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1. Introducoion

The theory of fuzzy set was first developed by Zadeh [23] and has been applied
to many branches in Mathematics. Later fuzzification of the “group” concept into
“fuzzy subgroup” was made by Rosenfeld [19]. This work was the first fuzzification
of any algebraic structure and thus opened a new direction, new exploration, new
path of thinking to mathematicians, engineers, computer scientists and many oth-
ers in various tests. To study more about fuzzy subgroups, see [1, 2, 3, 7, 16, 17].
Also, Zadeh [22] have introduced the concept of fuzzy set by an interval-valued
fuzzy set (ie., a fuzzy set with an interval-valued membership function) and he con-
structed a method of approximate inference using his interval-valued fuzzy sets. The
interval-valued fuzzy subgroups were first defined and studied by Biswas [6] which
are the subgroups of the same nature of the fuzzy subgroups defined by Rosen-
feld. In [24] Zeng et.al, gave a kind of method to describe the entropy of interval-
valued fuzzy set based on its similarity measure and discussed their relationship
between the similarity measure and the entropy of the interval-valued fuzzy sets in
detail. However, the results obtained can still be applied in many fields such as
pattern recognition, image processing and fuzzy reasoning etc. To study more about
interval-valued fuzzy subgroups, see [6, 20, 24]. Later Davvaz [10] have defined TH

and SH - interval-valued fuzzy Hv - subgroups. A new type of fuzzy subgroups
that is, the (∈,∈ ∨q)-fuzzy subgroups were introduced in Bhakat et. al [5] by using
the combined notions of “belongingness” and “quasi-coincidence” of fuzzy points
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and fuzzy sets, which was introduced by Pu and Liu [18]. In fact, the (∈,∈ ∨q)-
fuzzy subgroups are an important generalization of Rosenfeld’s fuzzy subgroups.
With this objective in view, Davvaz [9] have applied this theory to near-rings and
obtained some useful results. Using the relations between fuzzy points and fuzzy
sets Osman et al.[13] have introduced the notions fuzzy bi-ideals with thresholds,
(∈,∈ ∨q)-fuzzy bi-ideals and (∈̄, ∈̄ ∨ q̄)-fuzzy bi-ideals and have studied in detail.
The notion of interval-valued (∈,∈ ∨q)-fuzzy filters of pseudo BL-algebras was dis-
cussed by Jianming Zhan et.al [25]. To study more about (∈,∈ ∨q)-fuzzy algebraic
structures, see [4, 5, 8, 9, 13, 15, 21, 25]. Using the ‘belongs to relation’ (∈) and
‘quasi-coincidence with the relation’ q between fuzzy points and fuzzy sets, the con-
cept of (α, β) -fuzzy algebras where α, β are any two of {∈, q,∈ ∨q, ∈ ∧q} with
α 6=∈ ∧q was introduced, and related properties were investigated in [12]. As a
continuation of paper [12], relations between a fuzzy subalgebras with thresholds
and an (∈,∈ ∨q)-fuzzy subalgebras were discussed in [11].

The aim of this paper is to introduce the combined notion of “belongingness”
and “quasi-coincidence” of a fuzzy interval value with an interval-valued fuzzy set.
By using this new idea, we introduce the notion of an interval-valued (∈,∈ ∨q) -
fuzzy subgroups and investigate some of their related properties. Also we charac-
terize interval-valued (∈,∈ ∨q)-fuzzy subgroups with thresholds by using their level
subgroups. We also define a TG-interval-valued (∈,∈ ∨q)-fuzzy subgroups, the di-
rect product and TG-product of an interval-valued (∈,∈ ∨q)-fuzzy subgroups are
discussed. Finally, we define a TG-interval-valued (∈,∈ ∨q)-fuzzy subgroups with
thresholds.

2. Preliminaries

In this section, we recall some basic definitions for the sake of completeness.

Definition 2.1 ([23]). Let G be a non-empty set. A fuzzy subset µ on G is defined
by µ : G → [0, 1], for all x ∈ G.

Definition 2.2 ([19]). Let µ be a fuzzy set in a group G. Then µ is called a fuzzy
subgroup of G if

(i) µ(xy) ≥ min{µ(x), µ(y)} for all x, y ∈ G
(ii) µ(x−1) ≥ µ(x) for all x, y ∈ G

An interval number on [0, 1], say â, is a closed subinterval of [0, 1], that is, â =
[aL, aU ] where 0 ≤ aL ≤ aU ≤ 1. Let D[0, 1] denotes the family of all closed
sub-intervals of [0, 1] , 0̂ = [0, 0] and 1̂ = [1, 1]. Now we define “ ≤ ”, “ ≥ ”, “ =
”, “rmin”; “rmax” in case of two elements in D[0, 1]. Consider two elements â =
[aL, aU ] and b̂ = [bL, bU ] in D[0, 1]. Then

i) â ≤ b̂ if and only if aL ≤ bL and aU ≤ bU .
ii) â ≥ b̂ if and only if aL ≥ bL and aU ≥ bU .
iii) â = b̂ if and only if aL = bL and aU = bU .
iv) rmin{â, b̂} = [min{aL, bL},min{aU , bU}].
v) rmax{â, b̂} = [max{aL, bL}, max{aU , bU}] .
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Let G be a set. An interval-valued fuzzy set F defined on G is given by

F =
{(

x,
[
µL

F (x), µU
F (x)

])}
, ∀x ∈ G.

Briefly denote F by F =
[
µL

F , µU
F

]
where µL

F and µU
F are any two fuzzy sets in G

such that µL
F (x) ≤ µU

F (x) for all x ∈ G.
First we can extend the concept of fuzzy subgroup to the concept of interval-

valued fuzzy subgroup of G as follows:

Definition 2.3 ([14]). An interval-valued fuzzy set F in G is called an interval-
valued fuzzy subgroup of G if

(i) µ̂F (xy) ≥ r min{µ̂F (x), µ̂F (y)} for all x, y ∈ G
(ii) µ̂F (x−1) ≥ µ̂F (x) for all x ∈ G.

Definition 2.4 ([10]). A mapping T : [0, 1]× [0, 1] → [0, 1] is called a t-norm if for
every x, y, z ∈ [0, 1], it satisfies the following conditions:

(i) T (x, 1) = x,
(ii) T (x, y) = T (y, x),
(iii) T (T (x, y), z) = T (x, T (y, z)),
(iv) T (x, y) ≤ T (x, z), if y ≤ z.

Let T be a t-norm, if for all arbitrary x ∈ [0, 1], it satisfies T (x, x) = x, then T is
called an idempotent t-norm.

Definition 2.5 ([10]). Let T be an idempotent t-norm. Define the mapping
TG : D[0, 1] × D[0, 1] → D[0, 1] by

(
â, b̂

)
→ TG

(
â, b̂

)
=

[
T

(
aL, bL

)
, T

(
aU , bU

)]
,

then TG is called an idempotent interval t-norm.

Definition 2.6 ([10]). Let G be a group and TG be an idempotent interval t-norm.
An interval-valued fuzzy set F in G is called an TG - interval-valued - fuzzy subgroup
of G if the following conditions hold:

(i) µ̂F (xy) ≥ TG {µ̂F (x), µ̂F (y)} for all x, y ∈ G
(ii) µ̂F (x−1) ≥ µ̂F (x) for all x ∈ G.

Definition 2.7 ([10]). A mapping S : [0, 1] × [0, 1] → [0, 1] is called a t-conorm if
for every x, y, z ∈ [0, 1], it satisfies the following conditions:

(i) S(x, 0) = x,
(ii) S(x, y) = S(y, x),
(iii) S(S(x, y), z) = S(x, S(y, z)),
(iv) S(x, y) ≤ S(x, z), if y ≤ z.

Let S be a t-conorm, if for arbitrary x ∈ [0, 1], it satisfies S(x, x) = x, then S is
called an idempotent t-conorm.

Definition 2.8 ([10]). Let S be an idempotent t-conorm. Define the mapping
SG : D[0, 1] × D[0, 1] → D[0, 1] by

(
â, b̂

)
→ SG

(
â, b̂

)
=

[
S

(
aL, bL

)
, S

(
aU , bU

)]
,

then SG is called an idempotent interval t-conorm.

Definition 2.9 ([10]). Let G be a group and SG be an idempotent interval t-conorm.
An interval-valued fuzzy set F in G is called an SG - interval-valued - fuzzy subgroup
of G if the following conditions hold:
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(i) µ̂F (xy) ≤ SG {µ̂F (x), µ̂F (y)} for all x, y ∈ G
(ii) µ̂F (x−1) ≤ µ̂F (x) for all x ∈ G.

Definition 2.10 ([19]). A fuzzy relation F on any set G is a fuzzy subset F with
a membership function ΩF : G×G → [0, 1].

Definition 2.11 ([10]). Let F1 =
[
µL

F1
, vU

F1

]
and F2 =

[
µL

F2
, vU

F2

]
be any two

interval-valued fuzzy subgroup in G. The cartesian product of F1 and F2 is defined by
F1×F2 = {((x, y), µ̂F1 × µ̂F2) ; ∀(x, y) ∈ G×G} , where µ̂F1×µ̂F2 : G×G → D[0, 1].

Definition 2.12 ([10]). Let µ̂B be an interval-valued membership function of each
element x ∈ G to the set B. Then the strongest interval-valued fuzzy relation
on G, that is a fuzzy relation µ̂A on µ̂B( denoted by µ̂AB ) whose interval-valued
membership function, of each element (x, y) ∈ G×G and is defined by

µ̂AB
(x, y) = r min {µ̂B(x), µ̂B(y)} .

Definition 2.13 ([10]). Let B =
[
µL

B , µU
B

]
be an interval-valued set in G. Then the

strongest interval-valued fuzzy relation on G, that is an interval-valued A on B is
defined by AB =

[
µL

AB
, µU

AB

]
.

The following example provides clear understanding of definitions 2.12 and 2.13.

Example 2.14. Let G be a set given by: G = {1, 2, 3, 4}. Let µB : G → D[0, 1]
be defined by µB(1) = [0.1, 0.4], µB(2) = [0.2, 0.4], µB(3) = µB(4) = [0.3, 0.5]. and
B = {[0.1, 0.4], [0.2, 0.4], [0.3, 0.5]}. Now, a strongest fuzzy relation µA on µB is

µAB : G×G → B

defined by

µAB(1, 2) = rmin{µB(1), µB(2)}
= rmin{[0.1, 0.4], [0.2, 0.4]}
= rmin{min{0.1, 0.2}, min{0.4, 0.4}}
= [0.1, 0.4].

3. Interval-valued (∈,∈ ∨q)-fuzzy subgroups

Now we introduce the combined notion of “belongingness” and “quasi - coinci-
dence” of a fuzzy interval value with an interval-valued fuzzy set. By using this new
idea, we introduce the notion of an interval-valued (∈,∈ ∨q) -fuzzy subgroups. An
interval-valued fuzzy set F = {x, µ̂F (x)|x ∈ G} of the form

µ̂F (x) =
{

t̂(6= [0, 0]) if x = y,
[0, 0] if x 6= y.

is said to be a fuzzy interval value with support x and the interval value t̂ and is
denoted by U(x, t̂). We now say that a fuzzy interval value U(x, t̂) belongs to (or
resp. quasi-coincident with) an interval-valued fuzzy set F , written by U(x : t̂) ∈ F
(resp. U(x : t̂)qF ) if µ̂F (x) ≥ t̂ (resp. µ̂F (x) + t̂ > [1, 1]). If U(x : t̂) ∈ F or
U(x : t̂)qF , then we write U(x : t̂) ∈ ∨q. If U(x : t̂) ∈ F and U(x : t̂)qF then we
write U(x : t̂) ∈ ∧qF . The symbol ∈ ∨q means ∈ ∨q does not hold.

In what follows, G is a group unless otherwise specified.
286
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We emphasis that µ̂F (x) =
[
µL

F (x), µU
F (x)

]
must satisfy the following properties:[

µL
F (x), µU

F (x)
]

< [0.5, 0.5] or [0.5, 0.5] ≤ [
µL

F (x), µU
F (x)

]
, for all x ∈ G.

Now, we extend the concept of interval-valued fuzzy subgroups to the concept
interval-valued (∈,∈ ∨q)-fuzzy subgroups of G as follows:

Definition 3.1. An interval-valued fuzzy set F of G is said to be an interval-valued
(∈,∈ ∨q)-fuzzy subgroup of G if for all t̂, r̂ ∈ (0, 1] and x, y ∈ G:
(IVFSG1) U(x : t̂) ∈ F and U(y : t̂) ∈ F imply U

(
xy : r min

{
t̂, r̂

}) ∈ ∨qF ,
(IVFSG2) U(x : t̂) ∈ F , imply that U

(
x−1 : t̂

) ∈ ∨qF .

Example 3.2. Let G = {0, 1, 2, 3} be a set with the following table :

• 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0

Then G is a group. Let F be an interval-valued fuzzy set in G defined as

µ̂F (x) =

{
[0.7, 0.8] x = 0,

[0.3, 0.4] x ∈ [1, 3].

It is easy to verify that F is an interval-valued (∈,∈ ∨q) - fuzzy subgroup of G.

Example 3.3. Let I be a subgroup of G and let F be an interval-valued fuzzy set
in G defined by

µ̂F (x) =

{
[0.6, 0.7] x ∈ I,

[0.2, 0.3] otherwise.

It is easy to verify that F is an interval-valued (∈,∈ ∨q) - fuzzy subgroup of G.

Theorem 3.4. An interval-valued fuzzy set F of G is an interval-valued (∈,∈ ∨q)-
fuzzy subgroup of G if and only if for all x, y ∈ G the following two conditions are
satisfied:
(IVFSG3) µ̂F (xy) ≥ r min {µ̂F (x), µ̂F (y), [0.5, 0.5]}, for all x, y ∈ G,
(IVFSG4) µ̂F (x−1) ≥ µ̂F (x) for all x ∈ G.

Proof. At first, we prove that the conditions (IVFSG1) and (IVFSG3) are equiva-
lent. Suppose that (IVFSG1) do not implies (IVFSG3) that is , (IVFSG1) holds but
(IVFSG3) is not satisfied. In this case there x, y ∈ G such that
µ̂F (xy) < r min {µ̂F (x), µ̂F (y), [0.5, 0.5]}. If r min {µ̂F (x), µ̂F (y)} < [0.5, 0.5], then
µ̂F (xy) < r min {µ̂F (x), µ̂F (y)}. This means that for some t̂ ∈ (0, 1] satisfying the
condition µ̂F (xy) < t̂ < r min {µ̂F (x), µ̂F (y)}, we have U(x : t̂) ∈ F and U(y : t̂) ∈ F
but U(xy : t̂)∈ ∨qF , but, which contradicts to (IVSFG1). So this case is impossi-
ble. Thus r min {µ̂F (x), µ̂F (y)} ≥ [0.5, 0.5]. In this case µ̂F (xy) < [0.5, 0.5], U(x :
[0.5, 0.5]) ∈ F,U(y : [0.5, 0.5]) ∈ F and U(xy : [0.5, 0.5])∈ ∨qF , which is also impos-
sible. Hence (IVSFG1) implies (IVSFG3).
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Conversely, let (IVSFG3)⇒(IVSFG1). Let U(x : t̂) ∈ F and U(y : r̂) ∈ F ,
then µ̂F (x) ≥ t̂ and µ̂F (y) ≥ r̂.We have µ̂F (xy) ≥ r min {µ̂F (x), µ̂F (y), [0.5, 0.5]}.
That is, µ̂F (xy) ≥ r min

{
t̂, r̂, [0.5, 0.5]

}
. If r min

{
t̂, r̂

}
> [0.5, 0.5], then µ̂F (xy) ≥

[0.5, 0.5] which implies µ̂F (xy)+r min{t̂, r̂} > [1, 1], that is, U
(
xy : r min

{
t̂, r̂

})
qF .

If r min
{
t̂, r̂

} ≤ [0.5, 0.5], then µ̂F (xy) ≥ r min
{
t̂, r̂

}
. Thus U

(
xy : r min

{
t̂, r̂

}) ∈
F . Therefore, U

(
xy : r min

{
t̂, r̂

}) ∈ ∨qF . So (IVFSG3) ⇒ (IVFSG1) .
Hence (IVFSG1)⇔ (IVFSG3) are equivalent and obviously (IVFSG2)⇔ (IVFSG4)

are also equivalent. This completes the proof. ¤

Definition 3.5. Let F be an interval-valued fuzzy set. Then, for every t̂ ∈ (0, 1],
the set Ft̂ =

{
x ∈ G|µ̂F (x) ≥ t̂

}
is called the level subset of F .

Now, we characterize the interval-valued (∈,∈ ∨q)-fuzzy subgroups by using their
level subgroups.

Theorem 3.6. An interval-valued fuzzy set F of G is an interval-valued (∈,∈ ∨q)-
fuzzy subgroup if and only if for all [0, 0] < t̂ ≤ [0.5, 0.5], non-empty level subset Ft̂

are subgroup of G.

Proof. Let F be an interval-valued (∈,∈ ∨q)-fuzzy subgroup and [0, 0] < t̂ ≤
[0.5, 0.5]. If x, y ∈ Ft̂, then µ̂F (x) ≥ t̂ and µ̂F (y) ≥ t̂. Now we have,

µ̂F (xy) ≥ r min {µ̂F (x), µ̂F (y), [0.5, 0.5]}
≥ r min

{
t̂, t̂, [0.5, 0.5]

}

= t̂.

Thus xy ∈ Ft̂.
Conversely, let F be an interval-valued fuzzy set of G such that all non empty Ft̂,

where [0, 0] < t̂ ≤ [0.5, 0.5], are subgroup of G.
Define for all x, y ∈ G:
t̂0 = r min {µ̂F (x), µ̂F (y), [0.5, 0.5]} , for all[0, 0] < t̂0 ≤ [0.5, 0.5].

Thus
µ̂F (x) ≥ r min {µ̂F (x), µ̂F (y), [0.5, 0.5]} = t̂0

and
µ̂F (y) ≥ r min {µ̂F (x), µ̂F (y), [0.5, 0.5]} = t̂0.

This implies that x, y ∈ Ft̂0
and so xy ∈ Ft̂0

, that is,

µ̂F (xy) ≥ r min {µ̂F (x), µ̂F (y), [0.5, 0.5]} .

Also (IVFSG4) is obvious. Therefore, F is an interval-valued (∈,∈ ∨q) - fuzzy
subgroup of G. ¤

Naturally, we can establish a similar result when each non-empty level subset Ft̂

is a subgroup of G for [0.5, 0.5] < t̂ ≤ [1, 1].

Theorem 3.7. For [0.5, 0.5] < t̂ ≤ [1, 1], each non-empty level subset Ft̂ of an
interval-valued fuzzy set F of G is a subgroup if and only if for all x, y ∈ G the
following two conditions are satisfied:

(IVFSG5) r max {µ̂F {(xy), [0.5, 0.5]}} ≥ r min {µ̂F (x), µ̂F (y)} ,
(IVFSG6) r max

{
µ̂F (x−1), [0.5, 0.5]

} ≥ µ̂F (x).
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Proof. Let Ft̂ be an nonempty level subset of G. Assume that Ft̂ is a subgroup of
G. Define t̂ = r min {µ̂F (x), µ̂F (y)} , for some x, y ∈ G. Then

r max {µ̂F {(xy), [0.5, 0.5]}} < r min {µ̂F (x), µ̂F (y)} = t̂.

Then [0.5, 0.5] < t̂ ≤ [1, 1], µ̂F (xy) < t̂ and x, y ∈ Ft̂. Thus xy ∈ Ft̂ and µ̂F (xy) ≥ t̂,
which contradicts to µ̂F (xy) < t̂. Hence (IV FSG5) is satisfied.

Define µ̂F (x) = t̂, for some x ∈ G. Then

r max
{
µ̂F {(x−1), [0.5, 0.5]}} < µ̂F (x) = t̂.

Then [0.5, 0.5] < t̂ ≤ [1, 1], µ̂F {(x−1) < t̂, and x ∈ Ft̂. We also have x−1 ∈ Ft̂. Thus
µ̂F {(x−1) ≥ t̂, which is impossible. This implies that r max

{
µ̂F {(x−1), [0.5, 0.5]}} ≥

µ̂F (x).
Conversely, suppose (IVFSG5) and (IVFSG6) are satisfied. In order to prove

that for all [0.5, 0.5] < t̂ ≤ [1, 1], each nonempty level subset Ft̂ is a subgroup of G.
Assume that x, y ∈ Ft̂, for all x, y ∈ G. In this case

[0.5, 0.5] < t̂ ≤ r min {µ̂F (x), µ̂F (y)} ≤ r max {µ̂F {(xy), [0.5, 0.5]}} = µ̂F (xy),

which proves xy ∈ Ft̂. If x ∈ Ft̂, then

[0.5, 0.5] < t̂ ≤ µ̂F (x) ≤ r max
{
µ̂F {(x−1), [0.5, 0.5]}} = µ̂F (x−1),

and so x−1 ∈ Ft̂. This completes the proof. ¤

For an interval-valued fuzzy set F on G and a map θ : G → G, we define a
mapping µ̂F [θ] : G → [0, 1] by µ̂F [θ](x) = µ̂F (θ(x)) for all x ∈ G.

Theorem 3.8. If F is an interval-valued (∈,∈ ∨q)-fuzzy set in G and θ is an
epimorphism of G, then µ̂F [θ] is an interval-valued (∈,∈ ∨q) - fuzzy subgroup of G.

Proof. Let x, y ∈ G

µ̂F [θ](xy) = µ̂F (θ(xy))

= {µL
F (θ(xy)), µU

F (θ(xy)), [0.5, 0.5]}
≥ r min

[
min{µL

F (θ(x)), µL
F (θ(y))},min{µU

F (θ(x)), µU
F (θ(y))}, [0.5, 0.5]

]

= r min
{
min

[
µL

F (θ(x)), µU
F (θ(x))

]
,min[µL

F (θ(y)), µU
F (θ(y))], [0.5, 0.5]

}

= r min {µ̂F (θ(x)), µ̂F (θ(y)), [0.5, 0.5]}
= r min {µ̂F [θ](x), µ̂F [θ](y), [0.5, 0.5]}

This completes the proof. ¤

Let f be a mapping defined on G. If ν̂F is an interval-valued fuzzy set in f(G),
then the interval-valued fuzzy set is defined by µ̂F (x) = ν̂F (f(x)) is called the
preimage of ν̂F under f .

Theorem 3.9. An onto homomorphic preimage of an interval-valued (∈,∈ ∨q)-
fuzzy subgroup of G is an interval-valued (∈,∈ ∨q)-fuzzy subgroup of G.
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Proof. Let f : G → G′ be an onto homomorphism of G, ν̂F is an interval-valued
(∈,∈ ∨q)-fuzzy subgroup of G′, and µ̂F the preimage of ν̂F under f . Let x, y ∈ G,
then

µ̂F (xy) = ν̂F (f(xy))

= {νL
F (f(xy)), νU

F (f(xy)), [0.5, 0.5]}
= {νL

F (f(x)f(y)), νU
F (f(x)f(y)), [0.5, 0.5]}

≥ r min
{
min[νL

F (f(x)), νL
F (f(y))], min[νU

F (f(x)), νU
F (f(y))], [0.5, 0.5]

]

= r min
{
min

[
νL

F (f(x)), νU
F (f(x))

]
,min[νL

F (f(y)), νU
F (f(y))], [0.5, 0.5]

}

= r min {ν̂F (f(x)), ν̂F (f(y)), [0.5, 0.5]}
= r min {µ̂F (x), µ̂F (y), [0.5, 0.5]}

This completes the proof. ¤

If F is an interval-valued fuzzy set in G and f is a mapping defined on G, then
the interval-valued fuzzy set µ̂f

F in f(G) defined by

µ̂f
F (x) = sup

x∈f−1(y)

µ̂(x),

for all y ∈ G is called the image of F under f . An interval-valued fuzzy set F in G
is said to have sup property, if for every subset T ⊆ G, there exists t0 ∈ T such that
µ̂F (t0) = sup

t∈T
µ̂(t).

Theorem 3.10. An onto homomorphic image of an interval-valued (∈,∈ ∨q)-fuzzy
subgroup of G with sup property is an interval-valued (∈,∈ ∨q)-fuzzy subgroup of G.

Proof. Let f : G → G′ be an onto homomorphism of a group and let µ̂F be an
interval-valued (∈,∈ ∨q)-fuzzy subgroup of G with sup property. Moreover, for all
x1, y1 ∈ G′, let x ∈ f−1(x1), y ∈ f−1(y1) such that

µ̂f
F (xy) = sup

t∈f−1(x1y1)

µ̂(t)

µ̂f
F (x) = sup

t∈f−1(x1)

µ̂(t)

µ̂f
F (y) = sup

t∈f−1(y1)

µ̂(t).

Thus µ̂f
F (xy) = sup

t∈f−1(x1y1)

µ̂(t)

= µ̂F (xy)
≥ r min {µ̂F (x), µ̂F (y), [0.5, 0.5]}

= r min

{
sup

t∈f−1(x1)

µ̂(t), sup
t∈f−1(y1)

µ̂(t), [0.5, 0.5]

}

= r min
{
µ̂f

F (x), µ̂f
F (y), [0.5, 0.5]

}
.

This completes the proof. ¤
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Lemma 3.11 ([14]). Let µ̂F1 and µ̂F2 be membership function of each x ∈ G to
the interval-valued fuzzy subgroups F1 and F2 respectively. Then µF1 × µF2 is a
membership function of each element (x, y) ∈ G×G to the set F1 × F2 and defined
by

(µ̂F1 × µ̂F2) (x, y) ≥ r min {µ̂F1(x), µ̂F2(y)} .

Theorem 3.12. Let F1 =
[
µL

F1
, µU

F1

]
and F2 =

[
µL

F2
, µU

F2

]
be two interval-valued

(∈,∈ ∨q)-fuzzy subgroups of G, then F1 × F2 is an interval-valued (∈,∈ ∨q)-fuzzy
subgroup of F1 × F2.

Proof. Now for all x, y ∈ G and let x = (x1, x2) and y = (y1, y2) ∈ G×G. Then

(µ̂F1 × µ̂F2) ((x1, x2)(y1, y2))
= (µ̂F1 × µ̂F2)((x1y1), (x2y2))
= r min{µ̂F1(x1y1), µ̂F2(x2y2), [0.5, 0.5]}
≥ r min {r min {µ̂F1(x1), µ̂F1(y1)} ,

r min {µ̂F2(x2), µ̂F2(y2)} , [0.5, 0.5]}
= r min

{
min[µL

F1
(x1), µL

F1
(y1)],min[µU

F1
(x1), µU

F1
(y1)],

min[µL
F2

(x2), µL
F2

(y2)], min[µU
F2

(x2), µU
F2

(y2)], [0.5, 0.5]
}

= r min{min{µL
F1

(x1), µL
F2

(x2)}, min{µL
F1

(y1), µL
F2

(y2)},
min{µU

F2
(x1), µU

F2
(x2)}, min{µU

F2
(y1), µU

F2
(y2)}, [0.5, 0.5]}

= r min {(µ̂F1 × µ̂F2) (x1x2), (µ̂F1 × µ̂F2) (y1y2), [0.5, 0.5]} .

Hence F1 × F2 is an interval-valued (∈,∈ ∨q) - fuzzy subgroup of G×G. ¤

Theorem 3.13. Let F1 =
[
µL

F1
, µU

F2

]
be an interval-valued set in G and FF1 be

the strongest interval-valued fuzzy relation on G. Then F1 is an interval-valued
(∈,∈ ∨q)-fuzzy subgroup of G if and only if FF1 is an interval-valued (∈,∈ ∨q)-fuzzy
subgroup of G×G.

Proof. Let F1 be an interval-valued (∈,∈ ∨q) - fuzzy subgroup of G. Then for all
(x1, x2), (y1, y2) ∈ G×G we have

µ̂FF1
((x1, x2)(y1, y2)) = µ̂FF1

((x1y1), (x2y2))

= r min {µ̂F1(x1y1), µ̂F1(x2y2), [0.5, 0.5]}
≥ r min {r min {µ̂F1(x1), µ̂F1(y1), [0.5, 0.5]} ,

r min {µ̂F1(x2), µ̂F1(y2), [0.5, 0.5]}}
= r min {r min {µ̂F1(x1), µ̂F1(x2), [0.5, 0.5]} ,

r min {µ̂F1(y1), µ̂F1(y2), [0.5, 0.5]}}
= r min

{
µ̂FF1

(x1x2), µ̂FF1
(y1y2), [0.5, 0.5]

}

Hence FF1 is an interval-valued (∈,∈ ∨q)-fuzzy subgroup of G×G.
Conversely, let FF1 be an interval-valued (∈,∈ ∨q)-fuzzy subgroup of G × G. Now
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let (x1, x2), (y1, y2) ∈ G×G then,

r min {µ̂F1(x1y1), µ̂F1(x2y2)}
= µ̂FF1

((x1y1), (x2y2))

= µ̂FF1
((x1x2)(y1y2))

≥ r min
{
µ̂FF1

((x1x2), )µ̂FF1
((y1y2), ), [0.5, 0.5]

}

≥ r min {r min {µ̂F1(x1), µ̂F1(x2), [0.5, 0.5]}} ,

{r min {µ̂F1(y1), µ̂F1(y2), [0.5, 0.5]} , [0.5, 0.5]}
If x2 = y2 = 0, then

r min {µ̂F1(x1y1), µ̂F1(0)} ≥ r min
{
r min {µ̂F1(x1), µ̂F1(0), [0.5, 0.5]} ,

r min {µ̂F1(y1), µ̂F1(0), [0.5, 0.5]} , [0.5, 0.5]
}

or

µ̂F1(x1y1) ≥ r min {µ̂F1(x1), µ̂F1(y1), [0.5, 0.5]} .

Hence F1 is an interval-valued (∈,∈ ∨q) - fuzzy subgroup of G. This completes the
proof. ¤

4. Interval-valued (∈,∈ ∨q)-fuzzy subgroups with thresholds

Let IG = {t̂|t̂ ∈ (0, 1] and Ft̂ is a subgroup of G}. When IG = (0, 1], F is an
interval-valued fuzzy subgroup of G. When IG = (0, 0.5], F is an interval-valued (∈
,∈ ∨q)-fuzzy subgroup of G. An obvious question is whether F is a kind of interval-
valued fuzzy subgroup or not when IG 6= ∅ ( For example IG = (0.5, 1], (λ, µ], λ < µ
and λ, µ ∈ (0, 1]) ? Based on the above discussion, we introduce the following
concept.

Definition 4.1. Let [0, 0] ≤ α̂ ≤ β̂ ≤ [1, 1]. An interval-valued fuzzy set F of G

is called an interval-valued (∈,∈ ∨q)-fuzzy subgroup with thresholds (α̂, β̂) if for all
x, y ∈ G,the following two conditions are satisfied:
(IVFSG7) r max{µ̂F (xy), α̂} ≥ r min{µ̂F (x), µ̂F (y), β̂},
(IVFSG8) r max{µ̂F (x−1), α̂} ≥ r min{µ̂F (x), β̂}}
Example 4.2. Let G = {0, 1, 2, 3} be a set with the following table :

• 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0

Then G is a group.
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(i) Let F be an interval-valued fuzzy set in G defined as

µ̂F (x) =





[0.6, 0.7] x = 0
[0.8, 0.9] x = 1
[0.2, 0.3] x ∈ [2, 3]

.

It is easy to verify that F is an interval-valued (∈,∈ ∨q)-fuzzy subgroup with thresh-
olds α̂ = [0.4, 0.5] and β̂ = [0.7, 0.8] of G.

(a) F is not an interval-valued (∈,∈) - fuzzy subgroup of G, since 1[0.8,0.84] ∈ F
and 1[0.86,0.88] ∈ F , but (1, 1)r min{[0.8,0.84],[0.86,0.88]} = 0[0.8,0.84]∈̄F .

(b) F is not an interval-valued (q,∈ ∨q)-fuzzy subgroup of G since 1[0.41,0.43]qF
and 2[0.77,0.86]qF . but (1.2)r min{[0.4,0.43],[0.77.0.86]} = 3[0.77,0.86]∈ ∨qF .

(c) F is not an interval-valued (∈ ∨q,∈ ∨q)-fuzzy subgroup of G,
since 1[0.51,0.55] ∈ ∨qF and 3[0.67,0.77] ∈ ∨qF , but

(1.3)r min{[0.51,0.55],[0.67.0.77]} = 2[0.51,0.55]∈ ∨qF.

(ii) Let F1 be an interval-valued fuzzy set in G defined as

µ̂F1(x) =





[0.5, 0.6] x = 0
[0.7, 0.8] x = 1
[0.3, 0.4] x = 2
[0.1, 0.2] x = 3

.

Then F1 is not an interval-valued (∈,∈ ∨q)-fuzzy subgroup with thresholds α̂ =
[0.63, 0.69] and β̂ = [0.81, 0.84] of G, since

r max{µ̂F1(1.1), [0.63, 0.69]} ≥ r min{µ̂F1(1), µ̂1(1), [0.81, 0.84]}
r max{µ̂F1(0), [0.63, 0.69]} ≥ r min{[0.7, 0.8], [0.7, 0.8], [0.81, 0.84]}

r max{[0.5, 0.6], [0.63, 0.69]} ≥ r min{[0.7, 0.8], [0.7, 0.8], [0.81, 0.84]}
As, [0.63, 0.69] < [0.7, 0.8]. Moreover F1 is not an interval-valued (∈,∈ ∨q)-fuzzy

subgroup of G because

µ̂F1(1.2) = µ̂F1(3) = [0.1, 0.2] < r min{µ̂F1(1), µ̂F1(2), [0.5, 0.5]}
< r min{[0.7, 0.8], [0.3, 0.4], [0.5, 0.5]}
< [0.3, 0.4].

But we know that F1 is an interval-valued (∈,∈ ∨q) - fuzzy subgroup with thresholds
α̂ = [0.73, 0.77] and β̂ = [0.87, 0.89] of G.

In what follows let α̂, β̂ ∈ [0, 1] and α̂ < β̂ unless otherwise specified.
Observations.

(i) An interval-valued fuzzy subgroup ( resp., interval-valued (∈,∈ ∨q)-fuzzy sub-
group) is an interval-valued fuzzy subgroup with thresholds( resp., interval-valued
(∈,∈ ∨q)-fuzzy subgroup with thresholds).

(ii) Every interval-valued fuzzy subgroup with thresholds α̂ = [0, 0] and β̂ = [1, 1]
is an interval-valued fuzzy subgroup.

(iii) Every interval-valued (∈,∈ ∨q)-fuzzy subgroup with thresholds α̂ = [0, 0]
and β̂ = [0.5, 0.5] is an interval-valued (∈,∈ ∨q)-fuzzy subgroup.
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(iv) Every interval-valued (∈,∈ ∨q)-fuzzy subgroup F of G with thresholds α̂ <

µ̂F (x) ≤ β̂ or α̂ ≤ µ̂F (x) < β̂ for all x ∈ G is an interval-valued (∈,∈ ∨q)-fuzzy
subgroup of G.

(v) If F is an interval-valued fuzzy set in G and α̂ ≥ µ̂F (x) for all x ∈ G, then F

is an interval-valued (∈,∈ ∨q)-fuzzy subgroup with thresholds α̂ and β̂ of G.
(vi) Let F be an interval-valued fuzzy set in G and let µ̂F (0) ≤ α̂ < µ̂F (x) ≤ β̂,

µ̂F (0) ≤ α̂ < β̂ ≤ µ̂F (x), α̂ < µ̂F (0) < β̂ ≤ µ̂F (x), or α̂ < µ̂F (0) < µ̂F (x) ≤ β̂ for
some x(6= 0) ∈ G. Then F cannot be an interval-valued (∈,∈ ∨q)-fuzzy subgroup
with thresholds α̂ and β̂ of G.

Theorem 4.3. An interval-valued fuzzy set F of G is an interval-valued (∈,∈ ∨q)-
fuzzy subgroup with thresholds (α̂, β̂) if and only if each non empty level subset Ft̂,
where α̂ < t̂ ≤ β̂ is a subgroup of G.

Proof. Let F be an interval-valued (∈,∈ ∨q) - fuzzy subgroup with thresholds (α̂, β̂)
of G, where α̂ < t̂ ≤ β̂. If x, y ∈ Ft̂ then µ̂F (x) ≥ t̂ and µ̂F (y) ≥ t̂. Now we have,

r max{µ̂F (xy), α̂} ≥ r min{µ̂F (x), µ̂F (y), β̂}
≥ r min{t̂, t̂, β̂} ≥ t̂

and xy ∈ Ft̂. If x ∈ Ft̂ then µ̂F (x) ≥ t̂ and so

r max{µ̂F (x−1), α̂} ≥ r min{µ̂F (x), β̂}
≥ r min{t̂, β̂} > t̂

So µ̂F (x−1) ≥ t̂ and x−1 ∈ Ft̂. Hence Ft̂ is a subgroup of G. Conversely, let
Ft̂ be a subgroup of G for all α̂ < t̂ ≤ β̂. Define t̂ = r min{µ̂F (x), µ̂F (y), β̂},
for all x, y ∈ G and (α̂, β̂) are thresholds of G. Suppose r max{µ̂F (xy), α̂} < t̂ =
r min{µ̂F (x), µ̂F (y), β̂}. Then x ∈ Ft̂, y ∈ Ft̂, α̂ < t̂ ≤ β̂ and µ̂F (xy) < t̂. Since Ft̂ is
a subgroup of G so xy ∈ Ft̂ and µ̂F (xy) ≥ t̂. This is a contradiction with µ̂F (xy) < t̂.
Therefore, r max{µ̂F (xy), α̂} ≥ r min{µ̂F (x), µ̂F (y), β̂} for all x, y ∈ G. Define
t̂ = r min{µ̂F (x), β̂}, x ∈ G. Suppose r max{µ̂F (x−1), α̂} < t̂ = r min{µ̂F (x), β̂}.
Then x ∈ Ft̂, α̂ < t̂ ≤ β̂ and µ̂F (x−1) < t̂. Since Ft̂ is a subgroup of G so
x−1 ∈ Ft̂ and µ̂F (x−1) ≥ t̂. This is a contradiction with µ̂F (x−1) < t̂. Hence
r max{µ̂F (x−1), α̂} ≥ r min{̂[µ]F (x), β̂}. This completes the proof. ¤

The following example shows that there is an interval-valued fuzzy subgroup with
some thresholds which is neither an interval-valued fuzzy subgroup nor an interval-
valued (∈,∈ ∨q)-fuzzy subgroup.
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Example 4.4. Let G be a group of integers. Then (G, .) is a subgroup where the
operation · is defined as x.y = x− y. Let F be a fuzzy set in G defined by

µ̂F (x) =





[0, 0.1] if x ∈ {2k + 1/k ∈ G, k < 0}
[0.2, 0.3] if x ∈ {2k − 1/k ∈ G, k > 0}
[0.4, 0.5] if x ∈ {2k/k ∈ G}/{4k/k ∈ G}
[0.6, 0.7] if x ∈ {4k/k ∈ G}/{8k/k ∈ G}
[0.8, 0.9] if x ∈ {8k/k ∈ G, k < 0}
[0.9, 1] if x ∈ {8k/k ∈ G, k ≥ 0}

.

Then F is an interval-valued fuzzy subgroup with thresholds α̂ = [0.2, 0.4] and
β̂ = [0.7, 0.8] of G. But F is neither an interval-valued fuzzy subgroup nor an
interval-valued (∈,∈ ∨q)-fuzzy subgroup of G.

5. TG - Interval-valued (∈,∈ ∨q) -fuzzy subgroups

Definition 5.1. Let G be a group and TG be an idempotent interval t-norm. An
interval-valued fuzzy set F of G is said to be an TG - interval-valued (∈,∈ ∨q) -
fuzzy subgroup of G if the following conditions hold:

(IVFSG9) U(x : t̂) ∈ F and U(y : t̂) ∈ F imply U
(
xy : TG{t̂, r̂

}
) ∈ ∨qF ,

(IVFSG10) U(x : t̂) ∈ F imply that U
(
x−1 : t̂

) ∈ ∨qF .
for all t̂, r̂ ∈ (0, 1] and for all x, y ∈ G.

Theorem 5.2. Let G be a group and TG be an idempotent interval t-norm. An
interval-valued fuzzy set F of G is said to be a TG - interval-valued (∈,∈ ∨q)-fuzzy
subgroup of G if the following conditions hold:

(IVFSG11) µ̂F (xy) ≥ TG{µ̂F (x), µ̂F (y), [0.5, 0.5]},
(IVFSG12) µ̂F (x−1) ≥ µ̂F (x).

for all t̂, r̂ ∈ (0, 1] and for all x, y ∈ G.

Proof. It is easy to show that

(IVFSG9) ↔ (IVFSG11)
(IVFSG10) ↔ (IVFSG12)

¤

Example 5.3. Let G = {0, 1, 2, 3} be a set with the following table:

• 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0

Then G is a group. Let F be an interval-valued fuzzy set in G defined as

µ̂F (x) =

{
[0.6, 0.7] x = 0
[0.3, 0.4] x ∈ [1, 3]
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and TG : [0, 1] × [0, 1] → [0, 1] be a function defined by TG(α̂, β̂) = max{α̂ + β̂ −
[0.5, 0.5], [0, 0]} for all α̂, β̂ ∈ [0, 1]. Then, TG be an idempotent interval t-norm. It
is easy to verify that F is an TG - interval-valued (∈,∈ ∨q)-fuzzy subgroup of G.

Theorem 5.4. Let G be a group and TG be an idempotent interval t-norm and
G = G1 × G2 be a direct product of groups G1 and G2. If µ̂1 (resp., µ̂2) is an
TG-interval-valued (∈,∈ ∨q) - fuzzy subgroup of G1 (resp., G2), then µ̂ = µ̂1× µ̂2 is
an TG-interval-valued (∈,∈ ∨q)-fuzzy subgroup of G defined by

µ̂((x1, x2)(y1, y2)) = (µ̂1 × µ̂2)((x1, x2)(y1, y2)) = TG (µ̂1(x1x2), µ̂2(y1y2), [0.5, 0.5]) ,

∀(x1, x2)(y1, y2) ∈ G1 ×G2.

Proof. Let (x1, x2), (y1, y2) ∈ G1 ×G2

µ̂((x1, x2)(y1, y2))
= (µ̂1 × µ̂2) ((x1, x2)(y1, y2))
= (µ̂1 × µ̂2) ((x1y1)(x2y2))
= TG{µ̂1(x1y1), µ̂2(x2y2), [0.5, 0.5]}
≥ TG{TG{µ̂1(x1), µ̂1(y1), [0.5, 0.5]}, TG{µ̂2(x2), µ̂2(y2), [0.5, 0.5]}, [0.5, 0.5]}
= TG{TG{µ̂1(x1), µ̂2(x2), [0.5, 0.5]}, TG{µ̂1(y1), µ̂2(y2), [0.5, 0.5]}, [0.5, 0.5]}
= TG{(µ̂1 × µ̂2)(x1x2), (µ̂1 × µ̂2)(y1y2), [0.5, 0.5]}.

This completes the proof. ¤

Now, We will generalize the idea of TG-interval-valued (∈,∈ ∨q)-fuzzy subgroup

over n > 0. We first need to generalize the domain of t-norm TG to
n∏

i=1

[0, 1] as

follows. The function TGn :
n∏

i=1

[0, 1] → [0, 1] is defined by TGn(α1, α2 . . . , αn) =

TG(αi, TGn−1(α1, . . . , αi−1, αi+1, . . . , αn)) for all 1 ≤ i ≤ n, where n ≥ 2, TG2 = TG

and T1 =id(identity). For a t-norm TG and every αi, βi ∈ [0, 1], where 1 ≤ i ≤ n
and n ≥ 2, we have

TGn(TG(α1, β1), TG(α2, β2), . . . , TG(αn, βn))

= TG(TGn(α1, α2, . . . , αn), TGn(β1, β2, . . . , βn)).

Theorem 5.5. Let TG be an idempotent interval t-norm , {Gi}n
i=1 the finite collec-

tion of subgroups of G, and G =
n∏

i=1

Gi is the direct product of subgroup over {Gi}.

Let µ̂i be an TG-interval-valued (∈,∈ ∨q) -fuzzy subgroup of {Gi}, where 1 ≤ i ≤ n.

Then µ̂ =
n∏

i=1

µ̂i defined by

µ̂((x1, x2, . . . , xn)(y1, y2, . . . , yn)) =

(
n∏

i=1

µ̂i

)
(x1y1, x2y2, . . . , xnyn)

= TGn(µ1(x1y1), µ2(x2y2), . . . , µn(xnyn)
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is an TG-interval-valued (∈,∈ ∨q)-fuzzy subgroup of G.

Proof. The proof goes by induction. Let n = 2. By Theorem 5.4 the result holds
good. Let us assume that the result is true for n = r − 1. That is

µ̂((x1, x2, . . . , xr−1)(y1, y2, . . . , yr−1)) =

(
n∏

i=1

µ̂i

)
(x1y1, x2y2, . . . , xnyn)

= Tn(µ1(x1y1), µ2(x2y2), . . . , µr−1(xr−1yr−1).

Let us prove the result for n = r.
µ̂((x1, x2, . . . , xr), (y1, y2, . . . , yr)) = µ̂(x1y1, . . . , xryr)

=

(
r−1∏

i=1

µ̂i(xiyi)

)
µ̂r(xryr)

=

(
r−1∏

i=1

µ̂i(xiyi)× µ̂r(xryr)

)

≥ TG

(
r−1∏

i=1

µ̂i(xiyi), µ̂r(xryr), [0.5, 0.5]

)

= TG

{
TG

(
r−1∏

i=1

µ̂i(xi),
r−1∏

i=1

µ̂i(yi), [0.5, 0.5]

)
,

TG (µ̂r(xr), µ̂r(yr), [0.5, 0.5])
}

= TG

{
TG

(
r−1∏

i=1

µ̂i(xi), µ̂r(xr)[0.5, 0.5]

)
,

TG

(
r−1∏

i=1

µ̂i(yi), µ̂r(yr), [0.5, 0.5]

)}

= TG

{
r−1∏

i=1

(µ̂i × µ̂r)(xixr),
r−1∏

i=1

(µ̂i × µ̂r)(yiyr), [0.5, 0.5]

}

= TG

{
r∏

i=1

µ̂i(xi),
r∏

i=1

µ̂i(yi), [0.5, 0.5]

}
.

This completes the proof. ¤

Definition 5.6. Let TG be an idempotent t-norm and let µ̂ and ν̂ be interval-valued
fuzzy sets in G. Then the TG-product of µ̂ and ν̂, written as [µ̂, ν̂]TG

, is defined by

[µ̂, ν̂]TG
(xy) = TG (µ̂(x), ν̂(x), [0.5, 0.5]) , for all x ∈ G.

Theorem 5.7. Let TG be an idempotent t -norm and let µ̂ and ν̂ be an TG-interval-
valued (∈,∈ ∨q)-fuzzy subgroup of G. If T ∗G be an idempotent t-norm which domi-
nates TG, that is,

T ∗G(T (α̂, β̂), T (ν̂, δ̂), [0.5, 0.5]) ≥ T (T ∗G(α̂, ν̂), T ∗G(β̂, δ̂), [0.5, 0.5]),
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for all α̂, β̂, ν̂, δ̂ ∈ [0, 1], then the T ∗G-product of µ̂ and ν̂, [µ̂, ν̂]T∗G is an TG-interval-
valued (∈,∈ ∨q)-fuzzy subgroup of G.

Proof. For all x, y ∈ G, then

[µ̂, ν̂]T∗G(xy) = T ∗G (µ̂(xy), ν̂(xy), [0.5, 0.5])

≥ T ∗G (TG (µ̂(x), µ̂(y), [0.5, 0.5]) , TG (ν̂(x), ν̂(y), [0.5, 0.5]))
= TG (T ∗G (µ̂(x), ν̂(x), [0.5, 0.5]) , T ∗G (µ̂(y), ν̂(y), [0.5, 0.5]))
= TG([µ̂, ν̂]T∗G (x), [µ̂, ν̂]T∗G (y), [0.5, 0.5])

This completes the proof. ¤

We now characterize the TG-interval-valued (∈,∈ ∨q) - fuzzy subgroup with
thresholds.

Definition 5.8. Let [0, 0] ≤ α̂ ≤ β̂ ≤ [1, 1]. An interval-valued fuzzy set F of
G where TG is an idempotent interval t-norm and SG is an idempotent interval t-
conorm is called an TG-interval-valued (∈,∈ ∨q) -fuzzy subgroup with thresholds
(α̂, β̂) if for all x, y ∈ G, the following two conditions are satisfied:

(IVFSG13) TG {µ̂F (xy), α̂} ≥ SG

{
µ̂F (x), µ̂F (y), β̂

}
,

(IVFSG14) TG

{
µ̂F (x−1), α̂

} ≥ SG

{
µ̂F (x), β̂

}
.

Example 5.9. Let G = {0, 1, 2, 3} be a set with the following table:

• 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0

Then G is a group. Let F be an interval-valued fuzzy set in G defined as

µ̂F (x) =

{
[0.6, 0.7] x = 0
[0.3, 0.4] x ∈ [1, 2, 3]

and TG : [0, 1] × [0, 1] → [0, 1], and SG : [0, 1] × [0, 1] → [0, 1] be a function defined
by TG(α̂, β̂) = rmax

{
α̂ + β̂ − [0.5, 0.5], [0, 0]

}
, SG(α̂, β̂) = rmin

{
α̂+ β̂, [0, 0]

}
for all

α̂, β̂ ∈ [0, 1]. Then, TG is an idempotent interval t-norm and SG is an idempotent
interval t-conorm. It is easy to verify that F is an TG-interval-valued (∈,∈ ∨q)-fuzzy
subgroup with thresholds α̂ = [0.4, 0.5] and β̂ = [0.81, 0.88] of G.

Theorem 5.10. An interval-valued fuzzy set F of G, where TG is an idempotent
interval t-norm and SG is an idempotent interval t-conorm is an TG-interval-valued
(∈,∈ ∨q)-fuzzy subgroup with thresholds (α̂, β̂) if and only if each non empty Ft̂,
where α̂ < t̂ ≤ β̂ is a subgroup of G.

Proof. Let F be an TG-interval-valued (∈,∈ ∨q)-fuzzy subgroup with thresholds
(α̂, β̂) of G, where α̂ < t̂ ≤ β̂. If x, y ∈ Ft̂ then µ̂F (x) ≥ t̂ and µ̂F (y) ≥ t̂. Now we
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have,

TG {µ̂F (xy), α̂} ≥ SG

{
µ̂F (x), µ̂F (y), β̂

}

≥ SG

{
t̂, t̂, β̂

}
≥ t̂.

Thus xy ∈ Ft̂. If x ∈ Ft̂ then µ̂F (x) ≥ t̂ and so

TG

{
µ̂F (x−1), α̂

} ≥ SG

{
µ̂F (x), β̂

}

≥ SG

{
t̂, β̂

}
> t̂

So µ̂F (x−1) ≥ t̂ and x−1 ∈ Ft̂. Therefore Ft̂ is a subgroup of G. Conversely, let Ft̂

be a subgroup of G for all α̂ < t̂ ≤ β̂. Assume that

TG {µ̂F (xy), α̂} < SG

{
µ̂F (x), µ̂F (y), β̂

}
,

for all x, y ∈ G where (α̂, β̂) are thresholds of G. Then

TG {µ̂F (xy), α̂} < t̂ = SG

{
µ̂F (x), µ̂F (y), β̂

}
.

Then x ∈ Ft̂, y ∈ Ft̂, α̂ < t̂ ≤ β̂ and µ̂F (xy) < t̂. Since Ft̂ is a subgroup
of G so xy ∈ Ft̂ and µ̂F (xy) ≥ t̂. This is a contradiction with µ̂F (xy) < t̂.
Hence, TG {µ̂F (xy), α̂} ≥ SG

{
µ̂F (x), µ̂F (y), β̂

}
. Assume that TG

{
µ̂F (x−1), α̂

}
<

SG

{
µ̂F (x), β̂

}
, for all x ∈ G. Then x ∈ Ft̂, α̂ < t̂ ≤ β̂ and µ̂F (x−1) < t̂. Since

Ft̂ is a subgroup of G so x−1 ∈ Ft̂ and µ̂F (x−1) < t̂. This is a contradiction
with µ̂F (x−1) < t̂. Hence TG

{
µ̂F (x−1, α̂

} ≥ SG

{
µ̂F (x), β̂

}
. This completes the

proof. ¤
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