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ABSTRACT. In this paper, a few properties of left fuzzy topological rings
(left ftr) are established and a category FTR is formed with objects as left
ftr and arrows as the fuzzy continuous ring homomorphisms. The category
TopRng is seen to be a full subcategory of FTR. It is also observed
how ring homomorphisms induce left ftr structure on rings. Besides, a
characterization of a fuzzy disconnected space Y is obtained via the number
of idempotents in the ring FC(Y, Z) of fuzzy continuous functions from Y’
to a left ftr Z.
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1. INTRODUCTION

The concept of left fuzzy topological ring (in short, left ftr) was introduced and
studied in [2]. In [3] we have observed that the collection of all left ftr-valued fuzzy
continuous functions from a fuzzy topological space Y to a left ftr Z, denoted by
FC(Y, Z), induces a ring structure from that of Z.

In this paper, we continue the study of left ftr and have obtained several sig-
nificant results. In Section 2 of this paper, we mainly observe that the collection
of all left fuzzy topological rings and fuzzy continuous homomorphisms constitute a
category, which we call FT' R. Moreover, the category TopRng of topological rings
and continuous homomorphisms form a full subcategory of FTR. In Section 3, we
show how a ring homomorphism f : Ry — R helps in inducing a left ftr-structure
on

(1) the domain, if its co-domain is a left ftr,
(2) the range, if its domain is a left fir.
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Finally, in the last section, we mainly show that fuzzy disconnectedness of a fuzzy
topological space Y can be characterized by the number of idempotent elements
in the ring FC(Y,Z). In what follows, unless it is stated explicitly, the rings are
noncommutative and without unity.

2. PRELIMINARIES

We begin with a few basic definitions and results as our prerequisites.
Let X be a non empty set and I be the closed interval [0,1]. A fuzzy set u [8] on X
is a function on X into I and the collection of all fuzzy sets on X is denoted by IX.
The support of a fuzzy set u, denoted by suppu, is the crisp set {x € X : u(z) > 0}.
A fuzzy set with a singleton as its support is called a fuzzy point, denoted by x,

and defined as,
a, for z=x
To(2) = .
{ 0, otherwise.

A collection 7 C IX is called a fuzzy topology [1] on X if
(i) 0,1 e,
(11) v:ufla,u'% o ln €T = m.ul €T,

(iii) pa € 7, Yo € A (where A is an index set) = |Jpo € 7.
Then (X, 7) is called a fuzzy topological space (fts, for short).

A fuzzy point x,, is said to be g-coincident with a fuzzy set U (in notation, x,qU)
ifU(z)+a > 1. A fuzzy set Ain a fts X is called a nbd (respectively, g-nbd) of a fuzzy
point x,, if and only if there exists a fuzzy open set V' in X such that z, € V < A
(respectively, z,qV < A). A nbd (or, g-nbd) A is said to be fuzzy open if and only
if A itself is fuzzy open (see [0]).

Let X and Y be two nonempty sets and f: X — Y. If A and B are fuzzy sets
on X and Y respectively then f(A) and f~!(B) are respective fuzzy sets on Y and
X, given by [g],

sup{A(z) :z € f7 ()}, if fTH(y) #¢

0, otherwise

M) () = {

and f~Y(B)(z) = B(f(x)). Let f be a function from a fts X to a fts Y. Then f is
fuzzy continuous iff f~1(U) is fuzzy open in X for each fuzzy open set U in Y (see
[5]). Let f be a function from a fts X to a fts Y. Then f is fuzzy continuous iff for
each fuzzy point z, in X and each nbd V of f(z,) in Y, there exists a nbd U of z,
in X such that f(U) < V. A function f: X — Y is called a fuzzy homeomorphism
if f is bijective, fuzzy continuous and f~1 is fuzzy continuous (see [0]).

Definition 2.1 ([2]). Let (X,7) and (Y,0) be two fuzzy topological spaces. A
function f: X x X — Y is said to be fuzzy left continuous if f is fuzzy continuous
with respect to the fuzzy topology on the product X x X generated by the collection
V), if U(s)>0

{UxV:U,V €7} where (U x V)(s,t) = .
0, otherwise.

Definition 2.2 ([2]). Let R be a ring and 7 be a fuzzy topology on R such that,
for all z,y € R,
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(i) (z,y) — =+ y is fuzzy left continuous.
(ii) (z,y) — x -y is fuzzy left continuous.
(iii) « — —x is fuzzy continuous.

The pair (R, 7) is called a left fuzzy topological ring, (in short, left ftr).

For non zero fuzzy sets U, V on R, the fuzzy sets U+ V, UV and —U are defined
in [2] as follows :

U +V)( sup V(z—s),
U(s)>0
sup  V(t), if {(s;,t)eRxXR: st=z}#¢
z=st, U(s)>0
otherwise,
=U(—
for all x € R.

Theorem 2.3 ([2]). In a left ftr, for any fuzzy sets S1, So, Ty and Ty with S1 < Ss,
Ty < T, the following hold:
(i) Si+Ty < Sy + 1.
(i) S1.T1 < So.Tb.
(iv) S1zq <Tizy for allz € R and o € (0,1].

Theorem 2.4 ([2]). In a left ftr (R, ), for each o with 0 < a <1 and = € R,,
(i) V is fuzzy open if and only if —V is fuzzy open.
(ii) V is a fuzzy nbd of 0, if and only if —V is a fuzzy nbd of 0.
(iii) V is fuzzy open (fuzzy closed) if and only if 2:,+V is fuzzy open (respectively,
fuzzy closed).

Definition 2.5 ([2]). A collection B of fuzzy nbds of x,, for 0 < a < 1, is called a
fundamental system of fuzzy nbds of z, iff for any fuzzy nbd V of x,, there exists
U € B such that x, <U < V.

Theorem 2.6 ([2]). If R is a left fuzzy topological ring then there exists a funda-
mental system of fuzzy nbds B of 0, (0 < a < 1), such that the following conditions
hold:

(i) Each member of B is symmetric.
(ii) VU € B, there exists V € B such that V +V < U.
(iii) VU € B, there exists V € B such that V-V < U.
(iv) Ya € R, VU € B, there exists V € B such that a,V < U and Va, <U.

Conversely, given a ring R and a prefilter base B at 0, satisfying conditions (i) —

(iv), there exists a unique fuzzy topology T on R such that (R, T) forms a left fuzzy
topological ring such that B forms a fundamental system of fuzzy nbds of 0.

3. LEFT FUZZY TOPOLOGICAL RINGS AND THE CATEGORY FTR

The following is a description of g-nbd of any fuzzy point x, in terms of g-nbd of
0q.
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Theorem 3.1. In a left ftr R, V is a fuzzy g-nbd of O iff =V is a fuzzy g-nbd of
0q-

Proof. Let V be a fuzzy g-nbd of 0,. There exists fuzzy open set A such that 0,9A <
V,ie,a+A(0) >1and A<V. Forall z € R, A(—z) < V(-z) = -A < -V.
Now, 0,(0) + (—A)(0) = o+ A(—0) > 1. Hence, 0,9(—A) and —A < —V. Using
Theorem 2.4, —V is a fuzzy g-nbd of 0.

Conversely, let —V be a fuzzy g-nbd of 0,. There exist fuzzy open set A such that
00gA < —V. As above, —A <V and 0,q(—A). i.e., V is a fuzzy g-nbd of 0,. O

Theorem 3.2. In a left ftr (R,T), for each o with 0 < a <1 andx € R, if V is
a fuzzy qg-nbd (fuzzy open q-nbd or fuzzy closed g-nbd) of 0, then xo +V is a fuzzy
g-nbd (fuzzy open q-nbd or fuzzy closed g-nbd) of .. Moreover, any fuzzy q-nbd of
Zq 15 precisely of the form x, + V', where V' is a fuzzy q-nbd of 0.

Proof. If V is a fuzzy ¢-nbd of 0, there is a fuzzy open set A such that 0,qA <V,
ie, a+ A0) > 1and A < V. By Theorem 2.4, 2, + A is a fuzzy open set. By
Theorem 2.3, x4 + A < 2 + V. We verify that z,q(z, + A). Now,

a+ (zo+A)(x) =a+ sup A(z—s)=a+ A0) > 1.
ZTo(s)>0

This shows (z, + A) is fuzzy open, such that z,q(x, + A) <z, +V. Hence, z, +V
is a fuzzy ¢-nbd of x,. Suppose, V* is any fuzzy ¢-nbd of x,. Then there is a fuzzy
open set U* such that z,qU* < V*. ie., a4+ U*(x) > 1 and U*(y) < V*(y),V v.
Consider U = (—2)q + U* and V = (—z)o + V*. Then U is a fuzzy open set. To
show 0,qU < V. Now,

0a(0) + U(0) = o + [(—2)a + U*)(0) = o + U*(0) > 1.
<(

S0, 0,qU. As (—z)4 —z)q and U* < V* U < V. Hence, 0,qU and U < V.
Again, to + U = x4 + (=)o + V* =04 + V* = V*. This completes the proof. O

It is well known that a topological ring is “homogeneous”, i.e., a function defined
on it is continuous throughout its domain of definition whenever it is continuous at
0. The following theorem reflects a similar behaviour of left ftr.

Theorem 3.3. Let (R, 7) and (S,0) be left fuzzy topological rings and f : R — S
be a ring homomorphism. Then f: (R,7) — (S,0) is fuzzy continuous iff f is fuzzy
continuous at Oy, where 0 < o < 1.

Proof. Let f: (R,7) — (S,0) be fuzzy continuous. In particular f is fuzzy continu-
ous at O,.

Conversely, let f : (R,7) — (S,0) be fuzzy continuous at 0,,V a € (0,1]. For
any fuzzy open set U containing (f(0))o = f(0,) in S, there exist fuzzy open set V'
containing 0, on R such that f(V) < U. Let z, be fuzzy point on R and B be any
fuzzy open set on S containing the fuzzy point (f(x)), on S. Now, z, + V is fuzzy
open set containing z,. As B is a fuzzy open set on S containing (f(x))4, we have
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B = (f(z))a +U. To show f((x)a +V) < (f(2))a + U,

(f((@)a +V))(2) = Sup (za +V)(?)
sup V(t —x)
ft)==

= sup V(p)
f(a+p)==

= sup  V(p)
f(@)+f(p)==

sup ~ V(p)
Fp)=2—f(x)

fV)(z = f(2))
Uz — f(z))
= (f(2))a+U)(2).
Hence, f((2)a +V) < (f(2))a + U. O

IN

Using the language of categories, we obtain the following:

Theorem 3.4. The collection of all left ftr and fuzzy continuous homomorphisms
form a category.

Proof. Consider the collection of all left ftr as objects and for each pair of objects
XY, the set of all arrows as the collection of fuzzy continuous homomorphisms from
X to Y. Then it is easy to observe that taking composition of arrows as the usual
composition of functions, one gets:

(i) composition of arrows is associative and

(ii) for each object X, id : X — X given by id(x) = x is the identity arrow.
Consequently, it forms a category. O

Remark 3.5. The category mentioned in Theorem 3.4 will henceforth be referred
to as FTR.

Remark 3.6. It is well known that corresponding to any topological space (X, 7),
one can obtain the characteristic fuzzy topological space (X, 7¢).

Theorem 3.7. If (X, T) is a topological ring then (X, 7¢) is a left ftr.
Proof. For a topological space (X, 7), it is known that (X, 77) is a fuzzy topological
space. We have to show the following :

(i) Va,y € Z,(z,y) — x +y is left fuzzy continuous.
(ii) Va,y € Z,(z,y) — x -y is left fuzzy continuous.
(i) V x € Z, 2 — —ux is fuzzy continuous.
We show that ‘+’ is left fuzzy continuous. Let p be a fuzzy open set on (X, 7¢) with
(x 4+ Y)a < p. Then p = x, for some A € 7. Hence,

+y)a<x,=a<x,(z+y) =z+ycA

Since (X, 7) is a topological ring, there exist open sets B, C' € 7 such that x € B,
y € Cand B+ C C A. Then z, < x,; and yo < X, Where x,, X, € 75. Now to
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complete the proof, we show x, + x, < x, = p. Now, V z € X,

(Xp T X)) = sup xo(2—1)
X (£)>0
= supx.(z—1)
teB

B {1, for te Band z—t € C

0, otherwise

B 1, forze B+C
B 0, otherwise

= XB+C(Z) < XA(Z)'

Hence, ‘+’ is left fuzzy continuous. Proceeding similarly, (ii) and (iii) can be ob-
tained. Hence, (X, 7y) is a left ftr. O

Theorem 3.8. If f is a continuous homomorphism from a topological ring (X, 1)
to a topological ring (Y,o) then f : (X,75) — (Y,0y) is a fuzzy continuous homo-
morphism between the corresponding left ftr.

Proof. Straightforward. O

We express the above findings in terms of categories as follows:

Theorem 3.9. If TopRng is the category of topological rings and continuous ho-
momorphisms, then TopRng is a full subcategory of FTR.

Proof. In the light of Theorems 3.7 and 3.8, any object of TopRng can be viewed as
an object of FT R and any morphism between two objects of TopRng is a morphism
between the corresponding objects of F'T'R. Hence, TopRng is a subcategory of
FTR. Now, consider the inclusion functor i : TopRng — FTR that sends (X, 7)
to its characteristic fts (X,7¢) and f : (X,7) — (Y,0) to f : (X,7¢) — (Y,0%).
To show that the functor i is full. Let (X, 7) and (Y, o) be two objects in TopRng
and f*: (X,77) — (Y,0r) a morphism in FTR. If U € o then x, € oy and so,
xy) = Xy«-1u) € Ty which in turn gives f*~Y(U) € 7. Hence, there exist
f*: (X,7) = (Y,0) a morphism in TopRng such that i(f*) = f*. ie., ¢ is full.
Consequently, TopRng is a full subcategory of FTR. O

Theorem 3.10. Let (Z,0) be a left ftr then ¥V o € I,(Z,is(0)) is a topological
ring.

Proof. We need to show the following:

(i) Yz,y € Z,(z,y) — x + y is continuous.
(ii) VY 2,y € Z, (z,y) — « - y is continuous.
(iii) V x € Z,z — —x is continuous.
Let z,y € Z and A be any open set in (Z,i,(0)) containing x +y. There exist fuzzy
open set p in (Z,0) such that p* = A. So, (z + y)a < p. As, (Z,0) is a left ftr,
there exist fuzzy open sets U and V such that z, < U, yo, <V and U+ V < pu.
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Then x € U® and y € V. We shall show that U* + V< C A. Let z € U* + V.
Then z = s+t where s € U* and t € V°. i.e., U(s) > a and V(t) > a. Now,

U+V)(z) = sup V(z—p)
U(p)>0
> V(t), where U(s) >0 and z =s+1
>«

So, u(z) > «, z € u* = A. Hence, U*+V* C A. This proves ‘+’ is continuous. The
proof for ‘-’ is continuous is similar and hence omitted. Now, we shall prove that
x +— —x is continuous. Let € Z and A be an open set on (Z,i,(0)) containing —z.
There is a fuzzy open set p on (Z, o) such that p* = A. So, (—x) € pu® = (—2)q < .
As (Z,0) is left ftr, there exist fuzzy open set U containing z, such that z, < U
and —U < p. We shall show (=U)* C A. Let z € (=U)* = u(z) > —=U(z) > a. So,
z € u®. Hence, (-U)* C A. O

Theorem 3.11 ([7]). A function f : (X,7) — (Y,0) is fuzzy continuous iff [ :
(X,ia(1)) = (Y ia(0)) is continuous for each o € I, where (X, 7), (Y,0) are fts.

Theorem 3.12. A function f: (X,7) — (Y, 0) is fuzzy continuous homomorphism
iff (X, ia(7)) = (Y,ia(0)) is continuous homomorphism for each o € I, where
(X,7),(Y,0) are left ftr.

Proof. Immediate from Theorem 3.11. 0
In view of Theorems 3.10 and 3.12, we get:

Theorem 3.13. For each a € I, i, : FT'R — TopRng is a covariant functor.

4. LEFT FUZZY TOPOLOGICAL RINGS INDUCED BY RING HOMOMOMORPHISMS

Definition 4.1. A fuzzy topology that makes a ring left ftr is called a fuzzy topol-
ogy compatible with the ring structure.

Theorem 4.2. Let (R,7) be a fuzzy topological ring. If h : H — R is a ring
homomorphism from any ring H to R then h induces a unique compatible fuzzy
topology on H that makes h fuzzy continuous.

Proof. Let B be a fundamental system of fuzzy nbds of 0, in R. Then it is enough
to show that h~1(B) determines a unique fuzzy topology on H such that h=!(B)
forms a fundamental system of fuzzy nbds of 0, in H. It is clear that h=!(B) is a
prefilterbase at 0, in H. In view of Theorem 2.6, it is now to verify that h=!(B)
satisfies the conditions (i) - (iv) of Theorem 2.6.

(i) Any element of h=!(B) is of the form h=!(V), for some V € B. Now, Vo € H

(=h=H(V))(z) = h=H(V)(~2) = V(h(~2))
= V(—h(z)) (since h is a homomorphism)
= (=V)(h(z))
=V (h(z)) (since V.=-V)
=hH(V)(=)

Hence, —h=1(V) = h=1(V), showing that each member of h~1(B) is symmetric.
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(ii) Let h=Y(U) € h=1(B), for some U € B. Then as U € B, there exists V € B,
such that V +V < U. For any z € H,

RV +h 1 (V)(2) = sup  hH(V)(z—2)= sup A HV)(z—2)
h=1(V)(z)>0 V(h(z))>0
= sup V(h(z—2))= sup V(h(z)—h(z))
V(h(z))>0 V(h(z))>0
< sup V(h(z) —y) = (V +V)(h(2))
V(y)>0

<U(M(z)) = h(U)(2).

Hence, there exists h=1(V) € h~1(B), such that h=1(V) + h=1(V) < h=1(U).
(iii) Let h=1(U) € h=1(B), for some U € B. Then as U € B, there exists V € B,
such that V-V < U. For any z € H,
(A1 (V) -7 H(V))(2) = sup R (V)(y)
{z==zy, h=1(V)(2)>0}
= sup R (V)(y)
{z=zy, V(h(z))>0}
= sup V(h(y))
{z=zy, V(h(z))>0}
= sup V(h(y))
{r(2)=h(2)h(y), V(h(z))>0}
< sup V(t)
{h(z)=st, V(s)>0}

= (V- V)(h(2)) S U(h(2)) = h'(U)(2)-

So, there exists h=1(V)) € h=1(B), such that h=1(V) - h=1(V) < h=1(U).
(iv) Let a € H and h=1(U) € h=1(B). Then h(a) € R and U € B so that there
exists V € B such that h(a), -V <U and V - h(a), < U.

t ) Elt 1. = at
(- h (V) (z) = {5WP==ah V)(®), if 3tst z2=a
0, otherwise
_ ) SUPh(x)=h(a)h(t o V(h(t), if 3tst z=at
0, otherwise
< JSWPh)=n(a) V(x), if 3z s.t. h(z) = h(a)z
- 0, otherwise
= h(a),-V(h
< U(N>z))
= hHU)(2).

Similarly, one can verify that (h=1(V) - a4)(z) < h=1(U)(2), for all z € H. Con-
sequently, h~!(B) satisfies the conditions (i) - (iv) of Theorem 2.6 and the result
follows. In view of Theorem 3.3, the fuzzy continuity of h is immediate. 0

Corollary 4.3. Any subring of a left ftr is a left ftr.
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Proof. Let (R, T) be a left fuzzy topological ring and H be a subring of R. If B is a
fundamental system of fuzzy nbds of 0, in R, and h : H — R is the inclusion homo-
morphism (i.e., h(z) = x, Vo € H) then by the above theorem h~!(B) determines
a unique compatible fuzzy topology on H such that h=!(B) forms a fundamental
system of fuzzy nbds of 0, in H. g

Corollary 4.4. Let R be a left ftr and h : R — S a ring homomorphism onto S. If
I is an ideal of R containing ker(h), then h : R/I — S induces a compatible fuzzy
topology on R/I that makes h fuzzy continuous.

Proof. Follows from the theorem as h : R/I — S is a ring homomorphism. O

The following theorem shows that the homomorphic image of a left fir is a left

ftr.

Theorem 4.5. Let (H,7) be a left ftr. If h : H — R is a ring homomorphism
from H onto any ring R, then h induces a fuzzy topology compatible with the ring
structure on R that makes h fuzzy continuous.

Proof. Let B be a fundamental system of fuzzy nbds of 0, in H. In view of Theorem
2.6, it is enough to show that h(B) is a fundamental system of fuzzy nbds of 0, in
R.
(i) For any U € B, U = —U and so, h(U) = h(—=U). Now, Vz € R
M=U)(z) = sup{(=U)(t) : h(t) =z}
= sup{U(=t) : h(t) = 2}
= sup{U(=t) : h(-t) = -z}
= hU)(=2)
—h(U)(2).
Consequently, h(U) = — ( ).

) =
(ii) If A(U) € h(B), then U € B and so, there exists V € B, such that V+V < U.
For any z € R,

(R(V)+h(V)(2) = h(VS)l(lp)>O h(V)(z — )

sup sup  V(y)
h(V)(2)>0 h(y)=z—z
= sup sup  V(y)
{supp(2/y=a V(2')>0} h(y)=2—=
= sup sup Viy+a' —a')
h(y)=z—h(z’) {z=h(z’), V(z’)>0}

= sup sup Viy+a2' —a)
h(y+z’)=z xz=h(z’), V(z')>0}

IN

sup sup V(t—a')
h(t)=z {z’:V(z’)>0}
sup (V 4+ V)(¥)
h(t)==2
h(V +V)(z)
h(U)(2).
329
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Proceeding similarly, one can show that condition (iii) also holds for h(B).

(iv) Let b € R and h(U) € h(B). Then there exists a € H with h(a) = b. So, there
exists V' € B such that a,V < U and Va, < U. It is to show that b h(V) < h(U)
and h(V)b, < h(U). For any z € R, it is easy to see that

bah(V)(2) = h(aa)h(V)(2) < h(aaV)(2) < h(U)(2),
and also,

(h(V)ba)(2) = h(V)h(aa)(2) < h(Vaa)(z) < h(U)(2).
Hence, all the conditions (i) - (iv) are satisfied proving hA(B) to be a fundamental
system of fuzzy nbds of 0, in R. Let U be any fuzzy nbd of 0, in R. By definition of
fundamental system of fuzzy nbds, there exists some B € B, such that 0, < h(B) <
U. As B<h }(h(B)) < h=1(U) and 0, € B it follows that h=1(U) is a fuzzy nbd
of 0, in R. Hence, in view of Theorem 3.3 h is fuzzy continuous. O

Corollary 4.6. Let R be a ring and I be an ideal of R. The ring epimorphism
k: R — R/I given by k(x) = x+ I induces a fuzzy topology compatible with the ring
R/I that makes k fuzzy continuous.

Proof. Follows from the theorem. 0

Theorem 4.7. Let R be a left ftr. If S is a left ftr induced from a ring homomor-
phism h: R — S from R onto S and I = ker(h), then the fuzzy topology compatible
with R/ induced from h : R/I — S and the fuzzy topology compatible with R/
induced from k: R — R/I are same.

Proof. Let B be a fundamental system of fuzzy nbds of 0, in R. It follows from the
previous theorems that {k(V) : V € B} is a fundamental system of fuzzy nbds of 0,
for the compatible fuzzy topology on R/I induced by k and {Eil(h(V)) :V eB}is
a fundamental system of fuzzy nbds of 0, for the compatible fuzzy topology on R/I
induced by h. Since, h o k = h, we have

1 _

h (h(V)x+1) = h(V)(h(z+1))
— W(V)(Rok)()
— (V) (h(x)

= sup V(y)
h(y)=h(a)

= sup V(y)
h(y—x)=0

= sup  V(y)
y—z€Kerh=1I

= sup V(y)
y+I=x+I1

= sup V(y)
k(y)=az+1

= k(W)(xz+1).
Hence, both the fundamental systems are identical leading to the same compatible
topology on R/I. O
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5. APPLICATION

Definition 5.1 ([1]). A fts (X,7) is fuzzy disconnected if there exist fuzzy sets U
and V such that UVV =1,U 4V and V 4U.

Lemma 5.2. If (X, 7) is fuzzy disconnected fts then there exist fuzzy closed sets C
and D such that CV D =1 and C 4D.

Proof. Let (X, 1) be fuzzy disconnected. There exist fuzzy sets A and B such that
AV B =1,A 4B and B fgA,ie,VyeY, Aly)VB(y) =1, A(ly) + B(y) <1
and A(y) + B(y) < 1. Hence, for each y € Y we have either [A(y) = 1 and
B(y) = 0] or [A(y) = 0 and B(y) = 1]. We shall prove that the fuzzy closed sets
1 —int(clA) and 1 — int(clB) are the required sets. Now, V y € Y if A(y) =1 then
A(y) <1 - B(y) <1 —int(cB)(y), i.e., 1 —int(cIB) = 1 and if B(y) = 1 then
similarly, we have 1 —int(clA) = 1, showing (1 — int(clA)) V (1 —int(clB)) = 1 and
(1 —int(clA)) (1 —int(cIB)). O

Theorem 5.3. If a fts (X,7) is fuzzy disconnected then ¥ « € I, (X,in(7)) is
disconnected.

Proof. Let (X, 7) be fuzzy disconnected. By Lemma 5.2, there exist fuzzy open sets
A and B on X such that AVB =1and A gB. Hence, for each x € X we have either
[A(z) =1 and B(z) = 0] or [A(z) = 0 and B(z) = 1]. Now, V o € I;, A* and B*
are open in (X, iq (7)) with AU B* = (AV B)* = X. If possible let z € A* N B*.
Then, A(z) > a and B(z) > «, which is not possible. Hence, A* N B* = ® and so,
(X,ia(7)) is disconnected. O

Lemma 5.4. Let C(Y, Z) denote the ring of continuous functions from a topological
space (Y, i, (7)) to a topological ring (Z,is(0)), for each o € Iy. IfY is disconnected
then there exist f € C(Y, Z) such that f # 0,1 and f* = f.

Proof. If'Y is disconnected, there exist nonempty disjoint closed sets A, B such that
1, ifyed
0 ifyeB,
trivial idempotent. O

Y = AUB. Defining f : Y — Z by f(y) = we get the desired non

Theorem 5.5. Let Z be a left ftr with 1 and without zero divisor such that 04 s
fuzzy closed for each o € (0,1]. If Y is any fully stratified fts such that the ring
FC(Y,Z) has some nontrivial idempotent element then Y is fuzzy disconnected.

Proof. Let f € FC(Y,Z) be such that f2 = f and f # 0,1. To show Y is fuzzy
disconnected. Vy € Y, f2(y) = f(y) = f(y)(1— f(y)) = 0. As Z has no zero divisor,
for each y € Y we have, f(y) =0 or f(y) = 1. 0, for all « € I is fuzzy closed in Z.
Consider, « = 1. As 1, = 04 + 1, and 0, is fuzzy closed, using Theorem 2.4, 1, is
fuzzy closed in Z. f being fuzzy continuous, f~1(0,) and f~1(1,) are fuzzy closed
in Y. Now,

(f_l(oa) \ f_l(la))(y) = SuP{f_1<0a)(y)7 f_l(la)(y)}
= sup{(0a)(f(¥)), (1a) f((¥))}
_ 1
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Hence, f71(0,) V f71(14) = 1ly. Cleatly, for all z € Y, f71(0,)(z) + f (1) (z) =
a=1,1ie., f71(0,) 4f 1(14). This shows that Y is disconnected. O

Theorem 5.6. Let Z be any left ftr and Y be any fuzzy disconnected fts then the
ring FC(Y, Z) has some nontrivial idempotent element.

Proof. Let Y be fuzzy disconnected. By Theorem 5.3, V o € Iy, (X, i(7)) is dis-
connected. By Theorem 3.10, V a € I1,(Z,i4(0)) is a topological ring. Now, by
Lemma 5.4, there exist a continuous function f : (Y,io(7)) — (Z,i4(0)) such that
f#0,1and f2 = f. By Theorem 3.11, f: (Y,7) — (Z,0) is fuzzy continuous such
that f #£ 0,1 and f2 = f. O

Combining Theorems 5.5 and 5.6, we have:

Theorem 5.7. Let Z be a left ftr with 1 and without zero divisor such that O,
is fuzzy closed for each a € (0,1]. If Y is any fully stratified fts, then the ring
FC(Y,Z) has exactly two idempotents iff Y is fuzzy connected.

Theorem 5.8. Let X and Y be two fully stratified fts and f: X — Y be a fuzzy
continuous function. For any left ftr Z, f* : FC(Y,Z) — FC(X,Z) given by
f*(g) =go f is a ring homomorphism.

Proof. Straightforward. O

Theorem 5.9. If X is any fully stratified fts and Zy, Zo are left ftr, then every
fuzzy continuous ring homomorphism ¢ : Zy — Zs induces a ring homomorphism

QAﬁ :FC(X,Z,) = FC(X, Zs) given by g%(f) =¢o f.
Proof. Immediate. 0

Reframing the results discussed above in the language of categories, we obtain
the following functors:

Theorem 5.10. If F'T'S is the category of fully stratified fuzzy topological spaces and
fuzzy continuous functions; Rng is the category of all rings and ring homomorphisms,
then
(i) FC(—,Z): FTS — Rng given by Y — FC(Y, Z) is a contravariant functor,
for each left ftr Z.
(i) FC(X,—): Rng — Rng given by Z — FC(X, Z) is a covariant functor, for
each fully stratified fuzzy topological space X.

Acknowledgements. The authors are grateful to the referees for their valuable
comments.

REFERENCES

[1] C. L. Chang, Fuzzy topological spaces, J. Math. Anal. Appl. 24 (1968) 182-190.

[2] A. Deb Ray, On left fuzzy topological rings, Int. Math. Forum 6(27) (2011) 1303-1312.

[3] A. Deb Ray and P. Chettri, On fuzzy topological ring valued fuzzy continuous functions, Appl.
Math. Sci. (Ruse) 3 (2009) 1177-1188

[4] S. Ganguly and S. Saha, A note on ¢ continuity and § connected sets on fuzzy set theory,
Simon Stevin. 62 (1988) 127-141.

[5] N. Palaniappan, Fuzzy Topology (Second Edition), Narosa Publishing House, India.

332



A. Deb Ray et al./Ann. Fuzzy Math. Inform. 3 (2012), No. 2, 321-333

[6] P. M. Pu and Y. M. Liu, Fuzzy topology I. Neighbourhood structure of a fuzzy point and
Moore-Smith convergence, J. Math. Anal. Appl. 76 (1980) 571-599.

[7] A. P. Shostak, Two decades of fuzzy topology : Basic ideas, notions and results, Russian Math.
Surveys 44 (1989) 125-186.

[8] L. A. Zadeh, Fuzzy sets, Inform. Control 8 (1965) 338-353.

A. DEB RAY (atasi@hotmail.com)
Department of Mathematics, West Bengal State University, Berunanpukuria, Ma-
likapur, North 24 Parganas - 700126, India

PANKAJ CHETTRI (pankajct@gmail.com)
Department of Mathematics, Sikkim Manipal Institute of Technology, Majitar, Rang-
poo East Sikkim, 737136, India

MAHADEB SAHU (mahadeb68@gmail.com)
Department of Mathematics, B. N. Mahavidyalaya, Itachuna, Hooghly, India - 712147

333



	More on left fuzzy topological rings. By 

