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ABSTRACT. In this paper, we introduce the notion of fuzzy ideal,fuzzy
weak ideal,fuzzy weakly prime left ideal and fuzzy prime left ideal system
of a near-subtraction semigroup. We characterize fuzzy weak ideal and
fuzzy ideal of a near-subtraction semigroup X through weak ideal and
ideal of X respectively. We have shown that a fuzzy left ideal p of a near-
subtraction semigroup X is a fuzzy weakly prime left ideal of X if and only
if Im p={1,t} and p1 is a weakly prime left ideal of X where 1 >t > 0.
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1. INTRODUCTION

B. M. Schein [8] considered the systems of the form (¢;o,\)where ¢ is a set
of functions closed under the composition “o” of functions (and hence (¢;0) is a
function semigroup) and the set theoretic subtraction “\” and (hence (¢;\) is a sub-
traction algebra in the sense of [1].) B. Zelinka [9] discussed a problem proposed by
B. M. Schein concerning the structure of multiplication in a subtraction semigroup.
He solved the problem for subtraction algebra of a special type, called the atomic
subtraction algebras. Y. B. Jun et al. [6] introduced the notion of ideals in sub-
traction algebras and obtained significant results. P. Dheena et al. [2, 3] introduced
prime and fuzzy prime ideals of subtraction algebras and and near-subtraction semi-
groups. P. Dheena et al. [4] introduced prime left ideal and weakly prime left ideal.
Y. B. Jun et al. [5] discussed prime and irreducible ideals in subtraction algebras. E.
H. Roh et al. [7] considered prime and semiprime ideals in subtraction semigroups.

In this paper, we introduce the notion of fuzzy ideal, fuzzy weak ideal, fuzzy prime
left ideal and fuzzy weakly prime left ideal of near-subtraction semigroup. Similar to
fuzzy set theory, we have obtained significant results in a near-subtraction semigroup.
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2. PRELIMINARIES

A nonempty set X together with a binary operation “—7” is said to be a subtraction
algebra if it satisfies the following:

(1) o (y-2)=uz
(2) z—(z-y)=y—(y—a).
3) (x—y)—z=(x—2)—y, for every z, y, z € X.

Example 2.1. Let A be any nonempty set. Then (P(A),\) is a subtraction alge-
bra, where “P(A)” denotes the power set of A and “\” denotes the set theoretic
subtraction.

In a subtraction algebra the following holds :

(1) x—0=2and 0 —z =0.

) (x—y)—x=0.

) (—y)—y=x—y.

) z—(z—y)<y.

) (@—y)—(y—2z)=z—-y.

) a— (2 (z—y) =o—y.

) (@—y)—(z—y)<z—=

) x <y if and only if z = y — w for some w € X.
)z <yimpliessz —z2<y—zand z—y < z—x for all z € X.
(10) z,y < zimpliesz —y =z A (2 — y).

W

Definition 2.2. A nonempty set X together with two binary operations and
“.7 ig said to be a subtraction semigroup if it satisfies the following:

(1) (X;—) is a subtraction algebra.

(2) (X;-) is a semigroup.

(3) z(y — z) =ay — zz and (z —y)z = xz — yz for every z,y,2z € X.

Note that it is clear that 0z = 0 and 20 = 0 for every z € X.

Definition 2.3. Let (X, —,-) be a subtraction semigroup. A nonempty subset I of
X is called a left (right) idealif x—y € I, foreveryx € I,y € X and XTI C I(IX C I).
If I is both a left and right ideal then I is an ideal, where AB = {abla € A,b € B}{or
any nonempty subsets A, B of X.

Example 2.4. Let T’ be a subtraction algebra. Then the set M} (T') of all homo-
morphisms of I" into I" is a subtraction semigroup under point wise subtraction and
composition of mappings.

W

Definition 2.5. A nonempty set X together with two binary operations and
“.7 is said to be a mear-subtraction semigroup if it satisfies the following:

(1) (X;—) is a subtraction algebra.

(2) (X;-) is a semigroup.

(3) (x —y)z = xz — yz for every z,y,2z € X.
Example 2.6. Let I' be a subtraction algebra. Then the set M(I') of all map-

pings of I into I is a near-subtraction semigroup under point wise subtraction and
composition of mappings.

236



P. Dheena et al./Ann. Fuzzy Math. Inform. 4 (2012), No. 2, 235-242

Example 2.7. Let X = {0, a, b, 1} in which “—" and “-” are defined by
—|0]a|b|1l -|0la|b|1l
0(0{0f0O]O 0[0|0[0]O
ala|0|1]|b alalalala
b|b|0|O0]|b blal0|1]|Db
111]0]1]0 1/0la|b|1

Then (X, —,-) is a near-subtraction semigroup.

Definition 2.8. A near-subtraction semigroup X is said to be zero-symmetric if
20 = 0 for every z € X.

Definition 2.9 ([3]). Let (X, —,-) be a near-subtraction semigroup. A nonempty
subset I of X is called a weak ideal if

(WIl) x —y € I for all z,y € I.

(WI2) i —x(y — i) € I for all z,y € X and for all i € I.

(WI3) IX C I.

Note that a nonempty subset I of X is called a left weak ideal if it satisfies (WI1)
and (WI2) and is called right weak ideal if it satisfies (WI1) and (WI3).

Definition 2.10 ([4]). Let (X, —,-) be a near-subtraction semigroup. A nonempty
subset I of X is called an ideal if

(I1) x —yeIforallzelandforallye X.
(12) wi —x(y—i) € I for all x,y € X and for all ¢ € I.
(13) IX C I.

Note that a nonempty subset I of X is called a left ideal if it satisfies I1 and I2
and is called right ideal if it satisfies I1 and I3.

Remark 2.11. Every ideal of a near-subtraction semigroup X is a weak ideal. But
weak ideal of X need not be an ideal of X as shown by the Example 2.12.

Example 2.12. Consider near-subtraction semigroup X as in the Example [2.7.
Clearly I = {0,a} is a right weak ideal of X. But [ is not a right ideal of X because
a—-b=1¢1I

Definition 2.13 ([4]). A left ideal P of a near-subtraction semigroup X is called a
prime left ideal if Ly - Lo C P implies L1 C P or Ly C P for all left ideals L; and
L2 of X.

Definition 2.14 ([4]). A left ideal P of a near-subtraction semigroup X is said to
be weakly prime if Ly - Ly C P implies L; = P or Ly = P for all left ideals L; and
Lo of X which contains P.

Remark 2.15 ([4]). (1) A prime left ideal is always weakly prime left ideal. But
the converse need not be true as the following Example 2.16/ shows.
(2) Let X be a zero-symmetric near-subtraction semigroup. Let I be a subset of
X such that x —y € I for every x € I,y € X. Then the following are equivalent:
(i) XICI.
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(ii) @i —a(xy —i) € [ for all z,2; € X and i € I.

Proof. (i) = (ii) Let ¢ € I,z,21 € X. By (i) zi € I. Since I is a subset of X such
that © —y € I for every « € I,y € X, we have i — z(zq — i) € [ for all z, 21 € X
and ¢ € I.

(ii) = (i) Since X is zero-symmetric near-subtraction semigroup,

ri—x(0—i)=zi—20=axi—0=uwi €I,
forallz € X and ¢ € I. g

Example 2.16 ([4]). Consider the following near-subtraction semigroup.

—|0jla|blc Ola|b|c
0|0j0|0]|0 0j0l0f0|0O
alal|0|lc|b al0|la|b|c
b|{b|0|0]|Db b|0[0]0]O
clc|0]c|O c|0la|b|c

Here the left ideal {0,c} is weakly prime left ideal but not prime left ideal since
{0, b} is a left ideal such that {0,b} - {0,b} C {0, c}.

Definition 2.17. Let X be a nonempty set. A mapping u: X — [0,1] is called a
fuzzy set of X.

Definition 2.18. Let (X, —, ) be a near-subtraction semigroup and p be a fuzzy set
of near-subtraction semigroup. The level subset of p denoted by . for all ¢ € [0,1]
is defined as p; = {x € X | u(z) > t}.

3. Fuzzy WEAKLY PRIME LEFT IDEAL

Throughout this section X denote zero symmetric near-subtraction semigroup
unless otherwise specified.

Definition 3.1. A fuzzy set u of a near-subtraction semigroup X is called a fuzzy
weak ideal if

(FWI1) p(z —y) = min{p(z), p(y)}

(FWI2) (w2 — oy — 2)) > p(z)

(FWI3) p(zy) > p(z) for all z,y,z € X.

Note that a fuzzy set p of X is called a fuzzy left weak ideal if it satisfies (FWI1)
and (FWI2) and is called fuzzy right weak ideal if it satisfies (FWI1) and (FWI3).

Definition 3.2. A fuzzy set u of a near-subtraction semigroup X is called a fuzzy
ideal if

(FI1) p(z = y) > pulx)
(FI2) ez — a(y — 2)) > u(2)
(FI3) p(xy) > p(x) for all z,y,z € X.

Note that a fuzzy subset p of X is called a fuzzy left ideal if it satisfies (FI1) and
(FI2) and is called fuzzy right ideal if it satisfies (FI1) and (FI3).
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Theorem 3.3. Let u be a fuzzy subset of a a near-subtraction semigroup X. Then
wis fuzzy weak ideal if and only if the level subset u; is a weak ideal of X for all
t € [0, 1] whenever nonempty.

Proof. Let u be a fuzzy weak ideal of a a near-subtraction semigroup X. Let ¢ € [0, 1]
and z,y € p¢. Then p(x —y) > min{p(z),u(y)} > t. Thus © — y € p, for all
x,y € pg. If @ € py, then p(ze — 2(y — x)) > p(x) >t and p(ry) > p(x) > t. Thus
zx — 2(y — x),xy € py for all x € p; and for ally, 2 € X. Therefore u; is a weak ideal
for all ¢ € [0, 1] whenever nonempty.

Conversely,let z,y,z € X. Then z,y € p for t = min{u(z), u(y)}. Thus x—y € py.
Therefore p(z —y) > min{pu(z),u(y)} = t. Let s = p(x). Now, € ps. Then
zx — z(y — x),xy € ps for all y,z € X. Thus p(zx — 2(y — x)) > p(x) = t and
w(zy) > p(x) = t. Therefore u is a fuzzy weak ideal of X. O

Corollary 3.4. xs is a fuzzy weak ideal of X if and only if I is a weak ideal of X.
Proof. The proof follows from Theorem [3.3. O

Theorem 3.5. Let pu be a fuzzy subset of a a near-subtraction semigroup X. Then
W is fuzzy ideal if and only if the level subset p; is an ideal of X for all t € [0,1]
whenever nonempty.
Proof. Let u be a fuzzy ideal of a a near-subtraction semigroup X. Let ¢ € [0, 1]. If
% € e, then p(z—y) > ple) > t, plzw—2(y—=)) > p(x) > tand p(zy) > ple) > .
Thus x — y, zz — z(y — x) and zy € p; for all € p; and for ally, z € X. Therefore
¢ is an ideal for all ¢ € [0, 1] whenever nonempty.

Conversely,let z,y,z € X. Let s = u(x). Now, z € ps. Then z — y, zx — 2(y —
x),xy € ps for all y,z € X. Thus p(x —y) > p(x) =t plze — 2(y — ) > plx) =t
and p(zy) > p(z) = t. Therefore p is a fuzzy ideal of X. O

Corollary 3.6. x1 is a fuzzy ideal of X if and only if I is an ideal of X.
Proof. The proof follows from Theorem [3.5. 0

Corollary 3.7. FEvery fuzzy ideal is a fuzzy weak ideal.

Proof. The proof follows from Remark 2.11, and Theorems 3.3/ and [3.5. U
The converse of above Corollary [3.7 need not be true as shown by following

Example 3.8l

Example 3.8. Consider near-subtraction semigroup X as in the Example 2.7,

0.9 ifze{0,a
() = 0.}
0.3 otherwise
Clearly p is a fuzzy right weak ideal of X. But p is not a fuzzy right ideal of X
because p(a —b=1) =0.3 < 0.9 = u(a).
Definition 3.9. The product between two fuzzy sets A and p of a near-subtraction
semigroup X is defined as usual:

sup min{\(y), u(z)} if = can be expressed as z = yz

(- )a) = { =0
0 otherwise
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Definition 3.10. A fuzzy left ideal p of a near-subtraction semigroup X is called
prime if A1 - Ao C p implies Ay C p or Ao C p for all fuzzy left ideals Ay and As of X.

Definition 3.11. A fuzzy left ideal p of a near-subtraction semigroup X is called
fuzzy weakly prime if A1 - Ao C p implies A\ = p or Ag = p for all fuzzy left ideals Ay
and Ag of X which contain pu.

Remark 3.12. A fuzzy prime left ideal is always fuzzy weakly prime ideal. But the
converse need not be true as the following example shows.

Example 3.13. Consider the near-subtraction semigroup as in Example 2.16/ We
define fuzzy sets A, o as follows:

{1 if x € {0, ¢}

0.2 otherwise

Az) =

o) = {0.8 if 2 € {0,b}

0 otherwise

1 if z € {0,b} - {0,b} = {0}
0 otherwise

(0-0)(x) = {

Here the fuzzy left ideal X is fuzzy weakly prime left ideal but not fuzzy prime left
ideal since 0 -0 C A but ¢ € A.

Lemma 3.14. If i is a nonconstant fuzzy weakly prime left ideal of a near-subtraction
semigroup X, then Impu = {1,t} where 1 >t > 0.

Proof. Let u be a nonconstant fuzzy weakly prime left ideal of X. If Impy = {t1,t2,t3}
for 1 > t; > to > t3 > 0, then there exists a,b,¢ € X such that u(a) = ¢1, u(b) =
ta, p(c) = t3. Choose s1, s9 in such a way that 1 > s1 > t; > s9 > to. Now, we define
fuzzy sets A1, Ao as follows:

ifr e t ifre Mty

S§1 I T & Uy .

A(x) = Xo(x)=4qsy ifxe —
(@) {tg otherwise 2(7) 2 He: = Bt

t3 otherwise
Clearly p C Ay and pu C As.

i ifz:yz7yazeﬂt1
S2 ifx:yz7y€/u’t2_l1'tlﬂzeutl
(A2~ M) (z) =t ifz=yz,y,2 €, — u,
ts M x=yz,y € e, — pu,
0  otherwise
Thus A2 - A1 € p. But Ai(a) = s1 > t1 = p(a) and A2(b) = sg > to = p(b). Then
A1 # pand Ay # p is a contradiction. If Imy = {t1,t2} for 1 > t; > t9 > 0, then

there exists a1,b; € X such that p(ay) = t1, u(by) = t2 Choose s1, s2 in such a way
that 1 > s; > t1 > so > to. Now, we define fuzzy sets A1, A2 as follows:

if x € ty ifze
M) =0t DR @) =g R
to otherwise so otherwise
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Clearly © C Ay and pu C As.

t1 ifr=yz,y,2 € puy

s Max=yz,y € p, — pey, 2 € pit,
te fz=yz,y¢ . 2¢n,

0  otherwise.

(A2 - A1)(z) =

Thus Az - A\ C p. But A(a1) = s1 > t1 = p(a) and Aa(by) = s2 > to = wu(b). Then
A1 # poand Ay # pis a contradiction. Therefore Impu = {1,¢} where 1 >¢>0. O

Lemma 3.15. If i is a nonconstant weakly fuzzy prime left ideal of a near-subtraction
semigroup X, then w1 is a weakly prime left ideal of X.

Proof. Let p be a nonconstant fuzzy weakly prime left ideal of X. Let Ly and Lo be
left ideals of X such that Ly - Lo C uq, 1 € Ly and py1 € Lo. Now, we define fuzzy
sets A and o as follows:

/\(x){l ifze Ly 0(:0){1 ifx € Lo

t otherwise t otherwise
Clearly A and o are fuzzy left ideals of X, p C A and p C o.

1 ifeel; Ly
AN-o)z)=<t fx=yz,yg€Liorz¢gLs
0 otherwise

Then A - o C p implies A = p or 0 = p. Therefore Ly = py or Ly = pq. Hence py is
a weakly prime left ideal of X. O

Theorem 3.16. Let i be a nonconstant fuzzy left ideal of a near-subtraction semi-
group X. Then p is a fuzzy weakly prime left ideal of X if and only if

(1) Imp = {1,t} where 1>t >0.

(2) w1 is a weakly prime left ideal of X.

Proof. Let u be a fuzzy weakly prime left ideal of X. Then (1) and (2) follow from
Lemmas 3.14] and 13.15.

Conversely, if there exists fuzzy left ideals ¢ and 6 of X both containing g such
that 0 -0 C p with ¢ # p and 6 # u. Then there exists a,b € X such that
o(a) = s1 >t = pla) and 6(b) = so >t = p(b). Thus a € o5, but a ¢ p; and
b€ b, but b ¢ py. Clearly o5, and 0sy are left ideals. Let & € py. Since p C o,
p(x) = 1implies o(z) = 1. Thus o(x) > s1. Therefore uy C o, . Similarly,u; C 0,,. If
0s,0s, C 1, then oy, = pq or 05, = py which is a contradiction. Thus g, <04, Z p1.
Then a1by ¢ pp for some ay € o, and for some by € ;,. Thus u(a1by) = t.

(O‘ . 9)((11()1) > U(CLl) A\ 9([)1)

= 851 N\ 89

>t = u(al bl)
This is a contradiction to 0.6 C u. Therefore u is a fuzzy weakly prime left ideal of
X. O
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Theorem 3.17. Let i be a nonconstant fuzzy left ideal of a near-subtraction semi-
group X. Then u is a fuzzy prime left ideal of X if and only if

(1) Imp = {1,t} where 1>t >0.

(2) w1 is a prime left ideal of X.

Proof. Let p be a fuzzy prime left ideal of X. Then pu is a fuzzy weakly prime left
ideal of X. By Lemma 3.14, Imu = {1,t} where 1 >t > 0. Let Ly and Ls be left
ideals of X such that L; - Ly C p;. Clearly xr, and xr, are fuzzy left ideals of X.

1 ifeely-L
(xLl-xh)(x){ L

0 otherwise

Then xr, - Xz, € p implies xr, € p or xr, € p. Therefore Ly C p; or Ly C py.
Hence p; is a prime left ideal of X.

Conversely,if there exists fuzzy left ideals A and o of X such that A-o C p with
A Z pand o € p. Then there exists a,b € X such that A(a) = s; >t = p(a) and
o(b) = sg >t = pu(b). Thus a € s, but a ¢ g and b € oy, but b ¢ . Clearly
As, and o, are left ideals. If A, - 05, C pg, then Ag, C py or og, C py which is a
contradiction. Thus Ag, - 05, € 1. Then a1by ¢ py for a; € Ag, and by € og,. Thus
p(albl) =t.

(/\ . U)(albl) Z )\(&1) A O'(bl)
=851 NSy >1= u(albl)

This contradicts A - o C p. Therefore p is a fuzzy prime left ideal of X. 0
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