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1. INTRODUCTION

Most of problems in our every day life are imprecise, have various uncertain-
ties. To deal with these uncertainties, some kind of theories were given like theory of
fuzzy set [11], intuitionistic fuzzy sets [1], rough sets [10], soft sets [4] etc., which we
can use as a mathematical tools to deal with uncertainties. In 1965, Zadeh [11] ini-
tiated the novel concept of fuzzy set theory, thereafter in 1982, the concept of rough
set theory was first given by Pawlak [10] and then in 1999, Molodtsov [4] initiated
the concept of soft theory, all these are used for modeling incomplete knowledge,
vagueness and uncertainties. In fact, all these concepts having a good application
in other disciplines and real life problems are now catching momentum. But, it is
seen that all these theories have their own difficulties, that is why in this paper we
are going to study rough intuitionistic fuzzy set in semigroup, which is also a new
mathematical tool to deal with uncertainties.

In fact, there have been also attempts to fuzzify various mathematical structures
like topological spaces, groups, rings, etc. and also concepts like relations, measure,
probability, and automata etc. As a result, so many authors contributed different
articles on these concepts and applied it on different branches of pure and applied
mathematics. Like, Biswas and Nanda [2], in 1994, introduced the notion of rough
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subgroups and in 1997, Kuroki [7] introduced the notion of a rough ideal in a semi-
group. Based on an equivalence relation, in 1990, Dubois and Prade [3] introduced
the lower and upper approximations of fuzzy sets in a Pawlak approximation space
to obtain an extended notion called rough fuzzy sets. In 2008, Kazanci and Davvaz
[9] introduced rough prime (primary) ideals and rough fuzzy prime (primary) ideals
in commutative rings. Recently in [5], the notions of rough intuitionistic fuzzy two-
sided (bi-, (1,2)-) ideals in semigroups are introduced.

In this paper, in section 3, we substitute a semigroup with identity instead of the
universe in pawlak approximation space and obtain generalization of some important
properties that are presented in [7]. In section 4, we define rough intuitionistic fuzzy
semiprime (semiprimary) ideals in semigroup and verify some basic properties.
Proofs of certain results in the sequel are routine. However, we include them for the
sake of completeness.

2. PRELIMINARIES

This section contains some basic definitions and results which will be needed in
the sequel. In this paper, unless otherwise stated explicitly, S always denotes a
commutative semigroup with identity. The symbol O marks the end of a proof.

Definition 2.1 ([1]). An intuitionistic fuzzy set ( briefly, IFS ) A in a non-empty
set X is an object having the form

A= {(z,pa(z), valz)) |z e X},

where pyg @ X — [0,1] and vq : X — [0, 1] define the degree of membership
and degree of nonmembership of the element x € X to A respectively and 0 <
pa(x) +va(z) < 1lforal z € X.
For the sake of simplicity, we shall use the symbol A = (pua,vs) for the IFS
A= {(z,pa(z),va(z)) |z e X}

Definition 2.2 ([1]). If A = (pa,va) and B = (up, vp) are any two IFS in a
non-empty set X, then

(1) AC B < pa(z) < pp(z) and va(z) > vp(z) Vo € X,

(2) A=B < pua(z) = pup(z) and va(z) = ve(z) Vo € X,

3)ANB = (paNpp,vaUvp), where for all z € X,

(haNpp)(x) = pa(z) App(z) and (vaUvp)(z) = va(z)Vvs(z).
(4) AUB = (paUpp,vanNvg), where for all z € X,

(14 Unp)(2) = pa(z) V() and (va Nvp)(z) = va(z) Avp(z).

Definition 2.3. Let A = (pua,va) beanIFSin S and let «, 8 € [0,1] be such
that o + 3 < 1. Then the set

A,py ={z € 5| pa(e) 2 o, valz) < B}

is called a («, B)-level subset of A.
The set of all (a, 8) € Im(pa) x Im(vy) such that a+ 3 <1 is called the image
of A = (pa,va), denoted by Im( A).
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Definition 2.4. Let A = (pua,va) and B = (up, vg) are any two IFS of S.
Then the composition A o B is defined by
AoB = (puaopug,vaovg),
where for all x € S,
(paopup)(x) = \/ [paly) A pp(2)]
r=yz

and

(vaovp)(z) =\ [valy) vV vs(2)].

r=yz
Definition 2.5. Anideal P of S is called semiprime, if for a € S, a®> € P = a € P.

Definition 2.6. An ideal P of S is called semiprimary, if for a,b € .S, ab€ P =
a™ € Porb™ € P for some m,n € Z+.

Definition 2.7 ([8]). AnIFS A = (ua,va) of S is called an intuitionistic fuzzy
subsemigroup of S if for all z, y € S,

pa(zy) = pa(x) A pa(y) and va(ay) < valz) Vva(y).

Definition 2.8 ([8]). AnIFS A = (ua,va) of S is called an intuitionistic fuzzy
two-sided ideal ( or, simply intuitionistic fuzzy ideal ) of S if for all =, y € S,

pa(zy) = pa(z) vV paly) and va(azy) < valz) Ava(y).

Theorem 2.9. An IFS A of S is an intuitionistic fuzzy ideal of S iff the level
subsets A(q, gy, (o, ) € Im(A), are ideals of S.

Following two definitions are intuitionistic fuzzy form of the fuzzy semiprime
(semiprimary) ideals, defined in [6].

Definition 2.10. An intuitionistic fuzzy ideal A = (pa, va) of S is called intu-
itionistic fuzzy semiprime ideal if Ya € S, A(a?) = A(a) ie. pa(a?) = pa(a)
and v4(a?) =va(a).

Definition 2.11. An intuitionistic fuzzy ideal A = (pa,va) of S is called
intuitionistic fuzzy semiprimary ideal if Va,b € S, either A(ab) < A(a™) ie.
pa(ab) < pa(a™) and va(ab) > va(a™) for some n € ZT or else A(ab) <
A(b™) ie. pa(ab) <pa(b™) and va(ab) > va(b™) for some m € Z7.

3. APPROXIMATIONS OF INTUITIONISTIC FUZZY SETS

Particularly, in this section, S denotes a semigroup with identity.
Let 6 be a congruence relation on S, that is, 6 is an equivalence relation on S
such that

(a,b) €0 = (ax,bx) € 0 and (za,xb) € 0 Yo € S.

For a congruence relation 6 on S, we have [a]g[bls C [ablp Ya,b € S,

where [a]p denotes the 6-congruence class containing the element a € S. A con-

gruence relation 6 on S is called complete if [a]g[b]g = [abls for all a, b € S.

Let us consider 6 be a congruence relation of S. If X is a non-empty subset of S,
27
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then the sets 0, (X)={ze€ S|[z]p C X} and (X )={z e S|[z]pNX #¢}
are respectively called the 6-lower and #-upper approximations of the set X and
0(X) = (0.,(X),0°(X)) is called rough set with respect to 6 if 0,(X) #
0*(X).

If A= (pa,va) bean IFS of S. Then the IFS 0,.(A) = (0.(pa), 0.(va))
and 0*(A) = (0*(ua), 0*(va)) are respectively called @-lower and -upper ap-
proxzimation of the IFS A = (pa, va) where Vz € S,

0.(pa)(x) = N mala).  O(va)z) = \/ va(a),

a€lzley a€lx]e
0" (pa)(z) = \/ nala), 0" (va)(z) = N wvala).
a€lzley a€lx]e

For an IFS A = (pa,va) of S, 6(A) = (60.(A),0%(A)) is called rough
intuitionistic fuzzy set with respect to 0 if 0,(A) # 6*(A).

Theorem 3.1 ([5]). Let 0 be a congruence relation on S. If A and B are an
intuitionistic fuzzy right ideal and an intuitionistic fuzzy left ideal of S, respectively,
then

0*(AoB) C 6*(A) N O*(B).

Theorem 3.2 ([5]). Let 6 be a congruence relation on S. If A and B are an
intuitionistic fuzzy right ideal and an intuitionistic fuzzy left ideal of S, respectively,
then

0.,(AoB) C 0,(A) N O.(B).

Let 6, ¢ be two binary relations on a semigroup S. Then the product 6.¢ of
0 and ¢ is defined as follows

0.0 ={(a,b) € S x S| (a,c) € 0 and (c,b) € ¢ forsomec e S}.

Assuming 6, ¢ are congruence relations on a semigroup S, as is well-known, 6.¢
is a congruence if and only if 6.9 = ¢.6.

Theorem 3.3. Let 0, ¢ be congruence relations on S such that 0.¢ = ¢.0. If A
is an intuitionistic fuzzy subsemigroup of S, then

0°(A) 0 ¢"(A) C (0.9)"(A).
Proof. Let A = (pa, va) be an intuitionistic fuzzy subsemigroup of S. Now
0°(A) o ¢"(A) = (6"(pa) © ¢"(pa), 0°(va) o ¢"(va) ).
To show 6*(A) o ¢*(A) C (0.9)*(A), we have to prove that for all = € S|
(0%(pa) o ¢"(pa))(z) < (0.9)"(pa)(z)
and

(0"(va) o ¢*(va) )(z) = (6.9)"(va)(z).
Now let x € .S, then

(0"(pa) o ¢™(pa))(z) = I:yzw*(/m)(y) A ¢ (pa)(z)]
= xl/yz[ ( E\[/] pala)) A (be\[/] pa(b)) ]

28



JAYANTA GHOSH et al./Ann. Fuzzy Math. Inform. 5 (2013), No. 1, 25-34

VoI V (pala) A pa(b)) ]

T=yz a€lylo,bE[z]e
\V \ pa(ab) since A is intuitionistic fuzzy subsemigroup
r=yz a€lylo,b€[z]¢

V V pua(ab) [since a € [ylg, b€ [z]y = ab € [yblo,
T=yYz ab€yzlo. 4

IN

IN

yb € [yz]y = ab € [yz]s. 4 by definition of 6.¢ |
= V. opale) = (0.0)"(pa)(z).

c€lxlo.
Similarly we¢can prove ( 0*(va) o ¢*(va) )(x) > (0.0)*(va)(x). Thus we have
0*(A) 0 ¢"(A) C (0.9)"(A). O

A congruence relation € on S is called an idempotent congruence if the quotient

semigroup S/6 is an idempotent semigroup. An IFS A of S is called semiprime if
A(a?) = A(a) forall a € S.

Theorem 3.4. Let 6 be an idempotent congruence relation on S. If A is an IFS
of S, then 0.(A) is semiprime.

Proof. Let A = (pa,va) bean IFS of S. To prove 0,(A) is semiprime, we have
to prove 0,(pa)(a?)=0.(pa)(a) and 0.(va)(a?)=0.(va)(a) forallacS.
Now let a € S, then

0.(pa)(a)=" A pa(z)= A pa(z)

z€lale z€lale.lals
{ since S/6 is idempotent semigroup, [a]s = [a]g.[a]s = [a®]s }
= [/\ | pa(z) =0.(pa)(a?).
€la?]y

Similarly we have 6.(va)(a) = 0.(va)(a?). Therefore 6,(A) is semiprime. O
Theorem 3.5. Let 6 be an idempotent congruence relation on S. If A is an IFS
of S, then 0*(A) is semiprime.

Proof. Proof is similar to Theorem [3.4. O

Theorem 3.6. Let 0 be an idempotent congruence relation on S. If A and B are
IFS of S, then

*(A)yno*(B) C 0" (AoB).

Proof. Let A = (pa,va), B = (up,vp) beIFS of S. Then

0°(AoB) = (0"(pacps), 0"(vacvp))
and

0°(A) N 6"(B) = (0" (na) N0 (pp), 0°(va) L0 (vB) ).

To show 0*(A) N 6*(B) C 0*(Ao B), we have to prove that for all x € S,

(07 (pa) 0" (pp))(x) < 0" (pacps)(z)
and

(0"(va) U O™ (vp))(2) = 0"(va o vp)(x).
Now let = € S, then

(0" (pa) N0 (pp))(z) = 9*(MA)(132)9/\9*(MB)($)
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= V pala) AV up(b)= \ [pala) A pp(b)]
a€lx]s be[xz]e a€lzle,bE[x]o

< Vo [pala) App(d)] =V [pala) A pp(d)]
ab€e[z]g.[z]o ab€[z]y

[since 6 is an idempotent congruence i.e. [x]p.[x]gp =[x]s V& € S}]

=V V pala) A pp(b)]

a€z]p a=ab

= V (paowpp)(a)=0"(paopup)(z).

Agailie[m]g

(0"(va) U O (vp))(z)=0"(va)(z) VO (ve)(z)

= A wvala) vV A wvp(b)= A [va(a) vV vp(b)]

a€lx]e be[xz]og a€lxz]g,bE[x]o

= N [vala)vues(b)]= A [vala) Avs(b)]

ab€x]g.[z]e ab€[x]g

[since 6 is an idempotent congruence i.e. [x]g.[x]g = [x]s Vx € I]

= A A [vala) vV vp(b)]

a€lz]p a=ab

- E/[\] (vaovp)(a)=0%(va o vp)(z).

Thus we have 8*(A) N 6*(B) C 6*(AoB). O

Theorem 3.7. Let 0 be an idempotent congruence relation on S. If A and B are
IFS of S, then

0.,(A)N6.(B) CH,(AoB).
Proof. Let A = (pa,va), B = (pup,vs) beIFS of S. Then
0.(AoB) = (0.(paopp), b«(vaovp))

and
0.(A) N 0.(B) = (0.(pa)N0.(pp), 0.(va)Ub.(vB)).
To show 0,.(A) N 6.(B) C 6.(Ao B), we have to prove that for all z € S,
(0(pa) N0 (pup))(x) < 0 (paops)(z)
and
(0.(va) U 0u(v5))(2) > 0u(va 0 vp)(2).
Now let x € S, then
(0o(1a) (0. (1p ) ) (2) = 0 (o) (2) A Bul i) ()

= N pala) A A\ pp(b) = A\ [pala) A pp(b)]

a€lx]e be[x]o a€lxz]g,bE[x]o

= A\ V' [pala) A pp(8)]

a€(z]p,bE[xz]p ab=af
30
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= A (paopp)(ab) = A (pacpup)(ab)

a€clxz]o,be[x]s ab€[x]g
[since € is an idempotent congruence i.e. [z]g.[z]g = [x]p Vz € 5]

= /[\](MAOMB)(C)=9*(MAOMB)($)~
Again,
(0-(va) UB.(v3))(2) = 0u(wa) () V 0u( v ) ()
= V wvala) v 'V wvp(b)= V [va(a) V vp(d)]

a€lz]e be[z]o a€lxz]e,bE[x]o

= V N [vala) Vvp(f)]

a€lz]p,bEx]p ab=af

= V (vaovg)(ab) = '\ (vaowg)(ab)

a€clxz]e,be[x]s abe[x]g
[since € is an idempotent congruence i.e. [z]g.[z]g = [x]p Vz € 5]

-V (aem)(e) = (v ov (o).

Thus we have 6.(A) N 0,.(B) C 0.(AoB). O

Theorem 3.8. Let 6 be an idempotent congruence relation on S. If A and B are
intuitionistic fuzzy right ideal and intuitionistic fuzzy left ideal of S, respectively,
then

0*(A)No*(B) =6"(AoB).

Proof. This follows from Theorems (3.1 and 13.6. O

Theorem 3.9. Let 0 be an idempotent congruence relation on S. If A and B are
intuitionistic fuzzy right ideal and intuitionistic fuzzy left ideal of S, respectively,
then

0.,(A)N6.(B) =06,AoB).

Proof. This follows from Theorems 3.2l Theorem 3.7, U

4. ROUGH INTUITIONISTIC FUZZY SEMIPRIME(SEMIPRIMARY) IDEALS

Definition 4.1. Let 6 be a congruence relation on S. An IFS A of S is called
upper rough intuitionistic fuzzy semiprime (semiprimary) ideal of S if 8*( A) is an
intuitionistic fuzzy semiprime (semiprimary) ideal of S.

Example 4.2. As example 4.8 in [5], Let S = {a, b, ¢, d} be a semigroup with
the following multiplication table:

. ‘ a b ¢ d
ala b ¢ d
bl b b b b
cl c ¢ ¢ ¢
dld ¢ b a
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Let 6 be a congruence relation on S such that the -congruence classes are the
subsets {a},{d},{b,c}. Let A = {{(z,pa(x),va(z))|xz € S} be an intu-
itionistic fuzzy subset of S, defined by

A= {(a,03,04), (b 02 03), (c,04,05), (d, 0.3, 04)}

Since for every x € S, 0*(pa)(z) = \V pa(a) and
a€lz]o
0*(va)(z) = A wva(a), so the upper approximation
a€lz]e

0(A) = {(z,0"(pa)(x), 0"(va)(z)) |z € S} is given by
0*(A) = {(a,0.3,04), (b, 0.4,0.3), (¢, 04,0.3), (d, 0.3,0.4) }
Then it can be easily verified that
0" (pa)(zy) = 0" (pa)(z) VO (pa)(y),

0% (va)(zy) < 0% (va)(z) ANO"(va)(y)
for all z,y € S. Therefore 0*( A) is an intutionistic fuzzy two-sided ideal of S.
Also it can be easily verified that

Vac S, 0°(A)(a®)=0"(A)(a)
and Va,be S,
either 0*(A)(ab) < 0*(A)(a™) forsomene Z*
orelse 0*(A)(ab) <O*(A) (V™) forsomeme ZT.

Therefore §*(A) is an intutionistic fuzzy semiprime (semiprimary) ideal of S.
Hence A is upper rough intuitionistic fuzzy semiprime (semiprimary) ideal of S.

Definition 4.3. Let 6 be a congruence relation on S. An IFS A of S is called
lower rough intuitionistic fuzzy semiprime (semiprimary) ideal of S if 6,(A) is an
intuitionistic fuzzy semiprime (semiprimary) ideal of S.

Definition 4.4. If 6*(A) and 6.(A) are both intuitionistic fuzzy semiprime
(semiprimary) ideals of S then A is called a rough intuitionistic fuzzy semiprime
(semiprimary) ideal of S.

Theorem 4.5. Let 0 be a congruence relation on S. If A = (pa, va) is an IFS
of S and «,B €[0,1] be such that o+ <1, then

(1) (0°(A))(ap) = 0" (At ),

(2) (6:(A))(a,8) = 0<(Afap) )-

Proof. (1) We have z € 0"(Aw,p)) € [zlo N Awp # ¢ < Ja € [x]p, pala) >
o, va(a) < & Y] pala) > a, /[\] vala) < B 0" (pa)(z) 2 o, 07 (va)(z) <
a€c|xlo a€|xg

ﬂ S (0*(A))(a,ﬂ)

(2) we have = € 0.(Awp ) < [xlp € Awp < Va € [z]o, pala) > a, vala)

B e /[\] pa(a) = a, \[/] va(a) < B 0.(pa)(z) = a, 0.(va)(z) <

=T e (9*(14))(04’3)

0 =wIA
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Theorem 4.6 ([9]). Let 6 congruence relation on S and I be an ideal of S, then
0*(I) is an ideal of S. Moreover if 0.(1) # ¢, then 0,.(I)=1.

Theorem 4.7. Let 6 be a congruence relation on S and P be a semiprime
(semiprimary) ideal of S such that 0,(P) # ¢, then 0,(P) is a semiprime
(semiprimary) ideal of S.

Proof. It 0,(P) # ¢, then by Theorem 4.6, 0,.( P) = P. Hence the result follows.
O

Theorem 4.8. Let 0 be a complete congruence relation on S and P be a semipri-
mary ideal of S then 0*(P) is a semiprimary ideal of S.

Proof. Since P is an ideal of S, by Theorem 4.6, 6*( P) is an ideal of S. Now
let ab € 0*( P), where a,b € S. If a™ does not belong to 6*(P),Vn € Z*, then
[ablg NP # ¢ and [a"]p NP = ¢, Vn € Z+. Since 6 is complete, Ix € [a]g, y € [bo
such that zy € P and 2™ does not belong to P, Vn € ZT. Since P is semiprimary
ideal, we get y™ € P for some m € Z*. Again since y € [b]y, we get y™ € [b™]y.
So [b™]gN P # ¢, which implies b™ € 6*( P ). Hence 6*( P) is a semiprimary ideal
of S. O

Theorem 4.9 ([5]). Let 8 be a complete congruence relation on S. If A is an
intuitionistic fuzzy ideal of S then A is rough intuitionistic fuzzy ideal of S.

Theorem 4.10. An intuitionistic fuzzy ideal A of S is intuitionistic fuzzy semiprime
iff the level ideals A, gy, (o, B) € Im(A), are semiprime ideals of S.

Proof. Let A = (ua,va) be intuitionistic fuzzy semiprime and a € S. If a? €
A(a, ), then pa(a)=pa(a®) > o and va(a) =wva(a®) < B. So a € A, 5) and
hence A(,, ) is semiprime.

Conversely, let A, g), (o, f) € Im(A), be semiprime and a € S. Also let

pa(a?) = a,va(a®) = . Then a* € A(,, gy, which implies a € Ay, 5. So
pala) > a = pa(a®) and va(a) < B = va(a?). Again since A is intuition-
istic fuzzy ideal, above implies pa(a) = pa(a®), va(a) = va(a®). Hence A is

intuitionistic fuzzy semiprime. g

Theorem 4.11. An intuitionistic fuzzy ideal A of S is intuitionistic fuzzy semipri-
mary iff the level ideals A, gy, (o, B) € Im(A), are semiprimary ideals of S.

Proof. Let A = (pa,va) be intuitionistic fuzzy semiprimary and ab € A, g),
where a,b € S. If a” does not belong to A, gy, Vn € ZT, then pa(a”) < a <
pua(ab) and va(a™) > 0 >wva(ab). So pa(ab) < pa(b™) and va(ab) > va(b™)
for some m € Z*. Hence b™ € A(,, gy, which implies A(,, g) is semiprimary.
Conversely, let A, gy, (o, 3) € Im(A), be semiprimary and a,b € S. Also let
palab) = a,va(ab) = B. If A(ab) > A(a™),Vn € Z+, then pa(a™) < o and
va(a™) > B. So a™ do not belong to A, gy, Vn € Z*. Hence b™ € A, gy for
some m € ZT, whence pus(b™) > a = pa(ab) and va(b™) < 3 = va(ab).
Therefore A is intuitionistic fuzzy semiprimary. a

Theorem 4.12. Let 0 be a complete congruence relation on S. If A is an intuition-
istic fuzzy semiprimary ideal of S, then A is rough intuitionistic fuzzy semiprimary
ideal of S.
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Proof. Since A is an intuitionistic fuzzy semiprimary ideal, then by Theorem 4.11
Ao, ), (@, B) € Im(A), if non-empty, are semiprimary ideals of S. Again by
theorem 4.7, 0.( A(q, 5) ), if non-empty, is semiprimary ideal of S. Hence by theorem
4.5, (0+(A))(a,p) issemiprimary ideal of S. Lastly, by Theorem 4.11,, 6.( A) is an
intuitionistic fuzzy semiprimary ideal of S. Similarly using Theorem [4.11, Theorem
4.8 and Theorem [4.5, we have 8*( A) is an intuitionistic fuzzy semiprimary ideal of
S. Hence using definition 4.4, we get the required result. d

Theorem 4.13. Let 0 be a complete congruence relation on S. If A is an in-
tuitionistic fuzzy semiprime ideal of S, then it is lower rough intuitionistic fuzzy
semiprime ideal of S.

Proof. Using Theorem [4.10, Theorem [4.7] and Theorem 4.5, we get the required
result. g

5. CONCLUSIONS

The present paper deals with the properties of rough intuitionistic fuzzy sets in
semigroup. Then we introduce rough intuitionistic fuzzy semiprime (semiprimary)
ideals and focus on some of its properties. It will be natural to continue this work
by studying other algebraic structures.
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