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1. INTRODUCTION

A set R # @ together with two associative binary operations, addition “+”
and multiplication “” such that “” distributes over “4”, is called semiring and
was first introduced by Vandiver [18] in 1934. Additively commutative semirings
with zero element are called hemirings. In more recent times semirings have been
deeply studied, especially in relation with applications [8]. Semirings have also been
used for studying optimization, graph theory, theory of discrete event dynamical
systems, matrices, determinants, generalized fuzzy computation, theory of automata,
formal language theory, coding theory, analysis of computer programmes [5, 6, 8, 9,

]. Hemirings, appears in a natural manner, in some applications to the theory of
automata, the theory of formal languages and in computer sciences [10, 11, 12, 16].
Ideals of hemirings and semirings play an important role in the structure theory and
are very useful for many purposes. Some important types of ideals are discussed in
[15, 21]. In [3] J. Ahsan characterize weakly regular hemirings by the properties of
their ideals. In 1965 Zadeh [20] introduced the concept of fuzzy sets. Since then
fuzzy sets have been applied to many branches in Mathematics. The fuzzification
of algebraic structures was initiated by Rosenfeld [17] and he introduced the notion
of fuzzy subgroups. In [2] J. Ahsan initiated the study of fuzzy semirings (See also
[4]). The fuzzy algebraic structures play an important role in Mathematics with
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wide applications in many other branches such as theoretical physics, computer
sciences, control engineering, information sciences, coding theory and topological
spaces [1, 10, 19]. The concept of interval valued fuzzy sets in algebra was initiated
in [7] by Biswas and further this concept was investigated in [13]. In [14] Xueling
defined and discussed interval valued fuzzy ideals in hemirings. In this paper we
give some basic results for interval valued fuzzy ideals and characterize regular and
weakly regular hemirings by the properties of their interval valued fuzzy ideals.

2. PRELIMINARIES

A set R # ¢ together with two binary operations addition “4” and multiplica-
tion “” is called semiring if (R,+) and (R,-) are semigroups and multiplication is
distributive over addition, that is for all a,b,c € R,

a(b+c¢)=ab+acand (a+b)c=ac+bc

An element 0 € R satisfying the conditions, Ox = 20 = 0 and 0 + =z = = +
0 = z, for all z € R, is called a zero of the semiring (R, +,:). And an element
1 € R satisfying the condition, 1x = z1 = x for all x € R, is called identity
of the semiring (R, +,-). A semiring with commutative multiplication is called a
commutative semiring. A semiring with commutative addition and zero element is
called a hemiring. A non-empty A C R is called a sub hemiring of R if it contains
zero and is closed with respect to the addition and multiplication of R. An element
a € R is called multiplicatively idempotent if a> = a. A hemiring R is called
multiplicatively idempotent if each element of R is multiplicatively idempotent. A
non-empty A C R is called a left (right) ideal of R if A is closed under addition and
RAC A (AR C A). If A and B are left (respectively right) ideals of a hemiring R
then AN B is a left (respectively right) ideal of R. If A and B are left (respectively
right) ideals of a hemiring R then A+ B is the smallest left (respectively right) ideal
of R containing both A and B. If A and B are ideals of a hemiring R then AB is
an ideal of R contained in AN B.

If A C R, then characteristic function C4 of A is a function from X into {0,1},
defined by
1 if xz € A,
0 otherwise,

Ca(z) = {

A fuzzy subset A of a universe X is a function A : X — [0, 1]. For any two fuzzy
subsets A and p of X, A < p means that, for all z € X, A(z) < p(x). The symbols
AA pand AV p will mean the following fuzzy subsets of X

(AN p) (@) = Mx) A p(x)
AV 1) () = M) V ju(a)
for all z € X. More generally, if {); : i € A} is a family of fuzzy subsets of X, then
Niea; and V;ep A, are defined by
(Nieadi)(z) = Niea(Ni(z))
(Vieads)(z) = Viea(Ai(2))
and are called the intersection and the union of the family {\; : ¢ € A} of fuzzy

subsets of X, respectively.
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Definition 2.1. Let A and p be any two fuzzy subsets of a hemiring R. Then the
sum of A and u is defined as

A+ 1) (@) = Vazmy+z [Ay) A p(z)]
for all z € R.

Definition 2.2. Let A and u be any two fuzzy subsets of a hemiring R. Then the
product of A and p is defined as

(M) (@) = Vao=sn_ g,z [N {A i) A p(2i)}]
for all z € R.

Definition 2.3. A hemiring R is called von Neumann regular if for any a € R there
exists ¢ € R such that a = aza or a € aRa for all a € R.

Theorem 2.4. A hemiring R is von Neumann reqular if and only if for any right
ideal A and any left ideal B of R, ANB = AB.

Definition 2.5 ([3]). A hemiring R is called left (respectively right) weakly regular
if we have a € RaRa (respectively a € aRaR) for all a € R.

Remark 2.6. Clearly if R is commutative then R is (right or left) weakly regular
if and only if R is von-Neumann regular.

Theorem 2.7 ([4]). The following assertions for a hemiring R are equivalent:
(i) R is right weakly regular.
(ii) All right ideals of R are idempotent.
(iii) IJ = 1IN J for all right ideals I and two-sided ideas J of R.

Theorem 2.8. If R is commutative hemiring, then R is fully idempotent if and only
if R is von Neumann regular.

Theorem 2.9. If R is commutative hemiring then R is fully idempotent iff R is
weakly reqular.

Definition 2.10. Let A be a fuzzy subset of a hemiring R. Then X is said to be a
fuzzy subhemiring of R if for all z,y € R,

() A+ ) > A(2) A A ()

(i) A(zy) = A@) AA(y).
Definition 2.11. A fuzzy subset A of a hemiring R is said to be a fuzzy left (re-
spectively right) ideal of the hemiring R if for all z,y € R

() Az +y) = A(2) AX(Y),

(ii) A (zy) > A (y) (respectively A (zy) > X (x)).

A fuzzy subset A of a hemiring R is called a fuzzy ideal of hemiring R if it is both
fuzzy left and right ideal of R

Theorem 2.12. If \ and p are fuzzy left(respectively right) ideals of a hemiring R
then AN is also a fuzzy left (respectively right) ideal of R.

Theorem 2.13. If \ and u are fuzzy left(respectively right) ideals of a hemiring R
then their sum X+ p is also a fuzzy left (respectively right) ideal of R.

Theorem 2.14. If A\ and p are fuzzy left (respectively right) ideals of a hemiring R
then their product A\ is also a fuzzy left (respectively right) ideal of R.
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3. MAJOR SECTION

Let L be the family of all closed subintervals of [0, 1] with minimal element 0=
[0,0] and maximal element I = [1,1] according to the partial order [a, '] < [, 3]
if and only if a < 8,0/ <’ defined on L for all [a, &/],[3, 0] € L.

Definition 3.1. An interval valued fuzzy subset A of a hemiring R is a function
A R— L.

We write A(z) = [\~ (z), A\t (z)] C [0,1] for all z € R, where A, At : R — [0, 1]
are lower and upper fuzzy sets of R, giving lower and upper limit of the image

interval for each z € R. Note that we have 0 < A7 (z) < AT (z) <1 for all z € R.
For simplicity we write A = [A7, AT].

Definition 3.2. For any two interval valued fuzzy subsets A and ji of a hemiring
R, union and intersection are defined as

(AUR) @) =A™ @) v (@), 34 @)V at (@)

(AN 7) (@) = A~ @) A (@)X @) At ()],
for all z € R.

More generally if {5\1 ctel } is a family of interval valued fuzzy subsets of R
then for all z € R,
(Uidi)(@) = [ViA] (@), Virf (@)]
(M) (@) = [N (), AaAT ()]

Definition 3.3. Let \ and i be interval valued fuzzy subsets of a hemiring R. Then
their sum is defined as

A+ )(@) = Vazyrz [N~ W) A~ (2), A (@) At (2)]
for all = € R.

Definition 3.4. Let A and i be interval valued fuzzy subsets of a hemiring R. Then
their product is defined as

(AR (@) = Vamsryez A0 [N () AT (20), AT () A p® (20)] }
if 2 can be expressed as x = Y| ;2;, otherwise (\ji)(z) = O.

Definition 3.5. Let A be a subset of a hemiring R. Then the interval valued
characteristic function C4 of A is defined to be a function C4 : R — L such that for
allx € R ~
~ I=11,1] ifxe A
C = ~ !
a(@) { O=10,0] ifz¢A

Clearly the interval valued characteristic function of any subset of R is also an
interval valued fuzzy subset of R. The interval valued characteristic function can
be used to indicate either membership or non-membership of any member of R in a
subset A of R. Note that Cg(z) = I for all z € R.
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Lemma 3.6. Let A, fv and U be the interval valued fuzzy subsets of a hemiring R.
If A\ C [i then \v C i and DA C Dfi.

Proof. Let z € R. If x is not expressed as x = Y .-, y;2;, then

(A7) (@) = O = () (x)

Otherwise,
AD)(@) = Vamsp ye AN [N (0) A v (20, AT (92) A v (20)] }
< Vamspyes AN [0 (W) AvT (20, 17 (yi) AvT(20)] ) since A C
= () (z).
Hence A C . Similarly we can prove that oA C U. O

Definition 3.7. Let A be an interval valued fuzzy subset of a hemiring R. Then A
is said to be an interval valued fuzzy subhemiring of R if for all z,y € R,

Az +y) > A(@) AX(y) and A(zy) > X(z) AX(y).

Definition 3.8 ([14]). Let A be an interval valued fuzzy subset of a hemiring R.
Then X is said to be an interval valued fuzzy left (resp. right) ideal of R if and only
if forall z,y € R

(i) A ( +)
(i) A (ay) >

An interval valued fuzzy subset of R is called an interval valued fuzzy ideal of
hemiring R if it is both interval valued fuzzy left and right ideal of R.

() A A (y)

>
A () <respectively A(zy) > A (:c))

Remark 3.9. An interval valued fuzzy subset A of a hemiring R is an interval valued
fuzzy two sided ideal of R if for all z,y € R

() Ar+9) 2 A() AA ()

(i) A(zy) = A(z) V A ().

Remark 3.10. Every interval valued fuzzy ideal of a hemiring R is also an interval
valued fuzzy subhemiring of R but the converse is not true.

Remark 3.11. Note that if A = [\~,A\*] is an interval valued fuzzy left ideal of R
then for all z,y € R

Mz +y) = Ax) AA(y)
= A (@) A @+ y)] > [A (@), AT @] A AT (1), AT ()]
= N (@+y), A\ (@ +y)] >[N (@) AN (1), 2T (») AAT (y)]
= A (2+y) > A (@) AA (y) and AT (z+7y) > AT () AXT ()
and
Xay) > A(y) = A (2y), A (zy)] = A (1), AT ()]
= A" (zy) > A7 (y) and A (zy) > AT (y).
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This shows that A™and AT are fuzzy left ideals of R. It’s converse is also true and
can be proved by reversing the above process. Similarly A= [A™,AT] is an interval
valued fuzzy right (two sided) ideal of R if and only if A~and AT are fuzzy right (two
sided) ideals of R. Similarly A= [A7, AT] is an interval valued fuzzy subhemiring of
R if and only if A"and AT are fuzzy subhemirings of R.

Lemma 3.12. An interval valued fuzzy subset of a hemiring R is an interval
valued fuzzy subhemiring of R if and only if A+ ACXand A2 C A

Proof. Let A be an an interval valued fuzzy subhemiring of R. Then for all z € R
(A42) (@) = Vemyrs D @) AN (2), 0 (1) AN (2)]
< Vamge: [N (¥ +2) AT (y + 2)]
= Vadpes [V (@), 0 (@)
= Ax).
Thus A4+ A C A. And A2 (z) = O < A (z) if 2 cannot be expressed as z = S Yizie
Otherwise,
N (z) = (M) (z)
Vamsp s 1A (AT (1) AT (20), A (90) AXT(20)] }

< Va=sr gz [NA™ (yizi), NAT (yi2s)]
n

S \/x ,lylzl [ Zyz'zl (Zyzzi)
i=1

= \/ZE:Z?ZI'ini [)‘ ( )7 )‘Jr( )]

= ().
Thus A2 - . o
_ Conversely, let A be an interval valued fuzzy subset of R such that A+ X C A and
A2 C \. Then for all 2,y € R

Az+y) = (;\+;\) (z+y)
— Varyars [V (@ AN (B0 (@) AN (D)

> [A*()M*() X () AXT(y)]
= @)X @)] AN ), A ()]
= Aa )AA( )
and
May) = W (ay) = (W) (@)
= me B Yz {/\[ _(yi)/\)‘_(Zi)a)‘+(yi)/\>\+(zi)]}
> (A (1), AT (x) AT ()]
= [\ (@] AT (1), A (v)]
= Az )AA( )
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Thus A (z +y) > X(z) AX(y) and A (zy) > A (z) A X (y) for all z,y € R. Hence X is
an interval valued fuzzy subhemiring of R. O

Lemma 3.13. An interval valued fuzzy subset A of a hemiring R is an interval
valued fuzzy left (respectwely right) ideal of R if and only zf)\ +AC X and CpA C A
(respectively \Cr C X ).

Proof. Let A be an interval valued fuzzy left ideal of R. Then for all 2 € R
(A+2) (@) = Vamyrs A7 @) AN (2), A7 (1) AN (2)]
< \/a::erz [)\_ (y + Z) >>\+(y + Z)}
= Va=y+z [)\7 (2) 7>\+(517)}
= A

)
Thus A+A C X. And CrA (z) = O < X () if 2 cannot be expressed as z = S| vi2;,
otherwise

CRS\ (SL’)

vﬂi:E?:lini {/\i
Va=xr_ gz {/\i
vx:E;‘zlyizi {/\i
v$:2?:1y¢zi {/\z

Cr(yi) NN (2:), Ch (i) AT (20)] }
LAX (z), LA X (23)] }

A (z0), A (z1)] }

A (izi), A (yizi)] }

n n
Voms oo [uzyiz»,wz )
=1 =1

= vw:E?ZIyizi [)‘7(3:)7 A+ (JJ)}

IN

IN

Thus CRS\ C . R [
Conversely, let A be an interval valued fuzzy subset of R such that A+ A C A and
CrA C X. Then for all z,y € R

MNz4y) > (5\+5\)(:c+y)

= Varymars [V (@) AN (B), AT () AXT(D)]
[/\—( JAXT (1), AT () AAT ()]
(A7 (@), AT (@)] A A (), AT ()]
Az )/\A()

v

and

>
)
<
~—
%

CrA (zy)

Vay=s_ iz 1N [Cr (yi) AN (2:), Ch (yi) AT (20)] }
[Cr(x )M\_( ), O (z) AT (y)]

[1 AN (y), 1 AN (y)]

A~ A*( )]

= A(y)

Y
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Thus A (z +y) > A(x) AX(y) and A (zy) > A(y) for all 2,y € R. Hence A is an
interval valued fuzzy left ideal of R. O

Theorem 3.14. A subset A of a hemiring R is a subhemiring of R if and only if

the interval valued characteristic function C 4 is an interval valued fuzzy subhemiring
of R.

Proof. Suppose that A is a subhemiring of R and z,y € R.
Case I: If x,y € A then z + y,zy € A. Thus

Calw+y)=T=INT=Cr(x)ACal(y)

and C’A(my):I~:I~/\I~:C~’A(JE)AC~'A(y).N )
Case II: If at least one, say y ¢ A then Cy (y) = O. Then

Calz+y)>0=Cxa(x)NO=Cy(z)ACys(y)
and
Calzy) >0=Cua(x)NO=Cr(z)ACa(y).

Thus in both cases Cyu (z +y) > Ca () A Ca (y), andCy (zy) > Ca (x) A Ca ().
Hence C4 is an interval valued fuzzy subhemiring of R.

Conversely, suppose that C4 is an interval valued fuzzy subhemiring of R and
2,y € A. Then Cp (z +y) > Ca(x) ACa(y) =TI AT =1 and

Ca(zy) > Ca(x)NCaly)=INT=1.

Thus z + y,zy € A for all x,y € A. This shows that A is a subhemiring of R. [

Theorem 3.15. A subset A of a hemiring R is a left (respectively right) ideal of
R if and only if the interval valued characteristic function Ca is an interval valued
fuzzy left (respectively right) ideal of R.

Theorem 3.16. If X and i are interval valued fuzzy left (respectively right) ideals

of R then their sum X\ + i is also an interval valued fuzzy left (respectively right)
ideal of R.

Proof. To show that A + /i is an interval valued fuzzy left ideal of R, we will prove
that

i) (\+7) @+9) = (A+8) @A (A+7) @)
(i) (A7) (yo) = (A+ ) ()
for all z,y € R. Recall that if A = [A\~,A\*] and i = [u~—, uT] are interval valued

fuzzy left ideals of R then A=, A", u~ and puT are fuzzy left ideals of R. Let x,y € R.
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Then

(A+8) @A (A+7) )
= (Vacass V(@) A (B), A" (a) At (0)]}

A{Vymuro [N () A ™ (), A () At (0)] )
= Vacats [N7(@) A p™ (0), AF (@) A (5)] A

{Va= u+v[ T A (), AT (u) Apt(v)]}
= Va=a+b, y:u+v{[)‘_(a)/\,“ (0), A" (a) A p* (b)] A
[A7(u) A ™ (), A () A ()]}

= Va=atb, y=ut+v[A (@) Ap~ (b)) AN (u) A p™ (v),
AT (a) A pt (b )M+ u) A g (v)]
< Vao—atb, y—uto [N (@ +u) Ap (b + v) A (a+u) Apt(b+v)]
< Vagymw o [N (W) Ap™ (@), X (W) A pt (V)]
= A+ i) (z+y)

and

~
+
=
S~—
8
S~—
I

Vaomuto AT (W) A p7 (v), AT
Va—uto [N (yu) A p~ (yv),
Vya=w o [N (W) Ap~ (), A (') At (v )]
A+ 1) (yz)-

IN N
'@ -

Thus (5\ + /1) (x+y) 2~ (5\ + ,EL) () A (5\ + [L) (y) and (5\ + ,&) (yx) > (5\ + ﬂ) (z)

for all x,y € R. Hence A + [ is an interval valued fuzzy left ideal of R. d

Theorem 3.17. If S\N(md i are interval valued fuzzy left (respectively right) ideals
of a hemiring R then A\fi is also an interval valued fuzzy left (respectively right) ideal
of R.

Proof. Let x,y € R. Then
(W) (@) = Vazs om0 [N (00) A ™ (20) A7 () A i (20)])

and

(V) () = Vmszyyraznn {06 D7 (i) A () AT () At (D]}
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Now

(M) (@) A A (Y) = {Va=sr oz AN (N7 (i) A (20) AT () A (20)] 1}
AV e {0 A 9) AT () A () At ()]} ]
= Va=sr gz AN [N (W) AT (20) AT () At (20)])
A Vamsp e {0 7 05) AT () AT () Aut ()]
= Vaoos iz, y=1_ g AN (AT (W) ApT (20) AT (i) A ™ (20)]
N I W) A ()3 () A it ()]}
= Vapy=sr_yzrsr gz (AN ) Ap™ ()]} A{A AT (yj) A~ ()]},
(AT (o) A e ()]} AT () A (25)13]
S Vagy=57_ weon AR (ur) A p™ (o), AT (ur) A ™ (0r)]}

= (Mi)(z +y).
For a,x € R
(Vi) @) = Vams e 0 [V i) Aw™ (20) A i) Aw* ()]}
S \/x:EZ":lyizi{/\i [Ai (ayl) A :LL7 (Zz) ) )‘Jr (ayi) A :LLJr (Zl)}}
= Var=say;z AN [N (awi) Ap™ (20) , A7 (ay) A p™ (20)]}
< Vag=sn gz AN (AT W) AT (), 07 (vi) At (2)]}

(Afr) (az).

Thus (Ai)(z +5) > (Mi)(@) A (Mi)(y) and (xﬁ) (az) > (Xg) (z) for all a, 2,y € R.
Hence S\[L is an interval valued fuzzy left ideal of R. 0

Remark 3.18. If X and [ are interval valued fuzzy left (respectively right) ideals
of R then AN [i is an interval valued fuzzy left (respectively right) ideal of R.

In general, s o # 5\;]. Now we characterize regular and weakly regular hemirings
by the properties of their interval valued fuzzy ideals.

Theorem 3.19. The following assertions for a hemiring R are equivalent:

(i) R is von Neumann regular.

(ii) For any right ideal A and any left ideal B of R, AN B = AB.

(i) For any interval valued fuzzy right ideal X and interval valued fuzzy left ideal
AN = M.

Proof. (i) < (ii) follows from Theorem 2.4.
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(i) = (iii) Let A be an interval valued fuzzy right ideal and /i be an interval valued
fuzzy left ideal of R. Then for any x € R

(A1) @) = Vamsp e {00 N ) AT () AT (i) At (20)]}
Voosr oo {Ni [N Wizi) A~ (wizi) , AT (gazi) At (yizi)] }
vmzzyzlyizi |:{ 15\ (yzzz /\ {/\Z/“L yzzz)}:|

Voosr iz {5\ <§y2z2> AR (Zyzzz>}

= \/wzggzlyizi{ (z) A
= Ma)Af(z)
AN i) ().

IA

IN

yz

w)

7;1

I
/N

Thus 5\/] cAn fi. Since R is regular so for x € R there exists a € R such that
x = zax. NOW(j\ ) A(z) A fi(z) < Xx) A fi(ax) . Thus

(A7) @) < Vamsye s, {00 N ) A ™ () 4T (i) A )]} = (Vi) (@),

This implies A N i C S\[L, and hence S\[L =N it

(iii) = (i) Let I be a right ideal and J be a left ideal of R. Then the interval
valued characteristic functions C; and C; are interval valued fuzzy right and interval
valued fuzzy left ideals of R and by hypothesis

é]J:O].OJ:éImOJ

which implies that C;; = Cny. Thus IJ = I N J. Hence R is regular. O

Theorem 3.20. The following assertions for a hemiring R with 1 are equivalent:

(i) R is right weakly regular.

(ii) All right ideals of R are idempotent.

(iii) IJ = INJ for all right ideals I and two-sided ideas J of R.

(iv) All interval valued fuzzy right ideals of R are fully idempotent.

(v) )\,u )\ﬂu for all interval valued fuzzy right ideals X and interval valued fuzzy
two-sided ideals i of R.

If R is commutative, then the above assertions are equivalent to

(vi) R is von-Neumann regular.

Proof. (i) < (ii) < (iii) and (i) < (vi) follows from Theorem 2.7.
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()= (iv) Let A be an interval valued fuzzy right ideal of R and 2 € R . Then

(M) ()
Vo= iz AN AT (W) AXT (20), AT (1) AXT (20)] }
Va=57 yiz; {/\i P‘i (Yizi) NAT (21), At (yizi) A At (21)]}

N (z) =

IN

IN

[VARVAN

Voosn gz [{AAT Wizi) } AN (20) , {AAY (mizi) } A AT (20)]

DUSNTES [A (i:%%) AXT (2i),A (Zym) AXT( 21)1

V= T yizi [)‘ 31‘) ) 7)‘+ ( ) AXF (ZZ)]

\/’I' 21 1YiZi [)\ I)v ]

and so A2 C X. Now since R is right weakly regular so x € xRz R. Hence we can write
x =", za;xb; where a;,b; € R and n € N. Now X (z) A X (z) < A (za;) A X (xb;)
for all 7, which implies that

Ax) <

IA A

Ni A (a;) A X (D)}

Ai [N (zag) AT (aby) AT (ma;) A AT (b;)]

Vet waseb, {Ni [N (@ai) AN (b)) , MY (wa;) AXY (xb;)] }
Va=sr gz A0 AT W) AAT (), AT () AT (%))}

A ()

22 (z).

Hence A C A2, and thus A = A2. Therefore ) is fully idempotent.

(iv)= (i) Let = € R and let A = xR be a right ideal of R generated by z. Then
x € A and the characteristic function C4 of A is interval valued fuzzy right ideal of
R and by hypothesis C4 = C4 - C4 = C42. Hence A = A% and so z € A% = (ar:R)2
because = € A. Hence x € xRz R. Thus R is right weakly regular.

(i) = (v) Let X be an interval valued fuzzy right ideal and fi be an interval valued
fuzzy two-sided ideal of R. Then for any x € R

(M) (@)

IN

IN

Vamsyes AN AT (W) ApT (20) A7 () AT (2)]
Vams yez AN (AT Wizi) AT (yiza) AT (yizi) At (yizi)]
Va=sr gz ([N (@izi) } ANl (yizi) }]

Va=xn_ y.z {5\ (Z yi2i> A fi (Z yi2i> }
i=1 i=1

Va=sr gz {5\ ()N i (I)}
M) Aji(x)
(An i) @)
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and so S\[L cAn . Since R is right weakly regular so each x € R can be written as
r =Y, xa;xb;, where a;,b; € R, n € N. Now

for

(x N ,1) () = A(2) A i (z) < A(zaq) A fi (xb;)
all ¢ and thus
(Anp) (@) < A{(A(za) Ap (b))}
Ai [N (maq) A p” (aby) AT (mag) A pt (xby)]
Ve=sr  zaszb; {/\1 [)\ (wa;) A p~ (wb;) , AT (zag) A p™ (xbl)]}
vxzzﬁdyﬁj{Ai[ (yi) AN~ (ZJ,A+(y0/NM+(zﬁ]}
(M) ()

VARVAN

which implies AN g C Af. Hence Ap = AN .

(v) = (iii) Let I be a right ideal and J be a two-sided ideal of R. Then the

characteristic functions C; and C.; are interval valued fuzzy right and interval valued

fuz

zy two-sided ideals of R and by hypothesis
é]J = é[.éj = é[ ﬂéj

which implies C'U = C~‘m,]. Hence IJ =1NJ. O
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