzy sets, the con-
cept of (a,3) -fuzzy algebras where a, 3 are any two of {€,q,€ Vq, € Agq} with
o #€ Ag was introduced, and related properties were investigated in [12]. As a
continuation of paper [12], relations between a fuzzy subalgebras with thresholds
and an (€, € Vq)-fuzzy subalgebras were discussed in [11].

The aim of this paper is to introduce the combined notion of “belongingness”
and “quasi-coincidence” of a fuzzy interval value with an interval-valued fuzzy set.
By using this new idea, we introduce the notion of an interval-valued (€, € Vq) -
fuzzy subgroups and investigate some of their related properties. Also we charac-
terize interval-valued (€, € Vq)-fuzzy subgroups with thresholds by using their level
subgroups. We also define a Tg-interval-valued (€, € Vq)-fuzzy subgroups, the di-
rect product and Tg-product of an interval-valued (€, € Vq)-fuzzy subgroups are
discussed. Finally, we define a Tg-interval-valued (€, € Vq)-fuzzy subgroups with
thresholds.

2. PRELIMINARIES
In this section, we recall some basic definitions for the sake of completeness.

Definition 2.1 (|23]). Let G be a non-empty set. A fuzzy subset p on G is defined
by p: G — [0,1], for all z € G.

Definition 2.2 ([19]). Let px be a fuzzy set in a group G. Then u is called a fuzzy
subgroup of G if

(i) p(zy) = min{u(z), u(y)} for all 2,y € G
(i) p(z=t) > p(x) for all z,y € G

An interval number on [0, 1], say @, is a closed subinterval of [0, 1], that is, @ =
[a;aY] where 0 < aF < @V < 1. Let D|0,1] denotes the family of all closed
sub-intervals of [0,1] , 0 = [0,0] and 1 = [1,1]. Now we define “ <7, ¢ > 7 « =
7, “rmin”; “rmax” in case of two elements in D[0,1]. Consider two elements ¢ =
[a®,aV] and b = [b%,bV] in D|0,1]. Then

i) a< b if and only if a® < b and oV < Y.

i) a> b if and only if a® > b* and a¥ > bY.

iii) @ = b if and only if aX = b% and a¥ = bV

iv) rmin{a, l;} = [min{a®, b}, min{a?, bV }].

v) rmax{a,b} = [max{a’,bE}, max{a’,bV}] .
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Let G be a set. An interval-valued fuzzy set I’ defined on G is given by

F={(z, [ph(),1%(z)])}, V2 € G.
Briefly denote F' by F = [uf,, ug} where pk and p¥ are any two fuzzy sets in G
such that pk(z) < p¥(z) for all z € G.
First we can extend the concept of fuzzy subgroup to the concept of interval-
valued fuzzy subgroup of G as follows:

Definition 2.3 ([I4]). An interval-valued fuzzy set F' in G is called an interval-
valued fuzzy subgroup of G if

(i) Ar(zy) =rmin{ip(z), ir(y)} for all z,y € G

(i) ap(x~t) > ap(x) for all z € G.
Definition 2.4 ([10]). A mapping T : [0, 1] x [0,1] — [0,1] is called a ¢-norm if for
every x,y, z € [0,1], it satisfies the following conditions:

(i) T(z,1) ==,

(i) T(z,y) =T(y, ),

(iii) T(T'(z,y), z) = T(z,T(y, 2)),

(iv) T(z,y) < T(x,2), if y < z.

Let T be a t-norm, if for all arbitrary « € [0, 1], it satisfies T'(z,z) = z, then T is
called an idempotent t-norm.

Definition 2.5 ([10]). Let T be an idempotent t-norm. Define the mapping
Te : D[0,1] x D[0,1] — D[0,1] by (a,i)) Ty (a,é) = [T (a®,5%),T (a¥,0Y)],
then T¢ is called an idempotent interval t-norm.

Definition 2.6 ([10]). Let G be a group and T be an idempotent interval ¢-norm.
An interval-valued fuzzy set F' in G is called an T - interval-valued - fuzzy subgroup
of G if the following conditions hold:

(i) jir(2y) > To {jir(2), fur (y)} for all 2,y € G

(ii) fr(z~1) > ap(z) for all z € G.

Definition 2.7 ([10]). A mapping S : [0,1] x [0,1] — [0,1] is called a t-conorm if
for every z,y, z € [0, 1], it satisfies the following conditions:

i) S(z,0) ==z,

(i) S(z,y) = S(y, x),

(iii) S(S(x,y),2) = S(z,S(y,2)),
(iv) S(z,y) < S(=,2),if y < 2.

Let S be a t-conorm, if for arbitrary = € [0, 1], it satisfies S(x,z) = x, then S is
called an idempotent t-conorm.

Definition 2.8 ([10]). Let S be an idempotent t-conorm. Define the mapping

Se + D[0,1] x D[0,1] — D[0,1] by (a,6) — S (a,b) =[S (a*,b"), 5 (a¥,0")],
then S¢g is called an idempotent interval ¢-conorm.

Definition 2.9 ([10]). Let G be a group and S be an idempotent interval ¢-conorm.
An interval-valued fuzzy set F' in G is called an Sg - interval-valued - fuzzy subgroup

of G if the following conditions hold:
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(i) fr(vy) < Se{itr(z), ir(y)} for all 2,y € G
(i) fr(z7t) < p(z) for all z € G.

Definition 2.10 ([19]). A fuzzy relation F on any set G is a fuzzy subset F with
a membership function Qp : G x G — [0, 1].

Definition 2.11 ([10]). Let Fy = [pf,, vE, ]| and Fo = [pf,, vf, ] be any two
interval-valued fuzzy subgroup in GG. The cartesian product of F} and F3 is defined by
FixFy ={((z,y), ir, X for,); V(z,y) € G x G}, where ip, Xip, : GXG — DJ0, 1].

Definition 2.12 ([10]). Let fip be an interval-valued membership function of each
element x € G to the set B. Then the strongest interval-valued fuzzy relation
on G, that is a fuzzy relation fi4 on jip( denoted by fia,) whose interval-valued
membership function, of each element (z,y) € G x G and is defined by

Pag (ma y) = rmin {ﬂB(x)v ﬂB(y)} .

Definition 2.13 ([10]). Let B = [pk, u¥] be an interval-valued set in G. Then the
strongest interval-valued fuzzy relation on G, that is an interval-valued A on B is
defined by Ap = [MﬁB,MgB}.

The following example provides clear understanding of definitions 2.12 and 2.13.
Example 2.14. Let G be a set given by: G = {1,2,3,4}. Let ug : G — DJ[0,1]

be defined by pp(1) = [0.1,0.4], up(2) = [0.2,0.4], up(3) = up(4) = [0.3,0.5]. and
B ={[0.1,0.4],[0.2,0.4],[0.3,0.5]}. Now, a strongest fuzzy relation p4 on pg is

pap:GxG— B
defined by
pap(1,2) = rmin{up(1),up(2)}
= rmin{[0.1,0.4],[0.2,0.4]}
rmin{min{0.1,0.2}, min{0.4,0.4}}
[0.1,0.4].

3. INTERVAL-VALUED (€, € Vq)-FUZZY SUBGROUPS

Now we introduce the combined notion of “belongingness” and “quasi - coinci-
dence” of a fuzzy interval value with an interval-valued fuzzy set. By using this new
idea, we introduce the notion of an interval-valued (€, € Vq) -fuzzy subgroups. An
interval-valued fuzzy set F' = {x, fir(z)|z € G} of the form

R [ tE#]0,0) if z=uy,
“F(x)_{ 0,0] if x¢z.

is said to be a fuzzy interval value with support = and the interval value ¢ and is
denoted by U(z,t). We now say that a fuzzy interval value U(z,t) belongs to (or
resp. quasi-coincident with) an interval-valued fuzzy set F, written by U(x : {) € F
(resp.U(x : t)qF) if pp(z) > t(resp.fip(x) +1 > [1,1]). If U(x : ) € F or
U(x : t)gF, then we write U(z : ) € Vq. If U(z : £) € F and U(x : t)gF then we
write U(z : t) € AqF. The symbol € Vg means € Vq does not hold.
In what follows, G is a group unless otherwise specified.
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We emphasis that ip(z) = [ph(z), p%(z)] must satisfy the following properties:
[ (x), p%(2)] <[0.5,0.5] or [0.5,0.5] < [pk(z), u¥%(z)], for all z € G.

Now, we extend the concept of interval-valued fuzzy subgroups to the concept
interval-valued (€, € Vq)-fuzzy subgroups of G as follows:

Definition 3.1. An interval-valued fuzzy set F' of G is said to be an interval-valued
(€, € Vq)-fuzzy subgroup of G if for all {,7 € (0,1] and =,y € G:

(IVFSG1) U(x:t) € Fand U(y: t) € F imply U (:L'y : rmin {f,f'}) € VqF,
(IVFSG2) U(z:1) € F, imply that U (z7! : {) € VgF.

Example 3.2. Let G = {0, 1,2, 3} be a set with the following table :
1(21]3

N =[O e
N = OO

= Ol W N
(]

W O

313

Then G is a group. Let F' be an interval-valued fuzzy set in G defined as

~ f7.08 z=0,
fur(w) = {[0.3,0.4] ze[1,3].

It is easy to verify that F' is an interval-valued (€, € Vq) - fuzzy subgroup of G.

Example 3.3. Let I be a subgroup of G and let F' be an interval-valued fuzzy set
in G defined by

- [106.07 wer,
e = [0.2,0.3] otherwise.

It is easy to verify that F' is an interval-valued (€, € Vq) - fuzzy subgroup of G.

Theorem 3.4. An interval-valued fuzzy set F of G is an interval-valued (€, € Vq)-
fuzzy subgroup of G if and only if for all x,y € G the following two conditions are
satisfied:

(IVFSG3) fip(zy) > rmin{ir(z), fir(y),[0.5,0.5]}, for all z,y € G,

(IVFSG4) fip(z7Y) > jr(z) for all z € G.

Proof. At first, we prove that the conditions (IVFSG1) and (IVFSG3) are equiva-
lent. Suppose that (IVFSG1) do not implies (IVFSG3) that is , (IVFSG1) holds but
(IVFSG3) is not satisfied. In this case there z,y € G such that

fr(zy) < rmin{ir(z), ir(y),[0.5,0.5]}. If rmin {ﬂF(x),/fLE(y)} < [0.5,0.5], then
fr(xy) < rmin{ip(x), ir(y)}. This means that for some ¢ € (0, 1] satisfying the
condition fir(zy) < t < rmin {fir(z), ir(y)}, wehave U(x : t) € Fand U(y : t) € F
but U(xy : t)€ VgF, but, which contradicts to (IVSFG1). So this case is impossi-
ble. Thus rmin {ir(z), ir(y)} > [0.5,0.5]. In this case fip(xzy) < [0.5,0.5]),U(z :
[0.5,0.5]) € F,U(y : [0.5,0.5]) € F and U(xy : [0.5,0.5])€ VgF, which is also impos-
sible. Hence (IVSFG1) implies (IVSFG3).
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Conversely, let (IVSFG3)=-(IVSFG1). Let U(z : t) € F and U(y : 7)
then jip(x) >t and fip(y) > #We have fip(zy) > rmin{ir(z), ir(y),[0.5,0.5
That is, fp(zy) > rmin {¢,#,[0.5,0.5]}. If rmin{¢,#} > [0.5,0.5], then jip(zy)
[0.5,0.5] which implies fip(zy)+rmin{f,#} > [1,1], that is, U (zy : rmin {t,7}) g
If rmin {¢,7} < [0.5,0.5], then fip(zy) > rmin{¢,7}. Thus U (zy : rmin {£,7})
F. Therefore, U (zy : rmin {£,7}) € VgF. So (IVFSG3) = (IVFSG1) .

Hence (IVFSG1) < (IVFSG3) are equivalent and obviously (IVFSG2) < (IVFSG4)
are also equivalent. This completes the proof. O

Definition 3.5. Let F be an interval-valued fuzzy set. Then, for every € (0,1],
the set I; = {z € G|ip(z) >t} is called the level subset of F.

Now, we characterize the interval-valued (€, € Vq)-fuzzy subgroups by using their
level subgroups.

Theorem 3.6. An interval-valued fuzzy set F of G is an interval-valued (€, € Vq)-
fuzzy subgroup if and only if for all [0,0] <t < [0.5,0.5], non-empty level subset F;
are subgroup of G.

Proof. Let F be an interval-valued (€,€ Vq)-fuzzy subgroup and [0,0] < ¢ <
[0.5,0.5]. If ,y € F};, then jip(x) >t and fip(y) > . Now we have,

fip(zy) > rmin{ir(2), ir(y),[0.5,0.5]}
> rmin {f, t,[0.5, 0.5]}
t.

Thus zy € F;.
Conversely, let F' be an interval-valued fuzzy set of G such that all non empty Fr,
where [0,0] < < [0.5,0.5], are subgroup of G.
Define for all z,y € G:
to = rmin {fp(x), fir(y), [0.5,0.5]}, for all[0,0] < 5 < [0.5,0.5].
Thus
ﬂF(x) > 7 min {ﬂp(l'), .[LF(y)v [057 05]} = tAO
and
ﬂF(y) > rmin {ﬂF(x)v ﬂF(y), [0.5, 0'5]} = tAO'
This implies that z,y € Fy, and so zy € Fy,, that is,

fr(zy) > rmin{ir(z), ir(y),[0.5,0.5]}.

Also (IVFSG4) is obvious. Therefore, F is an interval-valued (€,€ Vq) - fuzzy
subgroup of G. d

Naturally, we can establish a similar result when each non-empty level subset F;
is a subgroup of G for [0.5,0.5] < < [1,1].

Theorem 3.7. For [0.5,0.5] < t < [1,1], each non-empty level subset F; of an
interval-valued fuzzy set F of G is a subgroup if and only if for all x,y € G the
following two conditions are satisfied:
(IVFSGS5) rmax {ir{(zy),[0.5,0.5]}} > rmin{ir(x), ir(y)},
(IVFSG6) rmax {fip(z71),[0.5,0.5]} > jip(x).
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Proof. Let F; be an nonempty level subset of G. Assume that F} is a subgroup of
G. Define t = rmin {fir(z), ir(y)} , for some 2,y € G. Then

rmax {fir{(xy),[0.5,0.5]}} < rmin {fir(z), ir(y)} =t

Then [0.5,0.5] <t < [1,1], ip(2y) < t and 2,y € F;. Thus zy € F; and fip(vy) > 1,
which contradicts to fip(zy) < . Hence (IVFSG5) is satisfied.
Define fip(z) = £, for some = € G. Then

rmax {fip{(z7"),[0.5,0.5]}} < fip(z) =t

Then [0.5,0.5] <t < [1,1], aip{(z~') <, and = € F;. We also have 27! € F;. Thus
fir{(z') > {, which is impossible. This implies that r max {ip{(z~"),[0.5,0.5]}} >
fir (x).

Conversely, suppose (IVFSG5) and (IVFSG6) are satisfied. In order to prove
that for all [0.5,0.5] < ¢ < [1,1], each nonempty level subset F; is a subgroup of G.
Assume that z,y € F}, for all z,y € G. In this case

[0.5,0.5] < # < rmin {jip(2), ir(y)} < rmax {ap{(zy),[0.5,0.5]}} = fur(zy),
which proves zy € F;. If x € F}, then
(0.5,0.5] <t < fip(z) < rmax {ap{(z™"),[0.5,0.5]}} = fip(z™"),

and so 2! € F;. This completes the proof. O

For an interval-valued fuzzy set F on G and a map 0 : G — G, we define a
mapping fir[f] : G — [0,1] by fr[0](z) = fir(0(x)) for all z € G.

Theorem 3.8. If F is an interval-valued (€,€ Vq)-fuzzy set in G and 0 is an
epimorphism of G, then ip[0] is an interval-valued (€, € Vq) - fuzzy subgroup of G.

Proof. Let x,y € G

felfl(zy) = fpr(0(ry))
= {up(O(zy)), p(0(xy)), [0.5,0.5]}

> rmin [min{up(0(x)), pf(9(y))}, min{ug(0(2)), ni(9(y))}, (0.5, 0.5]]
= rmin {min [px(0(2)), pp(0(2))] , minfpz(0(y)), ny(9(y))], 0.5,0.5]
= rmin{ip(0(x)),ir(0(y)),[0.5,0.5]}
= rmin{ip[b](z), ir[0](y),[0.5,0.5]}

This completes the proof. O

Let f be a mapping defined on G. If ¥ is an interval-valued fuzzy set in f(G),
then the interval-valued fuzzy set is defined by fip(x) = Dp(f(x)) is called the
preimage of 7y under f.

Theorem 3.9. An onto homomorphic preimage of an interval-valued (€,€ Vq)-
fuzzy subgroup of G is an interval-valued (€, € Vq)-fuzzy subgroup of G.
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Proof. Let f : G — G’ be an onto homomorphism of G, Up is an interval-valued
(€, € Vq)-fuzzy subgroup of G’, and jir the preimage of Ur under f. Let x,y € G,
then

fr(zy) = vr(f(zy))

{vE(f (@), ve (f(xy)), [0.5,0.5]}

= {vr(f(@)f(y).ve(fx)f(y)).[0.5,0.5]}
> rmin {minfvE(f()), vE(f ()], minff (F(), % (£ (y)],[05,0.5]
= rmin {min [VA(f(2)). P2 (F(2))] . minlwE(/ (). 2 (F(0))].[0.5,0.5])
= rmin{op(f(2)),2r(f(y)),[0.5,0.5]}
= rmin{ip(z), ir(y),[0.5,0.5]}
This completes the proof. O

If F is an interval-valued fuzzy set in G and f is a mapping defined on G, then

the interval-valued fuzzy set [ﬂ; in f(G) defined by
fip(x) = sup j(x),
zef~1(y)
for all y € G is called the image of F' under f. An interval-valued fuzzy set F' in G
is said to have sup property, if for every subset T' C G, there exists ty € T such that
fip(to) = sup A(t).
teT

Theorem 3.10. An onto homomorphic image of an interval-valued (€, € Vq)-fuzzy
subgroup of G with sup property is an interval-valued (€, € Vq)-fuzzy subgroup of G.

Proof. Let f : G — G’ be an onto homomorphism of a group and let fir be an
interval-valued (€, € Vq)-fuzzy subgroup of G with sup property. Moreover, for all
x1,y1 €G', let x € f~Y(x1),y € f~(y1) such that

fh(zy) = sup  jlt)
tef=H(z1y1)
ig(x) = sup  jlt)
tef~1(e1)
ihy) = sup Q).
tef=1(y1)
Thus jif.(ry) =  sup (1)
tef~(z1y1)
= jr(xy)

Y

7 min {ﬂp(l‘), fir(y), [0.5, 0'5]}

Tmin{ sup ji(t), sup ﬂ(t),[0.5,0.5]}

tef=1(z1) tef=(y1)
r min {ﬂ§<x>,ﬂ§<y), [0.5, 0.5]} .

This completes the proof. O
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Lemma 3.11 ([14]). Let fir, and fip, be membership function of each © € G to
the interval-valued fuzzy subgroups Fy and Fy respectively. Then pp, X pr, is a
membership function of each element (x,y) € G X G to the set Fy X Fy and defined
by

(/:LF1 X /:LFz) (xa y) > rmin {/&‘F1 (m)aﬂFb (y)}
Theorem 3.12. Let Fy = [ph,p¥ | and Fy = [uf,,p%,] be two interval-valued

(€, € Vq)-fuzzy subgroups of G, then Fy X Fy is an interval-valued (€, € Vq)-fuzzy
subgroup of Fy x F5.

Proof. Now for all z,y € G and let x = (z1,22) and y = (y1,y2) € G x G. Then

(fry, X firy) (21, 22) (Y1, y2))
= (r, x fr)((@191), (22y2))

rmin{fir, (v1y1), ftr, (T2y2), [0.5,0.5]}
rmin {r min {ig, (21), fir, (1)},
rmin {iir, (v2), fir, (y2)}, [0.5,0.5]}
rmin {min[uf, (1), p, (y1)], min[ug, (21), pf, (1)),
minpg, (v2), pf, (y2)], min[ug, (22), p, (y2)], [0.5,0.5] }
= Tmin{min{ﬂ%}(301)7ML@(%)}’min{ﬂfﬁ(?/l)#f%(%)h

min{ug, (21), pf, (v2)}, min{u, (v1), u, (y2)}, [0.5,0.5]}
= rmin{(ir X fip,) (2122), (Ar, X ftF,) (Y132),[0.5,0.5]}.

Y

Hence F} x F is an interval-valued (€, € Vq) - fuzzy subgroup of G x G. g

Theorem 3.13. Let Fy = [uf;l,u%] be an interval-valued set in G and Fp, be
the strongest interval-valued fuzzy relation on G. Then Fy is an interval-valued
(€, € Vq)-fuzzy subgroup of G if and only if Fg, is an interval-valued (€, € Vq)-fuzzy
subgroup of G x G.

Proof. Let Fy be an interval-valued (€, € Vq) - fuzzy subgroup of G. Then for all
(9317I2)7 (yl,yQ) € G x G we have

fire, (T1,22)(Y1,92)) = A, ((2191), (22y2))

rmin{jip, (x1y1), ftr, (X2y2),[0.5,0.5]}
rmin {r min {fp, (1), iir (y1),[0.5,0.5]},
rmin {fip, (x2), fir, (y2),[0.5,0.5]}}

rmin {r min {jip, (z1), fir, (22),[0.5,0.5]} ,
rmin {fip, (Y1), r (y2),0.5,0.5]}}

= rmin {‘[LFFI (z122), fiFp, (Y1Y2), (0.5, 0.5}

Y

Hence FF, is an interval-valued (€, € Vg)-fuzzy subgroup of G x G.
Conversely, let Fr, be an interval-valued (€, € Vq)-fuzzy subgroup of G x G. Now
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let (.’1717.'132), <y17y2> S GxG then,

rmin{ir (T191), ir (T2y2) }
= ﬂFpl((xlyl)v(fﬂzyz))
= frp, ((z122)(1192))

rmin { i, ((2122), )iy, ((Y192),),[0.5,0.5] }
rmin {r min {fip, (1), ir (22),[0.5,0.5]}},
{rmin {ir (1), itk (y2),[0.5,0.5]}, 0.5, 0.5]}

A\VARLY

If Ty = Y2 = 0, then

rmin{fip, (x191), for, (0} > rmin {rmin {iip, (21), ir, (0),[0.5,0.5]},
rmin {2r, (1), 2r, (0),[0.5,0.5]},[0.5,0.5] }

or

:aFl (mlyl) = rmin {[)/Fl (xl)aﬂFi (y1)7 [05?05]} :

Hence F; is an interval-valued (€, € Vq) - fuzzy subgroup of G. This completes the
proof. O

4. INTERVAL-VALUED (E, S \/q)—FUZZY SUBGROUPS WITH THRESHOLDS

Let IG = {{|t € (0,1] and F; is a subgroup of G}. When IG = (0,1], F is an
interval-valued fuzzy subgroup of G. When IG = (0,0.5], F is an interval-valued (&
, € Vq)-fuzzy subgroup of G. An obvious question is whether F is a kind of interval-
valued fuzzy subgroup or not when IG # & ( For example IG = (0.5, 1], (A, pu], A <
and A\, pu € (0,1]) 7 Based on the above discussion, we introduce the following
concept.

Definition 4.1. Let [0,0] < & < 3 < [1,1]. An interval-valued fuzzy set F of G
is called an interval-valued (€, € Vq)-fuzzy subgroup with thresholds (&, 3) if for all
x,y € G, the following two conditions are satisfied:

(IVFSGT7) rmax{jip(zy), &} > rmin{jip(x), i (y), B},
(IVFSGS8) rmax{fir(z1),a} > rmin{ir(z), 3}}

Example 4.2. Let G ={0,1,2,3} be a set with the following table :

WIN =D e
WIN| OO
N| W O = =
= O W N N
Ol N W W

Then G is a group.
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(i) Let F be an interval-valued fuzzy set in G defined as

0.6,0.7] =0
fr(z) =<00.8,09] z=1
0.2,03] =€ [23]

It is easy to verify that F'is an interval-valued (€, € Vq)-fuzzy subgroup with thresh-
olds & = [0.4,0.5] and 3 = [0.7,0.8] of G.
(a) Fisnot an interval-valued (&, €) - fuzzy subgroup of G, since 1j9.80.84) € F'
and 1jo.86,0.88) € £, but (1,1); min{[0.8,0.84],[0.86,0.88]} = 0[0.8,0.84] L.
(b) F'is not an interval-valued (g, € Vq)-fuzzy subgroup of G since 1j.41,0.43¢F

and 2(g.77,0.86)¢F- but (1.2); min{[0.4,0.43],[0.77.0.86]} = 3[0.77,0.86] € VGF -
(¢) F is not an interval-valued (€ Vg, € Vq)-fuzzy subgroup of G,
since 1(9.51,0.55) € VqF and 3jg.67,0.77] € VqF, but

(1.3) min{[0.51,0.55],0.67.0.77]} = 2[0.51,0.55] € VqF"

(ii) Let Fy be an interval-valued fuzzy set in G defined as

[0.5,0.6] =0
A 0.7,0.8] z=1
A= 10304 22
0.1,02] =3

Then Fj is not an interval-valued (€, € Vg)-fuzzy subgroup with thresholds a =
[0.63,0.69] and 5 = [0.81,0.84] of G, since
rmax{fir (1.1),[0.63,0.69]} > rmin{jir (1),741(1),[0.81,0.84]}
rmax{jr (0),[0.63,0.69]} > rmin{[0.7,0.8],[0.7,0.8],[0.81,0.84]}
rmax{[0.5,0.6],[0.63,0.69]} > rmin{[0.7,0.8],[0.7,0.8],[0.81,0.84]}

As, [0.63,0.69] < [0.7,0.8]. Moreover F} is not an interval-valued (€, € Vq)-fuzzy
subgroup of G because

far (1.2) = ip (3) =10.1,0.2] < rmin{ir (1), i (2),[0.5,0.5]}
< rmin{[0.7,0.8],[0.3,0.4],[0.5,0.5]}
< [0.3,0.4].
But we know that F} Ais an interval-valued (€, € Vq) - fuzzy subgroup with thresholds
& =10.73,0.77] and 8 = [0.87,0.89] of G.

In what follows let &, 3 € [0,1] and & < /3 unless otherwise specified.
Observations.

(i) An interval-valued fuzzy subgroup ( resp., interval-valued (€, € Vq)-fuzzy sub-
group) is an interval-valued fuzzy subgroup with thresholds( resp., interval-valued
(€, € Vq)-fuzzy subgroup with thresholds).

(i) Every interval-valued fuzzy subgroup with thresholds & = [0,0] and 3 = [1,1]
is an interval-valued fuzzy subgroup.

(iii) Every interval-valued (€, € Vq)-fuzzy subgroup with thresholds & = [0, 0]
and 3 = [0.5,0.5] is an interval-valued (€, € Vq)-fuzzy subgroup.
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(iv) Every interval-valued (€, € Vq)-fuzzy subgroup F of G with thresholds & <
fip(z) < B or @& < fip(z) < § for all z € G is an interval-valued (€, € Vq)-fuzzy
subgroup of G.

(v) If F is an interval-valued fuzzy set in G and & > fip(z) for all z € G, then F
is an interval-valued (€, € Vq)-fuzzy subgroup with thresholds & and B of G.

(vi) Let F be an interval-valued fuzzy set in G and let fip(0) < & < jip(z) < f,
r(0) < & < B < fip(x), & < op(0) < B < jip(x), or & < fip(0) < fip(x) < B for
some x(# 0) € G. Then F cannot be an interval-valued (€, € Vq)-fuzzy subgroup
with thresholds & and j of G.

Theorem 4.3. An interval-valued fuzzy set F' of G is an interval-valued (€, € Vq)-

fuzzy subgroup with thresholds (d,B) if and only if each non empty level subset F,
where & <t < [3 is a subgroup of G.

Proof. Let F be an interval-valued (€, € Vq) - fuzzy subgroup with thresholds (&, 3)
of G, where @ <t < 3. If z,y € F; then jip(z) > t and fip(y) > t. Now we have,

rmax{jip(zy), &}

and zy € F;. If z € F; then fip(z) > f and so

rmin{jip(z), B}
rmin{f, 3} > &

rmax{jp(z~1),a}

So fip(z~') > t and 27! € F;. Hence F; is a subgroup of G. Conversely, let
F; be a subgroup of G for all & < £ < (. Define { = rmin{fir(z),ir(y), 5},
for all z,y € G and (d,ﬁ) are thresholds of G. Suppose rmax{ip(zy),d} <t =
rmin{jip (), ir(y), 3}. Thenz € Fj, y € Fp, & < < B and fip(zy) < . Since F} is
a subgroup of G so 2y € F; and fip(zy) > t. This is a contradiction with jip(vy) < f.
Therefore, rmax{jip(zy), &} > rmin{ir(z), fir(y), 3} for all z,y € G. Define
t = rmin{fip(z), B}, 2 € G. Suppose rmax{fip(z~1),a} <t = rmin{jip(z),3}.
Then z € F;, & < t < B and fip(z™') < t. Since F; is a subgroup of G so
z7! € F; and fip(x~1) > £. This is a contradiction with fip(z~) < . Hence
rmax{jig(z~1), &} > rmin{[y]F(z), 3}. This completes the proof. O

The following example shows that there is an interval-valued fuzzy subgroup with
some thresholds which is neither an interval-valued fuzzy subgroup nor an interval-
valued (€, € Vq)-fuzzy subgroup.
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Example 4.4. Let G be a group of integers. Then (G,.) is a subgroup where the
operation - is defined as x.y = x — y. Let F be a fuzzy set in G defined by

[0,0.1] fze{2k+1/ke G, k<0}
[0.2,0.3] ifze{2k—-1/ke G, k>0}

. [0.4,0.5] if z € {2k/k € G}/{4k/k € G}
[0.6,0.7) if x € {4k/k € G}/{8k/k € G}
[0.8,0.9] ifz e {8k/ke G, k<0}

[09,1] ifze{8k/ke G k>0}

Then F is an interval-valued fuzzy subgroup with thresholds & = [0.2,0.4] and
B = [0.7,0.8] of G. But F is neither an interval-valued fuzzy subgroup nor an
interval-valued (€, € Vq)-fuzzy subgroup of G.

5. T - INTERVAL-VALUED (€, € Vq) -FUZZY SUBGROUPS

Definition 5.1. Let G be a group and T be an idempotent interval t-norm. An
interval-valued fuzzy set F of G is said to be an T - interval-valued (€, € Vq) -
fuzzy subgroup of G if the following conditions hold:
(IVFSGY) U(z:t) € Fand U(y:t) € F imply U (zy : Te{t,7}) € VqF,
(IVFSG10) U(x : ) € F imply that U (27! : {) € VqF.
for all £,7 € (0,1] and for all z,y € G.
Theorem 5.2. Let G be a group and T be an idempotent interval t-norm. An
interval-valued fuzzy set F of G is said to be a T - interval-valued (€, € Vq)-fuzzy

subgroup of G if the following conditions hold:
(IVFSG12) jip(z7") > fir(z).

for all t,7 € (0,1] and for all x,y € G.

Proof. 1t is easy to show that

(IVFSG9) < (IVFSG11)
(IVFSG10) < (IVFSG12)

Example 5.3. Let G = {0, 1,2, 3} be a set with the following table:
1123

o= ol e
= OO
[

(an)
= Ol Ww N
[N}

3132

Then G is a group. Let F' be an interval-valued fuzzy set in G defined as

[0.6,0.7] =0
(0.3,04] z € [1,3]
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and Tg : [0,1] x [0,1] — [0,1] be a function defined by Te(d, 3) = max{a + [ —
[0.5,0.5],[0,0]} for all &, € [0,1]. Then, T be an idempotent interval t-norm. It
is easy to verify that F'is an T¢ - interval-valued (€, € Vq)-fuzzy subgroup of G.

Theorem 5.4. Let G be a group and Tg be an idempotent interval t-norm and
G = G1 X Gy be a direct product of groups Gy and Ga. If iy (resp., fiz) is an
Ta-interval-valued (€, € Vq) - fuzzy subgroup of Gy (resp., Ga), then i = [i1 X fiy is
an Tg-interval-valued (€, € Vq)-fuzzy subgroup of G defined by

((z1, 22)(y1,92)) = (fn % fiz)((z1, 22)(y1,92)) = T (fn(z122), fi2(y192), [0.5,0.5]) ,

V(z1,22)(y1,92) € G1 x Gs.
Proof. Let (z1,22), (y1,y2) € G1 X Ga

(@1, 22) (Y1, y2))
(11 X fiz) (21, 22) (Y1, y2))
= (% fiz2) (z191)(z2y2))
To{fu(z1y1), fta(w2y2),[0.5,0.5]}

> Te{Te{fun(z1), f1(y1),[0.5,0.5]}, Ta{fa(z2), fiz(y2), [0.5,0.5]},[0.5,0.5] }
= Te{Te{in(x1), fiz(22),[0.5,0.5]}, Te{fia (1), fiz(y2), [0.5,0.5]}, [0.5, 0.5] }
= Te{(fn x fiz)(z122), (f11 X fi2)(y192), [0.5,0.5]}.

This completes the proof. O

Now, We will generalize the idea of Tg-interval-valued (€, € Vq)-fuzzy subgroup
n

over n > 0. We first need to generalize the domain of ¢t-norm T to 1_[[07 1] as

i=1
follows. The function Tg, : H[O, 1] — [0,1] is defined by Tgq, (a1, 0. ..,ap) =
i=1
To(ai, Ta, (a1, ..., qi—1,Qi11,...,0)) for all 1 <i < n, where n > 2, Tz, = T

and 77 =id(identity). For a t-norm T and every a;, 5; € [0,1], where 1 < i < n
and n > 2, we have
TGn (TG(ala ﬂl)v TG(a27 62)7 sy TG(O{n, ﬂn))

= TG(TG"(OKI, Qg, ..., an)7 TG” (ﬁla ﬁ?) e aﬁn))
Theorem 5.5. Let T be an idempotent interval t-norm , {G;}7, the finite collec-

tion of subgroups of G, and G = HGi is the direct product of subgroup over {G;}.
i=1
Let [i; be an Tg-interval-valued (€, € Vq) -fuzzy subgroup of {G;}, where 1 <i < n.

Then fi = | [fui defined by

=1
n
ﬂ((mlﬂxQM"7xn)(y17y2a"'7y7l)) = <Hlal ($1y1,$2927-~-a$nyn)
i=1

= Ta, (p(z1y1), pa(w2y2), - - 5 ln(TnYn)
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is an Tg-interval-valued (€, € Vq)-fuzzy subgroup of G.

Proof. The proof goes by induction. Let n = 2. By Theorem 5.4 the result holds
good. Let us assume that the result is true for n = r — 1. That is

n
(@1, 22, 1) (Y1, Y255 Yro1)) = (H/L) (T1y1, T2y2s - -+, TnYn)
i=1

= Ton(p(z1y1), p2(2y2), - por—1(Tr—1Yr—1).
Let us prove the result for n = r.
/l((-f(ﬁ,l'g, e amT)v (y17y27 ce. 7y7")) = ﬂ(mlyla ce. 7'T7“y'f’)

= (Hﬂi(ﬂ%)) fir (Tryy)
(ﬁﬂi(l‘iyi) X ﬂr(xr?/r)>

> Tg < i ﬂi(xiyi)vﬂr(xryr)7 [0'5’0'5]>
i=1
= TG{TG (ﬁﬂi(mi)vﬁﬂl(yz)7[0 5705]> )

T (o () for (), [0.5, 0.51>}

S {TG (f[wi),Ma:r)[o.ao.s}) ,

i=1

r—1
TG (Hﬂz(yz)v ﬂT(yT)v [0'57 0‘5]> }

i=1

= T¢ {ﬁ(ﬂi X fir)(wiwr), ﬁ(ﬂi X fir) (Yiyr), [0-5,0-5]}

i=1 =1

= Tg {Hmm), [T, (05, 0.5]} :

i=1 i=1
This completes the proof. O

Definition 5.6. Let T be an idempotent t-norm and let fi and © be interval-valued
fuzzy sets in G. Then the Tg-product of i and o, written as [fi, U], is defined by

[, D)1 (zy) = T (f(z), (x),[0.5,0.5]), for all z € G.

Theorem 5.7. Let T be an idempotent t -norm and let i and U be an Tg-interval-
valued (€, € Vq)-fuzzy subgroup of G. If T} be an idempotent t-norm which domi-
nates Tq, that is,

TE(T (6, B), T(#,6),[0.5,0.5]) > T(Tk (&, 0), T4 (6, 6),[0.5,0.5)),
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for all &, 3,0,6 € [0,1], then the T¢-product of ji and ¥, [j1, D]y, is an Tg-interval-
valued (€, € Vq)-fuzzy subgroup of G.

Proof. For all x,y € G, then

Y
X

)
= TG([:&" ﬁ]T* (33), [ﬂ’ l)]Té (y)’ [05’ 05])

This completes the proof. O

We now characterize the Tg-interval-valued (€,€ Vq) - fuzzy subgroup with
thresholds.

Definition 5.8. Let [0,0] < & < § < [1,1]. An interval-valued fuzzy set F of
G where T is an idempotent interval t-norm and Sg is an idempotent interval t-
conorm is called an Tg-interval-valued (€, € Vq) -fuzzy subgroup with thresholds

&, @) if for all z,y € G, the following two conditions are satisfied:

A, B) if for all G, the foll d fied
(IVFSG13) Tg {jir(wy),a} = S { (@), iir (v), 3},
(IVFSG14) Tg {iir(z~1),a} > Sa {gp(m),[f}.

Example 5.9. Let G = {0,1,2,3} be a set with the following table:

e 0]1]2|3
0j0]1]2}3
111(0]3|2
21213|0|1
313121110

Then G is a group. Let F be an interval-valued fuzzy set in G defined as

A ~ J[06,07] z=0
fir(x) = {[0'3’0.4] xz € [1,2,3]

and T¢ : [0,1] x [0,1] — [0,1], and S : [0,1] x [0,1] — [0, 1] be a function defined
by Te(&, B) = rmax {a +3—-1[0.5,0.5], 0, 0]}, Sa(@,3) = min{a+ 3, 0,0]} for all
&, € [0,1]. Then, Tg is an idempotent interval t-norm and S¢ is an idempotent

interval t-conorm. It is easy to verify that F' is an T-interval-valued (€, € Vq)-fuzzy
subgroup with thresholds & = [0.4,0.5] and 5 = [0.81,0.88] of G.

Theorem 5.10. An interval-valued fuzzy set F' of G, where T is an idempotent
interval t-norm and Sq is an idempotent interval t-conorm is an Tg-interval-valued

(€, € Vq)-fuzzy subgroup with thresholds (&, ) if and only if each non empty F,
where & < t < (3 is a subgroup of G.

Proof. Let F be an Tg-interval-valued (€,€ Vq)-fuzzy subgroup with thresholds
(&, B) of G, where & < t < 3. If x,y € F; then ip(z) > and fir(y) > . Now we
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have,

To{r(zy).a} > S {fr(@),fir (). B

Thus 2y € F;. If x € F; then jip(x) >t and so
Te{pr(z™"),6} > Sa {ﬂF(m)ﬁA}
S {tA,ﬂA} >t

So fip(z~t) >t and 2! € F;. Therefore F; is a subgroup of G. Conversely, let F;
be a subgroup of G for all & < # < /3. Assume that

Te {jur (wy), @} < Se {fur (@), fur(y), B}

for all 2,y € G where (&, 3) are thresholds of G. Then
To {fir(zy), &} < i = Sa {r(x). e (v). B

Then z € Fj, y € F;, @ < t < B and jp(zy) < f. Since F; is a subgroup
of G so zy € F; and jip(zy) > t. This is a contradiction with fir(zy) < .
Hence, T {jiir(zy), &} > Sa {ﬂp(a:), ar(y), B} . Assume that Tg {jip(z—1), 6} <
Se {ﬂp(a:),ﬁ}, for all z € G. Then z € F;, & < < 3 and jip(z~") < f. Since
F; is a subgroup of G so 7! € F; and fip(z~!) < £. This is a contradiction
with fip(z~1) < t. Hence Tg {ar(z71,a} > Sq {,&F(x),[i’} This completes the
proof. O
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