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1. INTRODUCTION

Many disciplines, including engineering, medicine, economics, and sociology,
are highly dependent on the task of modeling uncertain data. When the uncertainty
is highly complicated and difficult to characterize, classical mathematical approaches
are often insufficient to derive effective or useful models. Testifying to the impor-
tance of uncertainties that cannot be defined by classical means, researchers are
introducing alternative theories every day. In addition to classical probability the-
ory, some of the most important results on this topic are fuzzy sets [23], intuitionistic
fuzzy sets [2, 3], vague sets [8], interval mathematics [3, 9], and rough sets [20].

However, all of these new theories have inherent difficulties which are pointed out
in [19]. A possible reason is that these theories possess inadequate parameterization
tools [17, 19]. Molodtsov [19] introduced soft sets as a mathematical tool for dealing
with uncertainties which is free from the above difficulties. Soft set theory has rich
potential for practical applications in several domains, a few of which are indicated
by Molodtsov in his pioneer work [19]. Maji et al. [18] described an application of
soft set theory to a decision-making problem. Pei and Miao [21] investigated the
relationships between soft sets and information systems. Research on the soft set
theory has been accelerated [5, 6, 7, 12, 13, 14].
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The topological structures of set theories dealing with uncertainties were first
studied by Chang [4]. Chang introduced the notion of fuzzy topology and also
studied some of its basic properties. Lashin et al. [16] generalized rough set theory
in the framework of topological spaces. Recently, Shabir and Naz [22] introduced
the notion of soft topological spaces which are defined over an initial universe with a
fixed set of parameters. They also studied some of basic concepts of soft topological
spaces.

In the present study, we introduce some new concepts in soft topological spaces
such as interior point, interior, neighborhood, continuity, and compactness. We also
observe that a fuzzy topological space is a special case of the soft topological space.

2. PRELIMINARIES

Molodtsov [19] defined soft sets in the following manner. Let U be an initial
universe set and E be a set of parameters. Let P(U) denote the power set of U, and
let AC E.

Definition 2.1 ([19]). A pair (F, A) is called a soft set over U, where F is a mapping
given by
F:A— PU)
In other words, a soft set over U is a parametrized family of subsets of the universe

U. For a particular e € A, F(e) may be considered the set of e-approximate elements
of the soft set (F, A).

For illustration, Molodtsov [19] considered several examples. The set of all soft
sets over U is denoted by S(U).

Definition 2.2 ([17]). The class of all value sets of a soft set (F, E) is called the
value class of the soft set, and is denoted by C(, g).

Definition 2.3 ([21]). For two soft sets (F, A) and (G, B) over a common universe
U, (F, A) is a soft subset of (G, B), denoted by (F, A)Q(G, B),if AC Band Ve € A,
F(e) C G(e).

(F, A) is said to be a soft superset of (G, B), if (G, B) is a soft subset of (F, A),
(F,A)2(G, B).

Definition 2.4 ([17]). Two soft sets (F, A) and (G, B) over a common universe U
are said to be soft equal if (F, A) is a soft subset of (G, B) and (G, B) is a soft subset
of (F,A).

Definition 2.5 ([10]). The complement of a soft set (F,A), denoted by (F,A),
is defined by (F, A)¢ = (F°,A). F°: A — P(U) is a mapping given by F¢(a) =
U - F(a), Va € A. F¢is called the soft complement function of F. Clearly, (F¢)°
is the same as F and ((F, A)°)°¢ = (F, A).

Definition 2.6 ([17]). A soft set (F, A) over U is said to be a null soft set, denoted
by @4, if Ve € A, F(e) = 2.
Definition 2.7 ([17]). A soft set (F,A) over U is said to be an absolute soft set,
denoted by Uy, if Ve € A, F(e) =U.
Clearly, Up® = ®4 and ®4° = Uy.
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Definition 2.8 ([17]). The union of two soft sets (F, A) and (G, B) over the common
universe U is the soft set (H,C'), where C = AU B and for all e € C,
F(e) ifee A\B
H(e) =< G(e) if e € B\A
F(e)UG(e) ifee ANB
This relationship is written as (F, A)J(G, B) = (H, C).

Definition 2.9 ([21]). The intersection of two soft sets (F, A) and (G, B) over the
common universe U is the soft set (H,C), where C = AN B and for all e € C,
H(e) = F(e) N G(e). This relationship is written as (F, A)N(G, B) = (H, ).

For other properties of these operations, we refer to references [17] and [21].
Zadeh’s fuzzy set may be considered a special case of the soft set.

Example 2.10 ([19]). Let A be a fuzzy set, and 14 be the membership function of
the fuzzy set A. That is, ua is a mapping of U onto [0, 1].
Consider the family of a-level sets for the function pa:

Fla)={z€U:pa(z) >a}, a€l0,1].

If we know the family F', we can find the functions p4(z) by means of the following
formula:

pra(r) = sup o
a€l0,1]
zEF (o)

Thus, every Zadeh’s fuzzy sets A may be considered the soft set (F), [0, 1]).

Example 2.11 ([19]). Let (X, 7) be a topological space. If T(z) is the family of
all open neighborhoods of a point z in X, i.e., T(z) = {V € 7: x € V}, then the
ordered pair (T, X) is a soft set over X.

3. THE FAMILY SS(U)4 OF SOFT SETS AND BASIC PROPERTIES

Inspired by Molodtsov [19], Maji et al. [17] proposed several operation on soft
sets, and some basic properties of these operations are revealed. Recently, Ali et
al. [10] point out that several assertions in this paper are not true in general. Also
they proposed some new operations on soft sets. In order to efficiently discuss, we
consider only soft sets (F, A) over a universe U in which all the parameter set A are
same. We denote the family of these soft sets by SS(U)a. In fact, for the family
SS(U)a, Ali et al. [11] investigated some properties for the algebraic structures on
SS(U)a and Shabir and Naz [22] introduced the notion of soft topology on U. In
this section, we investigate basic properties and operations induced by the family

SS(U) 4.
Proposition 3.1 ([10]). If (F, A) and (G, A) are two soft sets in SS(U) a, then

(1) (B, A)O(G, A))° = (F, A)N(G, A).
(2) (B, NG, A))° = (F, A)°0(G, A).
Definition 3.2. Let I be an arbitrary index set and {(F;, A)};c; be a subfamily of
SS(U)a.
(a) The union of these soft sets is the soft set (H, A), where H(e) = U;crF;(e)
for each e € A.
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We write ‘LNJI(FZ-,A) =(H,A).
1€
(b) The intersection of these soft sets is the soft set (M, A), where M (e) = _QIFi(e)
for all e € A.
We write ﬁI(Fi,A) = (M,A).
1€

Proposition 3.3. Let I be an arbitrary index set and {(F;, A)}icr be a subfamily
of SS(U)a. Then

[u FZ,A} — A (F. A, and
el el

® [gma] = grar

Proof. (1) .GI(FZ-,AZ-)] = (H, A). Since (H, A)¢ = (H¢, A), by definition, H¢ (e) =
1€
U—-H(e) =U - UF»( ) = _QI(U — F;(e)) for all e € A. On the other hand,

(FZ,A)C = (Fl ,A) (K,A). By definition, we have K(e) = ‘OIFZ-C(e) =
1€
U Fi(e)) for all e € A.

) Let { FZ,A } = (H,A)°. Since (H, A)° = (H®, A), by definition, H¢ (e) =
Fi(e) = 'UI(U — Fi(e)) for all e € A. On the other hand,
1€
I(Fi,A) = I(Fi ,A) = (K, A). By definition, we have K(e) = 'UIFiC(e) =
€ i€ i€

Y (U — F;(e)) for all e € A. This completes the proof.
1€

Proposition 3.4 ([11]). Let (F,A) and (G, A) be soft sets in SS(U)a. Then the
following are true.

(1) (F,A)Ad4 = 4.
(2) (F,A)U4 = (F, A).
(3) (F, A)0®, = (F, A),
(4) (F,A)0U, = Ua.

Proposition 3.5. Let (F, A) and (G, A) be soft sets in SS(U)a. Then the following
are true.

(1) (£, )Q(G,A) iff (F, A)G(GaA) = (F, 4).
(2) (£, )g(GvA) iff (F, A)U(G, A) = (G, A).

Proof. (1) Suppose that (F, A)C(G,A). Then F(e) C G(e) for all e € A. Let
(F, A)N(G, A) = (H, A). Since H(e) = F(e)NG(e) = F(e) for all e € A, by definition
(H,A) = (F, A). Suppose that (F, A)N(G, A) = (F, A). Let (F, A)N(G, A) = (H, A).
Since H(e) = F(e) N G(e) = F(e) for all e € A, we know that F'(e) C G(e) for all
e € A. Hence (F, A)C(G, A).

(2) Tt is similar to the proof of (1). O

Proposition 3.6. Let (F,A),(G,A),(H,A),(S,A) € SS(U)a. Then the following
are true. _
(1) If (F, A)N(G, A) = ® 4, then (F, A) C (G, A)°.
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(2) (F, A)U(F, A)° = Ua [11]. N

(3)1( A)C(G, A) and (G, A)C(H, A), then (F, A)C(H, A).

(4) If (F, A)C(G, A) and (H, A)C(S, A), then (F, A)R\(H, A)C(G, AN(S, A).
(5) (F, )_(G,A) iff (G, A)°C(F, A)°.

Proof. We only prove (1) and (5). The other proofs follow similar lines.
(1) Suppose that (F, A)N(G,A) = ®4. Then F(e) N G(e) = @ and so F(e) C
U — G(e) = G<(e) for all e € A. Since (G, A)° = (G°, A), we have (F, A)C(G, A)°.
(5) Tt follows from the following: (F, A)C(G, A) iff F(e) C G(e) for all e € A iff
G(e)® C F(e)° for all e € A iff G¢(e) C F<(e) for all e € A iff (G, A)C(F,A)°. O

Definition 3.7. The soft set (F, A) € SS(U) 4 is called a soft point in Uy, denoted
by ep, if for the element e € A, F( )# @ and F(¢/) =@ for all ¢ € A — {e}.

Definition 3.8. The soft point ep is said to be in the soft set (G, A), denoted by
er€(G, A), if for the element e € A and F(e) C G(e)

Proposition 3.9. Let ep€U4 and (G, A)CUA. If ep€(G, A), then eF%(G A)e.

Proof. If ep€(G, A), then for e € A and F(e) C G(e). This implies F(e) € U —
G(e) = G°(e). Therefore, we have erp¢(G°, A) = (G, A)°. O

Remark 3.10. The converse of the above proposition is not true in general.

Example 3.11. Let A = {e1, ea,e3} be a parameter set and U = {hq, ha, hs, ha} Pe
a universe. Let €2p = (62, {hl, h2 hg}) and (G A) = {(61, {hl, h4}) (62, {hl, hg})}gUA
Then 62F¢(G A) and also 62F¢(G A)¢ = {(e1,{h2,h3}), (e2,{ha, ha}), (e3,U)}

Next, we will establish several properties of soft sets induced by mappings.

Definition 3.12 ([15]). Let SS(U)4 and SS(V)p be families of soft sets. Let
u:U — V and p: A — B be mappings. Then a mapping fp, : SS(U)a — SS(V)B
is defined as:

(1) Let (F, A) be a soft set in SS(U)4. The image of (F, A) under f,,, written
as fpu(F,A) = (fpu(F),p(A4)), is a soft set in SS(V)p such that

u x —1
fPU(F)(y):{ wep*y(y)m (F(z)), p(y)NA#o

otherwise
for all y € B.

(2) Let (G, B) be a soft set in SS(V)p. Then the inverse image of (G, B) under
Jpu, written as f,.1(G, B) = (f,,/(G),p~!(B)), is a soft set in SS(U) such that

_ u N (G(p(2)), p(z)€B
T, pul(G) () = { @{) ftherwise

for all z € A.

Theorem 3.13 ([15]). Let SS(U)a and SS(V)p be families of soft sets. For a
function fp, : SS(U)a — SS(V)p, the following statements are true.
(a) fpu((I)A)f Pp.
(b) fou(Ua)CUs.
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() fpu((F, A)O(G, A)) = fpu(F, A)Ufpu(G, A) where (F, A),(G,A) € SS(U)a.
In general fp,(U(F;, A)) = Ufpu(Fi,A) where (F;, A) € SS(U)a

©
(@) If (F, A (G, A), then ful(F A)E fyu((G, 4)), where (F, 4),(G. A) € SS(U) 1.
)16, B)C(H, B), then. f/(G, B))C f./((H, B)), where (G, B).(H,B) €
SS .

The soft function fp, is called surjective if p and u are surjective. The soft
function f,,, is called injective if p and w are injective.

Theorem 3.14. Let SS(U)a and SS(V)p be families of soft sets. For a function
fpu : SS(U)a — SS(V) g, the following statements are true.

(a) frl (G, B)°) = (f,.} (G, B))° for any soft set (G, B) in SS(V)p

(b) fpu(fpu (G, B)))Q(G, B) for any soft set (G, B) in SS(V)p

If fpu is surjective, the equality holds.

(c) (F, A)Cf Y fou(F, A)) for any soft set (F,A) in SS(U) 4.

If fpu is injective, the equality holds.

Proof. We only prove (a). The other proofs follow similar lines.
(a) Firstly, we will prove f;,!(G) = f,,/(G)5-1 (). For every x € A, we have

G o) = { VRO )<
_ { U - (Gp(), pla)e B
U, p(z) ¢ B
On the other hand, for every x € A, we have
(76 @) ={ VT FeED el
[ U-u (Gl @), p)eB
U, p(r) & B

Consequently, f,, HGe) =

fou (G, B)) = f~
= (/o
= (fn

HG)e p-1(p)- Hence,
NG, B) = (£, (G),p™(B))
L (G ) gy P (B) = () (G513, A)
L (G).p7H(B))" = (£ (G, B))".
This completes the proof. O

4. SOFT TOPOLOGY ON U

In this section, we investigate some properties of soft topology which are construct
by elements of SS(U) 4,

Definition 4.1 ([22]). Let 7 be a collection of soft sets over a universe U with a
fixed set A of parameters, then 7 C SS(U) 4 is called a soft topology on U with a
fixed set A if
T1. &4, U4 belong to 7
T2. the union of any number of soft sets in 7 belongs to 7
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T3. the intersection of any two soft sets in 7 belongs to 7.
The triplet (U, T, A) is called soft topological space over U. The members of 7 are
called soft open sets in U and complements of their are called soft closed sets in U.

The proof of the following theorem is an obvious application of De Morgan’s laws
in conjunction with the definition of a soft topology on X, and can be omitted.

Theorem 4.2. If F is a collection of soft closed sets in a soft topological space
(U, T, A), then

Fi. &4, Us€F,

F2. Any finite union of members of F belongs to F,

F3. Any intersection of members of F belongs to F .

Example 4.3. Let X = {very costly, costly, cheap, beautiful, surrounded by green
space, wooden, modern, in good repair, in bad repair}. Consider the soft set (F, A)
which describes the ”cost of the houses” and the soft set (G, B) which describes
the ”attractiveness of the houses”. Suppose U = {hy,ha, - ,hi19}, A = {very
costly, costly, cheap} and B = {beautiful, surrounded by green space, cheap}. Let
F(very costly) = {ha, hq,h7,hg}, F(costly) = {hy,hs, hs}, F(cheap) = {hg, ho},
G(surrounded by green space) = {hs,hs, hs}, G(beautiful) = {hg,hs, hr}, and
G(cheap) = {hg, hg, h1o}. Then C = {cheap}, H(cheap) = {hg, ho}, and D = {very
costly, costly, cheap, beautiful, surrounded by green space}. Also, T'(cheap) =
{he, hg, h1o}, T (very costly) = {ha, hy, h7, hs}, T'(costly) = {hi, hs, hs}, T (surrounded
by green space) = {hs, hg, hg}, and T'(beautiful) = {hs, h3, h7}.

The family 7 = {®x,Ux, (F,A),(G,B),(H,C),(T,D)} is a soft topology, be-
cause (F, A)N(G,B) = (H,C) and (F,A)U (G, B) = (T, D).

Example 4.4 ([22]). Let A be a set of parameters and let U be an initial universe.
Then the indiscrete soft topology on U is the family 7 = {®4,U4} and the discrete
soft topology on U is the family 7 = SS(U) 4.

In the following examples, we show that an ordinary topological space can be
considered a soft topological space. However, every soft topological space is not an
ordinary topological space.

Example 4.5. Let (X, 7) be a topological space. For every A C X, we define the

1, z€A

0, zd A" Then
Xr={xalA€rxa: X —{0,1}}

is a fuzzy topology on X. Thus, an ordinary topological space can be considered a

fuzzy topological space.

characteristic function y4(x) =

Example 4.6 ([1]). Suppose that there are six alternatives in the universe of houses
U = {hi,ha, h3, he, hs, he}, and that we consider the single parameter ”quality of
houses” a linguistic variable. For this variable we might define the set of linguistic
terms T'(quality) = {best, good, fair, poor}. Each linguistic term is associated with
its own fuzzy set. Two of them might be defined as follows:

Fpest = {(h1,0.2), (he,0.7), (hs5,0.9), (hg, 1.0)},

Fpoor = {(h1,0.9), (ha,0.3), (hs,1.0), (ha, 1.0), (hs,0.2) }.
Consider the fuzzy sets Foor and Fpese. Their a-level sets are
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Fpoor(0~2) = {hh h27 h37 h47 hs}, Fpoor(0~3) = {hh ha, hs, h’4}7 Fpoor(o'g) = {hlv
h37h4}, Fpoor(l.O) = {hg,,hzl} and

Fbest(O'Z) = {hla h2a h5a h6}7 Fbest(0-7) = {h2) h57 h6}7 Fb68t<0'9) = {h57 h6}7
Frest(1.0) = {he}.

The values A = {0.2,0.3,0.9,1.0} C [0,1] can be treated as a set of param-
eters, such that the mapping Fpoor : X — P(U) gives approximate value sets
Fpoor(c) for @« € A. We can thus write the equivalent soft set as (Fpoor, [0,1]) =
{(O2a {h17 h27 h37 h47 h5}>7 (035 {hla h2a h3a h’4})a (097 {hla h3a h4})7 (107 {h37 h4})}

Similarly, for Fpest : X — P(U), we have (Fpest, [0,1]) = {(0.2,{hq, h2, hs,
h6})7 (073 {h27 h’57 hﬁ})7 (097 {h5a hﬁ})a (107 {hﬁ})}

Example 4.7. For the above example, we can define the fuzzy topology 7 =
{0,1, Fpoors Frests Foest A Fpoor, Foest V Fpoor }- Moreover, we can define the equivalent
soft topology

7 ={®1,Ur, (Fpoor: 1), (Foest: 1), (Fpoors )N (Foest: 1), (Foest, )0 (Fpoors I)}-
Here &; =0, U; =1, (Fpoo,«,])ﬁ(Fbest,I) = (Fpoor A Fpest, I) and
(Fpoor> D)U(Fvest, I) = (Fpoor V Fyest, I).
Definition 4.8. A soft set (G, A) in a soft topological space (U, 7, A) is called a soft

neighborhood (briefly: nbd) of the soft point er€U4 if there exists a soft open set
(H, A) such that ep€(H, A)C(G, A).

The neighborhood system of a soft point ep, denoted by N, (er), is the family of
all its neighborhoods.

Definition 4.9. A soft set (G, A) in a soft topological space (U, T, A) is called a
soft neighborhood (briefly: nbd) of the soft set (F, A) if there exists a soft open set
(H, A) such that (F, A)C(H, A)C(G, A).

Theorem 4.10. The neighborhood system N, (er) at e in a soft topological space
(U, T, A) has the following properties:

(a) If (G, A) € N-(eF), then epg(G A),

(b) If (G, A) € N(er) and (G, A)C(H, A), then (H,A) € N-(ep),

(c) If (G, A),(H, A) € Ny(er), then (G, A)N(H, A) € Ny (ep),

(d) If (G,A) € N,(er), then there is a (M,A) € N.(er) such that (G, A) €
N, (e%y) for each e (M, A).

Proof. (a)If (G, A) € N,(er), then thereis a (H, A) € 7 such that ep€(H, A)C(G, A).
Therefore, we have epé(G, A).

(b) Let (G, A) € N,(er) and (G, A)C(H, A). Since (G, A) € N, (er), then there
is a (M,A) € 7 such that ep€(M,A)C(G, A). Therefore, we have ep€(M, A)C
(G,A)Q(H, A) and so (H, A) € N, (er).

(c) If (G,A),(H,A) € N,(er), then there exist (M, A), (S,A) € 7 such that
er€(M, A)C(G, A) and ep€(S, A)C(H, A). Hence ep&(M, A)A(S, A)C(G, A)N(H, A).
Since (M, A)N(S, ) € 1, we have (G, A)N(H, A) € N,(ep).

(d) If ( ,A) € N.(ep), then there is a (S, A) € 7 such that ep&(S, A)C(G, A).
Put (M, A) = (S, A). Then for every e/, €(M, A), e/, E(M, A)C(S, A)C(G, A). This
implies (G ) € N-(e/g). O
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Definition 4.11. Let (U, 7, A) be a soft topological space and let (G, A) be a soft
set over U.
(a) The soft closure of (G, A) is the soft set

(G, A) =n{(S,A): (S, A) is soft closed and (G, A)C(S, A)} (see [22]).
(b) The soft interior of (G, A) is the soft set
(G, A)° =T{(S,A) : (S, A) is soft open and (S, A)C(G, A)}.

By property T3 for soft open sets, (G, A)° is soft open. It is the largest soft open
set contained in (G, A).

Corollary 4.12. Let (U, 1, A) be a soft topological space and let (F, A) and (G, A)
be soft sets over U. Then

(a) (F,A) is soft closed iff (F,A) = (F,A) (see [22]).

(b) (G, A) is soft open iff (G, A) = (G, A)°.

Theorem 4.13. A soft set (G, A) is soft open if and only if for each soft set (F, A)
contained in (G, A), (G, A) is a soft neighborhood of (F, A).

Proof. (=) Obvious.
(<) Since (G, A)C(G, A), there exists a soft open set (H, A) such that (G, A)C
(H,A)C(G, A). Hence (H,A) = (G, A) and (G, A) is soft open. O

Proposition 4.14. Let (U, 1, A) be a soft topological space and let (F, A) and (G, A)
be a soft sets over U. Then

(a) If (F, A)E(G, A), then (F, A)C(G, A) (see [22]).
(b) If (F, A)E(G, A), then (F, A)°C(G, A)°.

Proof. Tt is clear. O

Theorem 4.15. Let (U, 7, A) be a soft topological space and let (F,A) and (G, A)
be soft sets over U. Then

(a) (G, A))° = ((G,A))°.
(b) (G, A)°)° = ((G, A)°).
Proof. ) By Proposition 3.3,
(G, A)e = (N{(S,A): (S, A) is soft closed and (G, A)Q( A)})e
= U{(S, A)¢: (S, A) is soft closed and (G, A)g( A}
= U{(S, A)° : (S, A)¢ is soft open and (S, A)°§(G A)°}
= ((G,A))°
The other can be proved similarly. O

Definition 4.16. Let (U, 7, A) be a soft topological space and let (G, A) be a soft
set over U. The soft point ep€U, is called a soft interior point of a soft set (G, A)
if there exists a soft open set (H, A) such that ep€(H, A)C(G, A).

Proposition 4.17. Let ex€Ua for all e € A and (G, A) be a soft open set in a
topological space (U, T, A). Then the following statements hold:
(a) Every soft point er€(G, A) is a soft interior point.
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(b) For each e € A, let us consider a mapping [e]g : A — P(U) defined as follows
~n_ | Gle) ife =e,
[ela(e’) = { o if e #e.

Then obviously [e]g is a soft interior point of (G, A) and [e]g = Uer for every soft

interior point ep of (G,A).
(©) 0, cle = (G, A).

Proof. (a) Obvious.

(b) Since (G, A) is a soft open set, the soft interior point [e]g is the largest soft
interior point of (G, A) determined by e € A and so [e]¢ = Uer for every soft interior
point er of (G, A).

(¢) Obvious. O

Proposition 4.18. Let (U, 7, A) be a soft topological space and let (G, A) be a soft
set over U. Then

(G,A)° = OA{eF ep s any soft interior point of (G, A) for e € A}.

ec
Proof. For the proof, let (G, A)° = (H, A), where H(e) = US(e) for each soft open
set (S, A) such that (S, A)C(G, A). Since (G, A)° is a soft open set, by the above
Proposition 4.17(c), (G, A)° = OA[e]H and for each [e] g, [e]x is a soft interior point
ec

of (G, A) because of [¢]7€(G, A)°C(G, A). Therefore,

(G, A)oi gA{eF : ep is any soft interior point of (G, A) for e € A}.

For the other hand, let ep, be any soft interior point of (G, A) for each e € A.
Then there exists a soft open set (K7, ,A) € SS(U)a for each e € A such that

er €(Kg , A)C(G, A). So for each e € A, we have Uep, CU(K§,, A)C(G, A) and it
K3 7
implies
EA{BF : ep is any soft interior point of (G, A) for e € A}
= OO@E i OO(K%,A) é (G, A).
Since UU(K§, , A) is soft open and (G, A)° is the largest soft open subset of (G, A),
we have gA{eF : ep is any soft interior point of (G, A) for e € A}C(G, A)°. O
€
Proposition 4.19. Let (U, 7, A) be a soft topological space and let (G, A) be a soft

set over U. Then for every soft interior point er of (G, A), [ela = Uer iff (G, A) is
soft open.

Proof. Tt follows from Propositions 4.17 and 4.18. 0

5. SEQUENCES OF SOFT SETS IN SS(U)a

Definition 5.1. A sequence of soft sets, say {(F,, A) : n € N}, is eventually con-

tained in a soft set (F, A) if and only if there is an integer m such that, if n > m,

then (Fn,A)é(F, A). The sequence is frequently contained in (F, A) if and only if

for each integer m, there is an integer n such that n > m and (F,, A)E(F7 A). If
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the sequence is in a soft topological space (U, T, A), then we say that the sequence
converges to a soft set (F, A) if it is eventually contained in each nbd of (F, A).

Definition 5.2. Let f be a mapping over the set of non-negative integers. Then
the sequence {(G;, A) : i = 1,2,---} is a subsequence of a sequence {(F,, A) : n =
1,2,---} iff there is a map f such that (G;, A) = (Fy(;), A) and for each integer m,
there is an integer ng such that f(i) > m whenever ¢ > ng.

Definition 5.3. A soft set (F, A) in a soft topological space (U, 7, A) is a cluster
soft set of a sequence of soft sets if the sequence is frequently contained in every nbd
of (F,A).

Theorem 5.4. If the nbd system of each soft set in a soft topological space (U, T, A)
is countable, then

(a) A soft set (F, A) is open if and only if each sequence {(F,,A):n=1,2,---}
of soft sets which converges to a soft set (G, A) contained in (F,A) is eventually
contained in (F, A).

(b) If (F, A) is a cluster soft set of a sequence {(Fn,A) : n = 1,2,---} of soft
sets, then there is a subsequence of the sequence converging to (F, A).

Proof. (a) (=) Since (F, A) is open, (F, A) is a nbd of (G, A). Hence, {(F,,A) :n =
1,2,---} is eventually contained in (F, A).

(<) For each (G, A)C(F, A), let (G1, A), (Ga, A), -, (Gp, A),- - - be the nbd sys-
tem (G, A). Let (H,, A) = N;_{(Gi, A)}. Then (Hy, A), (Hy, A),---, (H,, A),---
is a sequence which is eventually contained in each nbd of (G, A), ie., (Hi,A),
(Ha, A), -+, (Hp, A),--- converges to (G, A). Hence, there is an m such that for
n > m, (H,, A)C(F,A). The (H,,A) are nbd’s of (G, A). Therefore, by Theorem
4.13, (F, A) is soft open.

(b) Let (K3, A), (K2, A),- -, (Kn,A), - be the nbd system of (F,A) and let
(Lp, A) = ﬁ?zl{(Ki,A)}. Then (L, A), (L2, A),- -+ ,(Lyn, A),--- is a sequence such
that (Lyy1,A) C (Lp, A) for each n. For every non-negative integer i, choose f (%)
such that f(i) > i and (Fyq, A) € (Li, A). Then surely {(Fy@),A) :i=1,2,---}
is a subsequence of the sequence {(F,,A) : n =1,2,---}. Clearly this subsequence
converges to (F, A). O

6. SOFT pu-CONTINUOUS FUNCTIONS BETWEEN SS(U)4 AND SS(V)p

In this section, we introduce the notion of soft pu-continuity of functions induced
by two mappings u : U — V and p : A — B on soft topological spaces (U, T, A) and
(V,7*,B).

Definition 6.1. Let (U, 7, A) and (V, 7, B) be soft topological spaces. Let u: U —
V and p : A — B be mappings. Let fp, : SS(U)a — SS(V)p be a function and
epéUA.

(a) fpu is soft pu-continuous at ep€U, if for each (G, B) € Ny« (fpu (€r)), there
exits a (H, A) € N,(er) such that f,,(H, A)(G, B).

(b) fpu is soft pu-continuous on Uy if f,, is soft continuous at each soft point in
Ua.

181



i. Zorlutuna et al./Ann. Fuzzy Math. Inform. 3 (2012), No. 2, 171-185

Theorem 6.2. Let (U,7,A) and (V,7*,B) be soft topological spaces. Let fp, :
SS(U)a — SS(V)p be a function and ep€U4. Then the following statements are
equivalent.

(a) fpu is soft pu-continuous at ep;

(b) For each (G,B) € Ny(fpu(er)), there exits a (H,A) € N.(er) such that
(H, A)C (G, B);

(c) For each (G, B) € Ny« (fpu (er)), [;. (G, B) € Ny(er).

Proof. This is trivial. O

Theorem 6.3. Let (U,7,A) and (V,7*,B) be soft topological spaces. Let fp, :
SS(U)a — SS(V)p be a function. Then the following statements are equivalent.
(a) fpu is soft pu-continuous;
(b) For each (H,B) € 7*, f~Y((H,B)) € T;
(c) For each soft closed set (F,B) over V, f,/(F,B) is soft closed over U.

Proof. (a)=(b). Let (H,B) € 7* and ep€f,,!(H, B). We will show that f,.!(H,B) €
N, (er). Since fp,(er)E(H,B) and (H,B) € 7%, (H, B) € Ny« (fpy (er)). Since fy,
is soft pu-continuous at e, there exits (M, A) € N, (er) such that f,, (M, A)C(H, B).
Therefore, we have ep& (M, A)ifp’ul(H, B) and so f,.!(H, B) € N, (er).

(b)=(c). Let (F,B) be soft closed over V. Then (F,B)¢ € 7* and by (b),
fod (F,B)°) € 7. Since f,}((F,B)) = (f,.'(F,B))", we have that f,!(F,B) is
soft closed over U.

(¢)=(b). It is similar to that of (b)=(c).

(b)=>(a). Let ep€U4 and (G, B) € N,«(fpu(er)). Then there is a soft open
set (H,B) € 7* such that f,,(er)E(H,B)C(G,B). By (b), fou (H,B) € 7 and
epéfZ;}(H,B)if;ul(G,B). This shows that fZ;}(G,B) € N,(ep). Therefore, we
have f,, is soft pu-continuous at every point ercUy4. O

Theorem 6.4. Let (U, 7, A) and (V,7*, B) be soft topological spaces. For a function
Jpu : SS(U)a — SS(V) g, consider the following statements:

(a) fpu is soft pu-continuous;

(b) for each soft set (F, A) over U, the inverse image of every nbd of fp,(F,A) is
a nbd of (F,A);

(c) for each soft set (F,A) over U and each nbd (H,B) of fpu(F,A), there is a
nbd (G, A) of (F, A) such that f,.(G, A)C(H, B);

(d) For each each sequence {(Fy,A) : m = 1,2,---} of soft sets over U which
converges to a soft set (F,A) over U, the sequence {f((F,,A)) : n = 1,2,---}
converges to fp.(F, A).

Then we have (a)<(b)e(c)=(d). Moreover, if the nbd system of each soft set
over U is countable, then (d) implies (a) and hence all of the above statements are
equivalent.

Proof. (a)=-(b). Let fp, be soft pu-continuous. If (H, B) is a nbd of f,,(F, A), then
(H, B) contains a soft open nbd (G, B) of fp,(F, A). Since f,.(F, A)C(G, B)C(H, B),
fp_ul(fpu(F7 A))sz;}(G, B)gf;} (H, B). But (F, A)gfp;}(fpu(F, A)) and fz;}(G’, B)
is soft open. Consequently, f;}(H, B) is a nbd of (F, A).
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(b)=(a). We will use previous theorem. Let (G, B) be soft open over V. Then
fou (G, B) is a soft subset of Us. Let (F, A) be any soft subset of f,.'(G, B). Then
(G, B) is a soft open nbd of f,,(F, A), and by (b), f,,!(G, B) is a soft nbd of (F, A).
This shows that f,,'(G, B) is a soft open set by Theorem 4.13.

(b)=(c). Let (F, A) be any soft set over U and let (H, B) be any nbd of f,,(F, A).
By (b), f,./(H,B) is a nbd of (F,A). Then there exists a soft open set (G, A) in
Ua such that (F, A)E(G,A)éfpj}(H,B). Thus, we have a soft open nbd (G, A) of
(F, A) such that f,,(F, A)Cfu(G, A)C(H,B).

(c)=(b). Let (H, B) be a nbd of f,,(F, A). Then there is a nbd (G, A) of (F, A)
such that f,, (G, A)C(H, B). Hence f;}(fpu(G,A))ifzg} (H, B). Furthermore, since
(G, A1k (foul(G, A)), f5.(H, B) is a nbd of (F, A).

(c)=(d). If (H, B) is a nbd of f,,(F, A), there is a nbd (G, A) of (F, A) such that
fou(G, A)C(H, B). Since {(F,,A) : n = 1,2,---} is eventually in (G, A), we have
Fou(Fry A)C fou (G, A)C(H, B) for n > m; i.e., there is an m such that for n > m,
(F,, A)C(G, A). Therefore, { fpu(Fn, A) :n =1,2,---} converges to fo,(F,A).

(d)=(a). Suppose that the nbd system of each soft set over U is countable.
Let (G, B) be any soft open set over V. Then f, (G, B) is a soft subset of Uy.
Let (F, A) be any soft subset of f,,' (G, B), and let (F1, A), (Fa, A),--- , (F,, A),---
be the nbd system (F, A). Let (H,,A) = 0, (F;, A). Then (Hy, A), (Hy, A),--- ,
(H,,A),--- is a sequence which is eventually contained in each nbd of (F, A), i.e.,
(H1,A), (Ha, A), -+ ,(Hp, A),- -+ converges to (F,A). Hence, there is an m such
that for n > m, (Hn,A)ifZ;}(G,B). Since for each n, (Hy, A) is a nbd of (F, A),
fou (G, B) is anbd of (F, A). This shows that f,,'(G, B) is soft open. O

7. COMPACT SOFT SPACES
We now consider a soft compact space constructed around a soft topology.
Definition 7.1. A family U of soft sets is a cover of a soft set (F, A) if
(F, A) CO{(F;, A) : (F;, A) € ¥,i e I}.

It is a soft open cover if each member of W is a soft open set. A subcover of ¥ is a
subfamily of ¥ which is also a cover.

Definition 7.2. A family ¥ of soft sets has the finite intersection property if the
intersection of the members of each finite subfamily of ¥ is not null soft set.

Definition 7.3. A soft topological space (U, T, A) is compact if each soft open cover
of U4 has a finite subcover.

Theorem 7.4. A soft topological space is compact if and only if each family of soft
closed sets with the finite intersection property has a nonnull intersection.

Proof. If ¥ is a family of soft sets in a soft topological space (U, 7, A), then ¥ is a
cover of Uy if and only if one of the following conditions holds:
(1) OL‘GI{(FZ‘,A) : (FZ,A) S \I/} = Upy;
(2) {Uiel{(Fi7A) : (FZ,A) S \If}}c = (UA)C =®y;
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(3) Nier{(Fi, A)¢: (Fi, A) € U} = Dy,
Hence the soft topological space (U, T, A) is compact if and only if each family of
soft open sets over U such that no finite subfamily covers Uja, fails to be a cover,
and this is true if and only if each family of soft closed sets which has the finite
intersection property has a nonnull intersection. O

Theorem 7.5. Let fy, be a soft pu-continuous function carrying the compact soft
topological space (U, T, A) onto the soft topological space (V,7*,B). Then (V,7*, B)
1s compact.

Proof. Let ¥ = {(G;,B) : i € I} be a cover of Vg by soft open sets. Then since
fpu is soft pu-continuous, the family of all soft sets of the form f[;}(Gi,B), for
(Gi, B) € ¥, is a soft open cover of U, which has a finite subcover. However, since
fpu 1s surjective, then it is easily seen that fpu(fpj}(G, B)) = (G, B) for any soft set
(G, B) over V. Thus, the family of images of members of the subcover is a finite
subfamily of ¥ which covers Vg. Consequently, (V,7*, B) is compact. g
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