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ABSTRACT. In this paper, the improved (%) — expansion method is
used for construct explicit the traveling wave solution involving parameters
of the fifth- order KdV equation, where G = G (&) satisfies a second order
linear differential equation. The travelling wave solution is expressed by
the rational functions.

2010 AMS Classification: 35Gxx

’

Keywords:  Improved (%) — expansion method, Fifth- order Kdv equation,

Homogeneous balance.

Corresponding Author: Y. S. Hamed (eng_yaser_salah@yahoo.com)

1. INTRODUCTION

One can easily observe that searching for explicit solutions of nonlinear evolution
equations by using various methods (see for example [1-49]) have been the object
of extensive study from differential equations theorists. Many powerful methods
have been presented by those authors such as the inverse scattering transform [3],
the Backlund transform [14,15], the generalized Riccati equation [17,28], the Jacobi
elliptic function expansion [7,13,26,28,30,34,37], the extended tanh- function method
[1,8,35,36,45], the F-expansion method [2,19-21], the exp-function expansion method
[6,9,31,43,44] the sub- ODE method [14,22], the extended sinh-cosh and sine-cosine
methods [23], the complex hyperbolic function method [38], the truncated Painleve
expansion [41], homotopy perturbation method [50, 51] and so on. The main purpose

of this paper is to use a simple method which is called the improved ( %)— expansion

method [5,25,40,41,48, 49]. This method is firstly proposed by Wang et al [25]
for which the traveling wave solutions of nonlinear equations are obtained. The
performance of this method is reliable, simple and gives many new solutions, its
also standard and computerizable method which enable us to solve complicated
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nonlinear evolution equations in mathematical physics. The paper is organized as

follows. In Section 2, we describe briefly the improved % - expansion method,

where G = G (§) satisfies the second order linear ordinary differential equation
G+ G + puG =0, where€ = lz — V¢, where | and V are constants. The degree of
this polynomial can be determined by considering the homogeneous balance between
the highest order derivatives and the non-linear terms appearing in the given non-
linear equations. In Sections 3, we apply this method to the fifth-order Kdv equation.
In section 4 some conclusions are given.

o

2. DESCRIPTION THE IMPROVED T EXPANSION METHOD

/

In this section we will describe the improved (%)—expansion method for finding

out the traveling wave solutions of nonlinear evolution equations.

Suppose that a nonlinear equation, say in two independent variables x and ¢ is
given by
(21) P(u7utauaz7utt7uzt7ua:w7"') =0
where u = u (x,t) is an unknown function, P is a polynomial in u = u (x,t) and
its partial derivatives in which the highest order derivatives and the nonlinear terms

. . . . . G/

are involved. In the following we give the main steps [25] of the improved (?)—
expansion method:

Step 1. The traveling wave variable
(2.2) u=u(),{=le -Vt

where [ and V' are constants, permits us reducing Eq. (2.1) to an ODE for u = u (§)
in the form

(2.3) P (u v, Vv z2u”,...) —0

Step 2. Suppose the solution of Eq. (2.3) can be expressed by a polynomial in
(%) as follows:

(24 w©= Y (g)

where G = G (&) satisfies the following second order linear ordinary differential
equation:

(2.5) G () +AG (&) +puG(§) =0
where a;, A and p are constants to be determined later. The positive integer n can
be determined by considering the homogeneous balance between the highest order
derivatives and the nonlinear terms appearing in Eq. (2.3).

Step 3. By substituting (2.4) into Eq. (2.3) and using the second order linear
ODE (2.5), collecting all terms with the same order of (%) together, the left-
hand side of Eq. (2.3) is converted into another polynomial in (%) Equating each

coefficient of this polynomial to zero yields a set of algebraic equations
10
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for ay, A\, and V.

Step 4. Since the general solution of Eq. (2.5) has been well known for us, then
substituting «;, V and the general solution of Eq. (2.5) into (2.4) we have more
traveling wave solutions of the nonlinear partial differential equation (2.1).

3. THE FIFTH-ORDER KDV EQUATION

In this section, we apply the improved (%)— expansion method to construct the
traveling wave solutions for the fifth-order Kdv equation [10]as follows:

Let us first consider the fifth-order Kdv equation
(3.1) Up + Uy + Upzzze = 0

which was recently solved by Inan and ugurlu [10] using exp-function expansion
method. In order to look for the traveling wave solution of Eq.(3.1) we suppose that

(3.2) u(z,t)=u(),{=le -Vt
By using the traveling wave variable (3.2), Eq.(3.1) is converted into the following
ODE for u = u (§).

—Vu' +luu + Py =0

By integrating we have
l
(3.3) C—Vut s+ Pu” =0

where C is the integration constant. Suppose that the solution of ODE (3.3) can
be expressed by a polynomial in (%) as follows

(3.4) w© =3 @ <(é>

i= —n

where «; are arbitrary constants and G = G () satisfies the following second order
linear ordinary differential equation (2.5).

(4) ’
considering the homogeneous balance between v and u ? in Eq. (3.2) we re-
quired that
n + 4 = 2n, then n = 4,0 we can write (3.4) as

(35) w©= Y o (f;)

i= —4
Substituting (3.5) into (3.3) along with (2.5), collecting all terms with the same

powers of % and setting them to zero. Consequently, we have the following

system of algebraic equations:
1
8401° ity + 5zoﬂ_4 =0
loo_gq0_3 + 264015u3)\a,4 + 360[5;4404,3 =0

1
lov_go_o +1200° o _o 4-20801° pi® o _ 4 + 10801° pi® v _ 5+ 302005 2 N2 vy + 5loj“_g =0
11



T. A. Nofel et al./Ann. Fuzzy Math. Inform. 3 (2012), No. 1, 9-17

147615 X3y + 11641512 N2 a_g + la_ vy + 8161° 2o
+46081° * Av_g + 3361° P A + la_ga_g + 24 a1 =0

32320° uX\2a_ g + 16961° 2oy + 25615 Ny + la_ga0 + 3301° N2 oo
1
+§la32 +600° P ha—1 + 5251 uN3a_3 — Va_y + la_sa—1 + 16801° \p2a_s
42400 12—y = 0
13005 uN3a_g + la_ga_q + 5761° a3 + 501° N2 e + 106215 N2 pav_3
+22400° A\prav—_g + TO0IP N3y + la_goy + 81PN a_s + 401° 2oy
+44005 2o +la_sog — Va_s =0
la_saq + la_sag + 6601° N2y + 4801° vy + 1515 N3 par_y + 601° \piP oy
1
+§la2_1 +195°X3a_5 — Va_s + 660l5/\,uoz_3 +la_gan + 165X a_,
+1361° 2 a_g + 2321° N2 _op = 0
30°N3a_s + la_gag + la_1ag — Va_g + 22[5/\2,ua,1 +PNa_; + 12015)\ua,2
+lo_gog 4+ 2401 Ny + 15015 N2 0_3 + lov_oory 4+ 1200° pav—s + 161° 21 = 0
Vg + 361 a3 + 141502 _o + la_goq + AP pta_g + la_ja1 + PX3a_y
1
—|—16l5,u3a2 +la_sas + PXNaip+ la_sas + 1615/104,2 +C+ 5104(2)
+141° N2 a1 + 361° Mg pi® + 81PNy p + 8P A1 + 241%a_4 = 0
P + la_oqag + 16[5u2a1 +la_ja9 + 12015)\o<2u2 —Vay + 150[5/\2a3u2
+2209 02 vy + lo_garg + 1200° 2 avg + 24005 NP ey + 3015 X3 pavs + Loy = 0
—Vag + la_say 4+ 6601° Aagp® + 4800° i3 vy + la_1as 4+ 1361° ey + 1951° N3 g
1
+66015 N2y pu® + lagag + 151 X3y + 2321° N2 aip + 601° Aoy + §Za§ +160°May =0

501° X%y + lagars + T00P N2 ey + 13005 X3y + 5761° % avg + 4401° Aot + Lo ag
—Vag + 22400° Aag pi? + 10621° X2 puevs + 400° vy + 811° Mg + la_1aq = 0
24005 jucvy + lagay — Vag + 52515 Nas + lagas + 3301° X2 ag + 16961° oy + 6015 Aoy

1
+§la§ + 323205\ puovy + 2561° \tay + 16801° Apaz = 0
logors + 3361° Aavg + 8161° s + 14761° X3y + Loy oy + 116415 X2 a3 + 460815 Aavg
+241%0; =0
5 5 1 2 532 5 —
20800° oy + 1201° g + lagary + 21a3 + 30200° A*ay + 10801° Aag = 0
logars + 26401° Moy + 3600503 = 0
1
8400y + ilai =0

On solving the above algebraic equations using the Maple, we obtain two cases
12
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The first case:

105 105 315
Q4= 71—61‘&8, a5 = 771‘&7,@_2 = 771‘%, a_q = —21004)\%,
g = g, a1 =g = ag = oy = 0,

1 11025 1
C = 1050p1°X\* + §la3 + Tz‘)Ag, V =105°0 +lag, A=\, = 1/\2

The second case:
A_y4—=0_3—=0_92=0_1 = 0, g = o, 1 = 784014)\3, Qg — 7252014>\2,
as = —33601*\, oy = —16800%,

1 21525 1
C = 1050005 \* + 5lag + Tzw, V =1051°M% + lag, A=\, p= ZV

For the first case: Expression (3.5) can be written as
o\ —4 N\ =3 N
_ 105, (G 105 4.7 (G 315 4,6 (G
u(€) = —161/\ (G) —ZZ)\ e —QZ)\ e

S\ —1
(3.6) —2101*\° (GG) + ap

where £ =[x — (105[5)\4 + lao) t.
According to this case , the solution of Eq.(2.5) is given by,

G =e 28 (C) + Cxé)

/

G__ &G A
G Ci+C¢ 2
where C; and Cs are arbitrary constants. Substituting Eq. (3.7) into (3.6) , we
obtain the travelling wave solution of the fifth-order Kdv equation (3.1) as follows:

(3.7)

105 Cy AN\ Y105 Cs A\ 7P
— iy L5 L B (U S ke £ WA I S
“ (5) 16 (Cl + Cgf 2> 2 Cy+ Cgf 2
315 Cy A\ 72 Cy A\ 7!
SIS (2 ) o1t —2 -2 .
2 (01+025 2) CriiCoe 2) T
This solution can be simplified to
1% Cy *
- Y 4 44
un (§) = 7 — 168007 (—202 TG+ Ac*Qg)

This is error 5 in [52], where £ = lz — (105[°A* 4+ lag) t, Cy and Cy are arbitrary
constants. We see that this solution has too many constants in it. We better write

4
up (&) = ap + 1051*\* — 16801*)\? < ! ) )
§—&

This is error 7 in [52].
13
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For the second case : The second solution is given

C. A C. A\ 2
- C8401AN [ —2 2 ) —oso014N? (2 2
u(8) = o (cl N 2) (cl TGt 2
Cy A2 < Co >\>4
—33601*N\ | ——=—— —Z ) —1680* [ —=—— - =
(01-1-025 2) Ci+C 2

This solution can be simplified to

C 4
- 105040% — 168014 [ ——2 ) .
ug (§) = o + (C’1+C’2§

We see that the solution has too many constants in it. It should be written as

4
uy (&) = ap + 1051*\* — 168011 )\? < ! ) )
§—&

so u; and uy are the same solution.

4. CONCLUSIONS

’

In this paper, we have seen the main idea of the improved (%)— expansion

method, which is that the traveling wave solutions of nonlinear partial differential

equations can be expressed as polynomials in %, where G = G (&) satisfies the
second order linear ordinary differential equation

G+ )G + uwG = 0, where £ = [z — Vi, where [, and V are constants. By using
this method, we have obtained an explicit exact solution for complicated nonlinear
evolution equation in the mathematical physics. Also in this article we obtained the
traveling wave solution in term of rational function for the fifth-order Kdv equation.
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