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1. INTRODUCTION

To solve complicated problems in economics, engineering, environmental sci-
ence and social science, methods in classical mathematics are not always successful
because of various types of uncertainties present in these problems. There are sev-
eral theories: probability theory, fuzzy set theory [12], rough set theory [9] and
the interval mathematics which we can consider as mathematical tools for dealing
with uncertainties. But all these theories have their own difficulties. For exam-
ple, probability theory can deal only with stochastically stable phenomena (see [§]).
To overcome these kinds of difficulties, Molodtsov [8] proposed a completely new
approach, which is called soft set theory, for modeling uncertainty.

In soft set theory, we observe that in most cases the parameters are vague words
or sentences involve vague words. Considering this point, Maji et al. [7] proposed
the concept of intuitionistic fuzzy soft sets by combining soft sets with intuitionistic
fuzzy sets. Gunduz et al. [6] introduced the concept of intuitionistic fuzzy soft
module and simplified the sigh of intuitionistic fuzzy soft sets.

Chang [3] proposed fuzzy topological spaces. D.Coker [4] defined intuitionistic
fuzzy topologies. Shabir et al. [10] introduce soft topological spaces. Tanay et al.
[11] discussed fuzzy soft topological spaces.
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In this paper, we define intuitionistic fuzzy soft topologies and give their basic
properties.

2. PRELIMINARIES

Throughout this paper, U denotes initial universe, F' denotes the set of all possible
parameters and I denotes [0, 1]. We only consider the case where U and E are both
nonempty finite sets. “Intuitionistic fuzzy” is briefly “IF”.

2.1. On lattices.

Definition 2.1 ([5]). Let (L, <) be a poset.
(1) L is called a lattice, if aVb € L, aAb € L for any a,b € L.
(2) L is called a complete lattice, if V.S € L, A S € L for any S C L.
(3) L is called distributive, if aV (bA¢c) = (aVb) A (aV c),
aN(bVe)=(aAb)V (aAc) for any a,b,c € L.
(4) L is called a complete distributive lattice (resp. a distributive lattice), if L is
a complete lattice (resp. a lattice) and distributive.

Obviously, every complete lattice (resp. a complete distributive lattice) is a lattice
(resp. a distributive lattice).

Definition 2.2 ([5]). Let L be a lattice with top element 1; and bottom element
07, and let a,b € L. b is called a complement element of a, if aVb=17,a Ab=0p.

If a € L has complement element, then it is unique. We denote the complement
element of a by a'.
Let a,b € R. We define
aVb=max{a,b} and a Ab=min{a,b}.
Let A be any bounded subset of R. We define

\/A:supA and /\A:inf A.
We denote J = {(a,b) e I x I :a+b <1}

Definition 2.3. Let (a,b), (¢,d) € I x I. We define

(1) (a,b) = (¢,d) <= a=c¢, b=d.

(2) (a,b) U (c,d) = (aVc,bAd), (a,b) M (c,d) = (aAc,bVd).

(3) (a,b) = (b,a).

Moreover, for {(aa,bs) : @ €T} C T X I,

L (@a;ba) = (V @a, A ba)and [] (aa,ba) = (A aa, V ba))-

ael ael ael ael ael’ ael
Definition 2.4. Let (a,b), (¢,d) € J and let S C J x J. (a,b)S(c,d), if a < ¢ and
b > d. We denote S by <.

Obviously, (a,b) = (¢,d) <= (a,b) < (¢,d) and (¢, d) < (a,b).
Remark 2.5. (1) (J,<) is a poset with 0; = (0,1) and 1; = (1,0).

(
(2) (a,0)” = (a,b).
) U (e, f) = (a,b) U ((c;d) U (e, f)),
Il

(3) ((a,b) U (e,d
((a,b) 1 (e, d)) M (e, £) = (a,b) M (e, d) 11 (e, £)).
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(4) (a,b) U (¢,d) = (¢,d) U (a,b), (a,b) M (c,d) = (¢,d) M (a,b).
(5) ((a,b) U (e.d)) M (e, £) = ((a,b) 1 (e, £)) U (e, d) M (e, £)).

((a,0) M (¢, d)) U (e, f) = ((a,0) U (e, £)) 1T ((c,d) U (e, f)).
(6) ( er(amba))’ = er(amba)’, ( Dr(aa’ o)) = lE'r(ao”b o)

Proposition 2.6. (J,<,M,U) is a complete distributive lattice.

Proof. By Remark 2.5, (J, <) is a poset.

For any {(aa,ba): @ €T} CJ, || (Ga,ba) =(V aas A ba). Put
ael ael ael

\/aa:a, /\ba:b.
ael’ ael

For any ¢ > 0, there exists a. € I' such that a,, > a—¢. Thena+b—¢ <

Go, +b < aq, +bo. <1. Thus a +b < 1. This implies || (aq,bn) € J.
acl
Similarly, we can prove [] (@a,bn) € J. Hence J is a complete lattice. By
acl
Remark 2.5, J is a distributive. Therefore, .J is a complete distributive lattice. [

2.2. IF sets and IF topologies. In this paper, F(U) denotes the family of all
fuzzy sets in U.

Definition 2.7 ([I, 2]). An IF set A in U is an object having the from
A={<z,pa(x),va(x) >z €U},

where pa,va € F(U) satisfying 0 < pa(z) + va(z) < 1 for each z € U, and
wa(z),va(z) are used to define the degree of membership and the degree of non-
membership of the element x to A, respectively.

For the sake of simplicity, we redefine Definition 2.7 and give Definition 2.8.

Definition 2.8. A is called an IF set in U, if A = (pa,v4) and for each x € U,
A(z) = (pa(z),va(x)) € J, where pa,va € F(U) are used to define the degree of
membership and the degree of non-membership of the element x to A, respectively.

In this paper, ZF(U) denotes the family of all IF sets in U.

Let A,B € ZF(U) and let (J,<,M,U) be a complete distributive lattice. Then
some IF relations and IF operations are defined as follows:

(1) A= B < A(x) = B(x) for each z € U.

(2) AC B <= A(x) < B(x) foreach z € U.

) (AU B)(z) = A(z) U B(z) for each z € U.

) (AN B)(x) = A(z) N B(x) for each € U.
) A'(z) = A(x) for each z € U.
Moreover,

(3
(4
(5

(U Aq)(x |_|A ) for each x € U

ael’ ael
and
(ﬂ Ay)(x |_|A ) for each x € U,
ael’ ael’
where {A, :a €'} CTF(U).
Obviously, A=B < AC B and B C A.
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Example 2.9. Let U = {21, z2, 23, x4, 25}. We defined
Then A € ZF(U). We denote it by
0.2,0.8 0.6,0.3 0,1 1,0 04,04
4L (0208 (0608 (01 (L0)  (04,04)

T X9 T3 T4 Ts
We have
0.8,0.2 0.3,0.6 1 1 4,04
y_ (08.02)  (03.06)  (L,0)  (0.1)  (04.04)
T X9 T3 T4 Ts
Let
0.2,0.5 0.2,0.8 0.8,0.1 0.3,0.6 0,1
po (02,05 (02,08  (0801) (03,06 (0.1)
1 ) T3 T4 x5
Then
0.2,0.8 0.2,0.8 0,1 0.3,0.6 0,1
anp_ 0208 (0208 01 (0306 (0.1
1 ) T3 x4 x5
0.2,0.5 . . .8,0.1 1,0 4,0.4
aup- 0205 (06,03  (0801) , (1,0) (04,04)
gl €2 xs3 T4 x5

Definition 2.10 ([13]). Let A € ZF(U).

(1) A is called an IF empty set, if A(z) = (0,1) for each x € U. We denote it by
0.

(2) A is called an IF universe set, if A(x) = (1,0) for each z € U. We denote it
by 1.
Definition 2.11 ([4]). Let 7 C ZF(U). Then 7 is called an IF topology on U, if

(i) 0,1 €,

(ii) A,B € 7 implies AN B € 7,

(ii) {Aq : @ €T} C 7 implies |J{An:a €T} €T

The pair (U, 7) is called an IF topological space. Every member of 7 is called an
IF open set in U. A is called an IF closed set in U if A’ € 7.

Example 2.12. Let A and B are the IF in Example 2.9. Then
r=1{0,1,A,B,ANB,AUB}

is an IF topology on U.

2.3. TF soft sets.

Definition 2.13 ([8]). Let A C E. A pair (f, A) is called a fuzzy soft set over U, if
f is a mapping given by f: A — F(U). We denote (f, A) by fa.

In other words, a fuzzy soft set f4 over U is a parameterized family of fuzzy sets
in the universe U.

Definition 2.14 ([6, [7]). Let A C E. A pair (f, A) is called an IF soft set over
U, where f is a mapping given by f : A — ZF(U). We denote (f, A) (resp. ps(e),

Vi) by fa (vesp. fe, f€).
232



Zhaowen Li et al./Ann. Fuzzy Math. Inform. 5 (2013), No. 1, 229-239

In other words, an IF soft set f4 over U is a parameterized family of IF sets in
the universe U, and () = fo € F(U), vye) = f© € F(U), f(e) = (fe, [¢) € IF(U)
and f(e)(z) = (fe(z), fé(x)) € J forany e € Aand z € U.

Let A C E. Denote

IFSWU), ={fa: fais an IF soft set over U},

IFS(U) ={fa: fais an IF soft set over U and A C E}.
Obviously,
IFSWU) = | IFSWU),.
ACE

Example 2.15. Let U = {1, 22,3, 24,25} be a universe consisting of five houses
as possible alternatives, and let A = {ej,ez,e3,e4} C E be a set of parameters
considered by the decision makers, where eq, es, e3 and e4 represent the parameters
“beautiful”, “modern”, “cheap” and “in the green surroundings”, respectively.

Now, we consider a soft set f4, which describes the “attractiveness of the houses”
that Mr.X is going to buy. In this case, to define the soft set f4 means to point
out beautiful houses, modern houses and so on. Consider the mapping f given by
“houses(.)”, where (.) is to be filled in by one of the parameters e; € A. For instance,
f(e1) means “houses(beautiful)”, and its functional value is the set consisting of all
the beautiful houses in U. Let f4 be an IF soft set over U, defined as follows

(02,08)  (0.6,03)  (02,06) (04,0.5)  (04,0.4)

fler) = - .
1 T2 T3 T4 T5
flea) = (0.2,0.5)  (09,0.1)  (0.1,08)  (0.3,06)  (0.5,03)
Ty T2 T3 Ty x5
fleg) = QD ©OD (0504 (0.1 01
Z1 L2 xs3 Ty Ts
fe) = @D 0505 (0.1 (0504 (0.1
I ) xs3 Ty x5

Then the IF soft set f4 is described by the following Table 1.

TABLE 1. Tabular representation of the fuzzy soft set fa

er (0.2,0.8) (0.6,0.3) (0.2,0.6) (0.4,0.5) (0.4,0.4)
e (0.2,0.5) (0.9,0.1) (0.1,0.8) (0.3,0.6) (0.5,0.3)
es (0,1) (0,1) (0.5,0.4) (0,1) (0,1)
€4 (0,1) (0.5,0.5) (0,1) (0.5,0.4) (0,1)

Definition 2.16 ([7]). Let A, B € ZFS(U).
(1) fa is called IF soft subset of gp, if A C B and f(e) C g(e) for any e € A. We
write fa C gp.
(2) fa and gp are called IF soft equal, if f4 C gp and ga C fp. We write
fa=gs.
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Obviously, f4 = gp if and only if A = B and f(e) = g(e) for any e € A.

Definition 2.17 ([7]). Let A, B € ZFS(U).

(1) The intersection of f4 and gp is the IF soft set h¢o, where C' = AN B, and
h(e) = f(e) Ng(e) for any e € C. We write fa N gp = ho.

(2) The union f4 and gp is the IF soft set h¢, where C' = AUB, and for any e € C,

f(e), ec A—-B
h(e) =< gl(e), e€e B—A
fle)Ugle) ec ANB

We write fa U gg = he.

3. IF SOFT TOPOLOGIES

In this section, we introduce the concept of IF soft topologies.
Definition 3.1. The relative complement of an IF soft set fg is denoted by ff and
is defined by

(fE)/ = flEu
where
fE—TIFU)
is a mapping given by f'(¢) = (f(¢))’ for each € € E.
Proposition 3.2. Let fg,gg € ZFS(U)g. Then
(fe N gr) = f& U dp (frUgr) = fp N gp
Proof. Let fr N g = hg, where
h'(e) = (h(e))" = (f(e) Ng(e))" = (f(e))" U (g(e)) = f'(e) Ug'(e)
for any e € E. Then (fg N gg)’ = h'y and f; N g5 = h’;. Thus
(fe Ngr) = fr U gk

Similarly, we can prove (fr U gg) = fi N g%- O
Definition 3.3. Let fr € ZFS(U)g.

(1) fg is called absolute IF soft over U, if f(e)=1 for any e € E. We denoted it
by UE .

(2) fE is called relative null IF soft over U, if f(e)=0 for any e € E. We denoted

Obviously, @g=U}, and Up=2".

Definition 3.4. Let 7 CZFS(U), and 7/ = {fg : f € 7}. Then 7 is called an IF
soft topology on U if the following conditions are satisfied:

(1) Ugp,%p €T,

(ii) fg,gp € T implies fg N gg € T,

(itl) {(fa)e:a €T} C 7 implies J {(fa)r:a €T} .

The pair (U, 7, E) is called an IF soft topological space over U. Every member of
7 is called an IF soft open set in U. fg is called an IF soft closed set in U if fg € 7.
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Example 3.5. Let U = {z1,22} and E = {ey,e2}. Let fr,95,he,lp € ZFS(U)g
where

(0.2,0.8)  (0.6,0.3) (0.2,0.5) . (0.9,0.1)

fler) = + . fles) = n 7
T T2 1 T

gler) = (0.1,0.8) n (0.6,0.1)’ gles) = (0.2,0.8) n (0.8,0.1);
1 T2 1 )

hiey) = (0.2,0.8) n (0.6,0.1)7 hea) = (0.2,0.5) N (0.9,0.1);
T T2 71 s

ey = ©L1.08) , (06,03) . _ (02,08  (08,01)
T T2 T T

We have
Fler) = (0.8,0.2) i (0.3,0.6)’ Fles) = (0.5,0.2) n (0.1,0.9).

T X9 T Z2
Then hg = fE U JE and lp = fE N JE- Thus 7 = {fE,gE,hE,lE,QE,UE} is an IF
soft topology on U.

Proposition 3.6. Let (U,71,E) and (U, 72, E) be two IF soft topologies over U.
Denote 11 N1o={fr : fr € 1 and fg € 2}. Then 71 N 79 is an IF soft topology
on U.

Proof. Obviously @g,Ug € 1 N7s. Let fg,gp € 71 N7e. Then fg,gr € 7 and
fE,9E € 7. Note that 7y and 7 are two IF soft topologies on U. Then fpNgr € 7
and fg Ngg € 7o. Hence fpNgr € 11 N7e. Let {(fo)r : « € T} C 71 N 7.
Then (fo)r € 11 and (fo)g € 72 for any a € T'. Since 71 and 72 are two IF soft

topologies on U, U {(fa)p : @ € I't € 7 and U {(fa)e : @ € '} € 7. Thus
U {(fa)E ROAS F} € 11MNT72. 0

Let 7 and 79 be two IF soft topologies on U. Denote
V1 ={fe Uge: fe €11 and gg € T2},
T1 N\ To :{fE NgE: fE €m and gg ETQ}.

Example 3.7. Let fr and gr be two IF soft sets in Example 3.5l Then
71 ={9E,Ug, fe}, 2 ={9E,Ur,ge} and 1 N1 = {@p,Ur}
are three IF soft topologies on U. But
Uty = {@p,Up, fe,98}, TV = {98, U, f&, 95, f& U g5}
and

7-1/\7—2 = {QEvUEa fEaQE).fE ﬁ gE}
are not IF soft topologies on U.

Theorem 3.8. Let (U, 7, E) be an IF soft topologies over U. for any e € E,
T(e) ={f(e): fe €T}

is an IF topology on U.
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Proof. Let e € E. (1) By @, Ug € 7,0 = @(e) and 1 = U(e), we have 0,1 € 7(e).
(2) Let V,W € 7(e). Then there exist fg,gr € 7 such that V = f(e) and
W = g(e). By 7 be an IF soft topologies on U, fgp N gg € 7. Put hg = fr N gE.
Then hg € 7. Note that VNW = f(e) Ng(e) = h(e) and 7(e) = {f(e) : fg € 7}.
Then VNW € 7(e).
(3) Let {V,, : « € T'} C 7(e). Then for every o € 7, there exist (f,)g € 7 such
that V,, = fa(e). By 7 be an IF soft topologies on U, |J {(fo)r : @ € T} € 7. Put

f5=U{(fa)p : @ €T}. Then fg € 7. Note that LEJF Va=U {fa(e) : « €T} = f(e)

and 7(e) = {f(e): fp € 7}. Then |J V, € 7(e).
acl
Therefore 7(e) = {f(e): fe € 7} eis an IF topology on U. O

Definition 3.9. Let (U, 7, E) be an IF soft topological space and Z C 7. £ is a
basis for 7, if for each gp € 7, there exists ' C £ such that gg = |J #'.

Example 3.10. Let 7 be the IF soft topology in Example 3.5, Then
% ={9g, fE, 98,15, Ur}

is a basis for 7.

Theorem 3.11. Let B is a basis for IF soft topology 7. Denote B, = {f(e): fr €
B} and 7(e) = {f(e) : fg € 7} for any e € E. Then B, is a basis for IF topology
7(e).

Proof. Let e € E. For any V € 7(e), V = g(e) for some gg € 7. Note that # is

a basis for 7. Then there exists 4’ C % such that gp = O PB.SoV = A,
where #'. = {f(e): fg € '} C B.. Thus A, is basis for IF topology 7(e) for any
ec k. 0

4. SOME PROPERTIES OF IF SOFT TOPOLOGIES

In this section, we give some properties of IF soft topologies.

Definition 4.1. Let (U, 7, E) be an IF soft topological space and let fr € ZFS(U) .
Then interior and closure of fg denoted respectively by int(fg) and cl(fg), are
defined as follows:

int(fe)= U{ge €7:98 C fE},
d(fe)= N{ge €7 : fe C g}

Theorem 4.2. Let (U, 7, E) be an IF soft topological space over U. Then the fol-
lowing properties hold.

(1) Ug and @ g are IF soft closed sets over U.

(2) The intersection of any number of IF soft closed sets is an IF soft closed set
over U.

(3) The union of any two IF soft closed sets is an IF soft closed set over U.

Proof. This follows from Proposition |3.2. 0
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Theorem 4.3. Let (U, 7, E) be an IF soft topological space over U and let fr €
IFS(U)g. Then the following properties hold.

1) int(fp) C f5. N

) fE C gp = int(fg) C int(gp).

) int(fg) € T.

) fE is an IF soft open set < int(fg) = fE&.
) int(int(fg)) = int(fEg).

( ) mt(@E) =OJFg, mt(UE) =Ug.

Proof. (1) and (2) are obvious.

(3) Obviously, U {gr € 7 : grC fr} € 7. Note that int(fg) = U {gr € 7 :
9eC fr}, Then int(fg) € 7.

(4) Necessity. By (1), int(fg) C fe.

Since fp € 7 and fg C fg, then fp C U {g9r € 7: gr C fr}. By int(fr) =
U{ge €7: gr C fr}, fg C int(fg). Thus int(fg) = f&.

Sufficiency. This holds by (3).

(5) and (6) hold by (3) and (4). O

Theorem 4.4. Let (U, 7, E) be an IF soft topological space over U and let fg
IFS(U)g. Then the following properties hold.

W) fz C d(fe).

fE C gg — Cl(fE) C

)

) c(gg).
g (cl(fe)) €.

)

m

fE is an IF soft closed set <= cl(fg) = f&.

(2
(3
(4
(5) cl(cl(fr)) = cl(fr)-
(6) CZ(QE) =JFg, CZ(UE) =Ug.
Proof. (1) and (2) are obvious.

(3) By Theorem 4.3 (3),

int(fp) €T
Since (cl(fp)) = (N{ge € 7'+ fo Cgp}) =U{gp €798 C [} = int(fp),
then (cl(fg)) € 7.
(4) Necessity. By Theorem 4.4/ (1),

e C c(fe)-

Since fp € 7' and fr C fp, cd(fp) =N{9gp €7 : fe Cgp} C{fe € : f& C fr}.
Then cl(fr) C fg. Thus fr = c(fE).

Sufficiency. This holds by (3).

(5) and (6) hold by (3) and (4). O

Theorem 4.5. Let (U, 7, E) be an IF soft topological space and let fr, g € ZFS(U) .
(1) int(fg) N int(gr) = int(fe N gg).
(2) mt(fE) U int(gg) C mt(fE U gg).
(3) cl(fx) O ellgr) = cl(fr O o).
(4) c(fe N gr) C d(fr) N c(ge)-

(5) (int(fp)) = cl(fE)-
(6) (cl(fr)) = int(ff).
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Proof. (1) Since f(e) N g(e) C f(e) for any e € E, we have fgp N gg C fg. By
Theorem 4.3(2),
Similarly, int(fg N gg) C int(gg).

Then int(fr N gg) C int(fr) N int(gg).
By Theorem 4.3(1),
int(fg) C fr and int(gr) C gg.

Then int(fg) Nint(gr) C fe N gg. Soint(fg) Nint(gr) C int(fr N gr).
Hence, int(fg) N int(gg) = int(fe N gg).
Similarly, we can prove (2), (3) and (4).
(5) holds by Proposition 3.2l

(int(fe)) = ((J{he €7 :he C fu}) =(){he €7 : fi C hr} = d(fp).
(6) The proof is similar to (5). O
Example 4.6. Let U={z1, 22} and E = {e1,ea}.
fey = 0208 (06,03 0 (02,05) (09,01)

I X2 ’ I )
Obviously, 7 = {fr, @g,Ug} is an IF soft topology on U.
hg,lg are defined as follows:

0.1,0.8) (0.6,0.3
( ), | )’

(02,05) , (0.9,01)

gler) = o s gle2) = - P
0.2,0.8) (0.6,0.3 0.2,0.5) (0.7,0.1

ey — 0208 (06,03 (0205  (07.01)
€1 o 1 T2

(1) Obviously, int(gr) = @ = int(hg) and gg U hg = fr. Then
int(gE) U Z’I‘Lt(hE) =UJE U O =9E
and
Z"I’Lt(gE O hE) = Z’I’Lt(fE) = fE
Thus
int(gE) O mt(hE) 7é int(gE G hE)
(2) By Theorem [4.5(5),
cl(gy) = (int(9g)) = 2% = Ug.
Similarly, cl(h’;) = Ug. Then
Cl(gi,j) ﬁ Cl(hb) = UE ﬁ UE = UE.
Similarly,
c(gp O 1) = c((gr U hg)') = (int(gre U hg)) = fg.
Thus
c(gy N hE) # clgp) N ().
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5. CONCLUSIONS

In this paper, we introduced intuitionistic fuzzy soft topologies. The interior and
closure of an intuitionistic fuzzy soft set, and bases for an intuitionistic fuzzy soft
topology are introduced. Some basic properties of intuitionistic fuzzy soft topolo-
gies are given. In future work, we will research intuitionistic fuzzy soft subspace,
intuitionistic fuzzy soft points and neighborhoods of a intuitionistic fuzzy soft point
and bring them into the structure of intuitionistic fuzzy soft topological spaces.
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