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1. INTRODUCTION

There are many generalizations of associative rings. Some of them, in particu-
lar, nearrings and semirings are very useful for solving problems in different areas
of applied mathematics and information sciences. Semirings which are common
generalization of associative ring and distributive lattices were introduced by H. S.
Vandiver in 1934 [13]. In more recent times semirings have been deeply studied, es-
pecially in relations with applications [5]. Semirings have also been used for studying
optimization, graph theory, theory of discrete event dynamical systems, matrices,
determinants, generalized fuzzy computation, theory of automata, formal language
theory, coding theory, analysis of computer programmes [2, 3, 5, 6]. An additively
commutative semiring with zero element is called hemiring. Hemirings, appears in
a natural manner, in some applications to the theory of automata, the theory of
formal languages and in information sciences [3, 11]. In 1965 Zadeh [16] introduced
the concept of fuzzy sets. Since then fuzzy set has been applied to many branches
in Mathematics. The fuzzification of algebraic structures was initiated by Rosen-
feld [12] and he introduced the notion of fuzzy subgroups. In [1] J. Ahsan initiated
the study of fuzzy semirings. The fuzzy algebraic structures play an important role
in Mathematics with wide applications in many other branches such as theoretical
physics, computer sciences, control engineering, information sciences, coding theory
and topological spaces [7, 11]. The concept of interval valued fuzzy set in algebra
was initiated in [4] by Biswas and further this concept was investigated in [9]. As
Ideals of hemirings and semirings play a vital role in the structure theory and are
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very useful for many purposes in the study of hemirings. So keeping in view the
importance of ideals in semirings and hemirings, in this paper we define interval
valued fuzzy prime ideals, interval valued fuzzy irreducible ideals, interval valued
fuzzy normal ideals of hemirings and some properties of the associated topology.

2. PRELIMINARIES

A set R # ¢ together with two associative binary operations addition ” +” and
multiplication ” -” is called semiring if "+” and ”-” are connected by the distributive
laws, that is for all a,b,c € R,

a(b+c¢)=ab+acand (a+b)c=ac+be

An element 0 € R satisfying the conditions, 0x = 20 =0 and 0+ 2z =z + 0 = z, for
all x € R, is called zero of the semiring R. Further an element 1 € R satisfying the
condition, 1 -z =z -1 =z for all x € R, is called multiplicative identity or simply
identity of the semiring R. A semiring R is called commutative if and only if, for all
a,b € R, a.b=b.a. A semiring with commutative addition and zero element is called
a hemiring. A non-empty A C R is called a subhemiring of R if it contains zero and
is closed with respect to the addition and multiplication of R. An element a € R is
called multiplicatively idempotent if a> = a. A hemiring R is called multiplicatively
idempotent if each element of R is multiplicatively idempotent. A non-empty I C R
is called a left (right) ideal of R if I is closed under addition and RI C I (IR C I).
If I and J are left (respectively right) ideals of a hemiring R then I N .J is a left
(respectively right) ideal of R. If I is a subset of R, then intersection of all left (right)
ideals of R which contain [ is a left (right) ideal of R containing I . Of course this
is the smallest left (right) ideal of R containing I and is called the left (right) ideal
of R generated by I. If I and J are left (respectively right) ideals of a hemiring R
then I + J is the smallest left (respectively right) ideal of R containing both I and
J. If I and J are ideals of a hemiring R then IJ is an ideal of R contained in I NJ.
An ideal P of a hemiring R is called prime ideal of R if for any ideals I and J of
Rif IJCP=1CPorJCP. An ideal I of a hemiring R is called irreducible
ideal of R if for any ideals A and Bof R,if ANB=1= A=ITor B=1. An
ideal I of a hemiring R is called idempotent if 12 = I. A hemiring R is called fully
idempotent if each two-sided ideal of R is idempotent, that is I2 = I. If A C R,
then characteristic function C4 of A is a function from X into {0, 1}, defined by

CA(a:):{ 1 if x €A,

0 otherwise,
A fuzzy subset A of a universe X is a function A : X — [0,1]. The symbols A A u
and AV g will mean the following fuzzy subsets of X

(A ) (@) = M) A ()
AV p)(z) = Az) V p(x)

for all z € X, respectively. More generally, if {\; : ¢ € A} is a family of fuzzy subsets

of X, then AjeaA; and V;epA; are defined by

(Nieadi)(®) = Niea(Ni())

(Vieadi)(x) = Viea(Ni(2))
50
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and are called the intersection and the union of the family {)\; : ¢ € A} of fuzzy
subsets of X, respectively.

Definition 2.1. Let A and u be any two fuzzy subsets of a hemiring R. Then the
sum of A and u is defined as

A+ ) () = Vaomytz [Ay) A p(z)] for all x € R.

Definition 2.2 ([15]). Let A and u be any two fuzzy subsets of a hemiring R. Then
the product of A and p is defined as

(M) (@) = Va=sr_ .z [N {AWi) A p(zi)}] for all z € R.

Definition 2.3. A hemiring R is called von Neumann regular if for any € R there
exists a € R such that x = zax or we have x € xRz, for all z € R.

Theorem 2.4 ([1]). A hemiring R is von Neumann regular if and only if for any
right ideal A and any left ideal B of R, AN B = AB.

Theorem 2.5. If R is commutative hemiring, then R is fully idempotent if and only
if R is von Neumann regular.

Definition 2.6 ([1]). A fuzzy subset A of a hemiring R is said to be a fuzzy left
(respectively right) ideal of the hemiring R if for all z,y € R

() Az +y) = A(2) A (y)

(ii) A (zy) > A(y) (respectively A (zy) > A (x)).

A fuzzy subset A of a hemiring R is called a fuzzy ideal of R if it is both fuzzy
left and right ideal of R

Theorem 2.7. If A and p are fuzzy left (respectively right) ideals of a hemiring R
then so are AN p, A+ 1 and Au.

Let £ denotes the family of all closed subintervals of [0, 1] with minimal element O
= [0,0] and maximal element I = [1, 1] according to the partial order [, /] < [8, §']
if and only if « < 8,0’ < 3 defined on £ for all [«, '], [3,5'] € £.

Definition 2.8. An interval valued fuzzy subset A of a hemiring R is a function
A:R— £

We write A(z) = [\~ (z), AT (z)] C [0,1] for all z € R where A", AT : R — [0, 1]
are lower and upper fuzzy sets of R, giving lower and upper limits of the image
interval for each z € R. Note that we have 0 < A\~ (z) < AT (z) < 1 for all z € R.
For simplicity we write A = [A~, At].

Definition 2.9. Let A be a subset of a hemiring R. Then the interval valued
characteristic function C4 of A is defined to be a function C4 : R — £ such that
forallz € R .

~ I=[1,1 ifzeA

C — - ) )
A@) { 0 =10,0] if x¢ A.

Clearly the interval valued characteristic function of any subset of R is also an
interval valued fuzzy subset of R. The interval valued characteristic function can
be used to indicate either membership or non-membership of any member of R in a
subset A of R. Note that Cg(z) = I for all z € R.
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Lemma 2.10. Let 5\, @ and v be the interval valued fuzzy subsets of a hemiring R.
If A\ C [i then \v C i and DA C Dfi.

Proof. Proof is straightforward. g

Definition 2.11 ([10]). Let A be an interval valued fuzzy subset of a hemiring R.
Then A is said to be an interval valued fuzzy left (resp. right) ideal of R if and only
if for all z,y € R

D A(@+y)
(ii) A (zy) >

> Mz) A A (y) ~
Ay) (resp- Azy) = A(x))-

An interval valued fuzzy subset \ : R — £ is called an interval valued fuzzy ideal
of R if it is both, interval valued fuzzy left and right ideal of R.

Lemma 2.12. An interval valued fuzzy subset A of a hemiring R is an interval
valued fuzzy l~ef1,L (reszzectively right) ideal of R if and only if \+ X C X and CrA C A
(respectively \Cr C X ).

Proof. Proof is straightforward. O

Theorem 2.13 ([10]). A subset A of a hemiring R is a left (respectively right) ideal
of R if and only if the interval valued characteristic function C4 is an interval valued
fuzzy left (respectively right) ideals of R.

Theorem~2.14. If% and [i are interval valued fuzzy left (respectively right) ideals
of R then A+ i and \ii are interval valued fuzzy left (respectively right) ideals of R.

Proof. Proof is straightforward. g

Remark 2.15. If X and i are interval valued fuzzy left (respectively right) ideals
of R then AN f is an interval valued fuzzy left (respectively right) ideal of R. In
general, A N [ # .

Theorem 2.16. For a hemiring R with identity 1, the following assertions are

equivalent:

(i) R is fully idempotent.
(ii) Each interval valued fuzzy ideal of R is idempotent. .
(i) If X and fi are interval valued fuzzy ideals of R then AN i = \f.

If R is commutative then the above conditions are equivalent to

(iv) R is regular.
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Proof. (i) = (ii) Let A be an interval valued fuzzy ideal of R and = € R. Then

IN

IN

N (z) = (xx) (x)

Vo= yoz {0 AT () AN (20) , AT (13) A AT (20)] }

Vazsr iz AN (AT Wizi) AT (Wizi) , AT (gazi) AT (izi)] }
Vozsn gz [NAT (4i2i) s NAT (yizi)]

Vo=xr_ yiz [/\_ (Z yizi> AT (Z yizi>‘|
=1 i—1

= Xax).

Thus A2 C A. For the reverse inclusion, since R is fully idempotent, so

r €<z >=< x >>= RtRRzR.

n
Thus « = )", a;za;b;xb; for some a;,a;,b;,b; € R. Hence

A(z) = X(x) AN (2) < X(azzal) A X (b))

for all a;,a},b;,b; € R, which implies
Mz) < A AT (@imal) AT (i) AT (agzal) A pt (bad))]

N

IN

A" (a;zal) AN (biabl), } }

S VesSiamaibin; {Ai { N (aal) AN (b))
Vamsm gz 1A (AT (W) AXT (25), A7 (95) AT (29)] }

This shows A - A\2. Hence \ = \2. ~
(ii) = (i) Let I be an ideal of R and let Ct be the interval valued characteristic
function of I. Then Cj is the interval valued fuzzy ideal of R which is, by hypothesis,

idempotent, that is,

(01)2 _ 60 =

This implies C;e = C;. Hence I? = I. Thus R is fully idempotent.
(i) = (iii) Let A and fi be interval valued fuzzy ideals of R. Then for any z € R

(Vi) (@) =

<

Voosn oo {0 (AT (W) A (22) AT (i) At (20)]}
AT az) A (i) s

Va=Si iz {/\1 { A (yizi) At (yizi) }

[NAT (yizi) , NAT (izi)] A
Va=SiLimis { (Niw™ (yizi) , N (yizi)] }
Veosp { A (i wim) AT (S wim)] A }

TEREE L [ (T vez) st (O wi)]
vz:E;;lyizi {>\ (J}) A M (’I)}
(i N g) (z).
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This implies 5\/1 cAn ii. For reverse containment, since R is fully idempotent so
r €<z >=< z >2. Thus as we argued in (i) = (ii)

(Ana) @ = @A)
< vz:EJ’.”zlyjz,' {/\j [>‘7 (yj> A qu (ZJ) 7)‘+ (y]) A :u+ (Zj)]}

- (ig) ().

This shows A N e :\ﬂ. Hence AN o= 5\,&.
(iii) = (ii) Let A be an interval valued fuzzy ideal of R . Then

M= A=Ani=\

Thus A is idempotent.
If R is commutative then (i)< (iv). O

Definition 2.17. An interval valued fuzzy ideal € of a hemiring R is called interval
valued fuzzy prime ideal of R if for any interval valued fuzzy ideals A and i of R
MiCE=>ACEor i CE,

Definition 2.18. An interval valued fuzzy ideal € of a hemiring R is called interval
valued fuzzy irreducible ideal of R if for any interval valued fuzzy ideals A and [ of
R aNp=€=>A=Eor p=E¢&.

Remark 2.19. (i) A = [\~, \"] is an interval valued fuzzy prime ideal of R if and
only if A~ and AT are fuzzy prime ideals of R.

(i) A = [A7,AT] is an interval valued fuzzy irreducible ideal of R if and only if
A~ and AT are fuzzy irreducible ideals of R.

Lemma 2.20. Let R be a fully idempotent hemiring. If X is an interval valued fuzzy
ideal of R with A (x) = [, B] € £ where x € R, then there exists an interval valued
fuzzy prime ideal £ of R such that A C £ and & (z) = [, ().

Proof. Let

X = {ﬂ . i is an interval valued fuzzy ideal of R and ji (z) = [a, 8] and A C ﬁ} .

Note that X # ¢ as AeX. Let £ = {/N\Z 11 € I} be a totally ordered subset of X,
then we claim that U;\; is an interval valued fuzzy ideal of R. For this, let z,y € R.

Then (Ulj\l) () =V, (5\1 (x)) <V; ()\2— (xy)) = (Uzj\l) (zy) and

(uzii) (z) =V ()\ (x)) <V (A (yz)) - (U)\) (yz).
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Also

(Uij‘i) (x)A(UjS\j> () = (Ui'

y” where)\i\/)\jzxg6£

IN
<
.
5

IA
<
<
<

[
=
S

i [ (z+y ]
Vi [A (x + y)}
= (UA,-) (x+y).
Thus U;)\; is an interval valued fuzzy ideal of R. Clearly \ < U\ and
(Uij\i) (z) = Vi <;\i (90)) = Vi, ] = [, 5] .

Thus U; )\; is least upper bound of £. Hence by Zorn’s lemma, there exists an interval
valued fuzzy ideal §~ of R which is maximal with respect to the property that A C é
and § (z) = [a,B]. Let ¥ and 6 be any interval valued fuzzy ideals of R such that
ONT =¢. Then € COand € C W and if € # 0 and € # V. Then, since ¢ is maximal
with respect to the property that §( ) = [a, f] for z € R. So 6,0 ¢ X and

6 (2) # o, 6] £ ¥ ().
Hence [a, §] = € (z) = (émif) (z) = 6 (z) A (z) # |a, 3], which is impossible.

Thus §~ =for §~ = ¥. And since every interval valued fuzzy irreducible ideal of fully
idempotent hemiring R is also interval valued fuzzy prime ideal, so £ is the required
interval valued fuzzy prime ideal of R. O

IN

Theorem 2.21. Let R be a hemiring, Then the following assertions are equivalent:
(i) R is fully idempotent.
(ii) The set £ of all interval valued fuzzy ideals of R (ordered by C) is distribu-
tive lattice under the sum and intersection of interval valued fuzzy ideals with
AN i = M for each pair of interval valued fuzzy ideals \, fi of R.
(iil) Each interval valued fuzzy ideal is intersection of all those interval valued
fuzzy prime ideals of R which contain it.

If R is commutative then the above three assertions are equivalent to

(iv) R is Von Neumann regular.

Proof. (i) = (ii) The set £ of all interval valued fuzzy ideals of R (ordered by ”C”

ie. AC piff A~ (z) < p~ (z) and AT (z) < pt (x) for all z € R) is clearly a lattice

under the sum and intersection of interval valued fuzzy ideals. Moreover, since R

is fully idempotent so by previous theorem A N i = Aj for each pair A and i of
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interval valued fuzzy ideals of R. For distributive lattice, we have to show that for
MiE e £r (Xnﬁ) +E= (X+£) N (ﬁ+£). Let z € R. Then

A~ _ A" ApT) () ANE (2),
[(n7) 4@ = Ve g x; e ]
(2 (y) NE (=),
B sz{ /\£+2M+y() () }
- w y-‘rz[ ) y)/\£+ ]/\
™ (y) nE () ()M*()]
< Vg= =y+z [(A ) ()‘++€+)( )]/\

[( +&7) (@), (u ++£+)( )]
A+ 5 (u+§)( )}

N

This implies (X N ;1) +é

(Ore)n(prd)]@=[(+8) (78] @
= Vg= X 1yz{/\ [(A +£7) (yi)A(M7+£7 (Zl)’
(AT +E7) () A (1" +€7) (20)

A~

(5\ + 5) N+ f) For reverse containment,

= Va=57 yiz [/\1{( Yi=Ti+8; (TZ) NE™ (84), At (ri) A €+ (Sz)])
A (vziftiJru [ (tl) ( ) 7M+ (tl> A £+ (,uz)])}]
= Vo=x2_ yiz [Ai{vgigis [A™ (r2) /\f (si) A~ (t) NET (1)

AF(ri) NET (si) Ap (t )Af (na)]}]
= Va=sryen Nl Vyizrips A7 (1) AET (80) AET (si) Ap™ (8a) AET (pa)

zi=ti+p;
AT(r) NET (si) NET (si) Ap (¢ )/\§+ (na)]}]
< Ve=m iz [Nl Vi e (A7 (rate) A p™ (riti) NE (siti) AET (siwa) ANET (ripua) ,
AT (rits) A (rite) AET (siti) AET (siu) A ( iti)] ]
< Va=sp iz [Ai{vyizizriti+(5iti+r Ui +8iU; ()‘ A ) (rit § (siti + siu; +riug),
(AT AT (rata) ANET (sits + sius + us)]

}]
S Vamsn gz NAVyzi=riti(sititrintsiun) (AT A7) +€7) (gizi)
(AT ART) +€7) (wiz)l}]
= Voosz gz AN (AT ART) +67) (wiz), (AT ART) +€7) (yiz)] }
<Vamsn gz (AT ART) +67) Baizi), (AT A ™) +£7) (Biyizi)]
= Vo—sz iz (A ALT) +€67) (2), ((?,g ApT) +&7) ()]
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= ((;\ﬁﬂ) +«§) (z).
This shows (5\+5)m(;}+£) C (Xﬂﬂ)—i—& and so (5\0,&)—&-5: (X—&-é)ﬂ(ﬁ—f—g).
Hence £5 is a distributive lattice.
(ii) = (i) Let £ be a distributive lattice under the sum and intersection of

interval valued fuzzy ideals of R and let AN i =\ for each pair of interval valued
fuzzy ideals A and fi of R. Then for any interval valued fuzzy ideal X\ of R, we have

M=X=Ani=2X
Thus R is fully idempotent. }
(i) = (iii) Suppose that R is fully idempotent hemiring. Let A be an interval val-
ued fuzzy ideal of R and {5\1 el } be the family of all interval valued fuzzy prime

ideals of R which contain A. Then obviously A C Nie 15\2-. For reverse containment,
let x € R then by the above lemma, there exists an interval valued fuzzy prime ideal

¢ of R such that A C € and A (z) = & (x). Then £ € {5\2 S I} . Hence NierA; C £

Thus Nier\; (x) §~§~(sc) = (2) . This shows Nicrhi € A Thus}\ = Nicr ;.
(iii) = (i) Let A be an interval valued fuzzy ideal of R then )\2~is also an interval
valued fuzzy ideal of R and by hypothesis A? can be written as A* = N;c;\; where

{;\1 el } is a family of interval valued fuzzy prime ideals of R which contain A2,

NOW §ince A2 - 5\1 for all~i and SiI}CG S\iNare ir}terval Va1~ued i;uzzy prime ideals so
A C )\ for all i. Hence A C NierA; = A2 C A. Thus A = A\2. Hence R is fully
idempotent. O

Theorem 2.22. Let R be a fully idempotent hemiring. An interval valued fuzzy
ideal & of R is interval valued fuzzy prime if and only if it is interval valued fuzzy
irreducible.

Proof. Assume that € is an interval valued fuzzy prime ideal of R. Then £ is also
interval valued fuzzy irreducible.

Conversely, let € be an interval valued fuzzy irreducible ideal of R and X, i be
any two interval valued fuzzy ideals of R such that Aji C . Then since R is fully

idempotent so A\i = AN ji. Thus we have AN i C £. This implies (;\ N /l) +E=¢.
Again since R is fully idempotent so the set of all interval valued fuzzy ideals of R
is a distributive lattice under sum and intersection of interval valued fuzzy ideals,
hence (5\ +§~) N (,& + é) = §~ Thus A 4—5~ = §~ or i + £~ = £~ since §~ is irreducible.
Hence A C 5 or on C §~ Thus é is an interval valued fuzzy prime ideal of R. g

Example 2.23. Let S be a non-empty set. Define a binary operation ” * ”on S by
xxy =y forall z,y € S. Then (S, *) is a semigroup. Now let R = S U {oc} U {0}
where {co} is a ring with a single element "00”, and ”0” is absorbing zero i.e.,
xx0=0%xx=00%x0=0x%00=0for all z € SU{0} and z * 0o = oo * 2 = oo for all
x € S. Now define another binary operation ” +” on Ras0+0=0and x +y = o0
forall z,y € S and  + 00 = co+ 2 = oo for all x € R. Then (R, +, *) is a hemiring.

FACT 1. Every element of R is multiplicatively idempotent.
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FACT 2. R is a regular hemiring.

FACT 3. An interval valued fuzzy subset A of R is interval valued fuzzy right ideal
of R if and only if

(i) A (0) > ~()forallaceR,
(ii) ~( 00) > A(z) for all z € S U{oo},
(iii) A(z) = A(y) for all z,y € S.

Proof. Suppose that (i), (ii) and (iii) hold. If z,y € S U {oco}, then  # 0 # y, and
so Az +1y) = A(oo) > A(z) AA(y) by (i). If any one of x and y, say z = 0 and
y € SU{oo}, thenz+y =0+y = andso)\(x—i—y) A (y) = X (z) A (y) because
A(z) =A(0) > X(a) for all @ € R. When z =y = 0, we have

Thus in each case, A (z +y) > A(z) A X(y) for all z,y € R. If 2,y € S, then
Mzxy) = A(y) = X( ) by (ii). If = 0 and y € R, then X (z*y) = A(0*y) =
A(0) = X(z) and A (y*z) = X()>X(). If z = 0o and y € R, then
Mz xy) = A(ooxy) = A(c0) and A (y *z) = Ay x 00) = A(00) = A(y) by
(i). Thus in any case A (z * y) a:) for all z,y € R. Hence X is an interval valued
fuzzy right ideal of R.

Conversely, suppose that \ is an interval valued fuzzy right ideal of R and let

z €S U{oo} then A(00) = A(z%00) > A(z). Also for any z,y € S

Aa) = Myxz)>\(y),
AMy) = Aaxy) > A(2),
A0) = Xzx0)>A(2)
Thus A (z) = A (y). O

FACT 4. The (crisp) right ideals of R are {0},{0,00} and R itself which are all
idempotent.

FACT 5. All interval valued fuzzy right ideals of R are idempotent.

Proof. Let X : R — £ be an interval valued fuzzy right ideal of R = S U {0, 00} .
Then

A2(0) = Vooxr gz [N [N ) AN (20) AT () AXT (20)] ]
[A7(0) AAT(0), AT (0) A AT (0)]
= X(0)>X2(0).

Y

Thus A2 (0) = X (0). Now for x € S, no expression of the form = = 31" vz

involves only 0 and oo. Thus A; [A™ (yi) AA™ (2:), AT (yi) AXT (2:)] # A(0) and

N AT (wi) AT (23) , AT (i) AXT (23)] # A(oc) Note that © = x - z is among the
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possible expressions of z and since X (z) = A (y) for all z,y € S. So

N () = Vomzn g AN AT (1) AN (), AT () AN (20)] }
Voeaa [N (2) AX (2), AT (2) AAT (2)]

A(z) > A% (2)

for all z € S. Hence A2 (z) = A (z) for all # € S. Now we calculate A% (c0) . Clearly,
no expression for co contains only 0 and one expression for co is oo = 0o - 0o. Thus

n
for oo =370 yizi

Ai [N (i) AAT (20), AT () A AT (20)] # A (0)

Y

and

Ao AT () AT (20), AT () AT (20)] = A(o0).
Thus Vo=sr_ gz, {A AT (1) AT (20), AT (9s) AT (24)]} = A (00) . Hence A2 (00) =
A (00) . Thus the interval valued fuzzy right ideal X is idempotent. O

Example 2.24. Consider the hemiring R = {0, a,b,c,d} defined by the following
operations

+10|lal|b|c|d -|10]alblc|d
0|0f|al|blc|d 0/0{0]|0]0]O
alalclal|bdbl|a al0|lal|b|c|d
blbla|b|cl|b blO|b|b|b|d
c|lclblc|lalc c|O0|lc|bla|d
d|d|lal|b|c|d d|0o(d|d|d|O0

FACT 1. The (crisp) ideals of R are {0} ,{0,d},{0,b,d} and R itself. Now
{0}" = {0}, {0,d}* = {0} # {0,d}, {0,b,d}" ={0,b,d}.
Thus the ideal {0,d} is not idempotent.

FACT 2. If we define two interval valued fuzzy subsets i and X of R as

i(z) = (:) if x=ua,b,c, S\(I)* @ if x=a,c,
FE=V T it z=0,d, VI ifx=0,b4d,

Then both & and \ are interval valued fuzzy ideals of R but A s idempotent while
fi is not as i? (d) = [0,0] = O # i (d) .

Example 2.25. Consider the set R = {0, 2} with binary operations defined as

+ 10 |x - 10|z
00|z 0(0]0
T |z |x x| 0|x

Then R is clearly a hemiring with an absorbing element ‘0’. Its only proper (crisp)

ideal is zero ideal {0}. Since each ideal {O}and R are idempotent, so R is fully

idempotent hemiring. Since R is also commutative so it is von Neumann regular.
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Then the lattice of all interval valued fuzzy ideals of R (ordered by C) is distributive
under the sum and intersection of interval valued fuzzy ideals.

Definition 2.26. An interval valued fuzzy ideal A of R is called normal if A(0) =
[1,1].

Let R be a fully idempotent hemiring, £ is the lattice of all normal interval
valued fuzzy ideals of R and £ p is the set of all proper normal interval valued fuzzy
prime ideals of R. For any interval valued fuzzy ideal A of R, we define

9;:{;1605};:}5;,1} andgz{@:Xe,eR}.
Theorem 2.27. The set S forms a topology on the set £p. The assignment A — 05
is an isomorphism between the lattice £ and the lattice of open subsets of £p.

Proof. First we show that & forms a topology on the set £p. Let ) be the interval
valued fuzzy ideal of R defined by

- [ O ifxz#o0,
Wj)_{i it 2 =0.

Then 0; = {/1 € Lp:1 ¢ /1} = . If Cg is the interval valued characteristic
function of R then

Cr(z)=[1,1]=1I, Yz € R
and by definition of £p, we have i C Cr Vi € £p. Thus
QGR:{[LG.ﬁp:CYRgﬂ}:fp
and hence OC‘R = £p is an element of .
Now let 05,05, € S with A, A2 € £5. Then

05, N0s, = {fictr: M gaandds g i}.

Since R is fully idempotent hemiring so AN A = M2, Now if Ay N g C i1 then
Mo C i But fi is an interval valued fuzzy prime ideal of R so Ay C ji or A2 C fi,
which is a contradiction. Therefore 5\1 N ;\2 ;(_ it

Conversely, if A\; N Ao ¢ fi then A ¢ i and Ao ¢ fi. Thus

95\1095\2 = {/le,Ep:;\ng,aandS\ggZﬂ}
= {[Lefpij\lﬁquﬂ}
= 05,05
And surely A N Ay € £5. Thus 9;\1 N 9;\2 € § for all 5\1, X2 € £5. Consider a family
{05, Yier of elements of J. Then

Uierfs, = Uiel{ﬂe«fpi;\i%ﬂ}
= {[LE,EP:;\kg[LforsomekGI}

= 055 €9 ( Siki € £R) :
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Thus S is a topology on £p. Define a map ¥ : £ — & by
w(3) =65 vie g
Then by definition of 05, we have
A =Xy =05, =05, VAL, € Lp.

And from (ii) and (iii) above, ¥ preserves the finite intersection and arbitrary union.
Thus VU is a lattice homomorphism. Now for isomorphism, we will show that ¥ is a
bijection. ¥ is clearly onto, and for A\, Ao € £ let

v(h)=w (k).

Then 05\1 = 6’5\2, and so 5\1 = 5\2 because if 5\1 =+ 5\2 then there exists € R such
that A1 (z) # A2 (x) . Therefore anyone, say, A1 (z) is greater than Az (). Then for
A2, there exists an interval valued fuzzy prime ideal fi of R such that A> (z) = ji (z) .
Then Ay £ fi because Ay (x) > Xz (z) = fi () . This implies i € 65 = 05, and thus
p € 05,. Hence Ay % f1, which is a contradiction. Thus ¥ is an isomorphism. O
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