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ABSTRACT. In this paper, we introduce the concept of fuzzy left h-
ideals with operators in I'-hemirings and establish a new fuzzy left h-ideal
with operators. In particular, we consider the characterizations of M-
Noetherian M-I'-hemirings. Finally, we investigate cartesian products of
M-fuzzy left h-ideals in M-I'-hemirings.
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1. INTRODUCTION

Semirings play an important role in studying matrices and determinants. Many
researchers studied the theory of matrices and determinants over semirings [11], [14].
A special semiring with a zero and endowed with the commutative addition is said
to be a hemiring. Although ideals in semirings are useful for ways, they do not in
general coincide with the usual ring ideals if S is a ring. Indeed, many results in
rings apparently have no analogues in semirings using only ideals. We note that the
ideals of semirings play a crucial role in the structure theory. Henriksen [9] defined
a more restricted class of ideals in semirings, which is called k-ideals, a still more
restricted of ideals in hemirings has been given by Iizuka [11]. In 2004, Jun [15]
considered the fuzzy h-ideals of hemirings. By using the fuzzy h-ideals, Zhan et
al. described the h-hemiregular hemirings [22]. Furthermore, many researchers gave
some basic definitions and results related with fuzzy h-ideals of hemirings [3, 5] 20].

The concept of I'-ring was first introduced in 1966 by Barnes [1], a concept more
general than a ring. After the paper of Barnes, many researchers are engaged in
studying some particular I'-ring. In 1992, applying the concept of fuzzy sets to the
theory of T-ring, Y. B. Jun and C. Y. Lee [13] gave the notion of fuzzy ideals in
I-ring and some properties of fuzzy ideals of I'-ring. After that, Hong and Jun
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[10] defined the normalized fuzzy ideals and fuzzy maximal ideals in a I'-ring and
Jun [12] further characterized the fuzzy prime ideals of a T'-ring. In particular,
Dutta-Chanda studied the fuzzy ideals of a I'-ring and characterized the I'-fields
and Notherian I'-rings by considering the fuzzy ideals via operator rings of I'-rings.
The concept of I'-semiring was introduced by M. K. Rao [18], these concepts are
extended by Dutta and Sardar [7]. And some properties of such I'-semiring have
been studied, for example, see [, 17, 19} 23].

Dudek [4} 6] discussed quasigroups and BCC-algebras with operators, respectively.
In 2007, Zhan et al. [21] investigated fuzzy h-ideals with operators in hemirings.
Now, in this paper, we consider this theory to I'-hemirings, we introduce the concept
of fuzzy left h-ideals with operators in M-I-hemirings S and establish a new fuzzy
left h-ideal with operators. Using the left M-h-ideals, we establish M-fuzzy left
h-ideals of S. Moreover, we introduce the concept of M-Noetherian M-I'-hemirings
and cartesian product of M-fuzzy left h-ideals, we prove that if 4 and v are M-fuzzy
left h-ideals of S, then p x v is an M-fuzzy left h-ideal of S x S.

2. PRELIMINARIES

Definition 2.1 ([23]). Let S and I' be two additive semigroups. Then S is said to
be a I'-semiring if there exists a mapping S x I' x S — S (images to be denoted by
aab for all a,b,c € S and «, 8 € T' ) satisfies the following conditions:

(1) aa(b+ ¢) = aab + aac;

(#i) (a+ b)ac = aac + bac;

(7i1) a(a+ B)c = aac + afc;

(iv) aa(bBc) = (aab)Se.

By a zero of a I'-semiring S, we mean an element 0 € S such that Oz = za0 =0
and 0+x=x+0=xforall z € S and o € I'. A I'-semiring with zero is said to be
a I'-hemiring.

A left ideal of a I'-hemirings S is a subset A of S which is closed under the addition
such that STA C A, where STA = {zay|z,y € S,a € T'}.

A left ideal A of I'-hemirings S is called a left h-ideal of S, respectively, if for any
x,z€ Sand a,b € A, x +a+ z=0b+ z implies x € A.

Right h-ideals are defined similarly.

Definition 2.2 ([23]). A fuzzy set p of I'-hemirings S is said to be a fuzzy left
h-ideal of S if it satisfies the following conditions:

(1) p(z +y) > min{pu(z), u(y)} for all z,y € S,
(ii) p(xay) > w(y) for allz,y € S and a € T,

(iii))r + a + z = b+ z implies p(x) > min{p(a), u(b)} for all a,b,z,z € S.
Fuzzy right h-ideals of S are defined similarly.

Example 2.3 ([23]). Let S be a hemiring with the multiplicative identity 1. Then
S is a I'-hemirings, where I' = S and aab denotes the product of elements a, , b in
S. Now any fuzzy h-ideal of the hemiring S is a fuzzy h-ideal of the I'-hemiring S.
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3. M-FUZZY LEFT h-IDEALS

Definition 3.1. A T'-hemiring S with operators is an algebraic system consisting
of a I'-hemiring S, a set M and a function defined in the product set M x I' x S
and having values in S such that if the product maxz denotes the elements in S
determined by the element m of M, x of S and the element «, 3 of T", then

ma(x + y) = maz + may

and

ma(zfy) = (max)B(may)
hold for any z,y € S, m € M and «,3 € I'. We usually use the phrase “S is an
M-T-hemiring” instead of a “I’-hemiring with operators”.

Example 3.2. Let (S,+) be a semigroup, where S is the sets of all non-negative
integers and the operation ais the usual additive operation. Let (I',+) = {1}.
Define a mapping S xI' x S — S by aab =a-«a-b for all a,b € S and a € T,
where “” is usual multiplication. Then, it can be easily verified that S, under the
above multiplication and the structure I'-mapping, is a ['-hemiring. We consider
M = {0,1}, then S is an M-I’-hemiring.

Definition 3.3. A left h-ideal I of an M-I'-hemiring S is called a left M-h-ideal of
Sifmar el forallme M,z €1 and a €T.

Definition 3.4. Let S be an M-I'-hemiring and p a fuzzy h-ideal of S. If the
inequality p(max) > u(x) holds for any © € S, m € M and « € T', then p is said
to be a fuzzy left h-ideal with operators of S. We use the phrases “an M-fuzzy left
h-ideal of S” instead of “an fuzzy h-ideal with operators of S”.

Proposition 3.5. Let A be a non-empty subset of an M-I'-hemiring S, and p a
fuzzy set in S defined by
s, if x €A
iy ={

t, otherwise,

for all x € S, where s >t in [0,1]. Then p is an M-fuzzy left h-ideal of S if and
only if A is a left M-h-ideal of S.

Proof. Suppose that A is a left M-h-ideal of S. we know that pu is a fuzzy left h-ideal
of S.Letx € S,me Manda €T If x € A, then mazx € A as A is a left M-h-ideal
of S, and so p(max) = s = pu(z). If x ¢ A, then pu(z) =t < p(mazx). Thus p is an
M-fuzzy left h-ideal of S.

Conversely, if p is an M-fuzzy left h-ideal of S, then it is easy to show that A is a
left h-ideal of S. Then, for any x € A, m € M and o € T, p(max) > p(z) = s and
so, p(max) = s. This shows that max € A. Consequently, A is a left M-h-ideal of
S. O

For any subset A of a I’-hemiring S, x4 will denote the characteristic function of

A.

Corollary 3.6. Let A be a non-empty subset of an M-TI'-hemirings S. Then A is a
left M -h-ideal of S if and only if xa is an M-fuzzy left h-ideal of S.
185
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Proposition 3.7. Let u be an M -fuzzy left h-ideal of an M -I'-hemiring S. For any
m € M, a € T, define a fuzzy set ufmal] in S by ulmal(z) = p(mazx), Vo € S.
Then ulmal is a fuzzy left h-ideal of S.
Proof. Tt is obvious. O

For any ¢ € [0, 1], the set

Upst) = { € Slu(z) > 1}

is called a level subset of p.

The following is a simple consequence of the transfer principle for fuzzy sets in
[16].
Lemma 3.8 ([23]). A fuzzy set p in a T'-hemiring S is a fuzzy left h-ideal of S if
and only if the each non-empty level subset U(u;t), t € (0,1), of u is a left h-ideal
of S.

Theorem 3.9. A fuzzy set p in an M-I'-hemiring S is an M -fuzzy left h-ideal of S
if and only if the each non-empty level subset U(u;t) of u is a left M-h-ideal of S.

Proof. Let p be an M-fuzzy left h-ideal of S, and assume that U(u;t) # @ for
t € [0,1]. Then by Lemma 3.8, U(u;t) is a left h-ideal of S. For every x € U(u;t),
a €I, and m € M, we have

pmaz) > ple) > 1,

and so max € U(u;t). Hence U(p;t) is a left M-h-ideal of S.

Conversely, suppose that U(u;t) # @ is a left M-h-ideal of S. Then p is a fuzzy
left h-ideal of S by Lemma 3.8 Now assume that there exist y € S, v € T' and
k € M such that

pu(kyy) < p(y)-
Taking

1
to = §(u(k7y) +u(y)),
we get to € [0, 1] and
p(kyy) < to < p(y)

This implies that kyy ¢ U(u;to) and y € U(p;to), this leads a contradiction. And
therefor

n(kyy) = pu(y),
for all y € S, v € " and k € M. This completes the proof. O

Proposition 3.10. Let pu and v be two fuzzy sets in an M-I'-hemiring S. If they
are M fuzzy left h-ideals of S, then so is uNv, where uNv is defined by

(11 ¥)(x) = min{u(s), v(z)} @€ S.
Proof. For a,b € S,

(unv)(a+b) = min{u(a+b),v(a+ b))
min{min{p(a), p(b)}, min{v(a), v(5)}}
min{min{p(a), v(a)}, min{p(b), v(5)}}
minf (1 v)(a), (1 () (b)}.
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For all a € T, since p(aad) > u(b), and v(aad) > u(b), it follows that

(LNv)(aabd) min{p(aabd), v(aabd)}

min{u(b), v(b)}

(1N v)(b).

Now, pNv is a fuzzy left ideal of S. Let a,b,x,z € S be such that xt +a+2z = b+ z.
Then

vl

min{p(x), v(x)}

min{min{x(a), u(b)}, min{v(a), v(b)}}
min{min{x(a),v(a)}, min{xu(b),v(b)}}
— min{(x N v)(@), (1N V)B)}-

Therefore p N v is a fuzzy left h-ideal of S. Let m € M, a € I" we have

(nnv)(x)

vl

(nNv)(maz) min{p(mazx), v(max)}

> min{u(z), v(z)}
— (un)@).
Consequently, N v is an M-fuzzy left h-ideal of S. O

Theorem 3.11 ([23]). Let {A:|t € A C [0,1]} be a collection of M-h-ideals of an
M-T'-hemiring S such that
(1) S =Uen A,
(ii) t < s if and only if As C Ay for allt,s € A.
Define a fuzzy set p in S by
p(x) =sup{t € Alxz € Ay}, Vzels.
Then w is an M -fuzzy left h-ideal of S.

Definition 3.12. An M-TI'-hemiring S is said to satisfy the ascending (descending)
chain condition (briefly, ACC(DCC)) if for every ascending (descending) sequence
A; C Ay C---(A; D Ag D ---) of left M-h-ideals of S there exists a nature number
n such that

Definition 3.13. An M-I'-hemiring S is said to M-Noetherian if every left M-h-
ideals of S satisfies AC'C for left M-h-ideals.

Theorem 3.14. Let {A,|n € N} be a family of left M -h-ideals of an M -T'-hemiring
S which is nested, that is, S = A1 D Az D -+ Let u be a fuzzy set in S defined by
- for z€ A,/Any1, n=1,2,3,---;
— n+1’ ) ) 4y 9y )
) { 1, for x € ﬂff:l A,
forallx € S. Then p is an M -fuzzy left h-ideal of S.
Proof. Suppose that @ € A /Agy1 and y € A /A4 for k=1,2,--- 50 =1,2,---.

Without loss of generality, we may assume that k& < r. Then clearly y € Ag, so
x+y € Ag. Hence

ple ) 2 e = minfu(e), w(w)).

If 2,y €, An, then z +y € (), Ay, and clearly that

p(r +y) =1 =min{u(z), u(y)}.
187
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IfxeN 2, An, and y ¢ (., Ay, then there exits | € N such that y € A;/A;4q, it
follows that x + y € A;, so that

ple ) 2 -5 = min{ule), n(w)).
Similarly, we know that
l

wx +y) > = min{u(z), u(y)}

[+1
whenever z ¢ ()72, Ay, and y € (), A,.
Now if y € A, /A, 41 for some r = 1,2,---, then zay € A, for all x € S and
a € I'. Hence
> = u(y).
p(zay) = poia

Ify ey A, then zay € 2 A, for all 2 € S and a € T. So

m(ray) =1 = p(y).
Let a,b,x,z € S be such that t +a+ 2z = b+ z. If a,b € A, /A, for some
r=1,2,---, then x € A, as A, is a left M-h-ideal of S. Thus

ple) > — = min{u(a). u(b)}.
If a,b € (), Ay, then z € () _; Ay, and so

) = 1 = min{u(a), u(b)}.
Assume that a € A, /A, 4q forsomer =1,2,---,and b e [, Ay, (or,a € 2, A,
for some and b € A, /A, 41 for some r =1,2,---). Then x € A,, and so
ple) = — = min{u(a). u(0)}.

Consequently, u is a fuzzy left h-ideal of S.

The last, let z € (\,_; Ay, m € M and a € I'. Then p(z) = 1 and maz €
Moy Ap, s0

plmaz) =1 = (x).
Ifxe A /Ary1, m € M and « € T, then max € A,, we have
p(maz) > —— = p(x).
r+1

So, p is an M-fuzzy left h-ideal of S. O

4. CARTESIAN PRODUCT OF M-FUZZY LEFT h-IDEALS

A fuzzy relation on any set S is a fuzzy set p: S x S — [0,1].
If p is a fuzzy relation on a set S and v is a fuzzy set in S, then p is a fuzzy
relation on v if p(z,y) < min{v(z),v(y)}, Va,y € S.

Definition 4.1 ([2]). Let p and v be fuzzy sets in a set S. Then the Cartesian
product of p is defined by (u x v)(z,y) = min{u(x),v(y)} Vz,y € S.

Lemma 4.2 ([2]). Let p and v be fuzzy sets in a set S. Then
(i) p X v is a fuzzy relation on S,
(i1) U(p x vit) = U(ps;t) x U(v;t) for allt € 0,1].
188
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Definition 4.3 ([2]). If v is a fuzzy set in a set S, then the strongest fuzzy re-
lation on S that is a fuzzy relation on v is p,, which is given by u,(z,y) =
min{v(x),v(y)} Vz,y € S.

Lemma 4.4 ([2]). For a given fuzzy set v on a set S, let p, be strongest fuzzy
relation on S. Then fort € [0, 1], we have that U(p,;t) = U(v;t) x U(v;t).

The following proposition is an immediate consequence of Lemma 4.4, and we
omit the proof.

Proposition 4.5. Ifv is a fuzzy left h-ideal of an M- T'-hemiring S. Then the level
left h-ideals of p, are given by U(u,;t) = U(v;t) x U(v;t) Vt € [0,1].

Let S; and S be two M-I'-hemirings. Now we can easy to check that S; x Sy is
an M-T'-hemiring by the operations which we define as follows:

(i) (v1,72) + (y1,92) = (¥1 + Y1, 22 + y2);

(i) (z1,22)a(y1,y2) = (Tr0y1, T20y2);

(#i1) ma(xi,x2) = (Mmaxy, mazs),
for all z1,z2,y1,92 €S, € I"and m € M.

Theorem 4.6. Let p and v be M-fuzzy left h-ideals of an M-I'-hemiring S. Then
w X vis an M-fuzzy left h-ideal of S x S.

Proof. Let (z1,2), (y1,y2) € S x S and o € I'. Then we have

(wxv)((w1,22) + (y1,92)) = (X v)(@1+y1, 72 +y2)
min{u(z1 + 1), v(22 + y2)}

; min{min{u(x1), u(y1)}, min{v(zs), v(y2)}}
= min{min{u(z1), v(z2)}, min{u(y1), v(y2) } }
= min{(p x v)(x1,22), (b X v)(y1,92)},
and then
(> v)((z1,22)a(yr,y2)) = (1 x v)(z1ays, v20y2)

min{s(y1), v(y2)}
(1 xv)(y1,92)-

Now let (a1, az2), (b1,b2), (1, x2), (21, 22) € S x S be such that

v

)
min{ug T1ayr), v(zaays2)}
)

(z1,22) + (a1, a2) + (21, 22) = (b1, b2) + (21, 22),
ie. (r1 4 a1 + 21,22 + as + 22) = (by + 21, b + 22), it follows that

x1+ar+21 =b1+21,T2 + a2 + 22 = ba + 22,
so that

min{yu(z1), v(z2)}

min{min{x(a1), p(b1)}, min{v(az),v(b2)}}
min{min{z(as), v(az)}, min{u(b1), v(b2)}}
min{ (x4 jéfg)(ahaz), (1 x v) (b1, b2)}-

(1 x v)(x1,22)

v 1
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Therefor p x v is a fuzzy left h-ideal of S x S. Now let & = (z1,22) € Sx S,m € M,
then

(4 x v)(maz) = (ux v)(ma(er,2)
= (uxv)(mazxy, mars)
= min{u(mazx;),v(mazxs)}
> min{p(zy),v(z2)}
= (nxv)(z1,22)
= (uxv)().
Hence, p x v is an M-fuzzy left h-ideal of S x S. O

Theorem 4.7. Let v be a fuzzy set in an M -I'-hemiring S and let p,, be the strongest
fuzzy relation on S. Then v is an M-fuzzy left h-ideal of S if and only if p, is an
M -fuzzy left h-ideal of S x S.

Proof. Assume that v is an M-fuzzy left h-ideal of S. Let (z1,22), (y1,y2) € S X S,
and a € I'. Then

po((z1,22) + (y1,92)) = (@1 + Y1, 72 + o)
min{v(z1 +y1), v(z2 +y2)}

; min{min{v(z1),v(y1)}, min{v(z2),v(y2)}}
= min{min{v(z1),v(z2)}, min{v(y1),v(y2)}}
= min{p, (21, 22), o (y1,92)},
and
ﬂu((xlaxZ)a(ylva)) = /”Lu(xlaylvaQyQ)

min{v(xiay1), v(zaays)}
min{v(y1), v(y2)}
/J/V(ylv y2)

Now let (a1, as2), (b1,b2), (x1,22), (21,22) € S X S be such that

v

(w1, 22) + (a1,a2) + (21, 22) = (b1, b2) + (21, 22).
So
x4+ a1+ 21 :b1+21,$2+02+22:b2+22.

Thus

min{v(z1),v(z2)}

min{min{v(a1),v(b1)}, min{v(as),v(b2)}}
min{min{v(a;1),v(as)}, min{v(by),v(b2)}}
min{p, (a1, az), p (b1,b2)}.

Therefor p,, is a fuzzy left h-ideal of S x S. Now, for any (z1,22) € S x S,m € M,
we have

HU($17z2)

v 1l

wy, (mazy, mazs)
min{v(mazx;), v(mazs)}
min{v(z1),v(x2)}

Hv (111, 1‘2).

Thus p, is an M-fuzzy left h-ideal of S x S.

190
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Conversely, suppose that u, is an M-fuzzy left h-ideal of S x S. By Theorem 4.12
in [15], we know that v is a fuzzy left h-ideal of S. Now, for any z1, z2,y1,y2 € S,
and « € T', by using Proposition 4.7 in [15], we have

Mu($1ay1, 53204/2)

po (21, 22) (Y1, yz))
o (Y1, Y2)
min{v(y1), v(y2)},

and so v(z1ay1) > min{v(y1),v(y2)}. Taking 1 = z,y1 = y and yo = 0, we get

v(zay) > min{v(y), v(0)} = v(y).
Then let m € M, we have

min{v(xiay1), v(zaays)}

vl

wy (mazy, mazxs)
pv(ma (1, 72))
Mu($1,$2)
min{v(zy),v(x2)}.

min{v(mazxy), v(maozy)}

v

Taking z1 = x9 = x, we have v(mazx) > v(z). Consequently, v is an M-fuzzy left
h-ideal of S. O
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