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1. Introduction

Zadeh [21] introduced the concept of fuzzy sets in 1965 and in the next decade
Kramosil and Michalek [10] introduced the concept of fuzzy metric spaces (briefly,
FM-spaces) in 1975, which opened an avenue for further development of analysis in
such spaces. Consequently in due course of time some metric fixed point results were
generalized to FM-spaces by various authors viz George and Veeramani [5], Grabiec
[6] and others.

For the last quarter of the twentieth century, there has been considerable interest
to study the common fixed points of commuting maps and its weaker forms. In
1994, Mishra et al. [14] extended the notion of compatible maps (introduced by
Jungck [8] in metric space) under the name of asymptotically commuting maps and
Singh and Jain [19] extended the notion of weakly compatible maps (introduced by
Jungck [9] in metric space) to FM-spaces. In 2007, Pant and Pant [16] extended the
study of common fixed points of a pair of non-compatible maps (studied by Pant
[15] in metric space) and the property (E.A) to FM-spaces. Note that the study of
property (E.A) has been initiated by Aamri and Moutawakil [2] as a generalization
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of the concept of non-compatible maps in metric spaces. Employing property (E.A),
several results have been obtained in fuzzy metric space (see [1], [3], [11], [13]). In
2009, Imdad et al. [7] introduced the notion of pairwise commuting maps.

Implicit relations are used as a tool for finding common fixed point of contraction
maps. Recently, Aalam, Kumar and Pant [1] proved a common fixed point theorem
without completeness of space and continuity of involved mappings in FM-space,
which generalizes the result of Singh and Jain [19].

In the present paper, we prove a common fixed point theorem for six self-maps
in FM-space satisfying contractive type implicit relations. As an application, we
extend our main result to four finite families of self-maps in FM-space.

2. Preliminaries

Definition 2.1 ([21]). Let X be any set. A fuzzy set A in X is a function with
domain X and values in [0, 1].

Definition 2.2 ([18]). A binary operation ∗ : [0, 1] × [0, 1] → [0, 1] is called a
continuous t-norm if ([0, 1], ∗) is an abelian topological monoid with the unit 1 such
that a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d for all a, b, c, d ∈ [0, 1].

Definition 2.3 ([10]). The triplet (X,M, ∗) is an FM-space if X is an arbitrary set,
∗ is a continuous t-norm and M is a fuzzy set in X2× [0,∞) satisfying the following
conditions for all x, y, z ∈ X and t, s > 0,

(1) M(x, y, t) = 1 for all t > 0 if and only if x = y;
(2) M(x, y, 0) = 0;
(3) M(x, y, t) = M(y, x, t);
(4) M(x, y, t) ∗M(y, z, s) ≤ M(x, z, t + s);
(5) M(x, y, ·) : [0,∞) → [0, 1] is left continuous.

In the following example (see [5]), we know that every metric induces a fuzzy
metric:

Example 2.4. Let (X, d) be a metric space. Define a ∗ b = ab (or a ∗ b = min{a, b})
for all x, y ∈ X and t > 0,

M(x, y, t) =
t

t + d(x, y)
.

Then (X,M, ∗) is an FM-space and the fuzzy metric M induced by the metric d
is often referred to as the standard fuzzy metric.

Definition 2.5 ([6]). Let (X, M, ∗) be an FM-space. Then
(1) a sequence {xn} in X is said to be convergent to a point x ∈ X (denoted by

limn→∞ xn = x) if limn→∞M(xn, x, t) = 1 for all t > 0.
(2) a sequence {xn} in X is called a Cauchy sequence if limn→∞ M(xn+p, xn, t) =

1 for all t > 0 and p > 0.
(3) an FM-space in which every Cauchy sequence is convergent is called com-

plete.

Lemma 2.6 ([6]). For all, x, y ∈ X, M(x, y, ·) is non-decreasing.
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Lemma 2.7 ([12]). Let M(x, y, ∗) be an FM-space. Then M is a continuous function
on X2 × (0,∞).

Definition 2.8 ([14]). Let A and S maps from an FM-space (X, M, ∗) into itself.
The maps A and S are said to be compatible (or asymptotically commuting), if for
all t

lim
n→∞

M(ASxn, SAxn, t) = 1,

whenever {xn} is a sequence in X such that limn→∞Axn = z = limn→∞ Sxn for
some z ∈ X.

Definition 2.9 ([20]). Let A and S be maps from an FM-space (X,M, ∗) into itself.
The maps are said to be weakly compatible if they commute at their coincidence
points, that is, Az = Sz implies that ASz = SAz.

Remark 2.10. Every pair of compatible maps is weakly compatible but reverse is
not always true.

Definition 2.11 ([16]). Let A and S be two self-maps of an FM-space (X,M, ∗).
We say that A and S satisfy the property (E.A) if there exists a sequence {xn} such
that limn→∞Axn = limn→∞ Sxn = z for some z ∈ X.

Notice that weakly compatible and property (E.A) are independent to each other
(see [17], Example 2.2).

Remark 2.12. From Definition 2.11, it is inferred that two self maps A and S on
an FM-space (X, M, ∗) are non-compatible if and only if there exists at least one
sequence {xn} in X such that limn→∞Axn = z = limn→∞ Sxn for some z ∈ X, but
for some t > 0, either limn→∞M(ASxn, SAxn, t) 6= 1 or the limit does not exist.
Therefore, it is easy to see that any two non-compatible self-maps of (X, M, ∗) satisfy
the property (E.A) from Definition 2.11. But, two maps satisfying the property
(E.A) need not be noncompatible (see [4], Example 1).

Definition 2.13 ([7]). Two families of self-maps {Ai} and {Bj} are said to be
pairwise commuting if:

(1) AiAj = AjAi, i, j ∈ {1, 2, . . . ,m},
(2) BiBj = BjBi, i, j ∈ {1, 2, . . . , n},
(3) AiBj = BjAi, i ∈ {1, 2, . . . , m}, j ∈ {1, 2, . . . , n}.

3. Implicit relation

In our results, we deal with implicit relation used in [19]. Let Φ be the set of all
real continuous functions φ : (R+)4 → R, non-decreasing in the first argument and
satisfying the following conditions:

(φ1) For u, v ≥ 0, φ(u, v, u, v) ≥ 0 or φ(u, v, v, u) ≥ 0 implies that u ≥ v.
(φ2) φ(u, u, 1, 1) ≥ 0 implies that u ≥ 1.

Example 3.1. Define φ(t1, t2, t3, t4) = at1 + bt2 + ct3 + dt4, where a, b, c, d are real
constants. If a > max{b, d} and a + c = b + d > 0, then φ ∈ Φ.
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4. Results

In our main result, we utilize the notion of commuting pairwise due to Imdad et
al. [7].

Theorem 4.1. Let A,B, R, S, H and T be self-maps of a FM-space (X, M, ∗) sat-
isfying

(1) (A,SR) or (B, TH) satisfies the property (E.A);

(2) φ

(
M(Ax,By, t), M(SRx, THy, t),
M(Ax, SRx, t),M(By, THy, t)

)
≥ 0, for all t > 0, x, y ∈ X and for

some φ ∈ Φ;
(3) A(X) ⊆ TH(X), B(X) ⊆ SR(X);
(4) One of A(X), B(X), SR(X) and TH(X) is a complete subspace of X.

Then the pairs (A, SR) and (B, TH) have a point of coincidence each. Moreover,
A,B, R, S, H and T have a unique common fixed point provided the pairs (A,SR)
and (B, TH) commute pairwise (i.e. AS = SA, AR = RA, SR = RS, BT = TB,
BH = HB and TH = HT ).

Proof. If the pair (B, TH) satisfies the property (E.A), then there exists a sequence
{yn} in X such that Byn → z and THyn → z, for some z ∈ X as n → ∞. Since
B(X) ⊆ SR(X)), there exists a sequence {xn} in X such that Byn = SRxn. Hence,
SRxn → z as n →∞.

Now we show that Axn → z as n → ∞. By putting x = xn and y = yn in (2),
we have

φ

(
M(Axn, Byn, t),M(SRxn, THyn, t),
M(Axn, SRxn, t),M(Byn, THyn, t)

)
≥ 0.

Let Axn → l(6= z) for t > 0 as n →∞. Then, passing to limit as n →∞, we get

φ (M(l, z, t), M(z, z, t),M(l, z, t), M(z, z, t)) ≥ 0,

or
φ (M(l, z, t), 1,M(l, z, t), 1) ≥ 0,

Using (φ1), we get M(l, z, t) ≥ 1 for all t > 0. Hence, M(l, z, t) = 1 i.e. l = z. It
follows that Ayn → z as n →∞. Suppose that SR(X) is a complete subspace of X.
Then, z = SRu for some u ∈ X. Putting x = u and y = yn in (2), we have

φ

(
M(Au, Byn, t),M(SRu, THyn, t),
M(Au, SRu, t), M(Byn, THyn, t)

)
≥ 0.

Letting n →∞,

φ(M(Au, z, t), M(z, z, t),M(Au, z, t),M(z, z, t)) ≥ 0,

or
φ(M(Au, z, t), 1,M(Au, z, t), 1) ≥ 0.

Using (φ1), we get M(Au, z, t) ≥ 1 for all t > 0. Hence, M(Au, z, t) = 1 i.e. Au = z.
Thus Au = SRu = z which shows that the pair (A,S) has a point of coincidence.
On the other hand, since A(X) ⊆ TH(X) and Au = z, there exists a point v ∈ X
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such that THv = z. Now we show that THv = Bv. By putting x = u and y = v in
(2), we have

φ

(
M(Au, Bv, t),M(SRu, THv, t),
M(Au, SRu, t), M(Bv, THv, t)

)
≥ 0,

or
φ(M(z, Bv, t), 1, 1,M(Bv, z, t)) ≥ 0.

Using (φ1), we get M(z, Bv, t) ≥ 1 for all t > 0. Hence, M(z, Bv, t) = 1 i.e. Bv = z.
Thus Bv = THv = z which shows that the pair (B, T ) has a point of coincidence.
Since the pairs (A,SR) and (B, TH) are commuting pairwise i.e. AS = SA, AR =
RA, SR = RS, BT = TB, BH = HB and TH = HT . It implies that both
the pairs (A, SR) and (B, TH) are weakly compatible at u and v respectively, i.e.
z = Au = SRu = Bv = THv, therefore Az = A(SR)u = (SR)Au = (SR)z and
Bz = B(TH)v = (TH)Bv = THz. Now we assert that z is a fixed point of the
self-maps A, S and R. Putting x = Rz and y = z in (2), we have

φ

(
M(A(Rz), Bz, t),M(SR(Rz), THz, t),
M(A(Rz), SR(Rz), t),M(Bz, THz, t)

)
≥ 0,

and so
φ(M(Rz, z, t), M(Rz, z, t),M(Rz,Rz, t),M(z, z, t)) ≥ 0,

or
φ(M(Rz, z, t),M(Rz, z, t), 1, 1) ≥ 0.

Using (φ2), we get M(Rz, z, t) ≥ 1 for all t > 0. Hence, M(Rz, z, t) = 1. Thus,
Rz = z. Hence S(z) = S(Rz) = z. Therefore, z = Az = Sz = Rz. On using (2)
with x = z, y = Hz, we have

φ

(
M(Az, B(Hz), t),M(SRz, TH(Hz), t),
M(Az, SRz, t),M(B(Hz), TH(Hz), t)

)
≥ 0,

and so
φ(M(z, Hz, t),M(z, Hz, t),M(z, z, t),M(Hz, Hz, t)) ≥ 0,

or
φ(M(z, Hz, t),M(z, Hz, t), 1, 1) ≥ 0,

Using (φ2), we get M(z,Hz, t) ≥ 1 for all t > 0. Hence, M(z, Hz, t) = 1. Thus,
Hz = z. Hence T (z) = T (Hz) = z. Therefore, z = Bz = Tz = Hz. Thus we
conclude that z is a common fixed point of self-maps A,B,R, S,H and T . Let w
be another common fixed point of self-maps A,B, R, S,H and T then on using (2)
with x = z, y = w, we have

φ(M(Az, Bw, t),M(Sz, Tw, t),M(Az, Sz, t),M(Bw, Tw, t)) ≥ 0,

and so
φ(M(z, w, t),M(z, w, t),M(z, z, t),M(w, w, t)) ≥ 0,

or
φ(M(z, w, t),M(z, w, t), 1, 1)) ≥ 0.

Using (φ2), we get M(z, w, t) ≥ 1 for all t > 0. Hence, M(z, w, t) = 1. Therefore,
z = w and the common fixed point is unique. We can also prove the same result
if the pair (A,S) satisfies the property (E.A). The proof is similar when TH(X) is
assumed to be a complete subspace of X. The remaining two cases pertain essentially
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to the previous cases. If we assume that A(X) is a complete subspace of X, then
z ∈ A(X) ⊆ TH(X) or B(X) is a complete subspace of X, then z ∈ B(X) ⊆ SR(X).
Thus we can establish that both the pairs (A,SR) and (B, TH) have a point of
coincidence each. This completes our proof. ¤

On taking R = H = IX (the identity maps on X) in Theorem 4.1, we get the
result of Aalam et al. [1]:

Corollary 4.2. ([1], Theorem 3.1) Let A,B, S and T be self-maps of an FM-space
(X, M, ∗) satisfying

(1) (A,S) or (B, T ) satisfies the property (E.A);
(2) φ(M(Ax,By, t),M(Sx, Ty, t), M(Ax, Sx, t),M(By, Ty, t)) ≥ 0, for all t >

0, x, y ∈ X and for some φ ∈ Φ;
(3) A(X) ⊆ T (X), B(X) ⊆ S(X);
(4) One of A(X), B(X), S(X) and T (X) is a complete subspace of X.

Then the pairs (A,S) and (B, T ) have a point of coincidence each. Moreover, A,B, S
and T have a unique common fixed point provided both the pairs (A, S) and (B, T )
are weakly compatible.

Now we give an example which illustrates Corollary 4.2.

Example 4.3. Let X = [2, 20) and d be the usual metric on X. For each t ∈ [0,∞),
define

M(x, y, t) =
{ t

t+|x−y| , if t > 0;
0, if t = 0.

for all x, y ∈ X. Clearly (X, M, ∗) is an FM-space, where ∗ is defined by a ∗ b = ab.
Let φ : (R+)4 → R be defined as in Example 3.1 and define the self-maps A,B, S
and T by

A(x) =
{

2, if x ≥ 2. S(x) =
{

2, if x = 2;
6, if x > 2.

B(x) =
{

2, if x = 2 or x > 5;
6, if 2 < x ≤ 5. T (x) =





2, if x = 2;
12, if 2 < x ≤ 5;
(x+1)

3 , if x > 5.
Then A, B, S and T satisfy all the conditions of Corollary 4.2 and have a unique
common fixed point x = 2. Clearly, the pairs (A,S) and (B, T ) are noncompatible
if we assume that {xn} is a sequence defined as xn = 5 + 1

n , n ≥ 1. Also, the pairs
(A,S) and (B, T ) are weakly compatible since they commute at their coincidence
points. It can also be seen that B and T satisfy the property (E.A) and all the maps
A,B, S and T are discontinuous at the common fixed point.

On taking A = B and S = T in Corollary 4.2, we get the following result:

Corollary 4.4. Let A and S be self-maps of an FM-space (X, M, ∗) satisfying
(1) (A,S) satisfies the property (E.A);
(2) φ(M(Ax,Ay, t),M(Sx, Sy, t),M(Ax, Sx, t),M(Ay, Sy, t)) ≥ 0, for all t >

0, x, y ∈ X and for some φ ∈ Φ;
(3) A(X) ⊆ S(X);
(4) One of A(X) and S(X) is a complete subspace of X.
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Then the pair (A,S) has a point of coincidence. Moreover, A and S have a unique
common fixed point provided the pair (A,S) is weakly compatible.

As an application of Corollary 4.2, we extend the related result to four finite
families of self-maps on FM-spaces.

Theorem 4.5. Let {A1, A2, . . . Am}, {B1, B2, . . . Bp}, {S1, S2, . . . Sn} and {T1, T2, . . .
Tq} be four finite families of self-maps of an FM-space (X, M, ∗) such that A =
A1A2 . . . Am, B = B1B2 . . . Bp, S = S1S2 . . . Sn and T = T1T2 . . . Tq which also
satisfy conditions (1)-(4) of Corollary 4.2. Then the pairs (A,S) and (B, T ) have a
point of coincidence each. Moreover, if the family {Ai}m

i=1 commute pairwise with
the family {Si}n

j=1 whereas the family {Br}p
r=1 commute pairwise with the family

{Tk}q
k=1, then (for all i ∈ {1, 2, . . . ,m}, j ∈ {1, 2, . . . , n}, r ∈ {1, 2, . . . , p} and

k ∈ {1, 2, . . . , q}) Ai, Bj, Sr and Tk have a common fixed point.

Proof. Using the terminology of Theorem 4.1, the proof of this theorem is similar
to that of Theorem 3.1 contained in [7], hence it is omitted. ¤

Remark 4.6. Theorem 4.5 improves and extends the results of Singh and Jain [19]
and Aalam et al. [1] to four finite families of self-maps.

By setting A1 = A2 = . . . = Am = A, B1 = B2 = . . . = Bp = B, S1 = S2 = . . . =
Sn = S and T1 = T2 = . . . = Tq = T in Theorem 4.5, we deduce the following:

Corollary 4.7. Let A,B, S and T be self-maps of an FM-space (X, M, ∗) satisfying
(1) (Am, Sn) or (Bp, T q) satisfies the property (E.A);

(2) φ

(
M(Amx,Bpy, t),M(Snx, T qy, t),
M(Amx, Snx, t),M(Bpy, T qy, t)

)
≥ 0, for all t > 0, x, y ∈ X, for

some φ ∈ Φ and m, n, p and q are fixed positive integers;
(3) Am(X) ⊆ T q(X), Bp(X) ⊆ Sn(X);
(4) One of Am(X), Bp(X), Sn(X) and T q(X) is a complete subspace of X.

Then the pairs (Am, Sn) and (Bp, T q) have a point of coincidence each. Moreover,
A,B, S and T have a unique common fixed point provided both the pairs (Am, Sn)
and (Bp, T q) commute.

Remark 4.8. From the results, it is asserted that property (E.A) buys containment
of ranges without any continuity requirements, besides minimize the commutativity
conditions of the maps to the commutativity at their points of coincidence. More-
over, property (E.A) allows replacing the completeness requirement of the whole
space with a more natural condition of completeness of the range space.
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