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1. INTRODUCTION

A large number of real word problems in almost all disciplines including engi-
neering, medical science, environmental science, management science, social sciences
and artificial intelligence are full of complexities and various types of uncertainties
while dealing with them in many occasions. To deal with the complexity of vague-
ness and uncertainties in an effective way, Zadeh [22] generalized crisp sets, the basis
of classical mathematics, by introducing the concept of fuzzy sets. The theory of
fuzzy sets has been successfully applied to various fields, especially where classical
mathematical approaches are of limited effectiveness. Fuzzy sets are also closely
related to other soft computing models such as rough sets [19], vague sets [§] and
soft sets [15, 16} [7].

Many authors have applied fuzzy sets to generalized the basic theories of various
algebraic structures. The concept of fuzzy substructures of groups was initiated by
Rosenfeld [20]. The theory of fuzzy semigroups and fuzzy ideals in semigroups was
introduced by Kuroki in [13] and [I4]. The theoretical exposition of fuzzy semigroups
and their application in fuzzy coding, fuzzy finite state machines and fuzzy languages
was considered by Mordeson [16, [17] in a systematic way. Murali [18] proposed
the concept of belongingness of a fuzzy point to a fuzzy subset under a natural
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equivalence on fuzzy subsets. By using the concepts of belongingness to (denoted
by €) and quasi-coincidence (denoted by ¢) of a fuzzy point with a fuzzy subgroup,
Bhakat and Das [} 2], proposed the concept of («, 3)-fuzzy subgroups, where where
a,B € {€,q,€Vq,€Ng} and a #€Ag. In particular, (€, € Vq)-fuzzy subgroup is
an important and useful generalization of Rosenfeld’s fuzzy subgroup. These fuzzy
subgroups are further studied in [3, 4]. The concept of (€, € Vg )-fuzzy subgroups is
a viable generalization of Rosenfeld’s fuzzy subgroups. Davvaz [5] defined (€, € Vg )-
fuzzy subnearrings and ideals of nearrings. In [9] Jun and Song initiated the study of
(o, B)-fuzzy interior ideals of a semigroup which is a natural generalization of fuzzy
interior ideals in [10]. Kazanci and Yamak [12] studied (€, € Vg)-fuzzy bi-ideals of
semigroups.

In the present study, we follow the above line of exploration and propose some
useful characterizations of intra-regular semigroups by considering the properties
of their (€, € Vqy)-fuzzy right ideals, (€, € Vqy)-fuzzy left ideals, (€, € Vg )-fuzzy
interior ideals, (€, € Vqy)-fuzzy bi-ideals and (€, € Vqy)-fuzzy generalized bi-ideals.

2. (€, € Vgi)-Fuzzy IDEALS IN SEMIGROUPS

Throughout this paper S will denote a semigroup and k be an arbitrary element of
[0,1) unless otherwise specified. A non-empty subset A of S is called a subsemigroup
of S if A2 C A. A non-empty subset J of S is called a left (right) ideal of S if SJ
C I (JSCI). Jis called a two-sided ideal or simply an ideal of S if it is both left
and right ideal of S. A non-empty subset B of S is called a generalized bi-ideal of
S if BSB C B. A non-empty subset B of S is called a bi-ideal of S' if it is both a
subsemigroup and a generalized bi-ideal of S. A subsemigroup I of S is called an
interior ideal of S if SIS C I.

Definition 2.1. For a fuzzy set f of a semigroup S and ¢ € [0, 1], the crisp set
U(f;t)={x €S| f(x) >t} is called a level subset of the fuzzy set f.

Definition 2.2. Let f and g be any two fuzzy subsets of S. Then the product fog
is a fuzzy subset of S defined by

\/ (f(b) Ag(c)), if there exists b, c € S such that a = be,
(f o g) (Cl) = a=bc

0, otherwise.

Definition 2.3. For any ¢ € (0,1], a fuzzy subset f of S defined as
t, ify=um,
fly) = { 0 v

otherwise,
is called a fuzzy point with support x and value ¢, which is denoted by x;.

A fuzzy point z; is said to belong to (resp. quasi-coincident with) a fuzzy set f,
written as xy € f (resp. xeqf) if f(x) >t (resp. f(x)+t > 1). If 2, € f or x4qf,
then we write z; € Vqf. The symbol € Vg means € Vg does not hold. For any two
fuzzy subsets f and g of S, f < g means that f(z) < g(z) forall z € S.

Generalizing the concept of z,qf, Jun [10, [11], defined z;qy f, where k € [0,1), as
f(x)+t+k>1. Byz: € Vqpf we shall mean that x; € f or z:qxf.
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Definition 2.4 ([21]). A fuzzy subset of S is called an (€, € Vg )-fuzzy subsemi-
group of S if for all z,y € S and ¢, € (0,1] the following condition holds:

T € f> Yr € f = (gjy)min{t,r} € \/qkf

Lemma 2.5 ([21]). Let f be a fuzzy subset of S. Then f is an (€,€ Vqi)-fuzzy
subsemigroup of S if and only if f (xy) > min {f (@), f(y), #}
Definition 2.6 ([21]). A fuzzy subset f of S is called an (€, € Vqi)-fuzzy left (resp.
right) ideal of S if for all z,y € S and ¢ € (0, 1] the following condition holds:

yt € [ = (2y), € Varf (resp. z; € f = (zy), € Var f).
Lemma 2.7 (|21]). Let f be a fuzzy subset of S. Then f is an (€, € Vqi)-fuzzy left
ideal of S if and only if f(zy)>min{f (y), %}
Lemma 2.8 ([21]). Let f be a fuzzy subset of S. Then f is an (€,€ Vqi)-fuzzy
right ideal of S if and only if f(xy) > min {f (), %}

A fuzzy subset f of S is called an (€, € Vqi)-fuzzy ideal of S if it is both an
(€, € Vg )-fuzzy left ideal and an (€, € Vqy)-fuzzy right ideal of S.

Definition 2.9 ([21]). A fuzzy subset f of S is called an (€, € Vg )-fuzzy generalized
bi-ideal of S, if for all z, y,z € S and t, r € (0,1], we have

x € fozr € f = (fyz)min{t,r} € Vg f.

An (€, € Vqi)-fuzzy generalized bi-ideal of S is called an (€, € Vqy,)-fuzzy bi-ideal
of S if it is also an (€, € Vgy)-fuzzy subsemigroup of S.

Lemma 2.10 ([21]). LA fuzzy subset f of S is an (€, € Vqi)-fuzzy bi-ideal of S if
and only if it satisfies the following conditions.

(1) f (xy) > min {f (z), f (), %} forallz,y € S and k € [0,1).

(i1) f(zyz) > min{f (), f(z), 55 for all z,y,2 € S and k € [0,1).

Lemma 2.11 ([21]). A fuzzy subset f of S is an (€, € Vqi)-fuzzy generalized bi-ideal
of S if and only if f (xyz) > min {f (), f(2), %}fm’ allz,y,z € S and k € [0,1).
Definition 2.12. A fuzzy subsemigroup f of S is called an (€, € Vqy )-fuzzy interior
ideal of S if

y € f = (zyz), € Varf
for all z,y,z € S and t € (0,1].

Lemma 2.13 ([21]). A fuzzy subset f of S is an (€, € Vqi)-fuzzy interior ideal of
S if and only if it satisfies the following conditions.

() f(xy) > min{f(x),f(y) , %} forallz,y € S and k € [0,1).

(i) f(zyz) > min{f (y), 55 for all z,y,z € S and k € [0,1).

Definition 2.14. Let A be any subset of S. Then the characteristic function (C4),
is defined as

Lk ifac A
= 2 ’ 1 ’
(Ca)y (a) { 0, otherwise.
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Example 2.15. Let S = {1,2,3} be a semigroup with binary operation “”, as
defined by the following Cayley table:

Clearly, (S, -) is semigroup and {1}, {2} and {3} are left ideals of S. Let ¢ be a
fuzzy subset of S such that

§5(1)=0.9,5(2) =0.6,5(3) = 0.5.
Then it is easy to verify that 0 is an (€, € Vg)-fuzzy ideal of S.

w9

Example 2.16. Let S = {1,2,3,4} be a semigroup with binary operation “”, as
defined by the following Cayley table:
~]1 2 3 4
171 1 1 1
2|11 2 2 2
311 3 3 3
411 2 2 2
Let § be a fuzzy subset of S such that
5(1)=08,05(2)=0.7,5(3) =05, 5(4) =0.6.
Then it is easy to verify that 0 is an (€, € Vgg)-fuzzy bi-ideal of S.
Example 2.17. Let S = {a,b,c,d} be a semigroup with binary operation “”, as

defined by the following Cayley table:

. ‘ a b ¢ d
ala a a a
bla b ¢ c
cla ¢ ¢ ¢
d|la ¢ ¢ c

Let 6 be a fuzzy subset of S such that
0(a)=0.9,d(b)=0.7, 6 (c) =0.5,6 (d) = 0.6.
Then it is easy to verify that 0 is an (€, € Vg)-fuzzy interior ideal of S.

Lemma 2.18 ([21]). A fuzzy subset f of S is an (€, € Vqyi)-fuzzy generalized bi-ideal
of S if and only if f (zyz) > min{f (z), f (2), %}for allz,y,z € S and k € ]0,1).

Lemma 2.19 (|21]). A non-empty subset I of a semigroup S is an interior ideal if

and only if (Cr),, is an (€, € Vqi)-fuzzy interior ideal of S.

Lemma 2.20 ([21]). A non-empty subset B of a semigroup S is bi-ideal if and only
if (Cg),, is an (&, € Vaqy)-fuzzy bi-ideal of S.
100
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Lemma 2.21 ([21]). Let f and g be any fuzzy subsets of semigroup S. Then fol-
lowing properties hold.

(@) (f Neg) = (fe Ngw)-

(@) (f or 9) = (fx © gr)-

Lemma 2.22 ([21]). Let A and B be any non-empty subsets of a semigroup S.
Then the following properties hold.

(i) (Ca A CB) = (CanB)y, -

(Zl) (CA Ok CB) == (CAB)k-

3. CHARACTERIZATIONS OF INTRA-REGULAR SEMIGROUPS IN TERMS OF
(€, € Vqi)-FUzzY IDEALS

An element a of a semigroup S is called intra-regular if there exist x,y € S such
that a = za%y. We refer to S as an intra-regular semigroup if every element of
S is intra-regular. It is worth noting that in general neither intra regular semi-
groups are regular semigroups nor regular semigroups are intra-regular semigroups.
Nevertheless, both the concepts coincide for commutative semigroups [21].

Theorem 3.1. For a semigroup S the following are equivalent.
(¢) S is intra-regular.
(4d) IN BN R C IBR for every interior I, bi-ideal B and right R of S.
(#i) I[a] N Bla] N Rla] C I[a]Bla]R[a], for some a in S.

Proof. (i) = (ii) : Let S be intra-regular semigroup, I an interior ideal, B a bi-ideal
and R a right ideal of S. Let a € INBN R thena € I, a € B and a € R. Since S is
intra-regular therefore for each a € S there exist x,y € S such that

a = zaay = x(raay)(zaay)y = *aayraay®
= (2%zaay)(ayza)(ay?®) € (S1S)(BSB)(RS)
C IBR.

Thus INBN R C IBR.

(#4) = (7it) is obvious.

(iii) = (i) : As aU SaS, aUa? U aSa and a U aS are interior ideal, bi-ideal and
right ideal of S generated by an element a of S respectively. Thus by assumption
we have

(aU SaS) N (aUa?UaSa)N(aUaS) C (aUSaS)(aUa?UaSa)(aUaS)
= (a*Ud®Ua®SaU SaSa U SaSa* U SaSaSa)(a U as)
=a®Ua’Ua?Sa® U SaSa® U SaSa® U SaSaSa®> U a3S

Ua*SUa?Sa?S U SaSa?S U SaSa®S U SaSaSa*S
Ca®Ua*USa®Sua?Sa® U Sa?.

Therefore a = a® = aaa = a’aa = aa?aa = xa’y where t =y =a or a = a* =
aa’a = pa’q where p = ¢ = a or a = ua®v or a = a’na® = aana® = aa’*na’*na® =
ra’s where » = a and s = na’na? or a = la® = laa = lla?a = ta®>m where t = Il and
m = a for some x,y,p,q,7,u,v,l,m,t and n in S. Hence S is intra-regular. 0
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Theorem 3.2. For a semigroup S, the following conditions are equivalent.

(1) S is intra-regular.

(i7) forgorh > fArgAkh for every (€, € Vqi)-fuzzy interior ideal f, (€, € Vag)-
fuzzy bi-ideal g and (€, € Vqi)-fuzzy right ideal h of a semigroup S.

(7i1) forgorh > fArgAkh for every (€, € Vq)-fuzzy interior ideal f, (€, € Vqyi)-
fuzzy generalized bi-ideal g and (€, € Vqi)-fuzzy right ideal h of a semigroup S.

Proof. (i) = (i) : Let f, g and h be any (€, € Vg )-fuzzy interior ideal, (€, € Vqy)-
fuzzy bi-ideal and (€, € Vqyi)-fuzzy right ideal of S respectively. Since S is intra-
regular therefore for each a € S there exist x,y € S such that

a = zaay = z(raay)(zaay)y = x*aayraay®

= (¢%zaay)(ayza)(ay?) = (+%aay)(aywa)(ay?®).

Thus
(Forgorh)@) = (Fogom) (@A st
1—-k
- (a\éq{f Agoh) (g >}> .
> [ (Paay) A (g o h) ((aywa) (ay?) AL
> f@a| N @A) att
(ayza)(ay?)=bc
> f(a) Ag(ayza) Ah(ay®) A %
> @) Agla) Abla) AT
> f(@)Agla)nh(a At

(#i) = (it) is obvious.

(i1) = (4ii) : Let I]a], Bla] and R[a] be interior ideal, bi-ideal and right ideal of
S generated by a. Then (Cyiq))k, (Cpa))r and (Crpq))r be (€, € Vg )-fuzzy interior
ideal, (€, € Vgi)-fuzzy bi-ideal and (€, € Vg )-fuzzy right ideal of semigroup S. Let
a € S and b € Ila] N Bla] N R[a], then b € I[a], b € Bla] and b € R[a]. Now

% < (CriagnBlanga)k(0) = ((Cria)k Ak (Cola))k Ak (Cria))x)) (0)
< ((Cria)k ok (Cpa))k ok (Cria)k)(0) = (CriaBla)RIa] k(D)
Thus b € I[a]Bla]R[a]. Therefore I[a] N Bla] N R[a] C I[a]Bla]R[a]. So by Theorem
3.1, S is intra-regular. g

Theorem 3.3. For a semigroup S the following are equivalent.
(1) S is intra-regular.
(¢i) LN BNI C LBI for every left L, bi-ideal B and interior I.
(##i) L[a] N Bla] N I[a] C L[a|Blall[a], for some a in S.
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Proof. (i) = (ii) : Let S be intra-regular semigroup, L a left ideal, B a bi-ideal and
I an interior ideal of S. Let a € LN BN I thena € L, a € B and a € I. Since S is
intra-regular therefore for each a € S there exist x,y € S such that
a = zaay = (zza)(ayza)(xzaayyy) € (SL)(BSB)(SIS).
Thus LN BNIC LBI.
(#4) = (i4t) is obvious.
(iii) = (i) : As aUSa, aUa?UaSa and aU SaS are left ideal, bi-ideal and interior
ideal of S generated by an element a of S respectively. Thus by assumption we have
(aU Sa)N (aUa®*UaSa) N (aUa?®U SaS)
C (aU Sa)(aUa®UaSa)(aUa® U SaS)
= (a*Ua®Ua?Sa U Sa® U Sa® U Sa?Sa)(a U a® U Sas)
=a*Ua* Ua®Sa® U Sa® U Sa* U Sa*Sa* Ua* Ua® Ua?Sa® U Sa*
USa® U Sa*Sa® Ua?SaS U a®SaS U a*SaSaS
USa*SaS U Sa®SaS U Sa*SaSas
CadPUa*Ua®Ua®Sa®Ua®S U Sa’s.

a=aora= a40r a = a’® or a = a’pa® or a = a®z or a = ua?v for some x,u,v
and pin S. If a = aaaaa = aa2a2 If a = a then ¢ = aa?a If @ = a® then
a = aa’a®.If a = a’pa® then a = a’pa® = aapa® = (aa®p)a®(pa?).If a = a*r then
a = aaxr = aa’x? Hence S is intra-regular. g

Theorem 3.4. For a semigroup S, the following conditions are equivalent.

(¢) S is intra-regular.

(i1) forgorh > fArgAkh for every (€, € Vqi)-fuzzy left ideal f, (€, € Vqi)-fuzzy
bi-ideal g and (€, € Vqi)-fuzzy interior ideal h of a semigroup S.

(ti1) for gorh > fALgAkh for every (€, € Vqi)-fuzzy left ideal f, (€, € Vqi)-fuzzy
generalized bi-ideal g and (€, € Vqyi)-fuzzy interior ideal h of a semigroup S.

Proof. (i) = (iii) : Let f, g and h be any (€, € Vqy)-fuzzy left ideal, (€, € Vg )-fuzzy
bi-ideal and (€, € Vqi)-fuzzy interior ideal of S. Since S is intra-regular therefore
for each a € S there exist z,y € S such that

a = zaay = (zza)(ayza)(zaayyy).
Thus
forgorh)(a)=(fogoh)(a)nizk

(V{f goh)()}>/\12k

a=pq

‘ B

> f(zza) A (g o h) ((ayza)(zaayyy)) A

Zf(a)A< \% {g(b)Ah(C)}>A1§lc
(ayza)(zaayyy)=bc

> f(a) A g (ayza) A h (zaayyy) A %3
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f(a)ng(a)Ah(a) A 7k
fla)ng(a) AR(a) NG~
(m) (i) is obvious.
(#4) = (@) : Let Lla], Bla] and I[a] be left ideal, bi-ideal and interior ideal of S

generated by a respectively. Then (Crq))k; (Cpa))r and (Crja))x be (€, € Vay)-fuzzy
left ideal, (€, € Vgi)-fuzzy bi-ideal and (€, € Vg )-fuzzy interior ideal of semigroup
S. Let a € S and b € L{a] N Bla] N I]a]. Then b € L[a], b € Bla] and b € I[a]. Now

! ; b < (Crignslania)k(0) = (Cra)k Ak (Cra))k Ak (Cra)k)) (b)

< ((Cria)k ok (CBla)k ok (Cria))x) () = (CLia)Bla)1]a] )k (D)-

Thus b € L[a]Bla)I[a]. Therefore L{a]NBla]lNI[a] C L[a]Bla]l[a]. Hence by Theorem
3.3, S is intra-regular. g
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