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ABSTRACT. In this paper the notion of fuzzy ideals of a I-near-ring with
respect to a t-norm is introduced and investigated some related properties.
This concept of T-fuzzy ideals of a I'-near-ring is a generalization of the
concept of T-fuzzy ideals in near-rings. Also the notions of T-fuzzy ideals
of a I'-near-ring, quotient I"-near-ring with respect to a t-norm and the sum
of T-fuzzy ideals of a I'-near-ring are introduced. Further, it is shown that
an onto homomorphic image of a T-fuzzy ideal with Sup property is a T-
fuzzy ideal and an epimorphic pre-image of a T-fuzzy ideal of a I'-near-ring
is a T-fuzzy ideal.
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1. INTRODUCTION

The notion of a fuzzy set was introduced by L. A. Zadeh [14] in 1965. In 1971,
A. Rosenfeld [9] used the notion of a fuzzy subset of a set to introduce the concept
of a fuzzy subgroup of a group. Rosenfeld’s paper inspired the development of fuzzy
abstract algebra. W. J. Liu [7] studied fuzzy ideals in rings and Bh. Satyanarayana
[10] introduced I'-near-rings. In [6] W. A. Dudek and Y. B. Jun introduced fuzzy
subgroups over a t-norm. In [12] M. Shabir and M. Hussan characterized the sum
of fuzzy ideals. In [13] Srinivas, Nagaiah and Narasimha Swamy studied anti fuzzy
ideals of I-near-rings. P. Deena, G. Mohanraj [b] and M. Akram [I] have studied
several properties of T-fuzzy ideals of rings and T-fuzzy ideals of near-rings. We
extended the results of Akram [I] to I'-near-rings. For more other study on the
fuzzy theory in I'-near-rings we refer [3 8, [12].

In this paper, by using the t-norm T', we define T-fuzzy ideals of a I'-near-ring
and prove that every fuzzy ideal of a I'-near-ring is a T-fuzzy ideal. Also we prove
that an onto homomorphic image of a T-fuzzy ideal with Sup property is a T-fuzzy
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ideal and an epimorphic pre-image of a T-fuzzy ideal of a I'-near-ring is a T-fuzzy
ideal. Further we introduce the notion of direct product of T-fuzzy ideals and prove
that the sum of T-fuzzy left ideals of a I'-near-ring is a T-fuzzy left ideal. The proofs
are almost similar to that of T-fuzzy ideals in near-rings [I] and fuzzy algebras on
K(G)-algebras [4].

2. PRELIMINARIES

In this section we summarize the preliminary definitions that will be required in
this paper. Most of the contents of this section are contained in [T} 2] 4} [13].

Definition 2.1. A non-empty set N with two binary operations “+” ( addition)
and “ -7 (multiplication) is called a near-ring if it satisfies the following axioms:
(i) (N, +) is a group,
(ii) (N, -) is a semigroup,
(i) (z+y) - z=2-24+y-z,
for all z,y,z € N.

Precisely speaking it is a right near-ring, because it satisfies the right distributive
law. We will use the word “near-ring” to mean “right near-ring”. We denote zy
instead of z - y. Moreover, a near-ring N is said to be a zero-symmetric if r -0 =0
for all » € N, where 0 is the additive identity in N.

Definition 2.2. Let (R, +) be a group and I" be a non empty set. Then R is said
to be a I'-near-ring if there exists a mapping R x I' x R — R ( The image of (z, a,y)
is denoted by zay) satisfying the following conditions:

(i) (z +y)az = zaz + yaz,

(i) (zay)B = za(yB2)
for all z,y,z € R and a, 5 €T

Definition 2.3. Let R be a I'-near-ring. A normal subgroup (I,+) of (R,+) is
called

(i) a left ideal if za(y + i) —xay € I for all z,y € R,a € T',i € I,

(i) a right ideal if iax € [ forallz € R,a € Tyi e I,

(iii) an ideal if it is both a left ideal and a right ideal of R.

A T-near-ring R is said to be a zero-symmetric if ac0 = 0 for alla € Rand a € T,
where 0 is the additive identity in R.

Definition 2.4. A sub set M of a I'-near-ring R is said to a sub I'-near-ring if there
exists a mapping M x I' x M — M such that

(i) (M, +) be a subgroup of (R,+),

(i) (x + y)yz = vz + yyz for every x,y,2 € M and v € T,

(ii) (xyy)wz = zy(ywz) for every x,y,z € M and v,w € T.

Definition 2.5. Let R be a I'-near-ring. A fuzzy set of R is a function A : R — [0, 1].
Let A be a fuzzy set of R. For a € [0,1], the set U(4;a) = {z € R: A(z) > a} is
called a level set of A.

Definition 2.6. A fuzzy subset A of a I'-near-ring R is said to be a fuzzy sub
I-near-ring of R if it satisfies the following conditions:
(P1) A(z — y) > min{A(x), A(y)} for all z,y € R,
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(P2) A(zay) > min{A(z), A(y)} for all z,y € R and a € T".

Definition 2.7. A fuzzy sub I'-near-ring A of R is called a fuzzy ideal if it satisfies
the following conditions:

(P3) A(y + = —y) > A(z) for all z,y,z € R,

(P4) A(xay) > A(y) for all z,y € R and a € T,

(P5) A(za(z +y) —xay) > A(z) for all z,y,z € Rand a € T.

Note that if A is a fuzzy ideal of a I'-near-ring R then A(0) > A(x) for all z € R.

Definition 2.8 ([1]). A t-norm is a function 7" : [0, 1] x [0, 1] — [0, 1] that satisfies
the following conditions:

(N1) T(x,1) = =,

(N2) T(z,y) = T(y, ),

(N3) T(2. T(y, 2)) = T(T(z, 1), 2),

(N4) T(z,y) <T(x,z) Whenever y <z,

for all z,y,z € [0, 1].

For a t-norm T, let A7 denote the set of elements « € [0, 1] such that T'(o, @) = a,
that is Ay = {@ € [0,1] : T(a,) = a}. Note that every t-norm T has a useful
property T'(«, 3) < min{e, 3} and T'(«,0) = 0 for all a, 8 € [0, 1].

Definition 2.9. Let A and B be the fuzzy subsets of a non-empty set X. A fuzzy
subset A A B is defined by

(AN B)(z) = T(A(z), B(x))
for all z € X.

Definition 2.10. Let Ry and Rs be two I'-near-rings. A mapping f : Ry — Ry is
called a I’-near-ring homomorphism if f(x+y) = f(x)+f(y) and f(zyy) = f(z)vf(y)
forall z,y € Ry and v € T". If f is one-to-one and onto, we say that f is a I'-near-ring
isomorphism.

Definition 2.11 ([9]). A fuzzy set p of a I'-near-ring R has the Sup property if for
any subset NV of R, there exists ag € N such that

11(a,) = sup p(a).
aeN

Definition 2.12. Let A and B be two fuzzy ideals of a I'-near-ring R. Then the
sum A + B is a fuzzy set of R defined by
| sup(min(A(y),B(2))) ifz=y+=z
(A+ B)(@) = { 0 otherwise
for all z,y,z € R.

Definition 2.13. A fuzzy ideal A of a I'-near-ring R is said to be normal if there
exists an element a € R such that A(a) = 1.

We note that A is normal of a I'-near-ring R if and only if A(1) =

Definition 2.14. Let M and N be any two sets and let f : M — N be any function.
A fuzzy subset p of M is called f-invariant if f(x) = f(y) implies p(z) = u(y) for
all z,y € M.
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3. T-FUzZzY IDEALS OF I'-NEAR-RINGS

In this section we introduce the concepts of T-fuzzy sub I'-near-ring and T-fuzzy
ideal of a I'-near-ring.

Definition 3.1. A fuzzy set A of a I-near-ring R is called a fuzzy sub I'-near-ring
with respect to a t-norm (shortly, 7-fuzzy sub I'-near-ring) of R if

(NP1) A(x —y) > T(A(x), A(y)) for all z,y € R,

(NP2) A(zxay) > T(A(x), A(y)) for all z,y € Rand a € T.

Definition 3.2. Let R be a I'—near-ring. Then T-fuzzy sub I'-near-ring A of R is
called a T-fuzzy ideal of R if it satisfies the following conditions:

(NP3) A(y+z —y) > A(zx) for all z,y € R,

(NP4) A(zay) > A(y) for all z,y € R and o € T,

(NP5) A(za(z +y) —zay) > A(z) for all z,y,z € Rand v € T.

Note that A is a T-fuzzy left ideal of R if it satisfies (NP1), (NP2), (NP3) and
(NP4) and A is a T-fuzzy right ideal of R if it satisfies (NP1), (NP2), (NP3) and
(NP5). A is called a T-fuzzy ideal of R if A is both left and right T-fuzzy ideal of
R.

Example 3.3. Let R = {0,a,b,c} and I" = {Op, 1}. Define a binary operation “+”
on R and a mapping R x I' x R — R by the following tables:

o o | 0

+ a b c a b c I‘Oa b ¢
00 a b c 00 0 0 O 0|0 0 0 O
ala 0 ¢ b a|0 0 0 O al0 a a a
blb ¢ 0 a b0 0 0 O b0 b b b
cle b a 0 c |0 0 0 O c|0 ¢ ¢ ¢

Clearly, (R, +) is a group and

(i) (x +y)yz = zyz + yvyz for every z,y,z € R,y € T,

(i) (xyy)wz = zy(ywz) for every z,y,z € R and vy,w € T.
Thus R is a I'-near-ring. Let T be a t-norm defined by T'(«, 8) = max (a+ 5 —1,0)
for all o, B € [0,1]. Define a fuzzy set A: R — [0,1] by A(0) > A(a) = A(b) = A(c).
Then it can be easily verified that A is a T-fuzzy ideal of R.

Example 3.4. If (G, +) is a non-abelian group and X is a non-empty set then
R ={f]f is a mapping from X to G}

is a non-abelian group under the point wise addition. Let
I' ={g | g is a mapping from G to X}.

Let f1,fo € R,g € T then f1gfo € R. Then the map R x I' x R — R satisfies the
following:
(i) (frg1f2)f3 = frg1(f292f3) and

(ii) (fi + f2)91f3 = frg1fs + fa01 3
for all fi1, f2, f3s € R and for all g;,92 € I'. Thus R is a ['-near-ring. Let T be a

t-norm defined by
T(a,3) = max(a+ 3 —1, 0) for all o, 8 € [0, 1].
Define a fuzzy set A: R — [0, 1] by
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A(Og) =0.7 and A(f) = 0.3 where f is any element of R with f # Og.
Then it can be easily verified that A is a T-fuzzy ideal of a I'-near-ring R.

Example 3.5. Let R = {0,a,b,c} and T" = {a, 8}. Define a binary operation “+”
on R and a mapping R x I' x R — R by the following tables:

alo a b 3o

+10 a c a c a b c
0]/0 a b ¢ 0 0 0 O 0/j0 0 0 O
ala 0 ¢ b a|l0 a a a al0 0 0 O
b|b ¢ 0 a b|0 b b b b0 0 0 O
cle b a O c|0 ¢ ¢ ¢ c|0 0 0 O

Clearly, (R, +) is a group and
(i) (x + y)yz = vz + yyz for every z,y,2 € R, vy €T,
(ii) (zyy)wz = xy(ywz) for every x,y,z € R and v,w € T.
Then R is a I'-near-ring. Let T be a t-norm defined by
T(a, ) = max(a+ 8 — 1,0) for all o, 8 € [0,1].
Define a fuzzy subset A : R — [0,1] by
A(0) = 0.9 and A(x) = 0.4 for all x # 0.

The routine calculation shows that A is a T-fuzzy ideal of a I'-near-ring R.

Definition 3.6 ([5]). Let A and B be T-fuzzy ideals of a I'-near-ring R. Then the
direct product of T-fuzzy ideals is defined by (A x B)(z,y) = T(A(z), B(y)) for all
z,y € R.

Definition 3.7 (|2]). Let R be a I'-near-ring. Let u be a fuzzy set of a T-fuzzy ideal
of R and f be a function defined on R, then the fuzzy set u/ in f(R) is defined by
1 (y) = sup p(z)

zef~1(y)
for all y € f(R) and is called the image of p under f. Similarly, if v is a fuzzy set
in f(R), then g =vo fin R is defined as u(z) = v(f(z)) for all x € R and is called
the pre-image of v under f.

4. MAIN RESULTS

The following theorems can be proved similar to that of fuzzy subquasigroups
over a t-norm [6] and in T-fuzzy ideals in rings [5].

Theorem 4.1. Let A be a T-fuzzy ideal of a T-near-ring R and « € [0, 1].
(i) If a=1, then U(A; ) is either empty or an ideal of R.
(ii) If T = min, then U(A;«) is either empty or an ideal of R.
(iii) A(0) > A(z) for all x € R.
Theorem 4.2. FEvery fuzzy ideal of a I'-near-ring R is a T-fuzzy ideal of R.
Theorem 4.3. If A;,i € I, is a T-fuzzy ideal of a T'-near-ring R then A A; is also
iel
a T-fuzzy ideal of R where N A; is defined by ( N\ A;)(x) = inf{A;(z) : i € I} for

iel iel
all x € R.
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For the sake of understanding the above theorem first we prove the following
result and then we give an example.

Theorem 4.4. If A and B are T-fuzzy ideals of a I'-near-ring R then AN B is a
T-fuzzy ideal of R.

Proof. Let A and B be T-fuzzy ideals of a I'-near-ring R. Let z,y,z2 € R and a € T

Then
(AAB)( —y) =T(A(z —y), B(z —y)) = T(T(A(z), Aly)), T(B(z), B(y)))
T(T(T(A(z), Aly)), B(x)), (T(T(A(z), B(x)), A(y)), B(y))
T(T(A(x), B( ), T(A(y), B( (AN B)(z), )(A B)(y)).

'ﬂﬂ

— )
B(y)) =
y)))

Since A and B are T-fuzzy ideals of R, we have A(zay) > T(A(x),A(y)) and
B(zay) > T(B(z), B(y)). Also we have
(AN B)(zay) = T(A(zay), B(zay)) > T(T(A(z), A(y)), T(B(z), B(y)))
= T(T(T(A(x), A(y)), B(x)), B(y)) = T(T(T(A(z), B(x)), A(y)), B(y))
— T(T(A(x), B(x)), T(A(y), B(3))) = T((A A B)(x), (A A B)(y)).
Since A(zxay) > A(y) and B(zay) > B(y), we have
(AN B)(zay) = T(A(zay), Blzay))
> T(A(y),B(y))
= (AAB)(y).
Since A(y + x —y) > A(x) and B(y + = —y) > B(x), we have

(AAB)(y +x—y)

I
,’j
b

> T(A
= (AAB)(x).
Since A(za(z +y) — zay) > A(z) and B(za(z + y) — zay) > B(z), we have

(AN B)(za(z +y) —zay) = T(Aza(z + y) — zay), B(za(z + y) — zay))
> T(A(z), B(z)) = (AN B)(z).
Hence A A B is a T-fuzzy ideal of R. This completes the proof. O
Example 4.5. Let R = {0,a,b,c} and T' = {a, 8} be a I'near-ring as in example

3.5. We have (A A B)(z) = ( (x), B(z)) for all x € R (by definition 2.9). Define
a t-norm T by T(p,q) = max(p + ¢ — 1, 0) for all p,q € [0, 1]. Define a fuzzy

subset A : R — [0,1] by A()—O9andA(a) A(b) = A(c) = 0.4, where
0,a,b,c € R. Then A = {(0,0.9),(a,0.4),(b,0.4),(c,0.4)}. Again define a fuzzy
subset B : R — [0,1] by B(0) = 0.7 and B(a) = 0.6, B( ) = 0.5, B(c) = 0.4, where
0,a,b,c € R. Then B = {(0,0.7), (a,0.6), (b,0.5), (¢,0.4)}. Let 0,a,b,c € R. Then
(AN B)(0) =T(A(0), B(0)) =T(0.9,0.7) = max(0.9 4+ 0.7 — 1,0)
= max(1.6 — 1,0) = max(0.6,0) = 0.6.

(AN B)(a) =T(A(a),B(a)) =T(0.4,0.6) = max(0.4 4+ 0.6 — 1,0)=0.
(A A B)(b) = T(A(b), B(b)) = T(0.4,0.5) = max(0.4 + 0.5 — 1,0)
= max(0.9 — 1,0) = max(—0.1,0) = 0.
(AN B)(c) =T(A(c),B(c)) =T(0.4,0.4) = max(0.4 4+ 0.4 — 1,0)
= max(—0.2,0) = 0.
So AA B ={(0,0.6), (a 0), (b,0),(¢,0)} is a fuzzy subset on R, that is, AAB: R —
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[0,1] defined by (A A B)(0g) = 0.6, (AN B)(z) = 0 for all x # 0g. Then it can be
easily verified that A A B is a T-fuzzy ideal of a [-near-ring R.

Now we state the following theorem which can be proved similar to that of T-fuzzy
ideals of near-rings [1].
Theorem 4.6. If A;,i € I, is a T-fuzzy ideal of a T'-near-ring R, then \/ A; is also

iel
a T-fuzzy ideal of R where \/ A; is defined by (\/ A;)(x) = sup{A;(z) : i € I} for
i€l il

all x € R.
Theorem 4.7. Let A be a T-fuzzy ideal of a I'-near-ring R and A* be a fuzzy set
in R defined by A*(x) = ’:Elg is normal T-fuzzy ideal of R

contains A.

Proof. Let A be a T-fuzzy ideal of a I'-near-ring R. For any z,y,z € R and o € T,
we have

At —y) = 2572 > A5 (T(A®@), T(A(y)))
= T(5i5A®), 25 Aly)) = T(A* (2), A*(y)
and N
A (way) = Ao > L (T(A(), T(AW)))
— T(4l5A@), 15 A) = T(A* (2), A*(y).
This shows that A* is a T-fuzzy sub I'-near-ring of R.

Ay +a—y) = 2r) > Lo A(r) = A%(2),

A(D) A(D)
A (way) = A2 > 1 A(y) = A%(y),
and
A*(zalz +y) — zay) = ALY > A A(2) = A%(2).
Hence A* is a T-fuzzy ideal of R. Clearly A*(1) = %A( )=1and A C A*. This
completes the proof. O

Theorem 4.8. Let A be a T-fuzzy ideal of a I'-near-ring R and let A" be a fuzzy
set in R defined by AT (z) = A(z) + 1 — A(1) for all x € R. Then A" is normal
T-fuzzy ideal of R containing A.

Proof. Let A be a T-fuzzy ideal of a I'-near-ring R. For any x,y,z € R and a € T,
we have
Atz —y) = Al —y) +1— A(1) > T(A(x), A@y)) + 1 — A(1)
— T(A(x) +1— A1), Aly) + 1 — A1) = T(A* (z), A*(y),
At (zay) = A(zay) +1 - A(1) = T(A(x), A(y) +1 - A(1)
— T(A(x) +1- A(1), A(y) + 1 — A(1)) = T(4*(2), A* ().
At(y+z—y)=Aly+z—y)+1— A1) > A(z) + 1 — A(1) = AT (),
At (zay) = A(zay) +1 - A1) = A(y) +1 - A1) = A% (y),
and
At (za(z +y) — zay) = Alza(z +y) — zay) + 1 — A(1)
> A(z) +1— A1) = AT (2).
Hence A" is a T-fuzzy ideal of a I-near-ring R. Clearly AT(1) =1 and A C A™.
This completes the proof. O
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Theorem 4.9. An onto homomorphic image of a T-fuzzy ideal with Sup property
is a T-fuzzy ideal.

Proof. Let R and S be I'-near-rings. Let f : R — S be a epimorphism and A be a
T-fuzzy ideal of R with sup property. Let 2,y € S, o € f~ (), 50 € f~1(y') and
20 € f1(2)) be such that A(z,) = sup A(n),A(yo) = sup A(n), A(z,) =
nef-1(z") nef-1(y’)
sup  A(n) respectively. Then for any « € T', we have
nef-1(z')
Af(x' — y') sup A(z) > A(zo — yo) > min(A(zo), A(yo))
zef~ e —y)
> T(A(xo), A(yo)) =T( sup A(n), sup A(n))
‘ nef-1(z") nef-1(y")
ST AT,
Az ay) = sup A(z) > A(zoayo) > min(A(zo), A(yo))
zef~1(z )
> T(A(x0), A(yo)) =T( sup A(n), sup A(n))
nef-1(z") nef-1(y")
L STWE). AN,
Ay +2 —y) = sup A(2) > A(yo + o — o)
z€f =1y +a' —y) /
> A(zg) = sup A(n) = Af(x),

nef-1(z")
Af(z'ozy’) = sup A(z) > A(zoayo) > A(yo) = sup  A(n) = Af(y')7
zef~1(z' ay’) nef~1(y")

and

Az alz +y)—2ay) = sup A(z)

zef~ 1z a(z' +y' ) —a' ay’) )
> A(zoa(zo + o) — zoayp)) > A(z0) = sup  A(n) = Af(z ).
nef=1(z")

This completes the proof. 0

Theorem 4.10. An epimorphic pre-image of a T-fuzzy ideal of a T'-near-ring is a
T-fuzzy ideal.

Proof. Let R and S be I'-near-rings. Let f : R — S be an epimorphism. Let v be
a T-fuzzy ideal of S and p be the pre-image of v under f. Then for any z,y,z € R
and a €T, we have

plr —y) = ( Nz —y) =v(flz—y))=v(f(z) - fy))
T(v(f(x),v(f(y) =T((we f)(z), (e [)ly)) =T(u(@), 1(y)),
plray) = (VOf)(w y) = v(f(ray)) = v(f(z)af(y))
T(w(f (), v(f()) = T((vo f)(x), (v o f)(y)) = T(u(x), u(y)),

u(y+x—y) (vof)ly+z—y)=v(f(
v(f(z)) = (vo f)(x) )
pw(zay) = (V o f)(zay) =v(f
. u(f(y) = wo )y
wra(z +y) —zay) = (vo f)(za(z +y) — vay)
=v(f(za(z +y) — zay)) zgli;f(w)af(Z))
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> v(f(2) = (vo [)(z) = pu(z).
Hence p is a T-fuzzy ideal of a I'-near-ring R. This completes the proof. O
Lemma 4.11 ([13]). . Let R and S be I'-near-rings and f : R — S be a homomor-
phism. Let A be f-invariant fuzzy ideal of R. If x = f(a), then f(A)(z) = A(a) for
all a € R.

Theorem 4.12. Let f: R — S be an epimorphism of I'-near-rings R and S. If A
is f-invariant T-fuzzy ideal of R, then f(A) is a T-fuzzy ideal of S.

Proof. Let a,b,c € S and a € I'. Then there exists z,y,z € R such that f(z) =
a, f(y) = b and f(z) = ¢. Suppose A is f-invariant T-fuzzy ideal of R, then by
Lemma 4.11

fA)(a =) = fF(A)(f(x) = f(y)) = [(A)(f(z —y)) = Alz — y)
> T(A(z), A(y)) = T(f(A)(a), F(A) (D)),
f(A)(aab) = F(A)(f(x)af(y)) = f(A)(f(zay)) = A(zay)
> T(A(x), Aly)) = T(f(A)(a), f(A)()),
FA)b+a—-0b) = fF(Af(Y) + f(z) — fy) = F(AFy+2—y))
= Ay +z—y) > Az) = f(4)(a),
f(A)(aab) = f(A)(f(z)af(y)) = [(A)(f(zay)) = Alzay) = A(z) = f(A) (D),

f(A)laa(c+b) — aab] = f(A)[f(z)a(f(2) + f(y)) — f(z)af(y)]
= f(A)[f(za(z + y) — zay)] = Alza(z + y) — zay]
> A(z) = f(A)(0).
Hence f(A) is a T-fuzzy ideal of S. This completes the proof. O

Theorem 4.13. Let R; and Ry be I'-near-rings. If A1 and As are T-fuzzy ideals
of Ry and Ry respectively, then A = Ay X As is a T-fuzzy ideal of the direct product
Rl X RQ.

Proof. Let A; and As be T-fuzzy ideals of a I'-near-rings R; and Ry respectively.
Let (z1,22), (y1,92), (21, 22) € Ry X Ry and « € T'. Then
A((z1,72) — (y1,92)) = A(T1 — Y1, 2 — y2) = (A1 X A2)(1 — Y1, 72 — Y2)
=T (A1(z1 —v1), A2(z2 — y2)) > T(T(A1(21), A1(y1)), T(A2(22), A2(y2)))
T(T(A1(21), Az(22)), T(A1(y1), A2(y2)))

T((A1 x A2)(21, 22), (A1 x A2)(y1,92))
T(A(x1,x2), Aly1,y2)),
Ja(yr,y2)) = A(zrayr, v2ay2) = (A1 X A2)(z1091, T200Y2)
T(Ar(z1091), Az (z20y2)) = T(T(Ar(21), A1(y1)), T(A2(22), A2(y2)))
T(T(Ax1(z1), A2(22)), T(A1(y1), A2(y2)))
T((Ar x Az)(x1,22), (A1 X A2)(y1,92)) = T(A(z1,22), A(y1, y2)),
yy2) + (21, 72) — (Y1,92)) = A(yr + 21 — Y1, y2 + T2 — y2)
Ay xAg) (1 +z1—y1, Y2tz —y2) = T(A1(y1+21—v1), A2 (Y2 +22—y2))
T(A1(21), A2(22)) = (A1 X Az)(21,22),
Ja(y1,y2)) = A(zroyr, wooya) = (A1 X Ag)(z1ay1, x202)
T(Ai(zray1), As(weayz)) > T((A1(y1), A2(y2)) = (A1 x A2)(y1,¥2),

A((z1,x

DN

N
—~
—~
<
=
n
~

—~

A((xlv

g v I

and
A((w1, z2)((21, 22) + (Y1,92)) — (21, 22) (Y1, ¥2))

= A((z1,z2)a(21, 22) + (21, T2) (Y1, y2) — (21, 72) (Y1, Y2))
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= A((z1,x2)a(z1, 22)) = A(z1021, Ta¥29)
= (A1 X A2)(z1az1, x2029) = T(A1(z10021), Ag(T20022))
= T((A1(21), A2(22)) = (A1 x A2)(z1, 22).
Hence A = Ay x Ay is a T-fuzzy ideal of Ry X Ro. This completes the proof. O

Theorem 4.14. Let f : Ry — Ry be an onto homomorphism of a I'-near-rings. If
A is a T-fuzzy ideal of Ry, then f(A) is a T-fuzzy ideal of Rs.

Proof. Let A be a T-fuzzy ideal of a I'-near-ring R;. Let A; = f~!(y;) and Ay =
f~1(y2), where y1,y2 € Ry are non-empty subsets of Ry. Similarly, A3 = f~(y; —
y2). Consider the set A1 — As = {a; —az : a1 € Ay,a2 € As}. If x € Ay — Ao,
then © = x1 — xo for some x; € A; and 29 € Ay and so f(x) = f(x; — x2) =
f(x1) — f(x2) = y1 — y2, which implies x € f~!(y; —y2) = Az. Thus A; — Ay C As.
That is {z:x € f~ (y1 —y2)} 2 {1 — 2221 € f (1), 22 € [ (y2)}. Let a €T
and y3 € Rp. Then

f(A)(:Ul — )

sup{A(z) :z € f (y1 — o)}

sup{A(z1 — x9) s 21 € [ (y1), 22 € [ (12)}

sup{min(A(z1), A(z2)) 1 21 € f~ (y1),22 € [~ (32)}

sup{T(A(z1), A(z2)) : 21 € [~ (y1), 22 € F (y2)}

= T(sup{A(z1) : 21 € f(y1)}, sup{A(w2) : 22 € [ (y2)})
= T(f(A) ), F(A)(y2)),

and since {z: x € f~Y(y1ay2)} D {z1axa 1 71 € F1(y1), 22 € F1(y2)}

F(A)(y1ay2) sup{A(z) : f~ (y1ay2)}
sup{A(z1az2) : 21 € f 1), 22 € £ (o)}
sup{min(A(z1), A(22)) : 21 € [~ (y1), 22 € f7 (12)}
sup{T(A(z1), A(z2)) : 21 € f (1), 22 € f~ (y2)}
= T(sup{A(z1) : 21 € [~ (y1)},sup{A(w2) : 22 € f ' (y2)})
= T(f(A)(y), F(A)(y2))-
This shows that f(A) is a T-fuzzy sub I'-near-ring of Rj.
F(A)(y2 +y1 — y2) = sup{A(z) sz € f~ (yr +v2 — 1)}
> sup{A(zs +x1 —x2) 1 21 € f (1), 22 € 1 (y2)}
> sup{A(z1) : 21 € f~(y1)}
= f(A)(y1),
f(A)(yray2) = sup{A(z) : x € f~(yrayo)}
> sup{A(z1axs) : 21 € f~H (1), 22 € fH (y2), @ €T}
sup{A(z2) : 22 € ' (y2)}
f(A)(y2),
F(A) (yr1a(ys + y2) — yrays) = sup{A(z) : 2 € f~ (y1a(ys + y2) — yray2)}
= sup{A(z10(x3 + T2) — T1022) s T1 € [T (1), 22 € fH (2), 23 € £ (ys)}
> sup{A(z3) : 73 € £~ (y3)}
= f(A)(y3).

vV v IV

(A\VARAVARIV]

v
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Hence f(A) is a T-fuzzy ideal of Ry. This completes the proof. O

Theorem 4.15. Let A and B be T-fuzzy left ideals of a T'-near-ring R. Then A+ B
is the smallest T-fuzzy left ideal of R containing both A and B.

Proof. Let A and B be T-fuzzy ideals of a I'-near-ring R. Let x,y,2 € Rand a € T
Letz=a+by=c+d:a,bc,de R. Then we have
z—y=(a+b)—(c+d)=a+b—c—d
=0b+a—-b)—c+(c+b—c)—d=e+ f,
(A+B)(x—y) = V f[A() B(/)]
r—y=e+
= \ [A((b+a—b)—c)AB((c+b—c)—d)]
T(A(b+a—-10),A(c)) NT(B(c+b—c),B(d))]
(a

(
); A(e)) ANT(B(b), B(d))]
)

v v
T TS

r=a+b,y=c+d (
=V [T(Aa), B(b)) NT(A(c), B(d))]

rz=a+b,y=c+d

=T[ V (A@)ABO)A V (Alc) A B(d))]

r=a-+b y=c+d
=T[(A+ B)(x), (A + B)(y)].

Puty=vy1 +y2; wvi1,y2 € R. Then

(A+ B)(zay) = (A+ B)(za(y1 + y2))
= (A+ B)(zay; + zays)
= V[A(zay1) A Bzays)]
> V[T'(A(x), A(y1)) ANT(B(x), B(y2))]
> VI[T(A(z), B(z)) AT (A(y1), B(y2))]
> TV (A(z), B(z)) AV (A(y1), B(y2))]
> TV (A(z) A B(z)) AV (A(y1) A B(yz))]
=T[(A+ B)(z),(A+ B)(y)],

(A+ B)(zay) = ay1 + zays) = \V[A(zoy:) A B(zoys)

Yy=y1+Y2
and for any x = a + b, we have
ytr—y=ytatb-—y=@y+ta—y)+y+b—y);
and for each y + x — y = ¢+ d, we have
r=-y+tctd+y=(-y+tcty +(-y+d+y),
(A+B)ly+z—y) = V  [Alc), B(d)]
ytz—y=ct+d

= V [Aly+a—y),Bly+b—y)]
r=a-+b

> _\/+b[A( a) A B(b)] = (A + B)(x).
Hence A+ B is a T-fuzzy left ideal of R. Asz = 240 and x = 04z, so (A+B) > A(x)
and (A + B)(z) > B(z). If C is a fuzzy ideal of R such that C(z) > A(x) and
C(z) > B(z) for all x € R, then

(A+B)x) = V (4@ nBOIS V [Cla) AC(H)
= V [Clanrc=hl< V Clat+b)=C(a).
rz=a+b r=a+b

Thus A + B < C. This completes the proof. O
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5. T-FUZZY IDEALS OF QUOTIENT I'-NEAR-RINGS

Example 5.1. Let R = {0,a,b,c} and I" = {«, 8}. Then R is a Inear-ring as in
Example 3.5. Clearly I = {0, b} is an ideal of R. Now R/I ={z+ 1|z € R} =
{0+I,a+I,b+1,c+1I}.
We define

(a+D)+(b+1)=(a+b)+1,

(a+1)-(b+1)=ab+ 1, and

(a+DNab+I)=aab+1
for all (a+1I),(b+I) € R/I and a € T'. Define a binary operation “+” on R/I by
the following table:

+ 041 a1 b4T et
O0+1|0+1 a+1 b+I cH+1
a+1I|a+1 O0+1 c+I b+1
b+I1|b+1 c+I 0+1 a+1
c+Il|c+I b+I a+I O0+1
Clearly, (R/I, +) is a group. Let X,Y € R/I and o € T" then XaY € R/I. Then
the map R x I' x R — R satisfies the following:
1) (X +Y)aZ=XaZ+YaZ forevery X,Y,Z € R/I, a €T,
(i) (XaY)BZ = Xa(YBZ) for every X,Y,Z € R/I and o, € T.
Thus R/I is a I'-near-ring. Let T be a t-norm defined by
T(p, q) = max(p + ¢ — 1,0) for all p,q € [0,1].
Define a fuzzy subset A : R/T — [0,1] by
A(0+I)=09and A(a+1)=Ab+1)=A(c+1)=04
for all 0,a,b,c € R. The routine calculation shows that A is a T-fuzzy ideal of the
quotient T'-near-ring R/I.

The following results were obtained by Bh. Satyanarayana and Kuncham Syam
prasad.

Theorem 5.2 ([11]). Let I be a fuzzy ideal of a I'-near-ring R. Then the set R/I
of all fuzzy co-sets of I is a I'-near-ring with respect to the operations defined by
(+D)+@w+I)=(x+y)+1 and (x+y)a(y+I) = (xay) + I for all z,y € R and
acl.

Notation ([11]). Let p be a fuzzy ideal of a I-near-ring R. We define

Ou: R/pp— [0,1] by 6, (2 + p) = ()
for all x € R. Using these we prove the following results.

Theorem 5.3. If u is a T'-fuzzy ideal of a I'-near-ring R, then 0, is a T-fuzzy ideal

of R/ .

Proof. Let p be a T-fuzzy ideal of a I'-near-ring R and x,y € R. Suppose that

z+p =y+p. Then p(x—y) = p(0). This implies p(x) = p(y). That is, 0, (x+p) =

0,(y + p). Hence 8, is well defined. Let  + p,y+ p, 2+ p € R/ and o € T'. Then
Ouf(@+p) = (y+ )} =0.{(z —y) + p} = p(z —y) = T(p(z), n(y))

=T(Ou(z+ p),0.(y + 1)),
and
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0, {(z + paly +p)} = 0.{(ray) + u} = p(ray) > T(u(x), u(y))
=T(O0u(x+ 1), 0u(y + 1))
This shows that 6, is a T-fuzzy sub I'-near-ring of R/p.

O {ly+w)+@+p) —y+wr=0{y+z—y) +pt=ply+z-y)

> p(z) = 0u(x + ),
0, {(z + paly + p)} = 0. {(zay) + p} = plzay)
> pu(y) = 0,y + 1)
and
O {(z + p)a((z 4+ p) + (y +p) — (. + p)aly +p)}
=0, {(z + pa((z+y) + ) — (zay +p)}
=0 {(za(z +y) + p) — (vay + p)}

b faalz +y) - (way) + i}
= p{za(z +y) — (zay)} > p(z) = 0u(z + p).
Hence 0, is a T-fuzzy ideal of R/p. This completes the proof. 0

Theorem 5.4. Let I be an ideal of a I'-near-ring R. If A is a T-fuzzy ideal of R,
then the fuzzy set A of R/I defined by A(a+ 1) = sup A(a+ ) is a T-fuzzy ideal of
zel
the quotient T-near-ring R/I of R with respect to I.
Proof. Let R be a I'-near-ring and A be a T-fuzzy ideal of R. Let a,b € R such that
a+1=b+1 Thenb=a+y for somey e I. Thus -
Ab+I)=supA(b+z)=suwpAla+y+z)= sup A(a+z)=A(a+I).
IGI, xel zt+y=z€l
This shows that A is well defined. Let 2 + I,y + I € R/I. Then we have

A((@+1) = (y+1)) = A((z — y)+1) =swp Az —y) +2)
= sup A((x—y)Jr(u—v))—bup A((z +u) = (y +v))

z=u—vel u,vel
> sup T(A(z + u), A(y +v)) = T(sup A(z + u),sup A(y + v))
u,vel uel vel

=T(A(x+ 1), Ay + 1))
and
Al(z+ Da(y+1)) = A(zay + 1) = stg)A(xay +1t) = itel?A[(az +t)a(y + 1))

> sup [min((z + t)a(y + )] > Sup T(A(z +1),Aly +1))

=T(sup A(z +t),sup A(y + 1)) = T(A(x + I), A(y + I)).
tel tel
For any z,y,z € R and a € T', we get

Ally+ D+ @+ —(y+ D =Ally+z—y) +1] = Al((y+ =) —y) + 1]
ZilégA[((erx)—y)Jrz}: sup  Al((y+2z) —y) +u+v—wl

z=ut+v—wel

= sup Al(y+u)+ (o +v) — (-4 w)] = sup Afe + o] = Alw +1),

u,v,wel
A((z+ Da(y+ 1)) = A(zay + I) =sup A(vay +t) = sup A(ray + vaz)
tel _ t=zxazel
= sup A(za(y+2)) >sup Ay +z2) = A(y + I),
z,z€l zel

and
A{(z+Da((z+ D)+ (y+1) — (@ +DNaly+ 1)} = A(za(z+y) + 1 — (zay + 1))
= A((zva(z +y) —vay) + 1) = Stlel?A((m(z +y) — ray) + 1)
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> supA(z +1t) = A(z+1).
tel
Hence A is a T-fuzzy ideal of R/I. This completes the proof. g

Theorem 5.5. Let I be an ideal of a T-near-ring R. If A with A(a + 1) = A(a)
where a € R, is a T-fuzzy ideal of R/I, then the fuzzy set A is a T-fuzzy ideal of R.

Proof. Let I be an ideal of a I'-near-ring R and A be a T-fuzzy ideal of R/I. Let
x,y,z € Rand a € I'. Then
Alw —y) = Al(z —y) + 1] = A[(z + 1) — (y + )]
> T(A(z + 1), A(y + 1)) = T(A(z), A(y)),
A(zay) = Alvay+I] = A((e+1)a(y+1)) > T(A(z+1), =
Aly+o—y) = Ally+z—y)+1] = A[(y+1)+(:ﬂ+1)—§y+1)] > Alz+1) = A(),
>

d( ay) = Alzay + 1] = Al(z + Da(y + )] = Ay +I) = Ay),
an
Alza(z +y) — zay] = Alza(z +y) — zay + I

= A([za(z+y) + 1 — (zay + 1))
= Al(z + Da((z +y) + 1) = (z + Daly + )]
= [(x+[)a[(z+[)+(y+[)]—(x—i—])a(y—i—])]
> ( I) = A(z).

Hence A is a T-fuzzy ideal of R. This completes the proof. O
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