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1. INTRODUCTION

In [1], Csdszar first gave his theory of syntopogenous structures. It is well known
that the category of syntopogenous spaces and continuous maps is isomorphic to
category of topological spaces and continuous maps. In [3], Hashem deduced the T-
syntopogenous spaces, for each continuous triangular norm 7. In this manuscript,
we introduce the notions of saturated T-syntopogenous spaces.

We proceed as follows :

In Section 2, we present some basic definitions and ideas of fuzzy sets, I-topological
spaces and T-syntopogenous spaces.

In Section 3, we supply three propositions of T-topogenous orders.

In Section 4, we introduce our definition of saturated T-syntopogenous spaces and
we prove basic properties of this spaces. Also, we show that the category of perfect
saturated T-syntopogenous spaces is isomorphic to category of I-topological spaces.

2. PRELIMINARIES

A triangular norm (cf. [8]) is a binary operation on the unit interval 7= [0, 1] that
is associative, symmetric, monotone in each argument and has the neutral element
1. The triangular conorm of a triangular norm 7' is the binary operation 7™ on the
unite interval I givenby: aT*3=1-[1-a)T (1-0)], «,0€l.

For a continuous triangular norm 7, the following binary operation on I,
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J(a,y) =sup {f el : aTl<~}, an~vyel,
is called the residual implication of T [6]. For this implication,we shall use the fol-
lowing property :
(2.1) aT >~ ifandonlyif o > J(8,7).

A fuzzy set X in a universe set X, introduced by Zadeh in [9], is a function A :X
—— I. The collection of all fuzzy sets of X is denoted by IX. The height of a fuzzy
set A is the following real number :  hgt A = sup {A\(x) : xe X}.

If H is a subset of X, then we shall denote to its characteristic function by the symbol
1y, said to be a crisp fuzzy subset of X. We also denote the constant fuzzy set of X
with value a € I by a.

Given a fuzzy set A € I and a real number a € I; = [0, 1], the strong a-cut of

A is the following subset of X :  A* = {xe X : Ax) > al;

and the weak a-cut of A is the subset of X : A, = {x€ X : Ax)> a}.
It is direct to verify that every A € IX has the following resolutions

(22) A= Veaer [Q Al)\a*]:/\aej [g \/1,\&*} .

Given two fuzzy sets p, A €IX we denote by T\ the following fuzzy set of X :
(10 T N(x) = pl(x) T A(x), xeX.

Lemma 2. 1 [2]. For every p, A €IX and « € Iy,
(,U/ T )\)oc* = UG'TBZQ (MG* N )\ﬁ*)

Definition 2. 1 [3]. A T-topogenous order on a set X is a function ¢ : I* x [¥ —

I, which satisfies, for any g, A\, v € IX and « € I, the following :

(TT1) ¢(1, ) =a and ((a,0)=1-— q;

(TT2) ((n VA, v) =¢(pu, v) A C(A, v) and C(u, A A v)=((u, A) A C(u, v);

(TT3) If ¢(u, )\) > 1—(0Tp) for some 6,0 € I, thereis CCX such that
1) > 10 and (1o, \) = 1- 3

(TT4) C(p, A< 1 hgt [uT (1 — N

(TT5) ST, A) = (1—a) T (s A) = Cu, (L—a) T° A).

The I-topology [5], determined by a T-topogenous order ¢, denoted by 7(¢) [6], is

defined through its fuzzy closure operator ~ given by :

(2.3) po(x) =1—¢(1y, 1—p), pelX xeX.

Definition 2.2 [3]. A T-topogenous order ¢ on a set X is said to be :

(i) perfect if C(Vjes iy, A) = Njes Clig, N),  pgs A € I
(ii) biperfect if it is perfect and ((u, Ajes Aj) = Njer (1, Aj), pAj € IX;
(iii) symmetrical if (u, A) = C(1-X, 1-p),  p, A € IX.

Definition 2.3 [3]. For T-topogenous orders ¢ and 7 on X, we define the T-
composition of ¢ and 7 by :
(C or 77)(% )‘) = SungX[n(/iv 10) T C(]-Ca )‘)]a ,U',)‘ € I~

Definition 2.4 [3]. A T-syntopogenous structure on a set X is a family p of
130
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T-topogenous orders on X satisfying the following conditions

(TS1) g is directed in the sence that, given (,n € @ there is £ € p such that
£>C Vo

(TS2) for every ¢ € p and € € I , there is (. € g such that ((; or () +& > (.
The pair (X, ) is said to be a T-syntopogenous space. If o consisting of a single
T-topogenous order, then (X, p ) is called a T-topogenous space.

Definition 2.5 [3]. Let (X, p) and (Y, &) be T-syntopogenous spaces. A function
f: X — Y is called syntopogenously continuous, if for every n € & there is ( € p
such that

(24) W(f(ﬂ)» l_f()‘)) S C(:uﬂ l_)‘)a My A€ IX'

3. RESULTS ON T-TOPOGENOUS ORDERS

In this section, we deduce some properties of the T-topogenous orders.

Proposition 3.1. Let ¢ be a T-topogenous order on a set X, p € IX and a € 1.
Then

(i) @ < C(p, @) = a T [1— hgt pul;

(i) 1 —a<{(a, u) = (1 —a) T*inf,cx pu(x);

(il) (1, p) = infrex p(x) and ((u, 1) = 1;

(i) (L, 1) < p(x),  xEX.

Proof. Let pu € I and a € I. Then

(i) By (TT1) and (TT2), we have « =((1, ) < ((u, ), since p <l1.

On the other hand,

((n, @) < 1 —hgt [uT1—a], by (TT4)
=1-[(1—-a)T hgt y, by continuity of T’
= a T* [1- hgt yl,
= o T ¢(hgt p, 0), by (TT1)
= ((hgt p, 2 T* 0), by (TT5)
< C(ws a), by (TT2)

Which proves the required equality.
(ii) As the same manner of (i).
(iii) Put hgt (1—p) =+, so 1—p <~. Consequently,
infyex p(x) = 1— hgt (1—p)
— 1 hgt (LT (1—p)

> (L, p), by (TT4)

> ¢(1,1—+), by hypothesis and (TT2)
=1-1, by (TT1)

= 1— hgt (1—p)

= infrex p(x).
Hence, equality holds.
Also, since p <1, then by (TT1) and (TT2), we have
(iv) Follows immediately from (TT4).
Which completes the proof.
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Proposition 3.2. Let ¢ be a T-topogenous order on a set X, u, A € IX and
HCX. Then

(i) For every a €Iy with o > ((1m, p), we have ((1g, p) > ¢(1wy,1,,,);
(ii) For every a € Iy with o > ((p,1p), we have ((u,1m) > ((Lu,_,,..1m);
(iii) For every a € I} with a < ((u, A), we have pg. C Ai_p)s, V 0,8 €1
such that T3> 1— «a.

Proof. Let pu, A € I¥ and HC X.

O If aely with o > ((1g, p), then we get

a AN (g, 1,..)< (A, a) ANC(Au,1,,.), by Proposition 3.1. (i)

=, a N1y, by (TT2)
< (g, p), by (2.2), (TT2)
< «, by hypothesis

Which implies ¢((1#,1,,,) <o and hence ((1q, 1) > ((1a,1.,.)-

(ii) It can be proved along similar lines of (i).

(i) Let @« € I; be such that o < ((u, A). Then by (TT4), o < 1— hgt [u T
L=N]thus @=[pT (1—- Na-ayx= Usrszi-a (e« N (L — Np«], by
Lemma 2.1

Hence, for every 0,3 € I such that 073 > 1 — «, we have

pox CX — (L= Mg =207 C A(1—B)%-

Proposition 3.3. Let ¢ be a T-topogenous order on a set X and pu, A € I¥.
Then
(1) C(N’a )‘) > Vaer [a A C(lltufa)*a 1)\(1*)};
(i) C(, A) = [1— hgt ] V [infyex A
Proof. Let u,\ € IX. Then
(i) By (TT2) and (2.2), we have for every o € I,
C(,LL, )‘) Z g(l_ia \ 114(1—01)*7 (AN 1)\.1*)
= C(l —a, a N ]‘)\cx*) A C(lﬂ(l—a)*7 a A ]-)\M)
4(177057 Q) A C(lfiav ]')\(x*) A C(lltuﬂx)*v Q) A C(l,u(lfu)*7 ]‘)\a*)
a A a ALy, .., 1x,.), by Proposition 3.1
C(luu—a)w 1>\a*)'
Hencev C(N’a )‘) > Vaer [OZ A 4(1#(170)*7 1>\a*)}'
Rendering (i).

N
A

(ii) By (TT2) and Proposition 3.1 (i),(ii) we have
Clus N) = ¢ 0) = 1= hgt pr and C(u, A) > C(1, A) = infaex A(x). Hence,
C(p, A) > [1— hgt u] V [infzex A(x)] and winds up the proof.

4. SATURATED T-SYNTOPOGENOUS SPACES

In this section, we introduce the concepts of saturated T-topogenous orders on a
set. Also, we show that the category of perfect saturated T-syntopogenous spaces
is isomorphic to category of I-topological spaces.

Let X be a set and ¢ be a T-topogenous order on X. We define a mapping
¢~ IX x IX — I, as follows :
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¢y A) =inf {¢(p(x) Ao, Ay) V 1x—y)) :  xyeX}, p el

Theorem 4.1. If  is a T-topogenous order on a set X, then (™ is a T-topogenous
order on X. Moreover, if ¢ is perfect (resp. biperfect, resp. symmetrical ), then so
is ¢~ . Proof. Let u, \,v € I and o € I. Then
(TT1) ¢~(1, a) = inf {{(1(x) A 1., a(y) V I(x—y) = xyeX}
=inf {((1z, a V 1(x_y)) ¢ x,yeX}
< inf{l1-hgt [1, T(1L — (aV I(x—y))] : xyeX}, by (TT4)
=1-sup {hgt [1, T(1—aAl,)] : xyeX}
= a.
For the opposite inequality, we have
(1, a) = inf {C(1(x) A Ly, aly) V 1x_y)) :  xyeX}
=inf {{((1;, a V l(X_y)) : x,yeX}
>inf {¢(1,, @) : x€X}, by (TT2)
> a, by Proposition 3.1 (i)
Hence, (™ (1, a) = «a.
Similarly, we can show ¢~ (a, 0)= 1 — a.

(TT2) ¢~ (p vV A, v) =inf {C((LVA) () Aoy v(y) V Lx—y) = xyeX}
= inf {¢((p(x)A 1 )V(/\( )A L), v(y) V 1ix—y) :  xyeX}
— it {C(E@AL. 1(5) Vi) ACO@A Lo v() V Lix ) 5 xyeX),
by (TT2)
inf {{(u(@) A 1z, v(y) V Lx—y)) : x,yeX} A
inf {(()\ x) Ay, v(y) V 1ix_y)) : o x,yeX}

= C ( A CN(/\v V)'
Analogously, CN(u, ANANV)=C"(u, A) A (p, v).
(TT3) Let ¢~(w, A) > 1—(0T3) for some 0,3 € Iy. Then for every x,y€ X, we
have
C(pu(z) A 1a, Ay) V 1x—y) > 1= (0T85),
thus there is Cgy € X such that
C(p(@) Ay, 1ey,) >1-0 and (Lo, A(y) V 1x_y) > 1— 6.
Hence, by taking C = U, N, C;y € X, we have
Y (u, 1) = inf {¢(u(@) A 1a, 1o(y) V Iix—y)) :  xyeX}
> inf {¢(u(@) A Loy Ay (Lowy(y) V 1(x—y)) :  xyeX}, by (TT2)
inf {{(u(®) A 1z, Lozy) ¢ xy€X}, clear
1—-6, and
inf {C(lc(f) ANy, My) V 1x—y) = xyeX}
inf {((Ve (Leay(x) A 1a), Ay) V Lx—y)) :  xyeX}, by (TT2)
f{C(lCajy, M V 1(X7y)) : X,yGX}
- B
(TT4) ¢~ (p, A) = inf {((u(x) A 1ay A(y) V Lx—y)) +  xyEX}
< inf {1 hgt [(u(z) A L) T (1—(A®) V 1x )]+ xyeX)
Z1- sup {ht [(p@) A 1. WVix ) ©  xyeX)
— 1 hgt {[ Vaex (i) A yex(1-(Aw) v Tx )]}
— 1 hgt {[ Vacx (u(z) A Vyex (1= () A 1))}

Al

~(1c, N

=IV IV
— g
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=1—hgt [0 T (1 —-X)], clear
(TT5) ¢~(a T, A) = inf {C((0Tm)() A Lo A®) V 1x—y)  © xyeX)
=inf {((a T (u(z) A 1), AMy) V 1(X,y)) : x,yeX}
=inf {(1—a) T* ¢(u ( ) A 1y, & 1x—y) : xyeX}, by

(TT5)
= (1 —a) T"inf {((u(@) A1z, Ay) V Lx—y)) @ xyEX}
— (1—a) T* ¢~ (, A).

Similarly, ¢~(p, (1 —a) T*A) =1 —a) T* ¢~ (p, A).

Now, we show that (™ is a perfect as follows :

C(Wses s A) = i {C(Vjes 1)(@) A L M) V 1xy)  © xyeX}

— inf {C(Vyes (1y(2) AL AW V 1xy) ¢ xyeX}

= inf {Ajes C(u;(x) A 1, My) V Lix—y)) : x,y€X}, since ¢
perfect

= Ajes inf {{(p; (@) A 1py A(y) V Lx—y)) poxyeX}

= Njes ¢ (pg, A).
As the same manner, we can show that (™ is a biperfect.
Finally, we show that (™ is a symmetrical as :
Clps A) =inf {{(p(@) Ay, AMy) V 1x—y)) 0 xyeX}
= inf {¢(1— (A Ay) V 1ix—y), 1= (u(x) A1) : xy€X}, by symmetrical

of ¢
= inf {(((1-N)(y) N1y, 1= p)(@) V L(x-s)) @ xyeX}

Which completes the proof.

Definition 4.1. (i) Let ¢ be a T-topogenous order on a set X. Then ¢~ will
be called saturation of ¢. If { = (™, then we say that ( is a saturated T-topogenous
order.

(ii) A T-syntopogenous structure p on a set X is said to be saturated T-syntopogenous
structure on X, if each member of g is saturated. In this case, (X, p) is called a
saturated T-syntopogenous space.

The following proposition leads to the proof of Theorem 4.2, below, which states
that the saturation of T-syntopogenous structure is again T-syntopogenous struc-
ture.

Proposition 4.1. Let {, n be T-topogenous orders on a set X. Then one has
the following :
(i) For every x,y € X and u, A € IX, we have
C(pl) ALy AY) V Lix—y)) = C(p(@) A Lgy AYy) V Lx—y));
(ii) If (C;)ien is a finite family of subsets of X and A € IX, then
(T (Uiea Ley, A) = Niea (T (e, A);
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(vii) (Cor 7)™ < (¢~ or n™)~ =(~ or n™.
Proof. Let j, A € I’X. Then
(i) For every x,y €X, we have

¢ (@) A Loy A(y) V Lix—y)

= inf {¢((u(z) A1a)(s) A L, (A(Y) V L x—y)) () V 1 (x—p))

s,teX}
= ((p(x) AN 1a, Ay) V 1x—y)):
(il) ¢ (UzeA 1c;, >\) = inf {C(UNEA 1g, ( ) A1y, M \ 1(X—y)) : XaYGX}
= N;jep inf {C(lc ( ) A1, M V 1(X—y)) : X,yEX}, by
(TT2)

= Niea (7 (Le;, A).
(iii) It is immediately follows by (TT2), from the fact that for every x,y€ X,
,u()/\l <,uand/\()\/1(X,y)2)\.
(iv) Trivially holds.
(v) It is immediately follows from (i).

(vi)(C A )™ (p, A) =inf {(C A n)(p(x) A le, A(y) V 1x—y) = xy€EX}
(

= inf {C(ulx) A Lo A(y) V Iix—y) A 7

x,yeX}
inf {n(p(@) A1, AMy) V Ix—y) + xyeX}
= (7w A) A (lh A)-
(vii) (Cor n)~ < (¢~ or 77”)” follows from (iii).
Now, let € € I1 be such that ¢ T ¢ < (¢~ or n™)™.
Then for any x,yeX, thereis C,, C X such that
eTe<n™(uz) A1, ]‘Cwy) T CN(]_CW, Ay) v 1(X—y))~

By taking C = U, yex Cuy C X, we have for any xe X,
N~ (p(x) A g, 1e) 20~ (u=@) A s, 1c,,) > &, (y€ X).

n~(u, 1) = (n )(ml)) by (v)

= inf {¢(u(z) A 1, AMy) V Lix—y) i x,ye€X} A
A1

=inf {n~(u(z) A1, 1c) : x€X)} >e,
CN(]-Ca )‘) ( ) (107 )a bY( )
—inf (e, N e X))
=inf {inf {(~(1c,,, \¥) V Lx—y) : x€X)} : yeX)}>e

Thus we have
(¢~ or n™) (ks A) =supccx ™ (1 1o) T ¢~(1e, )] =2e T e
Which shows that, (¢~ or ™)~ < (¢~ or ™).
The opposite inequality, follows from (iii), which rendering (vii) and winds up the
proof.

Theorem 4.2. If p is a T-syntopogenous structure on a set X, then so
~={¢~ : (€ p}isa T-syntopogenous structure on X.

Proof. Let p be a T-syntopogenous structure on X. Then :
(TS1) We show that ™ is directed, given (~,n~ € p™ this means that (,n € p.
Since

g is directed, then there is £ € p such that £ > ¢ V7. This implies that,
§~ e p”

135



Khaled A. Hashem/Ann. Fuzzy Math. Inform. 5 (2013), No. 1, 129-138

which satisfies by Proposition 4.1 (iv), that £~ > (™~ V™.

(TS2) Let (™~ € p~ and ¢ € Iy, that is ¢ € p. Then there is (. € p such that
¢ < (¢ or ¢ )+ e. Hence, ¢ € p™~ which satisfies by Proposition 4.1, that
<~ < [(Cs or Cs) +§]~:(<s or Cs)N +e< (Cg or CgN) +E

Which completes the proof.

Let f : X — Y be a function and { be a T-topogenous order on X. Then the
mapping f(¢) : IY x IY — I, defined by :
(FO)w, p) = CF~ W), (), mpel”

is a T-topogenous order on Y (cf. [3] ). It is called the image of ¢ by the function f.
Also, if n is a T-topogenous order on Y, then the mapping f—(n) : IX x IX — I,
defined by :

Sy A) =n(f(p), 1= fFA= X)), pwArel*.
is a T-topogenous order on X [3]. It is called the inverse image of 1 under the
function f.

Proposition 4.2. Let f : X — Y be a function and ¢ be a T-topogenous or-
der on X. Then one has the following :

(i) f(¢™) < [f(Q)]” and equality holds when f is injective;

(ii) If f is an injective and ( is saturated, then so is f(¢).

Proof. (i) Let v,p € IV and for all x,s€ X we put f(x) =y, f(s) =t € Y, so

(f‘_(VN))(w) =v(f(z)) = vly) = f~(v(y)), similarly (f7(p))(s) = [~ (p(t)). Then

O (v, p) =i {f(O)(r(y) ALy, p(t) V 1y—y) : ytEY}
=inf {{(f((y) A1y, f7(p(t) V1yv_y)) : ytEY}
=inf {C(f"w(y) A fFT(1y), [T (p@®) V [~ Ay-n))  ytEY}
= inf {C(f~W(y) A Li—(y), 7 (p() V 1p—(v 1)) D yteY}
> inf {{((f 1/))(33) A 130, ( “(p)(s) V 1(st)) : x,8€X}
= (=), f=(p)
= [f(O]~(w, p).

That is, f(¢~) < [f(C)]N-

(ii) It is immediate from (i).

Proposition 4.3. If f : X — Y is a function and 7n is a T-topogenous order
on Y, then one has the following:

1) [/~ ()]~ < f~(n™) and equality holds when f is injective;

(ii) If f is an injective and 7 is saturated, then so is f< (7).

Proof. (i) Let u, A € I and notice for all x,s€ X with f(x) =y, f(s) =t € Y, that
(f()(y) = sup{u(x) : =€ f~(y)} = px) (for f injective) = f(u(z)), similarly
i F(1— MI(®) = I= f(I— A(3). Then

=] (u A) = inf {f7 () (@) A Ly Ms) V 1(x—s) ¢ x5€X}

= inf {n(f (,u(x) A1), 1— fl1- (@ vV 1(st))]) : x,5€X}

=inf {n(f(p(@) A 1), 1= (1= A(s)) A L))+ xs€X}
<inf {n(f(p(@) A f(1z), A— fFA= AV [1- f(1:)]) = xs€X}

= inf {n((f()(y) N1y, 1= FA-N]?) V 1)) y.teY}
=0~ (f(n), 1-f(1-N))
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= [f= )], A).
That is, [f~ ()]~ < f~(n™).

(ii) It is immediately from (i).

We denote by [I-Tops| the category of I-topological spaces and by [Pers T-TS]
the category of perfect saturated T-topogenous spaces.

Theorem 4.3 [7]. The map 7 F— (; from the set of all I-topologies on a
set X which are given by T-neighbourhood structures to the set of all perfect satu-
rated T-topogenous structures on X, is a one-to-one correspondence.

Theorem 4.4. Let f: X — Y be a function. Then

(i) If f:(X,¢) — (Y, n) € [PersT-TS], then f: (X, 7¢) — (Y, 7,) € [I-Tops].
(i) If f: (X, 7) — (Y, 0) € [[-Tops], then f: (X, ¢;) — (Y, (s) € [PersT-TS].
Proof. Let p,A € IX and y€Y. Then

(i) [ely (FIy) =1 =n(Ly, 1=f(n), by (2.3)
>1=n(f(f~ (1)), 1-f(n), by (TT2)
>1- C(f*(ly)v 1-p), by (2.4)
>1=A{((Le, 1=p) = x€ [T (y)}
=VA{l- (e, 1-p) :  x€[f7(y)}
=V A{(cl¢ (n ) xe [T (y)}
= [f(cle ()](¥)-
Thus, f € [I-Tops].
(i) G (f (), 1=f(A)) =1 = hgt [f(n) T clo(f(A))], Dby [7. Theorem 2.3
=1—sup {f(W) T (f)(y) : yeY}
y <1—sup{f(w)y) T f(cl:(M\)(y) : vye€ Y}, by continuity
=1 —sup {sup,e j—(y) WX T sup,ec s—(y (cl:(N)(x) : y€
Y}

<1 —sup {pux) T (c:(N)(x) : x€X}, clear
=1 hgt [0 T el (V)]
= ((u, 1=X), by [7. Theorem 2.3] again

Thus, by (2.4), f € [PersT-TS].

Which completes the proof.

We get from Theorems 4.3 and 4.4 the following
Theorem 4.5. [PersT-TS] and [I-Tops] are isomorphic categories.
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