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ABSTRACT. The aim of this paper is to use the notion of (r, s)-fuzzy reg-
ular semiopen sets to introduce Rs-compactness in double fuzzy topological
spaces. The notions of (r, s)-fuzzy Rs-compactness, (r, s)-fuzzy almost Rs-
compactness and (r, s)-fuzzy weakly Rs-compactness have been studied,
some properties of these compactness are studied.
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1. INTRODUCTION AND PRELIMINARIES

The concept of fuzzy sets was initially investigated by Zadeh [14] as a new way
to represent vagueness in every day life. Subsequently, it was developed extensively
by many authors and used in various fields. After the introduction of fuzzy sets
Chang [4] was the first to introduce the concept of topology of fuzzy subsets. In
his definition of topology of fuzzy subsets, fuzziness in the concept of openness of a
fuzzy subset was absent. In 1980, Hohle [8] defined a topology as a fuzzy subset of a
powerset. This was followed in 1985 by the independent and parallel generalization
of Kubiak [9] and Sostak [13], papers in which a topology was a fuzzy subset of a
powerset of fuzzy subsets. On the other hand, various generalizations of the concept
of fuzzy set have been done by many authors. In [1, 2, 3], Atanassove introduced the
idea of intuitionistic fuzzy sets. In [5, 6], Coker introduced the idea of the topology
of intuitionistic fuzzy sets. In [11, 12], Samanta and Mondal introduced the notions
of intuitionistic gradation of openness as a generalization of fuzzy topological spaces.

The term ” intuitionistic ” is still used in literature until 2005, when Garcia and
Rodabaugh [7] pointed out that the term ” intuitionistic fuzzy set ” must be replaced
by double fuzzy sets.
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In [10], some kinds of compactness are introduced like (7, s)-fuzzy compactness,
(r, s)-fuzzy almost compact and (r, s)-fuzzy near compactness. In this paper, we aim
to introduce new kinds of compactness for double fuzzy topological spaces named
by (r, s)-fuzzy Rs-compactness, (r,s)-fuzzy almost Rs-compactness and (r, s)-fuzzy
weakly Rs-compactness. Some properties of this concept is given and the relation-
ships between them and the other kinds of compactness are studied.

Throughout this paper, let X be a nonempty set and I is the closed unit interval
[0,1]. Iy = (0,1] and I; = [0,1). The family of all fuzzy sets on X denoted by
IX. A function f : IX — IY and its inverse f~! : IY — IX are defined by

fN@) = Vja)=y Al@) and f~ Yw)(z) = v(f(z)), for each A\ € IX, v € IV and
reX, rebpectlvely Notions and notations not described in this paper are standard
and usual.

2. DOUBLE FUZZY TOPOLOGICAL SPACES

Definition 2.1 ([11, 12]). A double fuzzy topology is the functions 7, 7* : IX — I,
which satisfies the following conditions:

(1) T(\) +7*()\) <1, for each \ € IX,

(2) T(/\1 N /\2) > T()\l) A T(/\Q) and T*(/\l N )\2) < T*()q) V T*()\Q), for each

)\1, /\2 S IX
B) T(Vieari) = > Niea T(Ai) and T (Ve p Ai) < Viea T7(Ai), for each {Afi €
A} C IX.

The triplet (X, 7,7 ") is called a double fuzzy topological space. 7 (\) and 7*(\)
may be interpreted as gradation of openness and gradation of nonopenness for A €
I, respectively. A function f: X — Y is said to be a double fuzzy continuous if
Ti(fY(v) > Ta(v) and T*1(f~1(v)) < T*3(v), for each v € IY.

Definition 2.2 ([6]). Let (X,7,7*) be a double fuzzy topological space. Then
double fuzzy closure operator and double fuzzy interior operator of A € IX are
defined by

CT,'T*()HT?S) = /\{/J’ € IX| A S M, T(l—ﬂ) Z T,T*(l—/.l/) S 5}?

Irr-(Ars) =\[{yeIX| v <A T(H) =T (7) <s)
Where r € Iy and s € I; with r + s < 1.

Theorem 2.3 ([6]). A double fuzzy closure operator and double fuzzy interior op-
erator satisfy the following properties:
( ) A< CT,T*()‘?T?S)}
) I’T,T* ()‘7 T, 5) S >\;
) A< andri <rg, s1 > sy implies Cr 7+ (A, 11,81) < Cr 7+ (1,72, 52),
) A<p andry <rq, $1 > sg implies 1 7+ (N, 12, 52) < 1 7+ (1,71, 51),
) Crr+(Cr (A1, 8),1r,8) =Cro-(\1,8),
) Zr 17+ (Zr, 7+ (A1, 8),7,8) = I 7+ (A, 1y 8),
) Cra+(AV u,r,s) =Cra-(A\1,s)VCro«(pt,7,8),
) Ira-(AAp, 1, 8) =Ty 7+ (A1, 8) N7 7+ (1,1, 5),
) 1-Crr-(1-\1,8) =TIy (A, r,s) and 1—Z7 7+ (1—\,1,8) = Cr - (A, 1, 5).
160

(2
(3
(4
(5
(6
(7
(8
9



K. El-Saady et al./Ann. Fuzzy Math. Inform. 3 (2012), No. 1, 159-169

Definition 2.4. Let (X,7,7*) be a double fuzzy topological space, A € IX, r € I,
and s € I;. Then A is called:
(1) (r,s)-fuzzy semiopen [10] if there exists p € I with T(u) > r, T*(u) < s
such that p < X\ < Cr 7+ (p, 7, 5).
(2) (r,s)-fuzzy regular open [10] if A = Z7 7+ (Cz 7+ (A, 1, 8),7,9).
(3) (r,s)-fuzzy regular closed [10] if A = Cr 7+ (Z7 7+ (A, 1, 8),7,8).
(4) (r,s)-fuzzy regular semiopen if there exists an (r, s)-fuzzy regular open set
w such that g <A < Cr 7+ (p,7,5).

Remark 2.5. (a) A is (r, s)-fuzzy regular open if and only if 1 — X is (r, s)-fuzzy
regular closed [10].

(b) Ais an (r, s)-fuzzy regular open set = an (r, s)-fuzzy regular semiopen set =
an (r, s)-fuzzy semiopen set.

None of the converses need be true in general, as shown by the following example.
Example 2.6. (1) Let X = {a,b,c} and p1, pi2, 3 € I¥X defined as follows:
= {(a,0.3),(6,0.3) ,{c,0.3)},
w2 = {{a,0.4),(b,0.3),{c,0.3)},
ps = {(a,0.6), (b,0.4) , (c,0.3)}.
We define a double fuzzy topology 7, 7% : I*X — I as follows:

1, ifAe {10} 0, ifXe{L0};
T(A) =< 0.6, if A= p; , T*(A) =< 0.3, if A= pq;
0, otherwise. 1, otherwise.

Let 7 = 0.6,s = 0.3; then in (X,7,7%), puy is (0.6,0.3)-fuzzy regular open and
Cr7+(411,0.6,0.3) = p3. Thus p1 < pe < Cr 7+(p1,0.6,0.3), ie., uz is (0.6,0.3)-
fuzzy regular semiopen. But ps is neither an (0.6, 0.3)-fuzzy open set nor an (0.6, 0.3)-
fuzzy regular open set in (X, 7,7%).
(2) Let X = {a,b,c} and 1, uz € I defined as follows:
w1 = {{a,0.3),(b,0.3),{c,0.3) },
po = {{a,0.4),(b,0.3),{c,0.3) }.

We define a double fuzzy topology 7, T* : I — I as follows:

1, ifxe{1,0} 0, ifxe{l,0};
T(A) =< 0.6, if A= pug; , T*(N) =14 03, if A= pug;
0, otherwise. 1, otherwise.

Let r = 0.6,s = 0.3; then in (X,7,7*), ps is (0.6,0.3)-fuzzy open but is not
(0.6, 0.3)-fuzzy regular semiopen.

Theorem 2.7. Let (X,7,7T*) be a double fuzzy topological space, A € IX, r € I,
and s € I. If X\ is (r, s)-fuzzy regular semiopen, then
(1) 1— X is (r,s)-fuzzy regular semiopen.
(2) Zr -\, r,8) =Ty 7+ (Cr (A, 1, 8),1,8).
(3) CT,T* ()\, T, S) = CT,T* (IT,T* ()\7 T, S))
161
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Proof. (1) Let A be an (7, s)-fuzzy regular semiopen set. Then there exists an (r, s)-
fuzzy regular open set u such that 4 < A < Cz 7+ (u,r,s). Since 1 — p is (r, s)-fuzzy
regular closed, Z7 7+ (1 — u,r,s) is an (r, s)-fuzzy regular open set such that

I’T,T* (l — M, T 8) <1-A<1- n= CT,T* (IT7T* (l — KT S)a T, 5)
Thus 1 — A is (r, s)-fuzzy regular semiopen.

(2) Let A be an (r, s)-fuzzy regular semiopen set. Then there exists an (r,s)-
fuzzy regular open set p such that p < XA < Cz 7+(p,7,s). Hence Cr7-(\,1,s) =
Cr.7r+(p,7,8). Since Iy 7+ (Cr 7+ (A, 7, 8),7,8) = U,

IT,T* (CT,T* ()‘7 T, 8)7 T, S) = M S IT,T* ()‘7 r, S)
< Ir7-(Crr-(p,7,8),m,8)
= Ir7-(Crr-(\1,8),1,8).
Thus Z7 7+(A\, v, 8) = Iy 7+ (Cx 7+ (A, 1, 8), 7, 8).

(3) Similar to (2). O
Definition 2.8. Let (X,77,7*;) and (Y, 73,7 *2) be two double fuzzy topological
spaces. A function f: X — Y is called

(1) a double fuzzy weakly continuous function [10] if To(v) > r, T*3(v) < s =
Ti(f~tw) >r, T*1(f 1 (v)) < s, foreach r € Iy, s € I; and v € IV

(2) a double fuzzy weakly open if f(A) < Zg, 7+,(f(Cx 7+, (A, 7, 8)),7,8), for
each A € I, r € Iy, s € I such that T;(\) >r, T*;(\) < s.

Theorem 2.9. Let (X,71,7*1) and (Y,72,T*3) be two double fuzzy topological
spaces and f : X — Y. Then the following are equivalent:

(1
(2

(3
(4

f is double fuzzy weakly continuous.
f(Cr 1+, ()\ r,5)) < Cr, T (f(\),r,s), for each A€ IX 7 € Iy, s € I.
Cr 1+, (f™ Yw),rs) < f~ (C577*2(1/,7", s)), for each v € IV, r € Iy, s € I.
= 1(172’7* (v,r,5)) < ITI’T*I(f_l(u)Jys), for eachvelI¥, rely, scl.
of. (1) = (2): Trivial.
) = (3): Forevery v € IV, r € Iy, s € I, from (2) we have
f(ch,T*l(f_l(V)7r7 S)) < C7—2’T*2(f(f_1(y))ﬂ'rﬂ 8) < CTz,T*z(Vv T, S).
Hence Cr; 7+, (7 (v), 7, 8) < [T (Crq,1+, (v, 1, 8)).
(3) = (4): For every v € IV, r € Iy, s € I, from (3)we have
l_Z-TlfT"H(f_l(y)a747S) = CT1,T* (1_ ( ) as):CTl7T*1(f_l(l_V)7r75)
f T Crr- (A —v,rs) = f (L —Tg1-,(v,1,5))
= 1- ' Tnre,v,r,9)
Hence f~Y(Zz, 7+,(v,1,8)) < Iz 1, (f71(v), 1, 9).
(4) = (1): Let Ta(v) > 7, T*2(v) < sforv € IV, r € Iy, s € I;. Then
v =21, 17+,(v,7, ). From (4) we have
fﬁl(y) = fﬁl(ITz,T*z(Vﬂ r, 5)) < 1-7‘177*1(.}071(’/)77’, S)'

Thus f~*(v) = Iz, 7+, (f "1 (v),r,5). Hence T1(f~*(v)) > r, T*1(f~1(v)) < s. Thus
f is a double fuzzy weakly continuous function. O
162
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Theorem 2.10. Let (X,71,7*1) and (Y,72,7*3) be two double fuzzy topological
spaces and f : X — Y is double fuzzy weakly open and double fuzzy weakly continu-
ous, then f=1(v) is an (r, s)-fuzzy regular open (resp. (r,s)-fuzzy reqular closed) set
for every (v, s)-fuzzy regular open set v € IV ; r € Iy, s € I.

Proof. Let v be an (r, s)-fuzzy regular open set in Y, we have 7o (v) > r, 7*2(v) < s.
Since f is double fuzzy weakly continuous, 71 (f~1(v)) > r, T*1(f1(v)) < s. Hence

f_l(y) = I'T1,T*1(f_1(y)7T7 S) < IThT*1(CT1,T*1(f_1(V)7T7 S)7T7 S)

Since f is double fuzzy weakly open,

f(ZThT*l(CThT*l(f_l(V)ara S),’I“, S)) < ITz,T*z(f(CTl,T*l(f_l(y)ara S)),’I“,S).

Since f is double fuzzy weakly continuous,

I (fCr (fT W),m8))rs) < Iz (ff (Craeu(vr,s)rs))
< Ig1,Cra, (v, 1, 8),1,8) = 1.
Hence
Iy 1+, Cror-, (f 1 W), 7, 8),7,8) < fH(v).
Thus f~1(v) is (r, s)-fuzzy regular open. An (r,s)-regular closed case will be trivial
by using the previous result. O

Definition 2.11 ([10]). A double fuzzy topological space (X,7,7*) is called an
(r, s)-fuzzy compact( (r, s)-fuzzy nearly compact and (r, s)-fuzzy almost compact) if
and only if for every family {\; :i € J} in {A: XA € IX,T(\) >r, T*(\) < s} such
that \/;c; Ai = 1, there exists a finite subset Jo of J such that \/;c; Ai = 1 (resp.
\/ie‘]o I’T,T* (CT,T* (/\17 T, 5)7 T, 5) = l and \/iejo CT,T* (Aza T, 5) = l )

Definition 2.12. A double fuzzy topological space (X,7,7*) is called an (r,s)-

fuzzy S-closed if and only if for every an (r, s)-fuzzy semiopen cover {)\;|i € J} of X,
there exists a finite subset Jy of J such that

\/ Crr-(Niyr,s) = 1.

i€Jo
3. (7’, S)—FUZZY Rs-COMPACTNESS IN DOUBLE FUZZY TOPOLOGICAL SPACES

Definition 3.1. A double fuzzy topological space (X, 7,7 *) is called
(a) (r,s)-fuzzy Rs-compact if for every (r, s)-fuzzy regular semiopen cover {\; :
i € J} of X, there exists a finite subset Jo of J such that \/;c ; A; = L.
(b) (r,s)-fuzzy weakly Rs-compact if for every (r,s)-fuzzy regular semiopen
cover {\; : i € J} of X, there exists a finite subset Jy of J such that

\/ Ir7+(Niyry8) = L.
i€Jo

(¢) (r,s)-fuzzy almost Rs-compact if for every (r,s)-fuzzy regular semiopen
cover {); :i € J} of X, there exists a finite subset Jy of J such that

\/ CT7T* <)\i7 T, S) = l
i€Jo
163
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Remark 3.2. From the above definition and Definition 2.12, it is clear that the
following implications are true for each r € Iy and s € I} with r +s < 1:

(r, s)-fuzzy compactness (r, s)-fuzzy weakly Rs-compactness
(r, s)-fuzzy nearly compactness <~—— (7, s)-fuzzy Rs-compactness
(r, s)-fuzzy almost compactness (r, s)-fuzzy almost Rs-compactness

N /

(r, s)-fuzzy S-closedness

From Theorem 2.7, we have the following theorem:

Theorem 3.3. A double fuzzy topological space (X, T,T*) is (r, s)-fuzzy Rs-compact
if and only if for each family {\;|i € J} of (r,s)-fuzzy regular semiopen sets of X
such that \;c; \i = 0, there exists a finite subset Jo of J such that

A Ni=0

i€Jo
Theorem 3.4. A double fuzzy topological space (X, T,T*) is (r, s)-fuzzy weakly Rs-
compact if and only if for each family {\;|i € J} of (r, s)-fuzzy regular semiopen sets
of X such that \;c ; A\i = 0, there exists a finite subset Jo of J such that

/\ CT,T* (>\i7 T, 8) = Q

i€Jo
Proof. Suppose that (X,7,7*) is (r, s)-fuzzy weakly Rs-compact. Let {\;|i € J}
be a family of (r, s)-fuzzy regular semiopen sets of X such that A, ; A\; = 0. Then
by Theorem 2.7, {1 — \;|i € J} is a family of (r, s)-fuzzy regular semiopen sets of X
such that \/,c ; 1—\; = 1—(/A;c; Ai) = 1. Since (X,7,7") is (r, s)-fuzzy weakly Rs-
compact, there exists a finite subset Jo of J such that \/;c ; Z7,7+(1L — \;,7,8) = 1.
Hence /\z‘eJo Cro-(Mi,rys)=1— (\/ieJo Iror-(1—Xi,rys)) =0.

Converse follows by reversing the previous arguments. O

Theorem 3.5. Let (X,7,7*) be a double fuzzy topological space. Then the following
are equivalent:
(1) (X,7T,7T7%) is (r,s)-fuzzy weakly Rs-compact.
(2) For each family {\;|i € J} of (r,s)-fuzzy regular open sets of X such that
/\iGJ Ai = 0, there exists a finite subset Jy of J such that

/\ Cr,r-(\iyr,s) =0.
i€Jo
(3) For each (r, s)-fuzzy regular closed cover {\;|i € J} of X, there exists a finite
subset Jy of J such that \/Z.GJ0 Zr1+(Niyrys) = 1.

164



K. El-Saady et al./Ann. Fuzzy Math. Inform. 3 (2012), No. 1, 159-169

Proof. (1) = (2): Trivial.

(2) = (1): Let {\;|i € J} be a family of (r, s)-fuzzy regular semiopen sets of X
such that A;.; A\; = 0. Since \; is an (r, s)-fuzzy regular semiopen set for each i € J,
Cr.r+(N\iy7,8) = Cr 7+ (T, 7+ (N, 1, 8), 1, 8) for each ¢ € J. Since {Z7 7+ (N, 7, 8)|i €
J} is a family of (r, s)-fuzzy regular open sets of X such that A\;. ; Zr 7+ (\i, 7, 5) = 0,
by (2) there exists a finite subset Jy of J such that

N\ Crr-(Nirs) = N Crr-(Tr.z-(Ni,r,s),m,s) = 0.

i€Jo i€Jo
Thus (X,7,7T*) is (r, s)-fuzzy weakly Rs-compact.
(2) & (3): Tt is obvious. O

Theorem 3.6. Let (X,71,7*1) and (Y,T2,T*3) be two double fuzzy topological
spaces and let f : X — Y be surjective, double fuzzy weakly open and double fuzzy
weakly continuous function. If (X, 7y, 7T*1) is (r, s)-fuzzy weakly Rs-compact, then
sois (Y, T3, T*2).

Proof. Let {v;]i € J} be an (r, s)-fuzzy regular closed cover over Y. By Theorem
2.10. {f~Y(v)|i € J} is an (r, s)-fuzzy regular closed cover of X. Since X is (r, s)-
fuzzy weakly Rs-compact, by Theorem 3.3 there exists a finite subset Jy of J such
that \/;c . Iy 7+, (f ' (vi),7,5) = 1. From the surjectivity and double fuzzy weakly
openness of f, we have

1 = f( \/ (Iﬁ,T*l(f_l(Vi>7rvs))) = \/ f(ITl,T*l(f_l(Vi)vr?s»

ieJo i€dy
<\ Inz-.(fCrr (Trz-,(f T (¥i).7,5),7,9)),7, 8)
i€Jo
=\ Tz (FU @W))irs) =\ Tn 7, (i, 9),
i€Jo i€Jo
Hence ;¢ I, 7+, (Vi s) = 1, and thus (Y,73,7%3) is (r, s)-fuzzy nearly Rs-
compact. O

Theorem 3.7. A double fuzzy topological space (X, T, T*) is (r, s)-fuzzy almost Rs-
compact if and only if for each family {\;|i € J} of (r, s)-fuzzy regqular semiopen sets
of X such that \;c; \i = 0, there exists a finite subset Jo of J such that

/\ Ir71+(Ni,rys) =0.

i€Jo
Proof. Let (X,T,T*) be (r,s)-fuzzy almost Rs-compact and let {\;]i € J} be a
family of (r,s)-fuzzy regular semiopen sets of X such that A, ;A\; = 0. Then
{1 — X\|i € J} is a family of (r,s)-fuzzy regular semiopen sets of X such that
Vies1=Xi=1—(\;c;N\i) =1 Since (X,7,7%) is (r, s)-fuzzy almost Rs-compact,
there exists a finite subset Jy of J such that ving Crr+(1—X\;,r,s)=1. Hence

/\ I’T,T* (>\1,; T, S) = l - ( \/ CT,T* (l - )\ivrv 8)) - Q
i€Jo i€Jo

The converse can be proved similarly. O
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Theorem 3.8. Let (X,7,7*) be a double fuzzy topological space. Then the following
statements are equivalent:
(1) (X,7,T*) is (r,s)-fuzzy almost Rs-compact.
(2) For each family {\;|i € J} of (r,s)-fuzzy regular open sets of X such that
Nics Ai =0, there exists a finite subset Jo of J such that /\ieJo A = 0.
(3) For each (r, s)-fuzzy regular closed cover {\;|i € J} of X, there exists a finite

subset Jo of J such that \/;c; Xi = 1.

Proof. Straightforward. O

Theorem 3.9. A double fuzzy topological space (X, T,T*) is (r,s)-fuzzy almost
Rs-compact if and only if (X, 7,7T%) is (r,s)-fuzzy S-closed.

Proof. Let (X,7T,7T*) be (r, s)-fuzzy S-closed. Since every (r, s)-fuzzy regular semiopen
is (r, s)-fuzzy semiopen, (X,7,7*) is (r, s)-fuzzy almost Rs-compact.

Conversely, suppose that (X,7,7%) is (r, s)-fuzzy almost Rs-compact and let
{\ili € J} be an (r, s)-fuzzy semiopen cover of X. Then there exists p; € I with
T(wi) > r, T*(p;) < s such that p; < X\; < Cr 7+ (14,7, s), for each i € J. We can
easily show that Cr 7« (u;, 7, s) is an (r, s)-fuzzy regular closed set for each i € J.
Since p; < Ay < Cr 7+(Ai,r,s) for each i € J,

Cror+(pi,r,8) < Crr+(Ni,1,8) < Cr 7+ (Cr 7+ (14,7, 8), 7, 5)
for each ¢ € J. Thus Cr7-(\i,7,8) = Crr+(ps,7,s) for each i € J. Thus
{Cr7«(N\iy7,8)|i € J} is an (r, s)-fuzzy regular closed cover of X. Since (X,7,7%)

is (r, s)-fuzzy almost Rs-compact, there exists a finite subset Jy of J such that
Vies, CT,7+(Niy 7, 8) = 1. Hence (X,7,77) is (r, s)-fuzzy S-closed. O

Theorem 3.10. A double fuzzy topological space (X, T,T*) is an (r, s)-fuzzy weakly
Rs-compact if and only if for every an (r,s)-semiopen cover {\;|i € J} of X, there
exists a finite subset Jy of J such that

\/ Ir7+(Cr,7-(Niy1y8)r,s) = L.

i€Jo
Proof. Similar to Theorem 3.9. 0

Theorem 3.11. Let (X,77,7*1) and (Y,72,7*2) ba two double fuzzy topological
spaces and let f : X — Y be a surjective, double fuzzy weakly open and double fuzzy
weakly continuous function. If (X, 71,7 *1) is (r,s)-fuzzy almost Rs-compact, then
so is (Y, 73, T*2).

Proof. Let {v;|i € J} be an (r,s)-fuzzy regular closed cover of Y. By Theorem
2.10, {f~Y(v)|i € J} is an (r, s)-fuzzy regular closed cover of X. Since (X,7,7%)
is (r, s)-fuzzy almost Rs-compact, by Theorem 2.10, there exists a finite subset Jy
of J such that \/;,., f~'(v;) = 1. From the surjectivity of f we have

1=fC\ )=V 1@ e = Vo
i€Jo i€Jo i€Jo
Hence V¢ ; vi = 1. Thus (Y, 72,7 "2) is (1, s)-fuzzy almost Rs-compact. O
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Definition 3.12. A double fuzzy topological space (X,7,7*) is called (r, s)-fuzzy
extremally disconnected if 7 (Cz 7+ (A, 7, s)) > r and T*(Cr 7+ (A, 7, 8)) < s for every
A€ X with T(\) >r, T*(\) < s.

Theorem 3.13. Let (X,71,7*1) and (Y,72,7*3) be two double fuzzy topological
spaces, and let f : X —'Y be a surjective, double fuzzy weakly open and double fuzzy

weakly continuous function. If (X,Tq,T*1) is (r,s)-fuzzy extremally disconnected,
then so is (Y, 72, T*5).

Proof. Let v € IV with To(v) > r, T*2(v) < s. Then v = Iz, 7+,(v,7,5). Hence
Cr, 1+,(v,1,8) is (r, s)-fuzzy regular closed. By Theorem 2.10, f~1(Cz,.7+,(v,7,5))
is (r, s)-fuzzy regular closed, i.e.,

f_1<CT2,T"2<V’ Ty 5)) = CT17T*1 (17377*1 (f_l(CTmT*z(V, Ty 5)))7 Ty 5)’ Ty 5)
Since (X, 77,7 *1) is (r, s)-fuzzy extremally disconnected and
7'1(17’1,7*1(f_1(672,7*2(yv Ty S))7T7 S)) 2T,
T*l(IleT*l(fil(C'B,T*Q(Va 7,8)),7,8)) < 8,
and
7—1(CT17T*1 (Iﬁ,T*l (f_l(CTz,T*z(Va Ty S))? T 5)7 T S)) 2,
7*1(67—1,7—*1 (171,7*1 (fil(cszT*z(Va T, S))a T, 5)7 T, 5)) <s.

From the surjectivity and double fuzzy weakly openness of f— we have

CTQ,T*Q(Vv r, 5) = f(fil(CTz,T*z(Va T, 5)))

f(CT],T*1 (IThT*l (f_l(CTz,T*z (Va T, 3))a Ty 8)7 Ty 8))

I'Tz,T*z(f(CTl,Tﬂ (1—7—1’7*1 (f_l(CTz,T*z(V7 Ty S))7 Ty 5)7 Ty S)), T, S)
(
)

IN

Ity 1+, (fCr (f T (Crp1e, (v, 8)), 7, 8)), 7y )
= ITz,T*z(f(f_l(CTz,T*z(ya T, 8))
= In1,Cr1,(v,7,8),1,5).

)

Hence Cz, 17+, (v, 7, 8) = I1y 7%, (C1y 7+, (v, 1, 8), 7, 5) and so
75(07—2,7-*2(”7 T, S)) >y 7*2(67—2»7—*2(’/’ T, 3)) <s.

Thus (Y, 73, 7*2) is (r, s)-fuzzy extremally disconnected. O
Theorem 3.14. Let a double fuzzy topological space (X, T,T*) be (r,s)-fuzzy ex-
tremally disconnected. If A € I is (v, s)-fuzzy reqular semiopen, then

IT,T* ()\, T, 8) = )\ = CT,T* ()\, r, S)
Proof. Let A be an (r, s)-fuzzy regular semiopen set. Then there exists an (r,s)-
fuzzy regular open set p such that p < XA < Cr 7«(p,r,s). Since X is (r, s)-fuzzy

extremally disconnected, y = Cr 7+(i,7,s). And we get pu = Zg 7+ (u, 7, s) since p
is an (r, s)-fuzzy regular open set. Thus we have the following:

wo= Irz-(p,1,8) <Ir7-(A1,8) <A
S CT,T* (Aa T, S) S CT,T* (u7 T, S) = M-
Hence Z7 7+ (A, 7, 8) = XA =Cr,7+(\, 1, 5). O
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From the above theorem, we get the following:

Theorem 3.15. Let a double fuzzy topological space (X, T, T*) be (r,s)-fuzzy ex-
tremally disconnected. Then the following are equivalent:

(1) (X,7,T*) is (r, s)-fuzzy weakly Rs-compact.
(2) (X,7T,T*) is (r,s)-fuzzy Rs-compact.
(3) (X,7,T%) is (r,s)-fuzzy almost Rs-compact.

Theorem 3.16. For an (r, s)-fuzzy extremally disconnected double fuzzy topological
space, the following are true:

(1) (r, s)-fuzzy compactness implies (v, s)-fuzzy weakly Rs-compactness.
(2) (r,s)-fuzzy nearly compactness implies (r, s)-fuzzy Rs-compactness.
(3) (r,s)-fuzzy almost compactness implies (r, s)-fuzzy almost Rs-compactness.

Proof. (2) Let (X,7,7*) be an (r, s)-extremally disconnected and (r, s)-fuzzy nearly
compact space, let {\;|i € J} be an (r, s)-fuzzy regular semiopen cover of X. Then
there exists an (r, s)-fuzzy regular open set u; such that p; < A\; < Cr 7=(p4,7,5)
for each i € J. Since (X,7,7%) is (r,s)-fuzzy extremally disconnected and p; =
Ir 7+ (Crr+(piym, 8), 1, 8) for each ¢ € J, \j = Iy 7+(A\;, 7, 8) for each ¢ € J. Thus
we get A; = Z7 7+(Cr7+(N\iy7,8),7,8) for each ¢ € J from Theorem 2.7. Hence
(X,T,7T*) is (r,s)-fuzzy Rs-compact since X is (r, s)-fuzzy nearly compact.

(1) and (3) are similar to (2). O

Corollary 3.17. If a double fuzzy topological space (X, T,T*) is (r,s)-fuzzy ex-
tremally disconnected, then the following are equivalent:

(1) (r,s)-fuzzy nearly compactness.
(2) (r,s)-fuzzy almost compactness.
(3) (r,s)-fuzzy S-closeness.

Proof. We get the results from Theorems 3.9, 3.15 and 3.16. O

Remark 3.18. If a given double fuzzy topological space is (r, s)-fuzzy extremally
disconnected, we get the following implications for each r € Iy, s € I; with r < s’

(r, s)-fuzzy compactness ——— (r,s)-fuzzy weakly Rs-compactness

i |

E—

(r, s)-fuzzy nearly compactness <—— (r,s)-fuzzy Rs-compactness

| |

(r, s)-fuzzy almost compactness (r, s)-fuzzy almost Rs-compactness

AN "

(r, s)-fuzzy S-closedness
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