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1. INTRODUCTION

In the traditional fuzzy sets, the membership degrees of elements range over the
interval [0, 1]. The membership degree expresses the degree of belongingness of ele-
ments to a fuzzy set. The membership degree 1 indicates that an element completely
belongs to its corresponding fuzzy set, and the membership degree 0 indicates that
an element does not belong to the fuzzy set. The membership degrees on the interval
(0,1) indicate the partial membership to the fuzzy set. Sometimes, the membership
degree means the satisfaction degree of elements to some property or constraint cor-
responding to a fuzzy set (see [1, 11]). In the viewpoint of satisfaction degree, the
membership degree 0 is assigned to elements which do not satisfy some property.
The elements with membership degree 0 are usually regarded as having the same
characteristics in the fuzzy set representation. By the way, among such elements,
some have irrelevant characteristics to the property corresponding to a fuzzy set and
the others have contrary characteristics to the property. The traditional fuzzy set
representation cannot tell apart contrary elements from irrelevant elements. Only
with the membership degrees ranged on the interval [0, 1], it is difficult to express
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the difference of the irrelevant elements from the contrary elements in fuzzy sets. If
a set representation could express this kind of difference, it would be more informa-
tive than the traditional fuzzy set representation. Based on these observations, Lee
[5] introduced an extension of fuzzy sets named bipolar-valued fuzzy sets. Lee [4]
applied the bipolar-valued fuzzy set theory to BCK/BCTI-algebras, and introduced
the notions of bipolar fuzzy subalgebras and bipolar fuzzy ideals of a BCK/BCI-
algebra. Kim et al. [2] discussed bipolar-valued fuzzy set theory in the ideal theory
of semigroups. As a generalization of BFE-algebras and BCK/BC1/BC H-algebras,
Meng [7] introduced the notion of CI-algebras. Meng [7, 8], Kim [3] and Piekart et
al. [10] discussed ideal and (closed) filter theory in CI-algebras. Mostafa et al. [9]
considered the fuzzification of ideals in C'I-algebras.

In this paper, we apply the bipolar-valued fuzzy set theory to C'I-algebras, and in-
troduce the notions of bipolar fuzzy C'I-subalgebras, bipolar fuzzy ideals and (closed)
bipolar fuzzy filters in C'I-algebras. We establish characterizations of a bipolar fuzzy
ideal and a (closed) bipolar fuzzy filter in C'I-algebras. We discuss relations between
a bipolar fuzzy CT-subalgebra and a (closed) bipolar fuzzy filter. We provide con-
ditions for a bipolar fuzzy CI-subalgebra to be a (closed) bipolar fuzzy filter.

2. PRELIMINARIES

Let K(7) be the class of all algebras of type 7 = (2,0). An element X € K(r) is
called a CI-algebra (see [7]) if it satisfies the following axioms:

(al) zxx =1,

(a2) 1xx =u,

(a3) xx (y*2) =y=* (T *2),
for all z,y, z € X. If a C'I-algebra X satisfies:

(ad) zx1=1forall z € X,
then we say that X is a BE-algebra.

We can define a partial ordering < on X by

Ve,ye X)(x <y & xxy=1).

In a CT-algebra X, the following hold (see [7]):

(b1) g ((y ) *2) = 1,

(b2) (z*x1)x(y*x1) = (z*y) =1,

M3) 1<z = z=1,
for all z,y € X. A Cl-algebra X is said to be self-distributive if z x (y *x z) =
(xxy)* (xxz) for all z,y,z € X. A Cl-algebra X is said to be transitive (see [7]) if
it satisfies:

(2.1) (Vz,y,2 € X) ((y+2) * (zxy) * (xx2)) = 1).

A nonempty subset S of a C'I-algebra X is called a C'I-subalgebra of X if xxy € S
for all x,y € S. A nonempty subset I of a CT-algebra X is called an ideal of X (see
[7]) if it satisfies:

(I1) (Vz,ae X)(ael = zxa€cl),

(12) (V2,0,b € X) (a,b€ 1 = (ax(bsz))xzel).

A subset F of a Cl-algebra X is called a filter of X (see [7]) if it satisfies:
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(F1) 1 € F,
(F2) Vz,ye X)(xxyeF, xeF = yeF).
A filter F of a CI-algebra X is said to be closed (see [8]) if it satisfies:

(2.2) VzeX)(zeF = xzx1€F).

For any family {a; | ¢ € A} of real numbers, we define

. max{a; |7 € A} if A is finite,
\/{ai i€ A}:= { sup{ii ||z € A}} otherwise,
. min{a; | € A} if A is finite,
/\{ai lieA} = { inf{ii | |z € A}} otherwise.

Let X be a universe of discourse. A bipolar-valued fuzzy set f in X is an object

having the form
=A@ fa(@), fp(2)) |z € X}

where f, : X — [-1,0] and f, : X — [0,1] are mappings. The positive member-
ship degree f,(z) denotes the satisfaction degree of an element z to the property
corresponding to a bipolar-valued fuzzy set f = {(=z; fu (), fp(z)) | * € X}, and
the negative membership degree f,(z) denotes the satisfaction degree of = to some
implicit counter-property of f = {(z; fno(z), fp(z)) | = € X} If fp(x) # 0 and
fn(x) =0, it is the situation that x is regarded as having only positive satisfaction
for f = {(z; fu(x), fo(x)) | z € X}. If fo(x) =0 and f,(z) # 0, it is the situation
that x does not satisfy the property of f = {(z; fu(2), fp(z)) | = € X} but some-
what satisfies the counter-property of f = {(z; f,(z), fp(z)) | * € X}. It is possible
for an element z to be f,(z) # 0 and f,(x) # 0 when the membership function of
the property overlaps that of its counter-property over some portion of the domain
(see [6]). For the sake of simplicity, we shall use the symbol f = (X; f,, f,) for
the bipolar-valued fuzzy set f = {(z; fn(2), fp(z)) | # € X}, and use the notion of
bipolar fuzzy sets instead of the notion of bipolar-valued fuzzy sets.

3. BIPOLAR FUzzY CI-SUBALGEBRA OF CI-ALGEBRAS

In what follows let X denote a C'I-algebra unless otherwise specified.

Definition 3.1. A bipolar fuzzy set f = (X; fy, fp) in X is called a bipolar fuzzy
C1I-subalgebra of X if it satisfies the following condition:

fr(z*xy) <V A{fulx), fn(y)} )
fo(xxy) > AN{fp(), fr(y)} .

Example 3.2. Let X = {1,a,b} be a set with the following Cayley table:

(3.1) (Vz,y € X) (

* ‘ 1 a b
111 a b
al 1 1 1
bl 1 1 1

1
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Then (X;%,1) is a proper Cl-algebra (see [7]). Define a bipolar fuzzy set f =
(X5 fns fp) by

f={(1;-0.7,0.8), (a; —0.5,0.5), (b; —0.3,0.2) } .
It is easy to verify that f = (X; f,, fp) is a bipolar fuzzy CI-subalgebra of X.

Example 3.3. Let I be an ideal of a self-distributive C'I-algebra X. For any w € X,
let f = (X; fn, fp) be a bipolar fuzzy set in X defined by

f={(1;-0.9,0.8), (x;—0.8,0.7), (y; —0.5,0.4) | z € L,,, y € X \ I, }

where I, = {x € X |wxx €I}. Then f = (X;f,, fp) is a bipolar fuzzy CI-
subalgebra of X.

Proposition 3.4. Every bipolar fuzzy CI-subalgebra f = (X; fn, fp) of X satisfies
the following assertions:

(1) (Ve e X) (fulz+1) = fu(z) = fu(1), fplex1) < fip(x) < fo(1)),
Proof. Using (3.1) and (al), we have

FaQ) = fulwx2) <\ {ful@), ful@)} = ful2)
and

fo(1) = fplz*z) = /\ {fo(2), fo(@)} = fp(z).
Using (3.1) and (al) again, we obtain

Falex1) <\ {fa(@), fa(1)} = \/ {fa(@), fulz * 2)} = fu(x)
and
fplzx1) = /\{fp }—/\{fp Jp@xa)} = fp(a).

This completes the proof. O

For a bipolar fuzzy set f = (X; f,, fp) in X, consider the following condition:
(3:2) (Vz,y € X) (fu(z *y) < fulz), folz*y) > fo(z)).

Generally, any bipolar fuzzy CI-subalgebra f = (X; f,, fp) of X does not satisfy
the condition (3.2). In fact, in Example 3.2, f,,(1xb) = f,,(b) = —0.3 > —0.7 = f,,(1).

Theorem 3.5. If a bipolar fuzzy CI-subalgebra f = (X; fn, fp) of X satisfies the
condition (3.2), then f = (X; fu, fp) is a bipolar constant, that is,

(Vo € X) (fu(z) = fu(1), fp(x) = f(1)).
Proof. Combining (a2) and (3.2) induces
fu(w) = fu(Lx2) < fu(1) and fy(z) = fp(lxx) > fp(1).

It follows from Proposition 3.4 that f,(z) = f.(1) and fy(z) = f,(1) for all = €
X. U
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For a bipolar fuzzy set f = (X; fy, fp) in X and (s,t) € [-1,0] x [0, 1], we define
N(fn;s) ={z € X | fulz) < s},
P(fpit) ={z € X | fp(x) = t}

which are called the negative s-cut of f = (X f,, fp) and the positive t-cut of f =
(X; fn, fp), respectively. The set

C(f;(s,t)) == N(fn;8) N P(fp;t)

is called the (s,t)-cut of f = (X; fn, fp). For every k € [0, 1], if (s,t) = (—k, k) then
the set

(3.3)

C(fik) == N(fn; —k) 0 P(fp; k)
is called the k-cut of f = (X; fu, fp)-

Theorem 3.6. Let f = (X; fn, fp) be a bipolar fuzzy CI-subalgebra of X. Then the
following assertions are valid:

(1) (Vs €[-1,0)) (N(fn;8) #9 = N(fn;s)is a CI-subalgebra of X).
(2) (vt €0,1]) (P(fp;t) #@ = P(fp;t)is a Cl-subalgebra of X).

Proof. (1) Let s € [—1,0] be such that N(f,;s) # @. If x,y € N(f,;s), then
fu(z) < sand fp(y) < s. It follows from (3.1) that

so that = xy € N(fn;s). Hence N(fn;s) is a CI-subalgebra of X.
(2) Let t € [0,1] be such that P(fy,;t) # @. Let z,y € P(fp;t). Then f,(x) >t
and fy,(y) > ¢, which imply from (3.1) that

Folxxy) 2 N {fol@), fr()} 2 t.
Thus z *y € P(fp;t), and so P(f,;t) is a CI-subalgebra of X. O

Corollary 3.7. If f = (X; fn, fp) is a bipolar fuzzy CI-subalgebra of X, then the
sets N(fn; fn(1)) and P(fp; fp(1)) are CI-subalgebras of X.

4. BIPOLAR FUZZY IDEALS OF C'I-ALGEBRAS

Definition 4.1. A bipolar fuzzy set f = (X; fy, fp) in X is called a bipolar fuzzy
ideal of X if it satisfies the following condition:

(1) (Vz,y € X) (falzxy) < fuly), folzxy) > fp(y),
Fullas (b52)) ) <V {fal0), fu(®)}
@ (0,0 € X) ( follan (b)) ) > Afp(a), fy0)} > |

Example 4.2. Let X = {1,a,b,¢,d,0} be a set with the following Cayley table:
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*!1 a b ¢ d 0
11 a b ¢ d 0
al 1l 1 a ¢ ¢ d
b1 1 1 ¢ ¢ ¢
cl 1l a b 1 a b
di1 1 a 1 1 a
o1 1 1 1 1 1

Then (X,x,1) is a CI-algebra (see [9]). Define a bipolar fuzzy set f = (X; fn, fp)
by
f=1{(1;-0.7,0.6), (a; —0.7,0.6), (b; —0.7, 0.6),
(¢;—0.3,0.2), (d; —0.3,0.2), (0; —0.3,0.2)}.
It is easy to verify that f = (X f,, fp) is a bipolar fuzzy ideal of X.

Lemma 4.3. Every bipolar fuzzy ideal f = (X; fn, fp) of X satisfies the following
condition:

(4.1) (Vo € X) (fu(z) = fa(1), fp(z) < fo(1))
Proof. Using (al) and Definition 4.1(1) induces

fu(1) = falzxx) < fu(z) and fp(1) = fp(zxx) = fp(2)
for all x € X. O
Proposition 4.4. If f = (X; f., f,) is a bipolar fuzzy ideal of X, then
(4.2) (Va,y € X) (fal(zxy) xy) < fulx), fullzxy)xy) > fplx)).
Proof. Taking a = x, b= 1 and = = y in Definition 4.1(2) implies that

Fal(@ = y) xy) = fal(@x (L y)) xy) < \/{fa(@), fa(1)} = ful2)

and
fol(@xy)xy) = f(zx (1xy)) *xy) > /\{fp(m)7fp(1)} = fp(z)
for all z,y € X by using (a2) and Lemma 4.3. O

Corollary 4.5. Every bipolar fuzzy ideal f = (X; fn, fp) of X satisfies the following
assertion:

(4.3) (Vz,y € X)(x <y = fa(@) > fuly), fo(z) < fo(y))-
Proof. Let x,y € X be such that  <y. Then z xy =1, and so
fn(y) = fu(lxy) = ful(z xy) x y) < fu(z)

and
fo(y) = fo(Lxy) = fp((z xy) xy) > fp(z)
by (a2) and (4.2). O
114
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Proposition 4.6. If X is transitive, then every bipolar fuzzy ideal f = (X; fn, fp)
of X satisfies the following assertion:

fo(@x2) SV A{fn (@ (y2), fn(y)}
l@s2) = ANfp (@ (y=2), L)} )
(

Proof. If X is transitive, then ((y * 2) * 2)x((z * (yx2)) * (xx2)) = 1 forall x,y, z €
X. Using (a2), Definition 4.1(2) and Proposition 4.4, we have

fanlx*x2) = fr(1x(zx*2))
=fn((((y*Z)*2)*((w*(y*Z))*(x*Z)))*(fU*Z))

(4.4) (Vz,y,z € X) (

and
fplexz) = fp(1*(x*2))
= fp (g % 2) % 2) = (2 (y x 2)) * (% 2))) * (2 2))
> Aoy #2)  2), folw # (y + 2)}
>/\{fp ), [o(z* (y*2))}.
This completes the proof. O

Theorem 4.7. For a bipolar fuzzy set f = (X; fn, fp) in X, the following are
equivalent:
(1) f=(X;fn, fp) is a bipolar fuzzy ideal of X.
(2) f=(X;fn, fp) satisfies the following assertions:
(i) (Vs €[-1,0)) (N(fn;s) # @ = N(fn;s)is an ideal of X).
(i) (Vt€[0,1]) (P(fp;t) #9 = P(fp;t) is an ideal of X).

Proof. (1) = (2). Let s € [—1,0] be such that N(f,;s) # @. Then there exists
y € N(fn;s), and so fr(y) < s. It follows from Definition 4.1(1) that f,(z xy) <
fu(y) < ssothat x xy € N(fn;s). Let x € X and a,b € N(fn;s). Then fo(a) <s
and f,,(b) < s. Using Definition 4.1(2), we have

fallax (b 2)) +2) <\ {Fala), fu(®)} <5

which implies that (a * (b x)) * x € N(fn;s). Therefore N(f,;s) is an ideal of X.
Assume that P(fp;t) # @ for t € [0, 1], and let a € P(f,;t). Then f,(a) > ¢, and so
fplx*a) > fp(a) >t for all x € X by Definition 4.1(1). Thus z *a € P(fp;t) for all
x € X. Let x € X and a,b € P(fp;t). Then f,(a) >t and f,(b) > t. It follows from
Definition 4.1(2) that

Fol(ax (bxa))xx) > N\ {fpla), fo(0)} >t

so that (a* (b*x)) *x € P(fp;t). Hence P(fp;t) is an ideal of X.
(2) = (1). Assume that there exist a,b € X such that f,(a*b) > f,(b). Taking

s0 1= 3 (fu(axb) + fu(b))
115



Y. B. Jun et al./Ann. Fuzzy Math. Inform. 4 (2012), No. 1, 109-121

implies f,,(b) < so < fn(a*b). Thus b € N(fn;s0) and a*b & N(fn;5s0). This is a
contradiction, and thus f,(z xy) < f,(y) for all 2,y € X. Suppose that

fallax (bx )« 2) > \/{fula), fa(0)}

for some a,b,z € X and let

s1i= 4 (fallax (bra) x2) +\/ {fal@). £, 0)})
Then V{fn(a), fn(®)} < s1 < ful(a* (bxx))*x), and so a,b € N(fn;s1) but
(ax (bxx))*x & N(fn;s1). This is a contradiction. Therefore
falax (b 2)) 2) <\ {fa(0), fa(b)}

for all z,a,b € X. Now, if fy(a*b) < f,(b) for some a,b € X, then f,(a xb) <
to < fp(b) for some to € (0,1]. Thus b € P(fp;to) but a*b € P(fp;to), which is a
contradiction. Thus f,(x *y) > f,(y) for all z,y € X. If

Follax (bxe)) xe) < N\ {fula), fu(B)}

for some a,b,c € X, then there exists t; € (0,1] such that

Follax (bxe) xe) <tr < A\ {fula), fulb)}-

It follows that a,b € P(fp;t1) but (a* (b*c)) *xc ¢ P(fp;to), a contradiction.
Consequently, f,((a* (bx*x)) *xx) > A{fn(a), fn(b)} for all a,b,z € X. Therefore
f = (X; fn, fp) is a bipolar fuzzy ideal of X. O

For any a,b € X, the set
A(a,b) ={x e X |ax(bxzx)=1}
is called an upper set of a and b. Obviously 1,a,b € A(a,b) (see [3]).

Theorem 4.8. A bipolar fuzzy set f = (X; fn, [p) in X is a bipolar fuzzy ideal of
X if and only if it satisfies:

(45)  (Ya,be X)(¥(s,t) € [-1,0] x [0,1]) ( a.b € O(fi(s.1)) = ) |

Aa,b) € C(f;(s,1))

Proof. Assume that f = (X; f,,, fp) is a bipolar fuzzy ideal of X. Let a,b € X and
(s,t) € [-1,0] x [0,1] be such that a,b € C(f;(s,t)). Then fn(a) < s, fn(b) < s,
fpla) >t and fp(b) > t. If x € A(a,b), then a* (bxx) = 1. Hence

(@) = fa(lx2) = fu((ax (b)) x2) <\ {fula), fu(D)} < s
and

fol@) = fp(Lxa) = fp ((ax (bxa) x2) = N\ {fp(a), fo(b)} > ¢
which imply that € C(f;(s,t)). Therefore A(a,b) C C(f;(s,t)).

Conversely, suppose that f = (X; fy, fp) satisfies (4.5). Let (s,t) € [-1,0] x [0, 1]
be such that N(f,;s) # @ and P(f,;t) # @. Obviously, 1 € A(a,b) C C(f;(s,t)) for
alla,b € X. Let z,y,z € X be such that zx(yxz) € C(f;(s,t)) and y € C(f; (s,1)).
Using (al) and (a3), we get

(zx(yx2)*(y*(zx2)) = (wx(yx2))*(zx(y*z) =1
116



Y. B. Jun et al./Ann. Fuzzy Math. Inform. 4 (2012), No. 1, 109-121

for all z,y,z € X. Hence x xz € A(x*(y=*2),y) C C(f;(s,t)). This shows that
N(fn;s)and P(fp;t) are ideals of X. It follows from Theorem 4.7 that f = (X; fn, fp)
is a bipolar fuzzy ideal of X. O

5. BIPOLAR FUZZY FILTERS OF CI-ALGEBRAS

Definition 5.1. A bipolar fuzzy set f = (X; fy, fp) in X is called a bipolar fuzzy
filter of X if it satisfies the following condition:

(D) = fo(y) = A{fp(z *y), fp(x)} .

Definition 5.2. A bipolar fuzzy filter f = (X; fn, fp) of X is said to be closed if it
satisfies the following assertion:

(5.2) (Vo € X) (fa(z+1) < fu(2), folzx1) = fp(z)).

Example 5.3. Let X be the set of all positive real numbers. Define a binary
operation * in X by

(5.1) (Vz,y € X) (

(Vo,y e X) (zxy=1Y).
Then (X, *,1) is a CI-algebra (see [8]). Define a bipolar fuzzy set f = (X; f,, fp) of
X by

f=1{(1;-0.9,0.8),(2";—0.8,0.7), (a; —0.5,0.4) | n €N, a € X \ {2" | n € N} }.
Then f = (X; fn, fp) is a bipolar fuzzy filter of X, but it is not closed since
fa(22%1) = f,, (3) = -05>—0.8 = f, (2%)
and/or

fo(2°%1) = f, (55) =04 < 0.7= f, (2°).
Define a bipolar fuzzy set g = (X;gn,gp) of X by

g=1{(1;-0.9,0.8),(2";—0.8,0.7), (a; —0.5,0.3) | n € Z\ {0}, a € X\ {2" | n € Z}}.
Then f = (X; fn, fp) is a closed bipolar fuzzy filter of X.

Example 5.4. The set B(X) := {z € X | # * 1 = 1} is called the BE-part of X (see
[8]). Using the notion of the BE-part of X, we make a closed bipolar fuzzy filter.
The bipolar fuzzy set f = (X; fn, fp) in X given by

f= {(1; —0.99,0.88), (z; —0.87,0.76), (y; —0.55, 0.44) ;” : )Bé@(\)ﬁ)lh}

is a closed bipolar fuzzy filter of X.

Proposition 5.5. Every bipolar fuzzy filter f = (X; fn, fp) of X satisfies the con-
dition (4.3).

Proof. Let x,y € X be such that x < y. Then = *y = 1, and thus
Faly) <N fa(@ ), fa@)} =\ {Fa(1), fu(2)} = fu(2)
and
Io(y) > /\{fp(w *y), fp(x)} = /\ {fp(L), fo(z)} = fi(2).

This completes the proof. O
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Proposition 5.6. Every bipolar fuzzy filter f = (X; fn, fp) of X satisfies the fol-
lowing condition:

Io(2) > N fp(2), fp(v)}

Proof. Let x,y,z € X be such that <y * z. Then

Faly % 2) <\ Ll s (g5 2), ful@)} =\ a1, fa(@)} = fula)

(53)  (Y2,9,2 € X) <:1: <yrz > { Fal2) SV (@), fa)} }) |

and
Folyx2) = NAFola = (g 2), fo(2)} = NS (L), fo(@)} = fi(2).
Hence
2) <\ {faly*2), fu)} <\ {fa(@), fa ()}
and
2) = N2 L)} = A Up(@), o)}
This completes the proof. O

The notions of a bipolar fuzzy filter and a bipolar fuzzy C'I-subalgebra are mu-
tually independent as seen in the following example.

Example 5.7. (1) The bipolar fuzzy filter f = (X; f,, fp) in Example 5.3 is not a
bipolar fuzzy C'I-subalgebra of X since

fa (205 2%) = fa (3) = =05 £ =08 =\/{fa (2') . £ (2") }

and/or

Tp (T52%) = £, (3) = 04 207 =\ {£a (1), f (2') } .

(2) Let X ={1,a,b,c,d} be a set with the following Cayley table:

* ‘ 1 a b ¢ d
11 a b ¢ d
al 1 1 b b d
bl 1 a 1 a d
cl1 1 1 1 d
dl d d d d 1

Then (X,x*,1) is a CI-algebra (see [3]). Define a bipolar fuzzy set f = (X; fn, fp)
by

f=1{(1;-0.9,0.8), (a; —0.7,0.6), (b; —0.6,0.6), (¢c; —0.3,0.2), (d; —0.3,0.2) }.
It is easy to verify that f = (X f,, fp) is a bipolar fuzzy CI-subalgebra of X. Since

fae) = =0.3> =06 = \/{fa(bxc), fu(b)}
and /or

fp(c) =02<0.6= \/ {fnlaxc), fn(a)},

we know that f = (X f,, fp) is not a bipolar fuzzy filter of X.
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We provide conditions for a bipolar fuzzy CI-subalgebra to be a bipolar fuzzy
filter.

Theorem 5.8. If a bipolar fuzzy CI-subalgebra f = (X; fn, fp) of X satisfies the
following condition:

(5.4) (g€ X) (£u0) <\ o0 @) 50) = \ ol s ). £@)})
then f = (X; fn, fp) is a bipolar fuzzy filter of X.
Proof. Combining (5.4) and Proposition 3.4, it is straightforward. O

Theorem 5.9. If a bipolar fuzzy CI-subalgebra f = (X; fn, fp) of X satisfies the
following condition:

(5.5) (Vo,y € X) (fu(@*y) < fuly* ), fplz*y) 2 fply*z)),
then f = (X; fn, fp) is a bipolar fuzzy filter of X.
Proof. For any x,y € X, we obtain

fa(y) = fa(Lry) < fuly « 1) = fa(y* (25 7)) = folzx (y 7))
<\ (@) faly x @)} <\ {Fu(@), fule xy)}

and

o) = fo(Lxy) > f(y*1) = fo(y* (x*x)) = fp(z * (y * x))

= /\{fp(x)7fp(y*x)} 2 /\{fp(x)afp(x*y)}

by (a2), (5.5), (al), (a3), (3.1), Combining Proposition 3.4, we conclude that f =
(X; fn, fp) is a bipolar fuzzy filter of X. O

Theorem 5.10. For a bipolar fuzzy filter f = (X; fn, fp) of X, the following are
equivalent:

(1) f=(X; fn, fp) is closed.
(2) f=(X;fn, fp) ts a bipolar fuzzy CI-subalgebra of X.

Proof. Let f = (X; fn, fp) be a closed bipolar fuzzy filter of X. Using (5.1), (a3),
(al) and (5.2), we obtain

Falwxy) <\ {Fuly = (@ x9)), fa ()}
=\ {fula = y*y) ()}
=\/ {falz*1 (y)}
<\/{ful2), f

and

p@xy) > N{fpw = (@ y), fo(u)}
= N{fola* (y*y), fo(v)}
—/\{fp(x*l fp( )}
> A\ {fol2)
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for all z,y € X. Hence f = (X; fy, fp) is a bipolar fuzzy CI-subalgebra of X.
Conversely, assume that f = (X; f,,, fp) is a bipolar fuzzy filter which is also a
bipolar fuzzy CI-subalgebra of X. Using (3.1) and (5.1), we have

Fulw 1) < \/{fal@), fu(1)} = fu(2)
and

Folax1) = N\ {fp(@), (1)} = fo(@)
for all z € X. Therefore f = (X; fy, fp) is a closed bipolar fuzzy filter of X. O

By the similar method to the proof of Theorem 4.7 we have the following theorem.

Theorem 5.11. For a bipolar fuzzy set f = (X; fn, fp) in X, the following are
equivalent:
(1) f=(X;fn, fp) is a (closed) bipolar fuzzy filter of X.
(2) f=(X;fn, fp) satisfies the following assertions:
(i) (Vs €[-1,0]) (N(fn;s) #@ = N(fn;s)is a (closed) filter of X).
(i) (Vt € [0,1]) (P(fp;t) #@ = P(fp;t) is a (closed) filter of X).

Corollary 5.12. If f = (X; f, fp) is a (closed) bipolar fuzzy filter of X, then the
sets N(fn; fu(a)) and P(fp; fp(a)) are (closed) filters of X for all a € X.
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