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ABSTRACT. Given a set 2 and the notion of bipolar valued fuzzy sets,
the notions of a bipolar Q-fuzzy left (right) ideal, a bipolar Q-fuzzy bi-ideal
and a bipolar Q-fuzzy (1, 2)-ideal in semigroups are introduced, and related
properties are investigated. Using bipolar fuzzy bi-ideals, a bipolar 2-fuzzy
bi-ideal is constructed. Conversely, a bipolar fuzzy bi-ideal is established
by using bipolar Q-fuzzy bi-ideals. Relations among a bipolar Q-fuzzy bi-
ideal, a bipolar Q-fuzzy left (right) ideal and a bipolar Q-fuzzy (1, 2)-ideal
are discussed. Conditions for a bipolar Q-fuzzy (1, 2)-ideal to be a bipolar
Q-fuzzy bi-ideal are provided.
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1. INTRODUCTION

In the traditional fuzzy sets, the membership degrees of elements range over the
interval [0, 1]. The membership degree expresses the degree of belongingness of ele-
ments to a fuzzy set. The membership degree 1 indicates that an element completely
belongs to its corresponding fuzzy set, and the membership degree 0 indicates that
an element does not belong to the fuzzy set. The membership degrees on the interval
(0,1) indicate the partial membership to the fuzzy set. Sometimes, the membership
degree means the satisfaction degree of elements to some property or constraint cor-
responding to a fuzzy set (see [1, 7]) In the viewpoint of satisfaction degree, the
membership degree 0 is assigned to elements which do not satisfy some property.
The elements with membership degree 0 are usually regarded as having the same
characteristics in the fuzzy set representation. By the way, among such elements,
some have irrelevant characteristics to the property corresponding to a fuzzy set and
the others have contrary characteristics to the property. The traditional fuzzy set
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FIGURE 1. A fuzzy set ‘‘young’’

representation cannot tell apart contrary elements from irrelevant elements. Con-
sider a fuzzy set “young” defined on the age domain [0,100] (see Figure 1) Now
consider two ages 50 and 95 with membership degree 0. Although both of them do
not satisfy the property “young’, we may say that age 95 is more apart from the
property rather than age 50 (see [5]). Only with the membership degrees ranged on
the interval [0, 1], it is difficult to express the difference of the irrelevant elements
from the contrary elements in fuzzy sets. If a set representation could express this
kind of difference, it would be more informative than the traditional fuzzy set rep-
resentation. Based on these observations, Lee [5] introduced an extension of fuzzy
sets named bipolar-valued fuzzy sets. Kim et al. [4] studied ideal theory of semi-
groups based on the bipolar valued fuzzy set theory. Hur et al. [2] discussed fuzzy
sub-semigroups and fuzzy ideals with operators in semigroups.

In this paper, we deal with bipolar valued fuzzy theory with operators applied
to sub-semigroups in semigroups. Using a set {2 and the notion of bipolar valued
fuzzy sets, we introduce the notions of a bipolar Q-fuzzy left (right) ideal, a bipolar
O-fuzzy bi-ideal and a bipolar Q-fuzzy (1,2)-ideal in semigroups, and investigate
related properties. Using bipolar fuzzy bi-ideals, we construct a bipolar Q-fuzzy bi-
ideal, and conversely, we establish a bipolar fuzzy bi-ideal by using bipolar Q-fuzzy
bi-ideals. We discuss relations among a bipolar 2-fuzzy bi-ideal, a bipolar Q-fuzzy
left (right) ideal and a bipolar Q-fuzzy (1,2)-ideal. We provide conditions for a
bipolar Q-fuzzy (1, 2)-ideal to be a bipolar -fuzzy bi-ideal.

2. PRELIMINARIES

Fuzzy sets are a kind of useful mathematical structure to represent a collection
of objects whose boundary is vague. There are several kinds of fuzzy set extensions
in the fuzzy set theory, for example, intuitionistic fuzzy sets, interval-valued fuzzy
sets, vague sets etc. Bipolar-valued fuzzy sets are an extension of fuzzy sets whose
membership degree range is enlarged from the interval [0,1] to [—1,1]. Bipolar-
valued fuzzy sets have membership degrees that represent the degree of satisfaction
to the property corresponding to a fuzzy set and its counter-property. In a bipolar-
valued fuzzy set, the membership degree 0 means that elements are irrelevant to
the corresponding property, the membership degrees on (0, 1] indicate that elements
somewhat satisfy the property, and the membership degrees on [—1,0) indicate that
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FIGURE 2. A bipolar fuzzy set °‘young’’

elements somewhat satisfy the implicit counter-property (see [5]). Figure 2 shows a
bipolar-valued fuzzy set redefined for the fuzzy set “young” of Figure 1. The nega-
tive membership degrees indicate the satisfaction extent of elements to an implicit
counter-property (e.g., old against the property young). This kind of bipolar-valued
fuzzy set representation enables the elements with membership degree 0 in tra-
ditional fuzzy sets, to be expressed into the elements with membership degree 0
(irrelevant elements) and the elements with negative membership degrees (contrary
elements). The age elements 50 and 95, with membership degree 0 in the fuzzy sets
of Figure 1, have 0 and a negative membership degree in the bipolar-valued fuzzy
set of Figure 2, respectively. Now it is manifested that 50 is an irrelevant age to the
property young and 95 is more apart from the property young than 50, i.e., 95 is a
contrary age to the property young (see [5]). Let S be the universe of discourse. A
bipolar-valued fuzzy set f in S is an object having the form

f=A@, ful(2), fo(2)) | = € S}

where f, : S — [-1,0] and f, : S — [0,1] are mappings. The positive member-
ship degree f,(x) denotes the satisfaction degree of an element x to the property
corresponding to a bipolar-valued fuzzy set f = {(z, fn(x), fp(x)) | € S}, and
the negative membership degree f,(z) denotes the satisfaction degree of = to some
implicit counter-property of f = {(z, fu(z), fp(z)) | = € S}. If fp(z) # 0 and
fn(x) =0, it is the situation that z is regarded as having only positive satisfaction
for f = {(z, fu(z), fo(x)) | x € S}. If fo(z) = 0 and f,(x) # 0, it is the situation
that « does not satisfy the property of f = {(z, fn.(z), fp(z)) | * € S} but somewhat
satisfies the counter-property of f = {(z, fn(x), fp(x)) | z € S}. It is possible for
an element z to be fy(x) # 0 and f,(x) # 0 when the membership function of
the property overlaps that of its counter-property over some portion of the domain
(see [6]). For the sake of simplicity, we shall use the symbol f = (S; f,, fp) for
255
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the bipolar-valued fuzzy set f = {(z, fn(z), fp(x)) | € S}, and use the notion of
bipolar fuzzy sets instead of the notion of bipolar-valued fuzzy sets.

3. BIPOLAR 2-FUZZY IDEALS

By a sub-semigroup of a semigroup S we mean a nonempty subset A of S such
that A2 C A. Let S be a semigroup. An element x € S is said to be regular if there
exists an element a € S such that = zaz. A semigroup S is said to be regular if
every element of S is regular. For any x € S, we write

R, :={a€S|z=uzxazx}.

A fuzzy set in S is a function p from S into the unit interval [0,1]. A fuzzy set u
in S is called a fuzzy sub-semigroup of S if it satisfies

(Va,y € S) (u(zry) > min{pu(z), u(y)}).

For any family {a; | i € A} of real numbers, we define

s | max{a; | i€ A} if A is finite,
\/{al [ieA}:= { sup{a; | : € A}  otherwise,

s | min{a,; |i€ A} if A is finite,
/\{OLZ i€ A}:= { inf{a; |7 € A}  otherwise.

A bipolar fuzzy set f = (S; fn, fp) in S is called a bipolar fuzzy sub-semigroup of
a semigroup S (see [4]) if it satisfies the following condition:
fu(zy) < VA a(@), fo(y)}
fo(zy) = N Sfp(2), fp(y)}

In what follows let .S and €2 denote a semigroup and a nonempty set, respectively,
unless otherwise specified.
A bipolar Q-fuzzy set Fq in S is defined to be an object having the form

Fo = {((z,q); f}(z, ), [ (z,0)) | (z,0) € S x Q}
where the function f$: S x Q — [~1,0] and ff} 1S x Q—[0,1].
We shall use the symbol Fo = <S x € 52, f§> for the bipolar Q-fuzzy set
Fq = {((x,a);fﬁ(w,a),f?(m,a)} | (z,c) € S x Q}
Definition 3.1. A bipolar Q-fuzzy set Fo = <S x Q; £, fz?> in S is called a bipolar
O-fuzzy left (resp. right) ideal of S if it satisfies
(fi ey, @) < £y, @) andfil(zy, @) > [}y, ),
(resp. fHxy,a) < Yz, a) andf}?(my,a) > fgz(x,a))
for all z,y € S and a € Q.
If Fo = <S x € 3, f1§2> is both a bipolar Q-fuzzy left ideal and a bipolar Q-fuzzy
right ideal of S, we say that Fq = <S x Q; 52, f1?> is a bipolar Q-fuzzy ideal of S.

Let S :={u|u:Q — S}. For any u,v € S, we define (uv)(a) = u(a)v(a) for
all a € Q. Then S is a semigroup.

(3.1) (Vz,y € S) (

(3.2)
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Theorem 3.2. Let Fg = <S x Q; £, f19> be a bipolar Q-fuzzy left (resp. right) ideal
of S and let P = <SQ P <I>Q> be a bipolar fuzzy set in S defined by

=\ {f(u(a),a) | ac 0}
/\{fQ @) | e}

for all u € 8. Then &g = <SQ, o, <I>§> s a bzpolar fuzzy left (vesp. right) ideal of
S,

Proof. Assume that Fq = <S x Q; £, f]§2> is a bipolar Q-fuzzy left ideal of S. For
any u,v € S, we have

8 (uv) = \/{fQ @) | o€}
=V {fl(ula)y(a),a) |a € 0}
S\/{fgua,a |aeQ}
= 27} (v)

and

and
<I>Q (uv) /\ {fQ @) | o€}
—/\{fQu a)v(a),a) | a € Q}
2/\{f3uo¢,a |aEQ}
= @2(1}).
Similarly, if Fg = <S x € 5, f§> is a bipolar Q-fuzzy right ideal of S then
&S (uv) < &% (u) and ‘Ilg(uv) > @g(u)
for all u,v € S*. This completes the proof. O

Definition 3.3. A bipolar Q-fuzzy set Fo = (S x ; fil, f&¥) in S is called a bipolar
Q-fuzzy bi-ideal of S if it is a bipolar 2-fuzzy sub-semigroup of S that satisfies:

f(way, @) < V{fi(z,a), fil(y, )}
fi(zay, 0) = N}, 0), (g, 0)} )

If Fop = (S x Q;ff},f3> satisfies the condition (3.3) only, we say that Fo =

<S x QS fgz> is a generalized bipolar Q-fuzzy bi-ideal of S. It is clear that every
bipolar Q-fuzzy bi-ideal of S is a generalized bipolar Q-fuzzy bi-ideal of S, but not
conversely as seen in the following example.

(3.3) (Va € Q) (Vz,a,y € S) (

Example 3.4. Let S be a semigroup of four elements {a, b, ¢,d} with the multipli-
cation table which is given in Table 1. Let Q = {1,2} and let Fo = (S x Q; f5!, f3})
be a bipolar Q-fuzzy set in S defined by

Fo ={{(a,1); —0.8,0.9), ((a,2); —0.5,0.6), ((b,1); —0.7,0.4), ((b, 2); —0.2,0.3),

((c,1); —0.3,0.8), {(c, 2); —0.5,0.3), {(d, 1); —0.7,0.5), ((d, 2); —0.3,0.5)}.
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TABLE 1. Multiplication table

| a b ¢ d
ala a a a
bla a a a
cla a b a
dla a b b

TABLE 2. Multiplication table

‘ a b ¢ d e
ala a a a a
bl a a a a a
cla a ¢ ¢ e
dl a a ¢ d e
el a a ¢ ¢ e

Then, as is easily seen, Fq = <S x Q; £, f1§2> is a generalized bipolar -fuzzy bi-ideal
of S. But it is not a bipolar Q-fuzzy bi-ideal of .S since

wlee2) = £1(0,2) = 02> =05 = \/ {£7(c,2), f(c.2)}
and/or

f(de,1) = f(b,1) = 04 < 0.5 = \ {f(d, 1), £} (c. 1)} .

Example 3.5. Let S := {u|u:Q — S}. For any u,v € S, we define (uv)(a) =
u(a)v(a) for all & € Q. Then S is a semigroup. Let f = (S; fn, f,) be a bipolar
fuzzy left (right) ideal of S and let @ = <SQ x ; O, @g) where

(1)2 : SQ X — [7170]7 (ua a) = fn(u(a))
and

q)g : SQ x Q- [Oa 1]7 (uaa) = fp(u(a))
Then ®q = (S x Q; %, <I>§> is a bipolar Q-fuzzy sub-semigroup of S* (see [3]).
It is easy to verify that &g = <SQ x Q; (I>§,2> is a bipolar Q-fuzzy left (or, right)
ideal of S. Also, if f = (S; fn, f») is a bipolar fuzzy bi-ideal of S then ®q is a
bipolar Q-fuzzy bi-ideal of S.

Example 3.6. Let S = {a,b,¢,d, e} be a semigroup with the multiplication table
which is given in Table 2. Let Q = {1,2} and let F = <S x € 3, f1§2> be a bipolar
Q-fuzzy set in S defined by

Fo ={((a,1); —0.7,0.7), ((a, 2); —0.9,0.5), (b, 1); —0.5,0.2), {(b, 2); —0.8, 0.4),
(e, 1); —0.3,0.5Y, {(c, 2); —0.6,0.3), ((d, 1); —0.4,0.4), {(d, 2); —0.4, 0.4),
((e,1); —0.2,0.6), {(e,2); —0.3,0.2) }.

Then Fo = <S x Q; 5, f1§2> is a bipolar Q-fuzzy bi-ideal of S.
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A bipolar fuzzy set f = (S; fn, fp) in S is called a bipolar fuzzy bi-ideal of S (see
[4]) if it is a bipolar fuzzy sub-semigroup of S that satisfies the following condition:

falzay) <N Afu(@), fu(y)}, )

34 Va,z,y € S .
(34 v es) (PO S NG By
Theorem 3.7. If f = (S;fﬁ‘,f;‘), a € Q, is a bipolar fuzzy bi-ideal of S, then a
bipolar Q-fuzzy set Fo = <S’ x Q; £, fz?> where

fﬁ} S x 0 —[-1,0], (z,a) — f(z)
and

fp 1 8% Q=101 (z,0) = f7(2)
s a bipolar Q-fuzzy bi-ideal of S.
Proof. If f = (S; fﬁ‘,f;), a € (Q, is a bipolar fuzzy bi-ideal of S, then it is a
bipolar fuzzy sub-semigroup of S. It follows from [3, Proposition 3.5] that Fo =

<S x € f,?, f1§2> is a bipolar Q-fuzzy sub-semigroup of S. Let x,a,y € S and « € ().
Then

f(way, o) = f3(xay) <\ {f2 (@), f5 )} = V{2 (@, 0), {2y, 0)}
and

I3 (way, o) = fi(eay) = N\ {f7 @), £ ()} = N {FH @), f(y.0)}
Hence F = <S x Q; fg, f1§2> is a bipolar Q-fuzzy bi-ideal of S. (Il

Lemma 3.8 ([3]). Let Q be the set of all bipolar fuzzy sub-semigroups of S and
let Fo = (S x &; f,?,f;2> be a bipolar Q-fuzzy set in S where f}(x, f) = fn(z) and
fz?(x,f) = fp(x) for allz € S and f = (S; fn, fp) € Q. Then Fo = <S X Q;fff,f,?)
s a bipolar Q-fuzzy sub-semigroup of S.

Theorem 3.9. Let Q) be the set of all bipolar fuzzy bi-ideals of S and let Fq =
<S x Q; S fz?> be a bipolar Q-fuzzy set in S where f(x, f) = fu(x) and fg(:mf) =
fo(@) for allz € S and f = (S; fn, fp) € Q. Then Fo = (S x f,?,fl?> is a bipolar
Q-fuzzy bi-ideal of S.

Proof. Let f = (S; fn, fp) € Q. Then f = (S; fn, fp) is a bipolar fuzzy sub-semigroup
of S. Hence F = <S x Q; £, fz?> is a bipolar Q-fuzzy sub-semigroup of S by Lemma
3.8. Let z,ay € S. Then

Fay, £) = fa(way) <\ {fa(@), fa )} =\ {F2 @ 0, 1w, D)}

and

Iy (xay, ) = fp(zay) = N{Fo(@), L)} = NS 0 5w, )} -
Therefore Fg = <S x € f,?, fz§2> is a bipolar Q-fuzzy bi-ideal of S. d

Lemma 3.10 ([3]). Let Fo = (S x Q; f,?,f3> be a bipolar Q-fuzzy sub-semigroup
of S. For any a € Q, let f = (S; o f;‘) be a bipolar fuzzy set in S where

n’

fr: S —[-1,0], z— f,?(x,a)
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and
fp 8 —[0,1], x> fl?(x,a).
Then f = (S; fo f;‘) is a bipolar fuzzy sub-semigroup of S.
Theorem 3.11. Let Fo = <S X Q;ff},fl?> be a bipolar Q-fuzzy bi-ideal of S. For
any o € Q, let f = (S; fo fz‘f‘) be a bipolar fuzzy set in S where
foe:8 —[-1,0], x+— f¥z,a)
and
fp 8 —[0,1], x+ fl?(m,a).
Then f = (S; fo f;‘) is a bipolar fuzzy bi-ideal of S.
Proof. Let Fo = <S X Q;ff},fz?> be a bipolar (-fuzzy bi-ideal of S. Then Fn =

<S x ;S ff}) be a bipolar Q-fuzzy sub-semigroup of .S, and so f = (S; fo f;f) i
a bipolar fuzzy sub—semigroup of S by Lemma 3.10. For any x,a,y € S, we have

f(zay) = fi(zay, o) < \/ {f1(z ), 1y, 0)} = \/ {3 @), o)}

—
wn

and
£ (way) = £ (way, ) > N\ {5 (@, 0), £, )} = N {f3 @), £3 W)} -
Hence f = (S; fo f;j‘) is a bipolar fuzzy sub-semigroup of S. O
Theorem 3.12. If S is a group, then every bipolar Q-fuzzy bi-ideal
Fo = (S x Q;fr?’f;?>
of S is constant, that is, fS} and f;’ are constant functions on S x Q.

Proof. Assume that S is a group and let F = <S x Q; £, fz? > be a bipolar Q-fuzzy
bi-ideal of S. For any x € S and « € Q, we have

fil@,a) = fil(eze,a) < \/{ (e, a), £} (e, )}
= fr(e.a) = fQ(ee Oé) = fn (@27 (=7 "2), 0)
= fil (w(@”a” <\l a). fi(w.0)} = fl(z,0)
and
fgz(x,a) (exe, @) /\{fQ e, ) (e,a)} fl?(e,a) = fz?(ee,a)
:fQ (zz™ (27 2),0) = fQ( (z7 'z Nz, a)
>/\{fpxoz fpasa} fﬂxa)

where e is the identity element of S. Hence f{(z,a) = f5(e;a) and f§'(z,a) =
fz? (e,a) for all x € S and « € Q. This completes the proof. O

Theorem 3.13. If S is a reqular semigroup, then every generalized bipolar Q-fuzzy
bi-ideal is a bipolar Q-fuzzy bi-ideal.
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Proof. Let Fo = <S X Q;f,?,f;}) be a generalized bipolar Q-fuzzy bi-ideal of a
regular semigroup S. Let z,y € S and « € €. Since S is regular, there exists a € S
such that y = yay. It follows from (3.3) that

flay, o) = fHz(yay), a) = f(z(ya)y, o) < \/ {f(z.0), £y, 0)}
and

fay,a) = fH(z(yay), o) = f5 (x(ya)y, ) > N {fH(z, ), £y, 0)} .
Therefore F = <S x € fS1, > is a bipolar Q-fuzzy bi-ideal of S. O
Theorem 3.14. Ewvery bipolar Q-fuzzy left (resp. right) ideal is a bipolar Q-fuzzy
bi-ideal.

Proof. Let Fg = <S x € f,?,f1?> be a bipolar Q-fuzzy left ideal of S. Then Fn =
<S x QS f?) is a bipolar -fuzzy sub-semigroup of S. For any z,a,y € S and
«a € , we have

fHay, o) = fR((za)y, ) < f2(y, ) < \/{ £ (2, ), [}y, @)}
and
[ (way,a) = f((za)y,a) > £ (y,0) > N\ {f3} (@, 0), £ (y,0)} .
Hence Fo = <S x Q; S fz?> is a bipolar Q-fuzzy bi-ideal of S. The right case is

proved in an analogous way. (Il

The following example shows that the converse of Theorem 3.14 is not true.

Example 3.15. The bipolar Q-fuzzy bi-ideal Fo = <S x € 3, f52> of S in Example
3.6 is neither a bipolar Q-fuzzy left ideal nor a bipolar Q2-fuzzy right ideal of S because
fil(Cdv 1) = fiz(Ca 1) =-03>-04= fr?(da 1)

and

£Hde,2) = £31(c,2) = 0.3 < 0.4 = f3'(d,2).

Now, we provide a condition for a bipolar Q2-fuzzy bi-ideal to be a bipolar Q-fuzzy
right ideal.

Theorem 3.16. Let S be a reqular semigroup in which every bi-ideal is a right ideal.
Then every bipolar Q-fuzzy bi-ideal of S is a bipolar Q-fuzzy right ideal of S.

Proof. Let Fq = <S X f§7f1?> be a bipolar fuzzy bi-ideal of S and let =,y € S.
Then zSx is a bi-ideal of S, and so xSz is a right ideal of S. Since S is regular,
zy € (xSz)S C zSx. Hence xy = wax for some a € S. Since Fo = (S x Q; f3, f1§2>
is a bipolar fuzzy bi-ideal of S| it follows that

fxy, ) = fHraz, a) <\/{ff}xoz fﬂzoz} 3z, a)
and
f;?(x%a) = f;?(xax7a) > /\{f;)(xva)7f;§2(x7a)} = f;?(xva)

Therefore F = <S x € S, fg) is a bipolar fuzzy right ideal of S. (I
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For a bipolar Q-fuzzy set Fo = (S x Q; f5, f5) in S and (s,t) € [-1,0] x [0,1],
we define
N(Fo;s)={z €S| f(z,a)<s, Ya e},
P(Fa;t)={z eS| fi{(x,a) > t, Ya e Q}
which are called the negative s-cut of Fg = <S x €Q; fff, f]?> and the positive t-cut of
Fo = <S x Q; £, f1§2> , respectively. The set
C(Fo;(s,t)) == N(Fa;s) N P(Fa;t)

is called the (s, t)-cut of Fq = <S x Q; £, fz?> .Forevery k € [0,1],if (s,t) = (—k, k)
then the set

(3.5)

C(Fo; k) == N(Fqo; —k) N P(Fq; k)
is called the k-cut of Fo = (S x Q;f,?,f1?>.

Lemma 3.17 ([3]). If a bipolar Q-fuzzy set Fo = <S x € fff,fgz> in S is a bipolar
Q-fuzzy sub-semigroup of S, then the following assertions are valid:

(1) (Vs e€[-1,0]) (N(Fq;s) # @ = N(Fq;s) is a sub-semigroup of S).

(2) (Vt€[0,1]) (P(Fa;t) #@ = P(Fq;t) is a sub-semigroup of S).
Theorem 3.18. If a bipolar Q-fuzzy set Fq = <S X Q;fg,ff) in S is a bipolar
Q-fuzzy bi-ideal of S, then the following assertions are valid:

(1) (Vs € [-1,0)) (N(Fq;s) # @ = N(Fq;s) is a bi-ideal of S).

(2) (Vt€[0,1]) (P(Fa;t) #@ = P(Fq;t) is a bi-ideal of S) .

Proof. Assume that Fo = <S x Q; £, f]?> is a bipolar Q-fuzzy bi-ideal of S. Then
it is a bipolar Q-fuzzy sub-semigroup of S, and so the nonempty negative s-cut
N(Fq;s) and the nonempty positive t-cut P(Fg;t) are sub-semigroups of S for
all (s,t) € [-1,0] x [0,1] by Lemma 3.17. Let a € S. If z,y € N(Fq;s), then
Q(r,a) < sand fi(y,a) < s for all a € Q. It follows from (3.3) that

2 (zay,a) < \/ {f2(z,0), f2(5,0)} < 5
so that xay € N(Fq;s). Hence N(Fgq;s) is a bi-ideal of S. If z,y € P(Fq;t), then
éz(z,a) >t and fgl(y, a) >t for all @ € Q. Using (3.3), we have

fl(zay,a) > \ {13 (@, a), f}(y,0)} >t
and so zay € P(Fq;t). Therefore P(Fq;t) is a bi-ideal of S. O

Denote by 5S¢ a semigroup S with the identity element e. For any bipolar Q-fuzzy
set Fo = <S X Q;f,?,f;” in S, let G = <Se X Q;gQ,g§> be a bipolar Q-fuzzy set

n
in S¢ where g5 and g? are defined as follows:

gl 8% Q— [-1,0], (w,a)— /\ {f2(z2,0) | w =122, 71,22 € S}
and
gff 15 xQ—1[0,1], (w,a) — \/ {f;?(.’EQ,OZ) | w=z120, 21,22 € 5°}.
Theorem 3.19. For any bipolar Q-fuzzy set Fq = <S x Q; fi, 1?> in S, the bipolar
Q-fuzzy set Go = <Se X Q;gg,g§> in S€ is a bipolar Q-fuzzy left ideal of S€.
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Proof. Let w € S¢ and « € Q). Then

¢ (w, ) /\{fn Ty, ) | w = T3, 1,72 € S°}

</\{ (w, « |w—ew} fff(w,oz)

and
gy (w,0) = \/ {f}(z2,0) | w = 2139, 1,79 € §°}
> \/{f2(w,0) |w=ew} = f(w,0).
Hence
g5 (wy, @) = \{f3 (@2, 0) | 2y = 2125}
< N {f(z2,0) |2y = (w21)22, y = 2122}
< A\ {FG ) |y = 2120}
= gn (y, @)
and
Sy, a) = \/ {f (22, 0) | 2y = 2120}
>\ {22, 0) | 2y = (w21) 22, y = 2120}
> \/{f (22,0) |y = 2122}
=95 (y, ).
Therefore G = (S¢ x ; g2, g) is a bipolar Q-fuzzy left ideal of S°. O

Definition 3.20. A bipolar Q-fuzzy set Fn = <S X Q;fﬁ’,f1?> in S is called a
bipolar Q-fuzzy (1,2)-ideal of S if it is a bipolar 2-fuzzy sub-semigroup of S that
satisfies:

fil@a(yz),0) < V{2, 0), £ (v, @), [} (2,0)
[y (@alyz),0) > NS (@, 0), fH(y, ), [;}(2,0)

for all « € Q and z,a,y,z € S.

(3.6)

[N

Example 3.21. Consider a semigroup T = {a,b, ¢, z,y, z} with the multiplication
table which is given by Table 3. Let © = {1,2} and let Go = (T x Q; g5/, 95') be a
bipolar Q-fuzzy set in T defined by

Gq ={((a,1); —0.7,0.9), {(a, 2); —0.9,0.8), ((b, 1); —0.2,0.1), (b, 2); —0.7,0.4),
<(C, ]-)a _047 01>7 <(C7 2)7 _027 06>a <(CE, 1)7 _057 01>7 <(.’IJ, 2)a _02a 02>7
<(y7 1)7 _Ola 01)7 <(y7 2)7 _077 03>a <(Z, 1)7 _077 09>a <(Z7 2)7 _057 03>}

Then G = <T x €2; g2, g§> is a bipolar Q-fuzzy (1, 2)-ideal of T.

Theorem 3.22. FEvery bipolar Q-fuzzy bi-ideal is a bipolar Q-fuzzy (1, 2)-ideal.
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TABLE 3. Multiplication table

| a b ¢ x y =z
ala a a a a a
bla a a a a a
cla a a a a a
r|la a a a a b
yla a a a b ¢
zla a b a x a

Proof. Let Fq = <S x Q; £, fg) be a bipolar 2-fuzzy bi-ideal of S. It is sufficient

to show that Fo = (S x ; fil, fit) satisfies the condition (3.6). Let v € Q and
x,a,y,z € S. Then

fR@a(yz),0) = £7 (way)z o) < \/ {2 (vay, @), £ (.0)}
VAV @) 2 g0} 2 (0))
=\ {2} (@), £ (v, ), f3] (2,0)}

and
fl(xa(yz), a) = f3 (way)z,a) > N {3 (way, ), f; (z,0)}
> ANAUE @) 18 o)} 12 (2,00 )
=N\ (@), 1] (v, 0), 15 (z,0)}
Therefore Fq = <S x Q; S f1§2> is a bipolar Q-fuzzy (1,2)-ideal of S. |

Combining Theorems 3.14 and 3.22, we have the following corollary.

Corollary 3.23. Ewvery bipolar Q-fuzzy left (resp. right) ideal is a bipolar Q-fuzzy
(1,2)-ideal.

The following example shows that the converse of Theorem 3.22 is not true.

Example 3.24. The bipolar Q-fuzzy (1,2)-ideal G = <T x Q; g5, g§> in Example

n

3.21 is not a bipolar Q-fuzzy bi-ideal since g} (zyz,1) > g$(2, 1).
We now consider the converse of Theorem 3.22 by adding a condition.

Theorem 3.25. In a reqular semigroup, every bipolar Q-fuzzy (1,2)-ideal is a bipolar
Q-fuzzy bi-ideal.

Proof. Let Fo = <S x Q; £, f§> be a bipolar Q-fuzzy (1, 2)-ideal of a regular semi-
group S. The regularity of S implies that xa € (£Sx)S C xSz for all a,x € S. Hence
xa = xbz for some b € S. Thus

fi(zay, ) = [ (@bx)y, o) = f;} (xb(ay), a)

<\ {f2(.a), 12 (y.0)}
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and
I (ay, o) = f;} ((xbr)y, @) = f;} (xb(zy), a)
> N {3 ), £ (y,0)} .
Therefore F = <S x € fS1, f§> is a bipolar Q-fuzzy bi-ideal of S. ([
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