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1. Introduction

In some sense almost all concepts, we are meeting in everyday life, are vague
rather than precise. On the contrary, it is interesting to see that classical math-
ematics requires that all mathematical notions must be exact, otherwise precise
reasoning would be impossible ( Pawlak and Skowron 2007 )[8]. To reduce this gap
between the real world full of vagueness and the traditional mathematics purely
concerning precise concepts, some kind of theories were given like theory of fuzzy
sets, rough sets etc. The concept of a fuzzy set was initiated by Zadeh[11] in 1965
and the rough set theory was introduced by Pawlak[7] in 1982. Thereafter in 1986,
Atanassov[1] presented the intuitionistic fuzzy sets as a generalization of fuzzy sets.
In 1994, Biswas and Nanda[2] introduced the notion of rough subgroups and in
1997, Kuroki[4] introduced the notion of a rough ideal in a semigroup. So, many
authors contributed different articles on these concepts and applied it on different
branches of pure and applied mathematics. Based on an equivalence relation, in
1990, Dubois and Prade[3] introduced the lower and upper approximations of fuzzy
sets in a Pawlak approximation space to obtain an extended notion called rough
fuzzy sets. In [10], the notions of rough prime ideals and rough fuzzy prime ideals
in semigroup are introduced. Kazanci and Davvaz in [6] introduced rough prime
(primary) ideals and rough fuzzy prime (primary) ideals in commutative rings. In
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2011, K. V. Thomas and L. S. Nair[9] introduced rough intuitionistic fuzzy sets in a
lattice.
In this paper, in section 3, we substitute a semigroup instead of the universe in
pawlak approximation space and define lower and upper approximation of an in-
tuitionistic fuzzy set in semigroup and also discuss some important properties. In
section 4, we define rough intuitionistic fuzzy left ( right, two-sided, bi-, ( 1 , 2 )- )
ideals in semigroups and verify its some basic properties and section 5 concludes the
paper.

2. Preliminaries

This section contains some basic definitions which will be needed in the sequel.
In this paper, unless otherwise stated explicitly, S always denotes a semigroup with
identity. The symbol 2 marks the end of a proof.

Definition 2.1 ([7]). Let ( U , R ) be an approximation space, where U is the non-
empty universe, R is an equivalence relation and let X be any non-empty subset
of U . Then the sets

R∗( X ) = {x ∈ U | [x ]R ⊆ X }
and R∗( X ) = {x ∈ U | [x ]R ∩ X 6= φ }

are respectively called the lower approximation and upper approximation of the set
X with respect to R, where [x ]R denotes the equivalence class containing the
element x ∈ X with respect to R. X is called R-definable if R∗(X ) = R∗( X ),
in the opposite case, i.e. if R∗( X ) 6= R∗( X ) then X is called rough set with
respect to R.

Definition 2.2 ([1]). An intuitionistic fuzzy set ( briefly, IFS ) A in a non-empty
set X is an object having the form

A = { 〈x, µA( x ) , νA( x ) 〉 |x ∈ X } ,

where the functions µA : X → [ 0 , 1 ] and νA : X → [ 0 , 1 ] denote the degree of
membership and degree of nonmembership of the element x ∈ X to A, respectively
and satisfy 0 ≤ µA( x ) + νA( x ) ≤ 1 for all x ∈ X. The family of all IFS in X
is denoted by IFS( X ).
An intuitionistic fuzzy set A = { 〈x, µA( x ) , νA( x ) 〉 |x ∈ X } in X can be iden-
tified to an ordered pair (µA , νA ) in IX × IX . For the sake of simplicity, we shall
use the symbol A = ( µA , νA ) for the IFS A = { 〈x, µA( x ) , νA( x ) 〉 |x ∈ X }.

Definition 2.3 ([1]). If A = ( µA , νA ) and B = ( µB , νB ) are any two IFS in
X, then
(1) A ⊆ B ⇔ µA(x ) ≤ µB(x ) and νA(x ) ≥ νB( x ) ∀x ∈ X,
(2) A = B ⇔ µA( x ) = µB(x ) and νA(x ) = νB( x ) ∀x ∈ X,
(3) Ac = ( νA , µA ),
(4) A ∩ B = ( µA ∩ µB , νA ∪ νB ), where for all x ∈ X,

(µA ∩ µB)(x ) = µA( x ) ∧ µB( x ) and (νA ∪ νB)(x ) = νA(x ) ∨ νB( x ).
(5) A ∪ B = ( µA ∪ µB , νA ∩ νB ), where for all x ∈ X,

(µA ∪ µB)(x ) = µA( x ) ∨ µB( x ) and (νA ∩ νB)(x ) = νA(x ) ∧ νB( x ).
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Definition 2.4. Let A = ( µA , νA ) and B = ( µB , νB ) are any two IFS of S.
Then the composition A ◦B is defined by

A ◦B = ( µA ◦ µB , νA ◦ νB ),
where for all x ∈ S,

(µA ◦ µB )(x ) =
∨

x = yz

[µA( y ) ∧ µB( z ) ]

and ( νA ◦ νB )(x ) =
∧

x = yz

[ νA( y ) ∨ νB( z ) ].

Definition 2.5 ([5]). An IFS A = ( µA , νA ) of S is called an intuitionistic fuzzy
subsemigroup of S if for all x, y ∈ S,

µA( xy ) ≥ µA( x ) ∧ µA( y ) and νA( xy ) ≤ νA(x ) ∨ νA( y ).

Definition 2.6 ([5]). An IFS A = ( µA , νA ) of S is called an intuitionistic fuzzy
left ideal of S if for all x, y ∈ S,

µA( xy ) ≥ µA( y ) and νA( xy ) ≤ νA( y ).

Definition 2.7 ([5]). An IFS A = ( µA , νA ) of S is called an intuitionistic fuzzy
right ideal of S if for all x, y ∈ S,

µA( xy ) ≥ µA( x ) and νA( xy ) ≤ νA( x ).

Definition 2.8 ([5]). An IFS A = ( µA , νA ) of S is called an intuitionistic fuzzy
two-sided ideal of S if for all x, y ∈ S,

µA(xy ) ≥ µA( x ) ∨ µA( y ) and νA( xy ) ≤ νA(x ) ∧ νA( y ).

Definition 2.9 ([5]). An intuitionistic fuzzy subsemigroup A = (µA , νA ) of S
is called an intuitionistic fuzzy bi-ideal of S if for all x , y , w ∈ S,

µA( xwy ) ≥ µA( x ) ∧ µA( y ) and νA( xwy ) ≤ νA( x ) ∨ νA( y ).

Definition 2.10 ([5]). An intuitionistic fuzzy subsemigroup A = ( µA , νA ) of S
is called an intuitionistic fuzzy ( 1 , 2 )-ideal of S if for all x , y , z , w ∈ S,

(i) µA( xw ( yz ) ) ≥ µA( x ) ∧ µA( y ) ∧ µA( z ),

(ii) νA( xw ( yz ) ) ≤ νA(x ) ∨ νA( y ) ∨ νA( z ).

3. Rough Intuitionistic Fuzzy Subsets (RIFS) in a Semigroup

Let θ be a congruence relation on S, that is, θ is an equivalence relation on S
such that

( a , b ) ∈ θ ⇒ ( ax , bx ) ∈ θ and ( xa , xb ) ∈ θ ∀ x ∈ S.

We denote the θ-congruence class containing the element a ∈ S by [ a ]θ. For a
congruence relation θ on S, we have [ a ]θ [ b ]θ ⊆ [ ab ]θ ∀ a , b ∈ S. A congruence
relation θ on S is called complete if [ a ]θ [ b ]θ = [ ab ]θ for all a , b ∈ S. Let
A = (µA , νA ) be an IFS of S. Then the IFS θ∗( A ) = ( θ∗( µA ) , θ∗( νA ) ) and
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θ∗( A ) = ( θ∗( µA ) , θ∗( νA ) ) are respectively called θ-lower and θ-upper approxi-
mation of the IFS A = ( µA , νA ), where ∀x ∈ S,

θ∗( µA )(x ) =
∧

a∈ [ x ]θ

µA( a ), θ∗( νA )(x ) =
∨

a∈ [ x ]θ

νA( a ),

θ∗( µA )(x ) =
∨

a∈ [ x ]θ

µA( a ), θ∗( νA )(x ) =
∧

a∈ [ x ]θ

νA( a ).

For an IFS A = ( µA , νA ) of S ,

θ( A ) = ( θ∗( A ) , θ∗( A ) )

is called rough intuitionistic fuzzy set with respect to θ if θ∗( A ) 6= θ∗( A ).

Note 3.1.

θ∗( µA )(x ) + θ∗( νA )(x ) =
∧

a∈ [ x ]θ

µA( a ) +
∨

a∈ [ x ]θ

νA( a )

≤
∧

a∈ [ x ]θ

µA( a ) +
∨

a∈ [ x ]θ

( 1− µA( a ) )

=
∧

a∈ [ x ]θ

µA( a ) + 1−
∧

a∈ [ x ]θ

µA( a ) = 1.

Similarly, θ∗( µA )(x ) + θ∗( νA )(x ) ≤ 1 for all x ∈ S. This justify that

θ∗( A ) = ( θ∗( µA ) , θ∗( νA ) ) and θ∗( A ) = ( θ∗(µA ) , θ∗( νA ) )

are IFS of S.

Theorem 3.2. Let θ , φ be two congruence relations on S. If A = ( µA , νA ) and
B = ( µB , νB ) are any two IFS of S, then the following hold:

(1) θ∗(A ) ⊆ A ⊆ θ∗( A ),
(2) θ∗( θ∗( A ) ) = θ∗( A ),
(3) θ∗( θ∗( A ) ) = θ∗( A ),
(4) θ∗( θ∗( A ) ) = θ∗(A ),
(5) θ∗( θ∗( A ) ) = θ∗( A ),
(6) ( θ∗( A c ) ) c = θ∗( A ),
(7) ( θ∗( A c ) ) c = θ∗( A ),
(8) θ∗( A ∩ B ) = θ∗( A ) ∩ θ∗( B ),
(9) θ∗( A ∩ B ) ⊆ θ∗(A ) ∩ θ∗( B ),
(10) θ∗( A ∪ B ) = θ∗(A ) ∪ θ∗( B ),
(11) θ∗( A ∪ B ) ⊇ θ∗( A ) ∪ θ∗( B ),
(12) A ⊆ B ⇒ θ∗( A ) ⊆ θ∗( B ) ,
(13) A ⊆ B ⇒ θ∗( A ) ⊆ θ∗( B ),
(14) θ ⊆ φ ⇒ θ∗( A ) ⊇ φ∗( A ),
(15) θ ⊆ φ ⇒ θ∗( A ) ⊆ φ∗( A ).

Proof. This is easily obtained from Definition 2.3 and Definition of lower and upper
approximation of an intuitionistic fuzzy set. �

Theorem 3.3. Let θ be a congruence relation on S. If A , B are any two IFS of
S, then θ∗( A ) ◦ θ∗( B ) ⊆ θ∗( A ◦B ).
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Proof. Since θ is a congruence relation on S,

[ a ]θ [ b ]θ ⊆ [ ab ]θ ∀ a , b ∈ S.

Let A = ( µA , νA ) , B = ( µB , νB ) be any two IFS of S. Then

θ∗(A ) ◦ θ∗( B ) = ( θ∗( µA ) ◦ θ∗( µB ) , θ∗( νA ) ◦ θ∗( νB ) )

and θ∗( A ◦B ) = ( θ∗(µA ◦ µB ) , θ∗( νA ◦ νB ) ). To show

θ∗(A ) ◦ θ∗(B ) ⊆ θ∗(A ◦B ),

we have to prove that for all x ∈ S,

( θ∗( µA ) ◦ θ∗( µB ) )(x ) ≤ θ∗(µA ◦ µB )(x )

and ( θ∗( νA ) ◦ θ∗( νB ) )(x ) ≥ θ∗( νA ◦ νB )(x ).

Now for all x ∈ S,
( θ∗( µA ) ◦ θ∗(µB ) )(x ) =

∨
x = yz

[ θ∗( µA )( y ) ∧ θ∗( µB )( z ) ]

=
∨

x = yz
[ (

∨
a∈ [ y ]θ

µA( a ) ) ∧ (
∨

b∈ [ z ]θ

µB( b ) ) ]

=
∨

x = yz
[

∨
a∈ [ y ]θ , b∈ [ z ]θ

( µA( a ) ∧ µB( b ) ) ]

≤
∨

x = yz
[

∨
ab∈ [ yz ]θ

( µA( a ) ∧ µB( b ) ) ], since ab ∈ [ y ]θ [ z ]θ ⊆ [ yz ]θ

=
∨

ab∈ [ x ]θ

( µA( a ) ∧ µB( b ) ), since yz = x

=
∨

α∈ [ x ]θ , α = ab

( µA( a ) ∧ µB( b ) )

=
∨

α∈ [ x ]θ

∨
α = ab

( µA( a ) ∧ µB( b ) )

=
∨

α∈ [ x ]θ

( µA ◦ µB )(α ) = θ∗( µA ◦ µB )(x ).

Again,
( θ∗( νA ) ◦ θ∗( νB ) )(x ) =

∧
x = yz

[ θ∗( νA )( y ) ∨ θ∗( νB )( z ) ]

=
∧

x = yz
[ (

∧
a∈ [ y ]θ

νA( a ) ) ∨ (
∧

b∈ [ z ]θ

νB( b ) ) ]

=
∧

x = yz
[

∧
a∈ [ y ]θ , b∈ [ z ]θ

( νA( a ) ∨ νB( b ) ) ]

≥
∧

x = yz
[

∧
ab∈ [ yz ]θ

( νA( a ) ∨ νB( b ) ) ], since ab ∈ [ y ]θ [ z ]θ ⊆ [ yz ]θ

=
∧

ab∈ [ x ]θ

( νA( a ) ∨ νB( b ) ), since yz = x

=
∧

α∈ [ x ]θ , α = ab

( νA( a ) ∨ νB( b ) )

=
∧

α∈ [ x ]θ

∧
α = ab

( νA( a ) ∨ νB( b ) )

=
∧

α∈ [ x ]θ

( νA ◦ νB )(α ) = θ∗( νA ◦ νB )(x ).

Thus we have θ∗( A ) ◦ θ∗( B ) ⊆ θ∗( A ◦B ). �

Theorem 3.4. Let θ be a complete congruence relation on S. If A and B are
any two IFS of S, then θ∗( A ) ◦ θ∗( B ) ⊆ θ∗(A ◦B ).
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Proof. Since θ is complete congruence relation on S,

[ a ]θ [ b ]θ = [ ab ]θ ∀ a , b ∈ S.

Let A = ( µA , νA ) , B = ( µB , νB ) be any two IFS of S. Then

θ∗( A ) ◦ θ∗( B ) = ( θ∗( µA ) ◦ θ∗( µB ) , θ∗( νA ) ◦ θ∗( νB ) )

and θ∗( A ◦B ) = ( θ∗( µA ◦ µB ) , θ∗( νA ◦ νB ) ). To show

θ∗( A ) ◦ θ∗( B ) ⊆ θ∗( A ◦B ),

we have to prove that for all x ∈ S,

( θ∗( µA ) ◦ θ∗( µB ) )( x ) ≤ θ∗( µA ◦ µB )(x )

and ( θ∗( νA ) ◦ θ∗( νB ) )( x ) ≥ θ∗( νA ◦ νB )(x ).
Now for all x ∈ S,

( θ∗( µA ) ◦ θ∗( µB ) )(x ) =
∨

x = yz
[ θ∗( µA )( y ) ∧ θ∗(µB )( z ) ]

=
∨

x = yz
[ (

∧
a∈ [ y ]θ

µA( a ) ) ∧ (
∧

b∈ [ z ]θ

µB( b ) ) ]

=
∨

x = yz
[

∧
a∈ [ y ]θ , b∈ [ z ]θ

( µA( a ) ∧ µB( b ) ) ]

≤
∨

x = yz
[

∧
a∈ [ y ]θ , b∈ [ z ]θ

∨
ab = αβ

( µA( α ) ∧ µB( β ) ) ] where α, β ∈ S

=
∨

x = yz
[

∧
a∈ [ y ]θ , b∈ [ z ]θ

(µA ◦ µB )( ab ) ]

=
∨

x = yz
[

∧
ab∈ [ yz ]θ

( µA ◦ µB )( ab ) ], since ab ∈ [ y ]θ [ z ]θ = [ yz ]θ

=
∨

x = yz
θ∗( µA ◦ µB )( yz ) = θ∗( µA ◦ µB )(x ).

Again,
( θ∗( νA ) ◦ θ∗( νB ) )(x ) =

∧
x = yz

[ θ∗( νA )( y ) ∨ θ∗( νB )( z ) ]

=
∧

x = yz
[ (

∨
a∈ [ y ]θ

νA( a ) ) ∨ (
∨

b∈ [ z ]θ

νB( b ) ) ]

=
∧

x = yz
[

∨
a∈ [ y ]θ , b∈ [ z ]θ

( νA( a ) ∨ νB( b ) ) ]

≥
∧

x = yz
[

∨
a∈ [ y ]θ , b∈ [ z ]θ

∧
ab = αβ

( νA( α ) ∨ νB(β ) ) ] where α, β ∈ S

=
∧

x = yz
[

∨
a∈ [ y ]θ , b∈ [ z ]θ

( νA ◦ νB )( ab ) ]

=
∧

x = yz
[

∨
ab∈ [ yz ]θ

( νA ◦ νB )( ab ) ], since ab ∈ [ y ]θ [ z ]θ = [ yz ]θ

=
∧

x = yz
θ∗( νA ◦ νB )( yz ) = θ∗( νA ◦ νB )(x ).

Thus we have θ∗( A ) ◦ θ∗(B ) ⊆ θ∗( A ◦B ). �

Theorem 3.5. Let θ , φ be two congruence relations on S. If A is an IFS of S,
then ( θ ∩ φ )∗( A ) ⊆ θ∗( A ) ∩ φ∗( A ).

Proof. It is easy to observe that θ ∩ φ is also a congruence relation of S and it is
also clear that θ ∩ φ ⊆ θ and θ ∩ φ ⊆ φ . Let A = ( µA , νA ) be an IFS of S.
Then by using Theorem 3.2 (15), we obtain

( θ ∩ φ )∗(A ) ⊆ θ∗( A ) and ( θ ∩ φ )∗( A ) ⊆ φ∗( A ).
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Therefore, using definition 2.3 (1), (4), we have ( θ∩φ )∗( A ) ⊆ θ∗( A )∩φ∗( A ). �

Theorem 3.6. Let θ , φ be two congruence relations on S. If A is an IFS of S,
then

( θ ∩ φ )∗( A ) ⊇ θ∗( A ) ∪ φ∗(A ).

Proof. It is easy to observe that θ ∩ φ is also a congruence relation of S and it is
also clear that θ ∩ φ ⊆ θ and θ ∩ φ ⊆ φ . Let A = ( µA , νA ) be an IFS of S.
Then by using Theorem 3.2 (14), we obtain

( θ ∩ φ )∗( A ) ⊇ θ∗(A ) and ( θ ∩ φ )∗(A ) ⊇ φ∗(A ).

Therefore, using definition 2.3 (1), (5), we get ( θ ∩ φ )∗(A ) ⊇ θ∗( A )∪ φ∗( A ). �

4. Rough intuitionistic fuzzy ideals (RIFI) in a semigroup

Definition 4.1. Let θ be a congruence relation on S. An IFS A of S is called an
upper ( lower ) rough intuitionistic fuzzy subsemigroup of S if θ∗(A ) ( θ∗( A ) )
is an intuitionistic fuzzy subsemigroup of S.
A is called a rough intuitionistic fuzzy subsemigroup of S if θ∗( A ) and θ∗( A )
are both intuitionistic fuzzy subsemigroup of S.

Definition 4.2. Let θ be a congruence relation on S. An IFS A of S is called
an upper rough intuitionistic fuzzy left ( right, two-sided ) ideal of S if θ∗( A ) is
an intuitionistic fuzzy left ( right, two-sided ) ideal of S.

Definition 4.3. Let θ be a congruence relation on S. An IFS A of S is called
a lower rough intuitionistic fuzzy left ( right, two-sided ) ideal of S if θ∗(A ) is an
intuitionistic fuzzy left ( right, two-sided ) ideal of S.

Definition 4.4. Let θ be a congruence relation on S. An IFS A of S is called
an upper ( lower ) rough intuitionistic fuzzy bi-ideal of S if θ∗( A ) ( θ∗( A ) ) is an
intuitionistic fuzzy bi-ideal of S.

Definition 4.5. Let θ be a congruence relation on S. An IFS A of S is called
an upper ( lower ) rough intuitionistic fuzzy ( 1 , 2 )-ideal of S if θ∗(A ) ( θ∗( A ) )
is an intuitionistic fuzzy ( 1 , 2 )-ideal of S.

Definition 4.6. Let θ be a congruence relation on S. An IFS A of S is called a
rough intutionistic fuzzy left ( right, two-sided, bi-, ( 1 , 2 )- ) ideal of S if θ∗( A )
and θ∗( A ) are both intuitionistic fuzzy left ( right, two-sided, bi-, ( 1 , 2 )- ) ideal
of S.

Theorem 4.7. Let θ be a congruence relation on S. Then
(1) If A is an intuitionistic fuzzy subsemigroup of S, then A is an upper rough

intuitionistic fuzzy subsemigroup of S.
(2) If A is an intuitionistic fuzzy left ( right, two-sided ) ideal of S, then A is

an upper rough intuitionistic fuzzy left ( right, two-sided ) ideal of S.

Proof. Since θ is a congruence relation on S,

[ a ]θ [ b ]θ ⊆ [ ab ]θ ∀ a , b ∈ S.
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(1) Let A = ( µA , νA ) be an intuitionistic fuzzy subsemigroup of S and x, y ∈
S. Now θ∗( A ) = ( θ∗( µA ) , θ∗( νA ) ). Then

θ∗( µA )(xy ) =
∨

z ∈ [ xy ]θ

µA( z ) ≥
∨

z ∈ [ x ]θ[ y ]θ

µA( z ) =
∨

ab∈ [ x ]θ[ y ]θ

µA( ab )

≥
∨

a∈ [ x ]θ , b∈ [ y ]θ

[µA( a ) ∧ µA( b ) ] =
∨

a∈ [ x ]θ

µA( a ) ∧
∨

b∈ [ y ]θ

µA( b )

= θ∗( µA )(x ) ∧ θ∗( µA )( y ).

and

θ∗( νA )(xy ) =
∧

z ∈ [ xy ]θ

νA( z ) ≤
∧

z ∈ [ x ]θ[ y ]θ

νA( z ) =
∧

ab∈ [ x ]θ[ y ]θ

νA( ab )

≤
∧

a∈ [ x ]θ , b∈ [ y ]θ

[ νA( a ) ∨ νA( b ) ] =
∧

a∈ [ x ]θ

νA( a ) ∨
∧

b∈ [ y ]θ

νA( b )

= θ∗( νA )(x ) ∨ θ∗( νA )( y ).

This shows that θ∗( A ) is an intuitionistic fuzzy subsemigroup of S. Therefore, A
is an upper rough intuitionistic fuzzy subsemigroup of S.

(2) Let A = (µA , νA ) be an intuitionistic fuzzy left ideal of S and x, y ∈ S.
Now θ∗( A ) = ( θ∗( µA ) , θ∗( νA ) ). Then

θ∗( µA )(xy ) =
∨

z ∈ [ xy ]θ

µA( z ) ≥
∨

z ∈ [ x ]θ[ y ]θ

µA( z ) =
∨

ab∈ [ x ]θ[ y ]θ

µA( ab )

≥
∨

a∈ [ x ]θ , b∈ [ y ]θ

µA( b ) =
∨

b∈ [ y ]θ

µA( b ) = θ∗(µA )( y ).

and
θ∗( νA )(xy ) =

∧
z ∈ [ xy ]θ

νA( z ) ≤
∧

z ∈ [ x ]θ[ y ]θ

νA( z ) =
∧

ab∈ [ x ]θ[ y ]θ

νA( ab )

≤
∧

a∈ [ x ]θ , b∈ [ y ]θ

νA( b ) =
∧

b∈ [ y ]θ

νA( b ) = θ∗( νA )( y ).

This shows that θ∗(A ) is an intuitionistic fuzzy left ideal of S. Therefore, A
is an upper rough intuitionistic fuzzy left ideal of S. Similarly we can prove the
other cases. �

The following example shows that the converse of Theorem 4.7 does not hold in
general.

Example 4.8. Let S = { a, b, c, d } be a semigroup with the following multipli-
cation table:

a b c d
a a b c d
b b b b b
c c c c c
d d c b a
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Let θ be a congruence relation on S such that the θ-congruence classes are the
subsets { a } , { d } , { b , c }. Let A = { 〈x, µA( x ) , νA( x ) 〉 |x ∈ S } , be an intu-
itionistic fuzzy subset of S, defined by

A = { 〈 a, 0.3, 0.4 〉 , 〈 b, 0.2, 0.3 〉 , 〈 c, 0.4, 0.5 〉 , 〈 d, 0.3, 0.4 〉 }

Since for every x ∈ S, θ∗( µA )(x ) =
∨

α∈ [ x ]θ

µA( α ) and

θ∗( νA )(x ) =
∧

α∈ [ x ]θ

νA( α ), so the upper approximation

θ∗( A ) = { 〈x, θ∗( µA )(x ) , θ∗( νA )(x ) 〉 |x ∈ S } is given by

θ∗( A ) = { 〈 a, 0.3, 0.4 〉 , 〈 b, 0.4, 0.3 〉 , 〈 c, 0.4, 0.3 〉 , 〈 d, 0.3, 0.4 〉 }

Then it can be easily verified that

θ∗( µA )(xy ) ≥ θ∗( µA )(x ) ∨ θ∗( µA )( y ),

θ∗( νA )(xy ) ≤ θ∗( νA )(x ) ∧ θ∗( νA )( y )

for all x, y ∈ S. Therefore θ∗( A ) is an intutionistic fuzzy two-sided ideal of S.
Now a.b = b ( by composition table given above ). So, µA( ab ) = µA( b ) = 0.2

and µA( a ) = 0.3. Hence µA( ab ) < µA( a ) ∨ µA( b ).
Again, a.c = c ( by composition table given above ). So, νA( ac ) = νA( c ) =

0.5 and νA( a ) = 0.4. Hence νA( ac ) > νA( a ) ∧ νA( c ). So, this shows that

( µA )(xy ) ≥ ( µA )(x ) ∨ ( µA )( y ),

( νA )(xy ) ≤ ( νA )(x ) ∧ ( νA )( y )

are not hold for all x, y ∈ S. So, A is not an intuitionistic fuzzy two-sided ideal of
S but A is an upper rough intutionistic fuzzy two-sided of S.

Theorem 4.9. Let θ be a complete congruence relation on S. Then
(1) If A is an intuitionistic fuzzy subsemigroup of S, then A is a lower rough

intuitionistic fuzzy subsemigroup of S.
(2) If A is an intuitionistic fuzzy left ( right, two-sided ) ideal of S, then A is

a lower rough intuitionistic fuzzy left ( right, two-sided ) ideal of S.

Proof. Since θ is a complete congruence relation on S,

[ a ]θ [ b ]θ = [ ab ]θ ∀ a , b ∈ S.

(1) Let A = ( µA , νA ) be an intuitionistic fuzzy subsemigroup of S and x, y ∈
S. Now θ∗(A ) = ( θ∗( µA ) , θ∗( νA ) ). Then

θ∗(µA )(xy ) =
∧

z ∈ [ xy ]θ

µA( z ) =
∧

z ∈ [ x ]θ[ y ]θ

µA( z ) =
∧

ab∈ [ x ]θ[ y ]θ

µA( ab )

≥
∧

a∈ [ x ]θ , b∈ [ y ]θ

[µA( a ) ∧ µA( b ) ] =
∧

a∈ [ x ]θ

µA( a ) ∧
∧

b∈ [ y ]θ

µA( b )

= θ∗( µA )(x ) ∧ θ∗( µA )( y )

and

θ∗( νA )(xy ) =
∨

z ∈ [ xy ]θ

νA( z ) =
∨

z ∈ [ x ]θ[ y ]θ

νA( z ) =
∨

ab∈ [ x ]θ[ y ]θ

νA( ab )

163



Jayanta Ghosh et al./Ann. Fuzzy Math. Inform. 4 (2012), No. 1, 155–168

≤
∨

a∈ [ x ]θ , b∈ [ y ]θ

[ νA( a ) ∨ νA( b ) ] =
∨

a∈ [ x ]θ

νA( a ) ∨
∨

b∈ [ y ]θ

νA( b )

= θ∗( νA )(x ) ∨ θ∗( νA )( y ).

This shows that θ∗( A ) is an intuitionistic fuzzy subsemigroup of S. Therefore, A
is an lower rough intuitionistic fuzzy subsemigroup of S.

(2) Let A = ( µA , νA ) be an intuitionistic fuzzy right ideal of S and x, y ∈ S.
Now θ∗( A ) = ( θ∗( µA ) , θ∗( νA ) ). Then

θ∗( µA )(xy ) =
∧

z ∈ [ xy ]θ

µA( z ) =
∧

z ∈ [ x ]θ[ y ]θ

µA( z ) =
∧

ab∈ [ x ]θ[ y ]θ

µA( ab )

≥
∧

a∈ [ x ]θ , b∈ [ y ]θ

µA( a ) =
∧

a∈ [ x ]θ

µA( a ) = θ∗( µA )(x )

and

θ∗( νA )(xy ) =
∨

z ∈ [ xy ]θ

νA( z ) =
∨

z ∈ [ x ]θ[ y ]θ

νA( z ) =
∨

ab∈ [ x ]θ[ y ]θ

νA( ab )

≤
∨

a∈ [ x ]θ , b∈ [ y ]θ

νA( a ) =
∨

a∈ [ x ]θ

νA( a )

= θ∗( νA )(x )

This shows that θ∗(A ) is an intuitionistic fuzzy right ideal of S. Therefore, A is
an lower rough intuitionistic fuzzy right ideal of S. Similarly we can prove the other
cases. �

Theorem 4.10. Let θ be a congruence relation on S. If A is an intuitionistic
fuzzy bi-ideal of S, then it is upper rough intuitionistic fuzzy bi-ideal of S.

Proof. Since θ is a congruence relation on S,

[ a ]θ [ b ]θ ⊆ [ ab ]θ ∀ a , b ∈ S.

Let A = ( µA , νA ) be an intuitionistic fuzzy bi-ideal of S and x, y, w ∈ S. Then

θ∗( µA )(xwy ) =
∨

z ∈ [ xwy ]θ

µA( z ) ≥
∨

z ∈ [ x ]θ[ w ]θ[ y ]θ

µA( z )

=
∨

asb∈ [ x ]θ[ w ]θ[ y ]θ

µA( asb ) ≥
∨

a∈ [ x ]θ , s∈ [ w ]θb∈[ y ]θ

[µA( a ) ∧ µA( b ) ]

=
∨

a∈ [ x ]θb∈ [ y ]θ

[µA( a ) ∧ µA( b ) ] =
∨

a∈ [ x ]θ

µA( a ) ∧
∨

b∈ [ y ]θ

µA( b )

= θ∗( µA )(x ) ∧ θ∗(µA )( y ).

Similarly we have θ∗( νA )(xwy ) ≤ θ∗( νA )(x ) ∨ θ∗( νA )( y ). This shows that
θ∗( A ) is an intuitionistic fuzzy bi-ideal of S. Therefore, A is an upper rough
intuitionistic fuzzy bi-ideal of S. �

Theorem 4.11. Let θ be a complete congruence relation on S. If A is an intu-
itionistic fuzzy bi-ideal of S, then it is lower rough intuitionistic fuzzy bi-ideal of
S.
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Proof. Since θ is a complete congruence relation on S,

[ a ]θ [ b ]θ = [ ab ]θ ∀ a , b ∈ S.

Let A = ( µA , νA ) be an intuitionistic fuzzy bi-ideal of S and x, y, w ∈ S. Then

θ∗( µA )(xwy ) =
∧

z ∈ [ xwy ]θ

µA( z ) =
∧

z ∈ [ x ]θ[ w ]θ[ y ]θ

µA( z )

=
∧

asb∈ [ x ]θ[ w ]θ[ y ]θ

µA( asb )

≥
∧

a∈ [ x ]θ , s∈ [ w ]θ , b∈ [ y ]θ

[µA( a ) ∧ µA( b ) ]

=
∧

a∈ [ x ]θ , b∈ [ y ]θ

[µA( a ) ∧ µA( b ) ]

=
∧

a∈ [ x ]θ

µA( a ) ∧
∧

b∈ [ y ]θ

µA( b )

= θ∗( µA )(x ) ∧ θ∗( µA )( y )

Similarly we have θ∗( νA )(xwy ) ≤ θ∗( νA )(x ) ∨ θ∗( νA )( y ). This shows that
θ∗( A ) is an intuitionistic fuzzy bi-ideal of S. Therefore, A is an lower rough
intuitionistic fuzzy bi-ideal of S. �

Theorem 4.12. Let θ be a congruence relation on S. If A is an intuitionistic
fuzzy ( 1 , 2 )-ideal of S, then it is upper rough intuitionistic fuzzy ( 1 , 2 )-ideal of S.

Proof. Proof is similar to Theorem 4.10. �

Theorem 4.13. Let θ be a complete congruence relation on S. If A is an intuition-
istic fuzzy ( 1 , 2 )-ideal of S, then it is lower rough intuitionistic fuzzy ( 1 , 2 )-ideal
of S.

Proof. Proof is similar to Theorem 4.11. �

Corollary 4.14. Let θ be a complete congruence relation on S. If A is an intu-
itionistic fuzzy left ( right, two-sided, bi-, ( 1 , 2 )- ) ideal of S, then A is a rough
intuitionistic fuzzy left ( right, two-sided, bi-, ( 1 , 2 )- ) ideal of S.

Proof. This follows from Definition 4.6 and Theorems 4.7, 4.9, 4.10, 4.11, 4.12,
4.13. �

Theorem 4.15. Let θ be a congruence relation on S. If A and B are an in-
tuitionistic fuzzy right ideal and an intuitionistic fuzzy left ideal of S, respectively,
then

θ∗(A ◦B ) ⊆ θ∗(A ) ∩ θ∗( B ).

Proof. Let A = ( µA , νA ) , B = ( µB , νB ) be an intuitionistic fuzzy right ideal
and an intuitionistic fuzzy left ideal of S, respectively and x ∈ S. Then

θ∗( A ◦B ) = ( θ∗( µA ◦ µB ) , θ∗( νA ◦ νB ) )

and
θ∗( A ) ∩ θ∗( B ) = ( θ∗( µA ) ∩ θ∗( µB ) , θ∗( νA ) ∪ θ∗( νB ) ).
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To show θ∗(A ◦B ) ⊆ θ∗( A ) ∩ θ∗( B ), we have to prove that for all x ∈ S

θ∗( µA ◦ µB )(x ) ≤ ( θ∗(µA ) ∩ θ∗( µB ) )( x )

and
θ∗( νA ◦ νB )(x ) ≥ ( θ∗( νA ) ∪ θ∗( νB ) )( x ).

Now for all x ∈ S,

θ∗(µA ◦ µB )(x ) =
∨

a∈ [ x ]θ

( µA ◦ µB )( a )

=
∨

a∈ [ x ]θ

∨
a = yz

[µA( y ) ∧ µB( z ) ]

≤
∨

a∈ [ x ]θ

∨
a = yz

[µA( yz ) ∧ µB( yz ) ]

(since A = ( µA , νA ) , B = ( µB , νB ) are intuitionistic
fuzzy right and intuitionistic fuzzy left ideal, respectively)

=
∨

a∈ [ x ]θ

[µA( a ) ∧ µB( a ) ]

≤
∨

a∈ [ x ]θ , b∈ [ x ]θ

[µA( a ) ∧ µB( b ) ]

=
∨

a∈ [ x ]θ

µA( a ) ∧
∨

b∈ [ x ]θ

µB( b )

= θ∗( µA )(x ) ∧ θ∗(µB )(x )
= ( θ∗( µA ) ∩ θ∗( µB ) )( x )

Similarly we have θ∗( νA ◦ νB )(x ) ≥ ( θ∗( νA ) ∪ θ∗( νB ) )( x ). Therefore, θ∗(A ◦
B ) ⊆ θ∗( A ) ∩ θ∗( B ). �

Theorem 4.16. Let θ be a congruence relation on S. If A and B are an in-
tuitionistic fuzzy right ideal and an intuitionistic fuzzy left ideal of S, respectively,
then

θ∗( A ◦B ) ⊆ θ∗( A ) ∩ θ∗( B ).

Proof. Let A = ( µA , νA ) , B = ( µB , νB ) be an intuitionistic fuzzy right ideal
and an intuitionistic fuzzy left ideal of S, respectively and x ∈ S.
Then

θ∗( A ◦B ) = ( θ∗( µA ◦ µB ) , θ∗( νA ◦ νB ) )

and
θ∗( A ) ∩ θ∗( B ) = ( θ∗( µA ) ∩ θ∗( µB ) , θ∗( νA ) ∪ θ∗( νB ) )

To show θ∗( A ◦B ) ⊆ θ∗( A ) ∩ θ∗( B ), we have to prove that for all x ∈ S

θ∗(µA ◦ µB )(x ) ≤ ( θ∗( µA ) ∩ θ∗( µB ) )( x )

and θ∗( νA ◦ νB )(x ) ≥ ( θ∗( νA )∪ θ∗( νB ) )( x ).
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Now for all x ∈ S,

θ∗( µA ◦ µB )(x ) =
∧

a∈ [ x ]θ

(µA ◦ µB )( a )

=
∧

a∈ [ x ]θ

∨
a = yz

[µA( y ) ∧ µB( z ) ]

≤
∧

a∈ [ x ]θ

∨
a = yz

[µA( yz ) ∧ µB( yz ) ]

(sinceA = ( µA , νA ) , B = ( µB , νB ) are intuitionistic
fuzzy right and intuitionistic fuzzy left ideal, respectively)

=
∧

a∈ [ x ]θ

[µA( a ) ∧ µB( a ) ]

=
∧

a∈ [ x ]θ

µA( a ) ∧
∧

b∈ [ x ]θ

µB( b )

= θ∗( µA )(x ) ∧ θ∗( µB )(x )
= ( θ∗( µA ) ∩ θ∗( µB ) )( x )

Similarly we have θ∗( νA ◦ νB )(x ) ≥ ( θ∗( νA ) ∪ θ∗( νB ) )( x ). Therefore,
θ∗( A ◦B ) ⊆ θ∗( A ) ∩ θ∗( B ). �

5. Conclusions

In the present paper, we substitute a universe set by a semigroup with identity
and introduce rough intuitionistic fuzzy left(right, two-sided, bi-, ( 1 , 2 )- ) ideals
and focus on some of its properties from theoretical point of view. It will be natural
to continue this work by studying other algebraic structures.
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