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1. INTRODUCTION

Hyperstructure theory was born in 1934 when Marty [9] defined hypergroups,
began to analyze their properties and applied them to groups, rational algebraic
functions. Now they are widely studied from theoretical point of view and for their
applications to many subjects of pure and applied properties. In 1986, Sen and
Saha [11] introduced the concept of I'-semigroup as a generalization of semigroup
and ternary semigroup. Many classical notions and results of the theory of semi-
groups have been extended and generalized to I'-semigroups. Recently, Yaqoob
and Aslam [13] introduced the notion of LA-T'-semihypergroups as a generalization
of commutative semigroups, commutative semihypergroups and of commutative I'-
semigroups. They proved some results in this respect and presented many examples
of LA-T-semihypergroups. Yaqoob et al. [14] [15] applied rough set theory and soft
set theory to LA-I'-semihypergroups.

In 1965, Zadeh [17] introduced the notion of a fuzzy subset of a non-empty set
X, as a function from X to [0,1]. After the introduction of the concept of fuzzy
sets by Zadeh, several researchers conducted the researches on the generalization of
the notion of fuzzy set with huge applications in computer, logics, automata and
many branches of pure and applied mathematics. Rosenfeld [10] defined the concept
of fuzzy group. Since then many papers have been published in the field of fuzzy
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algebra. Recently, fuzzy set theory has been well developed in the context of hyperal-
gebraic structure theory. The recent books [2, [12] contains a wealth of applications.
Davvaz and Leoreanu-Fotea [3] studied the structure of fuzzy I'-hyperideals in T'-
semihypergroups. Aslam et al. [1] introduced the notion of rough M-hypersystems
and fuzzy M-hypersystems in I'-semihypergroups.

Jun et al. [4] introduced the notion of cubic sub-algebras/ideals in BCK/BCI-
algebras, and then they investigated several properties. They discussed relationship
between a cubic subalgebra and a cubic ideal. Also, they provided characterizations
of a cubic subalgebra/ideal, and considered a method to make a new cubic subalgebra
from old one. Also see [5] 6} 7, [§].

In this paper, the concept of cubic sub LA-T-semihypergroup is introduced and
some results on cubic I'-hyperideals and cubic bi-I-hyperideals in left almost I'-
semihypergroups are provided.

2. PRELIMINARIES AND BASIC DEFINITIONS

In this section, we recall certain definitions and results needed for our purpose.

Let S be a non-empty set and P*(S) be the set of all non-empty subsets of S.
The map o : S x S — P*(9) is called hyperoperation or join operation on the set .S.
A couple (S, 0) is called a hypergroupoid. Let A and B be two non-empty subsets
of S, then we denote

AoB = U aob, aocA={a}oA andaoB={a}oB.
acAbeB

Definition 2.1. [11] Let S = {a,b,c,...} and T' = {a, 5,7, ...} be two sets. Then
S is called a I'-semigroup if there exists a mapping S x I' x § — S written as
(a,7,b) — a~b satisfying the following identity (aab)fBc = aca(bfc) for all a,b,c € S
and for all o, € . Let K be a non-empty subset of S. Then K is called a sub
I'-semigroup of S, if ayb € K for all a,b € K and vy €T

Definition 2.2. [13] Let H and I' be two non-empty sets. Then H is called a left
almost I'-semihypergroup (abbreviated as an LA-T'-semihypergroup) if every v € T’
is a hyperoperation on H, i.e, xyy C H for every x,y € H, and for every 7,0 € '
and z,y,z € H we have (zyy)8z = (zvy)Sz.

The law (xyy)Bz = (zyy)Bz is called left invertive law. Through out the paper
H will denote an LA-T'-semihypergroup unless otherwise specified. Let A and B be
two non-empty subsets of an LA-I'-semihypergroup H. Then we define

A’yB:U{afyb|a€A, be Band yeT}.

Also

ATB = UA*yB:U{a’yb\aeA, be Band ye€T}.
~el
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Example 2.3. Let H = {z,y,2,t} and ' = {8,~} be the sets of binary hyperoper-
ations defined below:

I} ‘ T Y z t ¥ ‘ T Y z t
T |x x x x x| x x x
ylz {2t} 2z {zt} |z {y,zt} z {y2t}
z |z z z z z|lx z z z
tle {yty 2z {yt} tlz {vt} =z A{yt}

Clearly H is not a I'-semihypergroup because {y, z,t} = (t5t)yy # tB(tyy) = {y, t}.
Thus H is an LA-T-semihypergroup because it satisfies left invertive law.

Every LA-T-semihypergroup satisfies the law (aab)B(cyd) = (aac)B(byd) for all
a,b,c,d € H and a, 3,7y € I'. This law is known as [-hypermedial law. (cf. [13]).

Definition 2.4. [I3] Let K be a non-empty subset of H. Then K is called a sub
LA-TI'-semihypergroup of H if ayb C K for all a,b € K and v € T.

Definition 2.5. [13] A non-empty subset A of an LA-T-semihypergroup H is a right
(left) T-hyperideal of H if ATH C A (HT'A C A), and is a I-hyperideal of H if it is
both a right and a left I'-hyperideal.

Definition 2.6. [13] A non-empty subset B of an LA-I'-semihypergroup H is called
bi-I'-hyperideal of H if BB C B and (BT'H)I'B C B.

A Dbi-I'-hyperideal B of an LA-I'-semihypergroup H is proper if B # H.

Definition 2.7. [13] A non-empty subset B of an LA-I'-semihypergroup H is called
(1,2)-T-hyperideal of H if BTB C B and (B[ H)I'B2 C B.

Definition 2.8. [16] A subset M of an LA-T-semihypergroup H is called M-
hypersystem if for all a,b € M, there exist « € H and v, 8 € T, such that ay (z3b) C
M.

Definition 2.9. [16] A subset N of an LA-T-semihypergroup H is called N-hyper-
system if for all a € N, there exist € H and v, € T, such that a7y (z8a) C N.

Now we will recall the concept of interval valued fuzzy sets.
An interval number is @ = [a™,a™], where 0 < = < a™ < 1. Let D[0,1] denote
the family of all closed subintervals of [0, 1], i.e.,

D0,1]={a=[a",a"]:a” <a™, fora,a’ €I}

We define the operations 7> 7,7 <7 7 =7 7rmin” and "rmax” in case of two
elements in D[0, 1]. We consider two elements @ = [a~,at] and b = [b~, b*] in D[0, 1].
Then

(1)a > b if and only if a= > b~ and at > bT,

(2)a = b if and only if a= < b~ and a* < b,

(3) @ =0 if and only if a= = b~ and at = b,

(4) rmin{@, b} = [min{a~, b~ }, min{a™, b},

(5) rmax{d, b} = [max{a~,b~}, max{a®,bT}].
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It is obvious that (D[0, 1], <,V, A) is a complete lattice with 0 = [0, 0] as its least
element and 1 = [1,1] as its greatest element. Let a; € DJ[0,1] where i € A. We
define

rinfa; = |inf a; , inf a;" and rsupa; = |supa; , sup a;" .
€A €A €A i€A i€ i€EA

An interval valued fuzzy set (briefly, IVF-set) fi4 on X is defined as
ﬁA = {<‘Ts [[LZ(:C),,LL:Z(:E)D HEUNS X} 5
where p (z) < ph(z), for all z € X. Then the ordinary fuzzy sets u : X — [0,1]

and uj : X — [0,1] are called a lower fuzzy set and an upper fuzzy set of i,
respectively. Let fia(z) = [u;(z), nf; ()], then

A={(z,pa(x)) :x € X},
where 114 : X — DJ[0,1].
3. CuBIC I'-HYPERIDEALS IN LEFT ALMOST I'-SEMIHYPERGROUP

Jun et al. [4], introduced the concept of cubic sets defined on a non-empty set X
as objects having the form:

(1]
|

{{z, iz(2), \=(z)) : x € X},
which is briefly denoted by = = (g, A=), where the functions =z : X — D|0, 1]

and Az : X — [0,1].

Definition 3.1. Let = = (liz, A=) and F = (fir, Ax) be two cubic sets in an LA-T-
semihypergroup H, then

ENF = {{z,rmin{p=(x), gr(z)}, max{A=(z), \r(z)}) 2z € H},

[11

and
= *r f = {<x,ﬁ5*rf($)7 )\E*r‘}—(x)> HEUS H} )
where

N rsup {rmin{zi=(y), pr(2)}} if z € yyz,Vy €l
Feer(z) = | sc0r: ,
[0,0] otherwise

inf {max{Az(y), A\r(2)}} fze€yyz,VyeT
Newpr(z) = { =80

1 otherwise.
Denote C(H) by family of all cubic sets in H.

Proposition 3.2. Let H be an LA-T-semihypergroup, then the set (C(H),*r) is an
LA-T-semihypergroup.

Proof. Clearly C(H) is closed. Let 21 = (g, Ag,), Z2 = (iz,, A=,) and 23 =
(Hzs, Az,) be in C(H). Let x be any element of H such that x ¢ yvyz for some
y,z € H and v € T'. Then for v, € I, we have

(fim, #r i) #r im,) (2) = [0,0] = ((iz, =1 Jim,) r Fiz,) (2).
And
(()\El *T /\52) *T AEJ) (.Z‘) =1= (()\E.s *T )‘52) *T /\51) (1:)
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Let « be any element of H such that z € yvyz for some y,z € H. Then for v, €T
we have

((/-751 *r /-752) * ﬁ53) (JT) = resug {rmin{(ﬁal *T IA’ZE?) (y),/ng, (Z)}}

— rsup i { sup {rnin (7, ). i, (0} 7 (9}

rEYPz YyEPYq

= rsup rsup {rmin {zz, (p), fiz,(q), fiz, (2)}}
r€YBz YEPYY

= rsup {rmin {zi=, (p), fi=, (q), fiz, (2)}}
z€(pvq)Bz

= rsup  {rmin {Jiz, (2), =, (¢), p=, (p)}}
z€(zvq)Bp

= rsup rsup {rmin{pzg,(2), iz, (q), iz, (p)}}
rEMPBp mezvq

= owp {omin{ rsup {rmin iz, (2. @)}, )} )

zeEmMPBp mezyq

= xres:;gp {rmin { (=, *r f=,) (m), o=, (p)}}

= ((Bz, *r fiz,) *#r piz,) ().

And
((Az: 41 Azy) #r Asy) () = inf {max{(Az, +r A=,) (y), Ass (2)}}
=t fmae{ roup fmax 012,022, 01} 0,0
- xg;fﬁz yier})gq {max {A=, (p), A=, (), A=, (2)}}
— mG(ipI'lyfq‘)ﬂZ {max {A\=z, (p), A=, (q), A=, (2)}}
— xe(izgg)ﬁp{max{/\as(z)y/\EQ(Q)v/\El(p)}}
= zei?nfﬁp mlenzf:yq {max {AEJ (Z)v )‘52 (q)’ )\El (p)}}
= int, L rup a3, (10w, @) 22 0}
= it fmax {0, ) (m), 2, ()}
= ((Azy #1 A=) *r Az,) ().
Hence (C(H),*r) is an LA-I-semihypergroup. O O

Corollary 3.3. If H is an LA-T'-semihypergroup, then the I'-hypermedial law holds
in C(H).
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Proof. Let E1 = (iz,,Az,), E2 = (Az,, A5, ) S5 = (A=, A5,) and 4 = (A=, Az,)
be in C(H). By successive use of left invertive law,

(A=, #r fim,) *r (=, *r iz,) = (=, *r fiz,) *r fs,) *r0 A=,
(=, *r pi=,) *r fiz,) *r Az,

And
(Az, #1 Az, ) *1 (Agg #1 Az,) = ((Agg #r Ag,) *r Az,) #r Ag,
= ((Az, *r Az,) *r Az;) *r Az,
= (Mg, #r Az,) *r (Mg, #r Ag,) .
Hence this shows that the I'-hypermedial law holds in C(H). O O

Definition 3.4. Let H be an LA-T-semihypergroup. A cubic set Z = (=, A=) in
H is called a cubic sub LA-TI'-semihypergroup of H if for all x,y € H and v € T,

zrei%fy{ﬁa(z)} = rmin{fiz(z), p=(y)}

and
sup {A=(2)} < max{A=(z), A=(y)}-

zexyy

Definition 3.5. Let H be an LA-T'-semihypergroup. A cubic set Z = (fiz, A=) in
H is called a left (resp. right) cubic I'-hyperideal of H if for all z,y € H and vy € T,

(1) sinf {fi=(2)} = fiz(y)  (resp. pinf {Fiz(2)} = fiz(a).
(2) sup {Az=(y)} < A=(y) (resp. sup {A=z(2)} < A=(x)).
zexTyY zexvyy
A cubic set Z in H is called a two-sided cubic I'-hyperideal of H if it is both a
left cubic and a right cubic I'-hyperideal of H.

Example 3.6. Let H = {a,b,c¢,d} and "' = {3,~v} be the sets of binary hyperoper-
ations defined below:

16 ‘ a b c d ¥ ‘ a b c d
a b b {¢,d} d a a a {¢,d} d
b b b {¢,d} d b|{a,b} {a,b} {c,d} d
c | {e,d} {ed} c d c | {e,d} {ed} c d
d d d d d d d d d d

Clearly H is not a I'-semihypergroup because {a,b} = (afa)yb # afB(avyb) = {b}.
Thus H is an LA-I'-semihypergroup because it satisfies the left invertive law. Let
E = (jiz, A=) be a cubic subset of H, which is defined as

Al 7= [k

a || [0.15,0.3] | 0.8

b [ [0.15,0.3 | 0.8

¢ [ 10-45,0.57] | 0.4

d || [0.6,067 |01

By routine calculations, it can be seen that = = (Jiz, A=) is a cubic I'-hyperideal of
H.
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Proposition 3.7. If {Z;}icr is a family of left (resp. right) cubic T'-hyperideals of
an LA-T-semihypergroup H, then (| Z; is a left (resp. right) cubic T'-hyperideal of

i€l
H.

Proof. Consider {Z; };¢5 is a family of left cubic I'-hyperideals of an LA-T-semihyper-
group H. Let us suppose that T = () E; and «,y € H. Then for all v € T, we have:

el
i = rinf{Jiz, < =
firly) = vinf(i=, ) = i { s (7=, ()}
==Zg%{gﬁﬂ~ }}—rmﬂﬂr)}
and
sw () = swp fswpliz () ) =sup { sup 0z (2]
zZExYY zexvyy i€l zeI zZExTYY
< sup{Az, (v)} = Ar(y).
el
This completes the proof. O

For any t € D[0,1] and s € [0,1]. Let £ = (fiz, A=) be a cubic set in H, the set
U(E;t,s)={rx € H:pi=(zx) = t, \=(z) < s}
is called the cubic level set of E = (fiz, A=) .

Theorem 3.8. Let H be an LA-T'-semihypergroup and E = (li=, A=) be a cubic set
in H. Then, E = (=, A=) is a left (resp. right) cubic T-hyperideal of H if and only

if for all t € D[0,1] and s € [0, 1], the set U(Z;t,s) is either empty or a left (resp.
right) cubic T'-hyperideal of H.

Proof. Let us assume that the non-empty level set U(Z;t t,s) is a left (resp. right)
I-hyperideal of H. Let z,y € H and v € T. If t; = fiz(y) and s = A=(y),
then y € U(Z;t1,51). So zyy C U(E;t1,s1). Therefore, for all z € 2yy, we have
n=(z) = t; and Az(z) < s1, and so

sinf {fi=()} = fiz(y) and  sup {a(2)} < A=(y).

zEexTVY ZETYY
Hence, Z = (jiz, A=) is a left cubic I'-hyperideal of H.

Conversely, let = = (fiz, A=) be a left cubic I-hyperideal of H. Let z € H, y €T
and y € U(Z;t,s). We have rinf {fi=(2)} = fiz(y) = t and sup {A\=(2)} < A=(y) <
z€xvyY zExTYY

s. Therefore, for all z € zyy, we have z € U(E;t,s), and so ayy C U(Z;t,s). This
completes the proof. O

Definition 3.9. Let H be an LA-TI'-semihypergroup. Then the cubic characteristic
function x= = (fiy=, Aya) Of = = (i, A=) is defined as

[1,1] ifze=

ma:{@ﬂ]ﬂx%E

0 ifze=

and A><E:{1 ifo¢=
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Theorem 3.10. Let H be an LA-T'-semihypergroup. The following statements are

equivalent:
(1) 2= (i
(2) Hxr &

allz € H.

=, Az) is a left (resp. right ) cubic I'-hyperideal of H.
C = (resp. Zxr H C Z), where H = (1, 0), 1(x) =1 and 0(z) = 0 for

Proof. Let E = (jiz, A=) be a left cubic I'-hyperideal of H and a € H. Let us suppose
that there exist z,y € H and «y € T" such that a € xyy. Then, since Z is a left cubic
I'-hyperideal of H, we have

(I#r p=)(a) = ares}cl%[rmin{f(x)v fi=(y)}]
= Zplmn R = e
and
(0#r Az)(a) = ag;gy[max{o(xk Az(y)H]
= aéggy[max{O, A=(y)} = it Az(y)-

In case of = = (Ji=, A=) is a left cubic I'-hyperideal of H,

(=R =)

rinf fi=(z) = p=(y) and  sup Az(z) < A=(y).

zexyyY zE€xY
So, in particular, p=(y) = p=(a) and Az(y) > A=(a) for all @ € zvyy. Hence
rsup pi=(y) =X p=(a) and énf Az(y) > A=(a). Thus, p=(a) = (1 *r p=)(a) and
acxyy aczTyy
Az(a) < (0#r Az)(a). If there do not exist #,y € H and v € I' such that a € zyy,
then (1 #r fzg)(a) = 0 < f=(a) and (0 *r Az)(a) = 1 > Az(a). Hence we get
H *r = - =. _

Conversely, let x,y € H, v € I" and a € x~yy. Then, reinf p=(a) = (1 #r g=)(a)
acwyy

and sup Az(a) < (0 A=)(a). We have for all y € T,

(o fiz)la) = rsup fmin{i(x),fiz(0)}] = rmin{1(x), (1)}
= rmin{1, fiz(y)} = fi=(y)
and
0+ =)@) = inf [max{0(). A=(y)}] < max{0(e), A= ()}

acryy
= max{0,A=(y)} = A=(y)-
Consequently, ginf pz(a) = p=(y) and sup Az(a) < A=(y). Hence, 2 = (=, A=)
a€zyy

a€zyy
is a left cubic I'-hyperideal of H. The other case can be seen in a similar way. O

Theorem 3.11. Let H be an LA-T'-semihypergroup. The following statements are
equivalent:

, Az) is a cubic T'-hyperideal of H.

(2) HxrECE and Exr HC E, H = <I, 0) andT(m) =1 and 0(z) = 0 for all
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Proof. The proof is similar to the proof of Theorem [3.10. O

Proposition 3.12. Let 21 = (=, Az,) be a right cubic '-hyperideal of H and
Eo = (liz,, A\g,) be a left cubic T-hyperideal of H. Then Z1 xpr 23 C E1 N Es.

Proof. Let 1 = (i=,, A\z,) be a right cubic I-hyperideal of H and Z5 = (jiz,, A=,)
be a left cubic I-hyperideal of H. Let z € H and suppose that there exist u,v € H
and v € T such that € uyv. Then

(=, *r p=,)(x) = Jsup {rmin{pz, (u), iz, (v)} }

< roup frwing g {7z, (00} i (7, (o))} }

TEUYV TEUYV
= rin{auz, (z), iz, ()} = (B=, A fiz,)(2)
and

(Az, #1r Az, )(z) = inf {max{Ag, (u), Az, (v)}}

TEUYV

> inf {max{ sup {Agl(x)},lselgv{ksz(w)}}}

TEUYY TEUYV
= max{Az, (2), Az, (2)} = (A=, V Az,)(2).
Let us suppose there do not exist w,v € H such that € uyv. Then, (g, *r

fiz,)(x) = [0,0] = (fiz, A pz;)(2) and (Az, *r Az;)(2) =1 = (Az, V Az, )(2). Hence
the proof is completed. O

Definition 3.13. Let H be an LA-TI'-semihypergroup. A cubic sub LA-I"-semihyper-
group = = (iz, A=) of H is called a cubic bi-I-hyperideal of H if
(1) _rinf  {fi=(a)} mrmin{jiz(a), 7=(2)),
(2)  sup  {A=(a)} < max{r=(z),A=(2)},
a€(zay)Bz
forall z,y,z € H and o, 8 € T

Example 3.14. Let H = {a,b,c,d} and T = {«, 3} be the sets of binary hyperop-
erations defined below:

Q@ ‘ a b c d I} ‘ a b c d
a a {a,d} {a,d} d a a {a,d} {a,d} d
b |{a,d} {b,c} {bc} d b | {a,d} {b,c} {b,c} d
¢ | {a,d} b b d ¢ | {a,d} b {b,c} d
d d d d d d d d d d

Clearly H is not a I-semihypergroup because {b,c} = (cac)Bb # ca(cfb) = {b}.
Thus H is an LA-I'-semihypergroup because it satisfies the left invertive law. Let
E = (u=, A=) be a cubic subset of H, which is defined as

H]| p=  [Xs
a || [0.4,057] (0.3
b [ [0.25,0.29] | 0.6
¢ [[0.25,0.29] | 0.6
d [ [0.71,0.77] [ 0.2
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By routine calculations, it can be seen that = = (fig, Ag) is a cubic bi-I-hyperideal
of H.

Definition 3.15. Let H be an LA-T'-semihypergroup. A cubic sub LA-T-semihyper-
group = = (fi=, A=) of H is called a cubic (1,2)-I-hyperideal of H if

(1) ae(mr@iul)l,g(mz){ﬁE(a)} =rmin{fi=(z), iz (y), i=(2)},

(2) sup {Az(a)} < max{Az(), \=(y), \=(2)},
a€(zaw)B(yvz)
for all w,z,y,z € H and o, 3,7 € I

Theorem 3.16. Let H be an LA-T'-semihypergroup. The following statements are
equivalent:

(1) E = (=, A=) is a cubic bi-T-hyperideal of H.

(2) Exp 2 C 2 and (E*r H) *r E C Z, where H = (1, 0) and 1(z) = 1, and
0(z) =0 for allx € H.

Proof. The proof is similar to the proof of Theorem [3.10. O

Theorem 3.17. If {Z;}ica is a family of cubic (1,2)-T-hyperideals of an LA-T'-
semihypergroup H, then () Z; is a cubic (1,2)-T'-hyperideal of H, where ()| E; =

N i€ €A
(A Bz, V A=) and
ieA i€
/\ﬁEL(x) = rlnf{/jEL(x) Z’L'GA, .’I,‘EH}
€A
\/ Az, () = sup{dg,(x):i€A, z€ H}.
ieA

Proof. Let x,y € H and v € I'. Then for every z € xyy, we have
., { A= <Z>} = A {0}
i€EA i€EA
=\ {rmin{@=, (2), iz, (9)}}
€A
— rmin {rmin {fiz, (v)} , rmin {fiz, (4)}}
= rmin { /\ /735 (.’L‘), /\ ﬁEi (y)}
i€A ieA
and

sup {Az, (z
\/A{p{ o
\/ {max (4=, (@). A=, (1)}

i€A
= max {max {\z, ()} ,max {Az, (y)}}

= 1max { \/ )\Ei(m), \/ AEi(y)} .

i€A i€A
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Hence () E; is a cubic sub LA-T-semihypergroup. Now for z,y,z,t € H and
€A
a, B,y € I', we have

rinf = rinf fz, (m
c(zat)B(yvz) { /\ fiz(m } /\ {me(mt)ﬁ(va) {h=,( )}}

i€A
= /\ {rmin {ﬁE’L(m>7/A’ZEL(y),I’:ZE/L(Z)}}
i€A
— rmin {xmin {fiz, ()}, rmin {7iz, ()}, rmin {7z, (=)}

= rmin { /\ nz, (x), /\ pz=, (y), /\ Ju= (Z)}

ieA ieA ieA
and

su A=. (m = u A=. (m
me(zat)%(y'yz) {z\e/A HZ( )} i\e{\ {MG(Izt)%(yyz) { *—‘1( )}}
<\ {max {Az, (2), Az, (1), A=, (2) }}

iE€EA
= max {max {\z,(z)} ,max {Az, (y)} , max {\z,(2)}}

= nax { \/ Az, (:L‘), \/ AEi(y)7 \/ )\Ei(’z)} .

ieA icA ieA
Hence this shows that (] E; is a cubic (1, 2)-I-hyperideal of H. O
ieA
Theorem 3.18. Let H be an LA-T'-semihypergroup. Then, every right cubic T'-
hyperideal of H is a cubic (1,2)-I'"-hyperideal of H.

Proof. Let E = (iz, A=) be a right cubic I-hyperideal of H. It is easy to prove that
every right cubic I’-hyperideal of H is a cubic sub LA-TI'-semihypergroup of H. Now
let t,z,y,2 € H and «, 3,7 € T'. Then, for every m € (xat)S(yyz), we have

rinf n=(a rinf n=(a)} for each ¢ € zat
me(zat)B(yyz) {i=(a)} mech(yvz) {iz(a)}

1Y

= mmin{pz(c), p=(y), p=(2)}
= rmin{rmin{ziz(2)}, p=(y), f=(2)}
(because Clélilaf;t{,UzE(C)} > rmin{p=(x)})
= mmin{u=(z), p=(y), g=(z)}
and
sup {dz(a)} < sup {X=(a)} for each ¢ € zat
mée(zat)B(yvyz) mecB(yyz)

< max{Az(c), A=(y), A=(2)}
< max{max{\=(z)}, =(2)}

A=
(because sup {Az(c

cexat

max{Az(z), A=(y), A=z
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Hence E = (fiz, Ag) is a cubic (1, 2)-T-hyperideal of H. O
Definition 3.19. Let H be an LA-T-semihypergroup and = = (Jiz, Az) be a cubic
subset of H. Then, Z = (liz, A=) is called a cubic M-hypersystem of H if for all
z,y,z € H and o, 3 € I, we have
inf fiz(a) = rmin {7 (2), = (=)}
acza(yBz)
sup  Az(a) < max{l=z(x),A=(2)}.
acza(yBz)
Definition 3.20. Let H be an LA-T-semihypergroup and = = (=, A=) be a cubic

subset of H. Then, E = (u=, A=) is called a cubic N-hypersystem of H if for all
z,y € H and o, 8 € T', we have

rinf p=(a) = p=(z
GEM(W)M_() = fi= (2)
sup iz (a) < p=(x).
a€za(ypBz)

Example 3.21. Let H = {a,b,c} and I' = {«, 3} be the sets of binary hyperoper-
ations defined below:
o ‘ a b
a | {a,b} {a,b}
b | {a,c} {a,c}

C Cc C

J6] ‘ a b

a| {a,b} {a,b}
b | {a,b,c} {a,b,c}
c c c

[N Nel
[P eI eN Ne

Clearly H is not a I'-semihypergroup because {a,b,c} = (aaa)Bb # aa(afb) =
{a,b}. Thus H is an LA-T-semihypergroup because it satisfies the left invertive law.
Let 2 = (=, A=) be a cubic subset of H, which is defined as

H| p= [X=
@ || [0.1,0.2] | 05

b |[0.1,0.2] | 0.5
¢ [[0-3,0.5] | 0.2

By routine calculations, it can be seen that Z = (fig, A=) is a cubic M-hypersystem
and also cubic N-hypersystem of H.

Remark. Every cubic M-hypersystem of an LA-I'-semihypergroup H is a cubic
N-hypersystem.

Theorem 3.22. If {E;},., is a family of cubic M-hypersystems of an LA-T'-semi-
hypergroup H, then (| Z; = ( N\ n=,, V )\E) is also a cubic M -hypersystem of H,

ieA ieA ieA
where
/\ pe,(x) = rinf{isz,(x): i€ A, z€ H}
€A
\/ Az, (x) = sup{lg,(x):i€A, ze€H}.
€A
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Proof. Let x,y,z € H and «, 8 € T'. Then, for every a € za(yfz), we have

aegtil(lyfﬁz) { /\ 'ZlE’ (a)} = aexrir(lyf,@z) { /\ {;ZE'L (a)}}

i€EA €A
= { /\ (rmin {ﬁEL (l‘) ’/751 (Z)})}
€A
= rmin{/\ﬁgi (x)7/\/j51 (Z>}a
i€A €A
and
a€za(yBz) icA a€za(yBz) icA
< {\/ (max{)\gi (x)7/\5i (2>})}
€A
= max{ Az, (z), \/ Az, (2)} .
i€A i€A
Hence, () E; is a cubic M-hypersystem of LA-T-semihypergroup H. U

iEA

Corollary 3.23. If {Zi},c, is a family of cubic N-hypersystems of an LA-T'-
semihypergroup H, then (| Z; is also a cubic N-hypersystem of H. Where () Z; =

€A iEA
(A Bz V A=) and

i€ ieA
/\ pg,(x) = rinf{us,(x):i €A, v € H}
€A
Az, () = sup{dg,(x):i€ A, z€ H}.
€A
Proof. The proof is similar to the proof of Theorem [3.22. O

Proposition 3.24. Every two sided cubic I'-hyperideal of an LA-TI'-semihypergroup
H is a cubic M-hypersystem of H.

Proof. The proof is straightforward. O

Corollary 3.25. Every one sided cubic I'-hyperideal of an LA-T'- semihypergroup
H is a cubic N-hypersystem of H.

Proof. The proof is straightforward. O
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