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1. INTRODUCTION

Motivated by the theory of n-normed linear space [7, 8, 9, 10, 11, 12] and fuzzy
normed linear space [1, 2, 3, 4, 5, 6] the notions of fuzzy n-normed linear space [13]
and intuitionistic fuzzy n-normed linear space [141] have been developed. Also in [141]
various types of continuities of operators and boundedness of linear operators over
intuitionistic fuzzy n-normed linear spaces have been discussed.

In this paper we introduce the notion of intuitionistic fuzzy compact operators
between intuitionistic fuzzy n-normed linear spaces and prove some results relating
to these operators.

2. PRELIMINARIES
In this section we recall some useful definitions and results.

Definition 2.1 ([13]). Let X be a linear space over a field F. A fuzzy subset N of
X™ x R is called a fuzzy n-norm on X if and only if
(N1) For all t € R with t <0, N(x1,z2, -+ ,zp,t) =0,
(N2) Forallt € Rwitht >0, N(z1,22, -+ ,&n,t) = 1if and only if 21,29, ,z,
are linearly dependent,
(N3) N(z1,22, " ,&n,t) is invariant under any permutation of z1,za, -, Zp,
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(N4) For all t € R with t > 0, N(xy,72, -+ ,cxp,t) = N(x1,22, ..., Tn, =), if

le]

c#0,cel,
(N5) For all s,t € R,
N(J)l,l‘g, o, T + xn/; s+ t) Z min{N(.’El,J?Q, o 71‘7178))N(x17x2a T 7xn/at)} 5
(N6) N(z1,x2, - ,Zn,t) is a non-decreasing function of ¢ € R and

lim N(zq1,z9, - ,2pn,t) = 1.

t—o0

The pair (X, N) is called a fuzzy n-normed linear space or in short f-n-NLS.
Theorem 2.2 ([13]). Let (X, N) be a f-n-NLS. Assume that

(NT) N(z1,22,"+ ,Zn,t) > 0 for all t > 0 implies x1,2a, - , T, are linearly
dependent.
Define
llz1, 22, Znlla = Inf{t : N(z1, 22, - ,2p,t) > a}, a€(0,1).
Then {||e,--- ,o|lo : @ € (0,1)} is an ascending family of n-norms on X. We call

these n-norms as a-n-norms on X corresponding to the fuzzy n-norm on X.

Definition 2.3 ([14]). An intuitionistic fuzzy n-normed linear space or in short
i-f-n-NLS is an object of the form

A = {(XvN(xlnya"' 7xTL7t)7M(x1ax27"' ,an,t)) | (xla‘r27"' ,1'71) S Xn}

where X is a linear space over a field IF, * is a continuous t-norm, ¢ is a continu-
ous t-co-norm and N, M are fuzzy sets on X" x (0,00); N denotes the degree of
membership and M denotes the degree of non-membership of (z1,z2, -+ ,2p,t) €
X™ x (0, 00) satisfying the following conditions:

(1) N(£1,$27~'~ ,Z‘n,t) +M($1,$2,"' 7xnat) Sl

(2) N(x17$27“' 7In7t)

(3) N(z1,xa, - ,zp,t) = 1 if and only if z1, s, -, x, are linearly dependent

(4) N(zy1,zo,- - ,xp,t)is invariant under any permutation of x1,29, - ,xp

(5) N(x1,xa, - ,cxn,t) = N(x1,29, -, l’n, E ‘) ifc#£0,celF

(6) N(x1,22, - ,&pn,8) * N(x1,29, - , 2, t) < N(xy, 20, ,&p +2,,8+1)

(7) N(z1,me,- - ,2p,t): (0 o0) — [0,1] is continuous int

(8) M(I1,$27~~' nat)

(9) M(z1,22, ,&p,t) = 0 if and only if z1,x9,- - ,x, are linearly dependent
(10) M(z1,22, "+ ,Zyn,t) is invariant under any permutatlon of 1,29, ,Tn
(11) M (1,22, ,cTpn,t) = M(21,29, -, xn,‘ ),ifc#0,ceF
(12> M(.’L‘l,.’I}27"' axnaS)OM(xl7x27"'7 L, )>M($17$2,"' xn+x{,178+t)
(13) M(z1,x2, -+ ,Zn,t) : (0,00) — [0, 1] is continuous in ¢.

Definition 2.4 ([14]). Let A be an i-f-n-NLS. Assume that

(14) For all t > 0, N(z1,22, - ,&n,t) > 0 implies xq,za, -+, 2, are linearly
dependent.

Define ||z1, %2, , Tnl||la = Inf{t : N(z1,22, -+ ,2n,t) > a}, a € (0,1). Then

{lle;--olla e (0,1)}
134
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is an ascending family of n-norms on X. We call these n-norms as a-n-norms on X
corresponding to the i-f-n-NLS A. Further we assume that

(15) For xq,xq,- - ,xy, linearly independent, N (z1, 22, - ,Zyn,s) is a continuous
function on R and strictly increasing on the subset
{t:0< N(z1,22, - ,Tpn,t) < 1}
of R.
Definition 2.5 ([14]). A sequence {z,} in an i-f-n-NLS A is said to converge to x
if given r € (0,1),t > 0 there exists an integer ng € N such that
N(zy, 29, ,2np —x,t) > 1 —7r and M(zq1, 22, ,2p —x,t) < T
for all n > ng.
Definition 2.6 ([11]). Let A and B be two i-f-n-NLS. A mapping T : A — B is
said to be intuitionistic fuzzy continuous at z € X if for given ¢ > 0, @ € (0, 1),

there exist 6 = §(,€) > 0 and 8 = B(«, €) > 0 such that for all x1,x9, -+ ,zp_1,2 €
Xa Y1,Y2, " 3 Yn—1 € Yv

Nl(‘rlnya"' 733717171:_2?5) > /8 and Ml(xthJ"' 7xn713$_276) <1 _ﬁ
= No(y1,92, * yYn—1,Tx — Tz, €) >« and
Mo(y1,y2, -+ yYn—1,Tx —Tz,€) <1—a.

If T is intuitionistic fuzzy continuous at each point of X, then T is intuitionistic
fuzzy continuous on X".

Definition 2.7 ([11]). Let A and B be two i-f-n-NLS. A mapping T : A — B is said
to be strongly intuitionistic fuzzy continuous at z € X if for given e > 0, 36§ >0
such that V T1,22, " ,Tn-1,% € X>y17y21 yYn—1 € K

No(y1,92,+ sYn—1,Tx —Tz,€) > Ni(x1,22, + ,Tp_1,2 — 2,90)
and
Mo(y1, 92, s yn—1,Tax — Tz, €) < My(x1,29, + ,Tp_1,& — 2,0).
If T is strongly intuitionistic fuzzy continuous at each point of X, then T is said to

be strongly intuitionistic fuzzy continuous on X™.

Definition 2.8 ([11]). Let A and B be two i-f-n-NLS. A mapping 7' : A — B
is said to be weakly intuitionistic fuzzy continuous at z € X, if for given ¢ > 0,
a € (0,1), there exists § = §(«,€) > 0 such that for all z1,29, - ,2p_1,2 €
X, Y1,Y2, " ,Yn—1 € Y7

Ny(z1, 29, ,Zp_1,2 —2,0) > a and M;(x1,22,  * ,Tp_1,2—2,0) <1 —«

= No(y1, 92, s yn—1, T2 —Tz,€) > a and

MZ(yl;yQ» e 7yn717T‘rE - TZ, 6) é 1—-o.

If T is weakly intuitionistic fuzzy continuous at each point of X, then T is weakly

intuitionistic fuzzy continuous on X™.
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Definition 2.9 ([11]). Let A and B be two i-f-n-NLS. A mapping 7' : A — B is
said to be sequentially intuitionistic fuzzy continuous at z € X, if for any sequence
{z}} in X with 2 — z implies Tz — Tz, k € N. In other words, for all ¢t > 0,

lim Ny(z1,z9, ,Tpn_1,2k—2,t) = 1 and lim Mj(x1, 29, - ,Zp_1,2 —2,t) =0
k—o0 k—o0

= khm NQ(yhyQ; T 7yn717ka - T'Zat) =1 and
— 00
khnolo M2(y1,927 U 7yn—1,T$k - TZ,t) = 07

for all z1,29, - ,xp_1,2 € X, Y1,Y2,"** ,Yn—1 € Y. If T is sequentially intuitionis-
tic fuzzy continuous at each point of X, then T is said to be sequentially intuitionistic
fuzzy continuous on X".

Theorem 2.10 ([14]). Let A and B be two i-f-n-NLS and T : A — B be a mapping.
If T is strongly intuitionistic fuzzy continuous then it is sequentially intuitionistic
fuzzy continuous.

3. INTUITIONISTIC FUZZY BOUNDED LINEAR OPERATORS

Definition 3.1 ([14]). Let A and B be two i-f-n-NLS and T': A — B be a linear
operator. T is said to be strongly intuitionistic fuzzy bounded on X™ if and only
if 3 a positive number L such that V z1, 29, - ,xp—1,2 € X, y1,¥2,* ,Yn—1 € Y
and s > 07 N2(ylay2a T 7yn—17T‘ra 5) > Nl(xlax% o, Tp—1,7T, %) and

M2(Z/17y2"" 7yn—17Tx75) < M1(J317l'2,~'- axn—hmv%)'

Let us denote the set of all strongly intuitionistic fuzzy bounded linear operators
from A to B by F(A, B).

Theorem 3.2. F(A, B) is a linear space.
Proof. For T1,T» € F(A,B) and z € X, we have
(Th + To)(z) = Th () + To(x) and (ATh)(z) = AT (2)

for any scalar A. Since 77 and 7% are strongly intuitionistic fuzzy bounded, there
exist positive numbers L; and Lo such that

NQ(yby% T 7yn—1aT1x7t) 2 Nl(xlax% o, Tp—1,7, Lil)

MQ(y17y27 e 7yn717T1x7t) < Ml(xthv oy Tp—1,7T, Lil)

NQ(y17y27"' 7yn—17T2$7t) Z Nl(mtha"' sy Tn—1,T, Liz)
M2(y17y2a" . 7yn—17T2I7t) S Ml(xlax27"' 7$7L—17"I;7LL2)
for all x1,29, -+ ,Zn-1, x € X, y1,Y2, -+ ,yn—1 € Y and for every t € R. Now for

any two scalars «, 3 and for all z € X we have
NZ(yhyQa oy Yn—1, (OéTl + ﬁTQ)(.’E),t)
= No(y1,92, -+, Yn—1,T1(x) + BT2(2), 1)

(3.1)  >min{Na(y1, 92, ,yn—1,T1(x), 5), Na(y1,92, -, Yn—1, To(B2), 5)}
Z min{Nl($17x25 o, Tp—1, O, i)a Nl(.Tl,l’Q, e 7$n_1,61'7 ﬁ)}

Z mil’l{N1<.’I}1,£L‘2, o, Tp—-1,7T, MT%Nl(xhx??' 5y Tp—-1,7, m)}
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Choose L = max{2|a|L1,2|8|L2} + 1. Thus L > 2|a|L; and L > 2|8|Ly and this
shows that =—— > L and -+— > % V¢t > 0. Hence

2lalL1 = L 2[B|L2
Ni(z1, 22, -+, Zp_1,7, m) > Ni(x1,29,+ ,Tn_1,, +)
and
Ny(z1, 22, ,$n71,$7m) > Ni(x1, 22, Tn_1,, £)
which implies
min{ Ny (z1, 2, ,Tpn_1,T, m),N1($1,x2, e Tp_1, T, m)}
> Ni(z1, 22, Tn-1,, £).

Now from (3.1) we get
No(y1,Y2, -+ s Yn—1, (@T1 + BT2)(x),t) > Ni(x1, 22, , Tp_1, T, %) vt > 0.
If ¢t < 0, the relation is obvious. Thus 3 L > 0 such that
No(y1, 42, s Yn—1, (@T1 + BT2)(2),t) > Ni(x1, 22, -, Tp_1,%, )

for all z1,29, -+ ,xp_1,2 € X, Y1,Y2, -+ ,Yn—1 € Y and for every ¢ € R. Similarly
we can prove that

Ma(y1, 92, Yn—1, (@Th + BT2)(z),t) < My(z1, 29, - ,Tp_1,x, £) VEER.
This implies that o1y + 8T, € F(A, B). Hence F'(A, B) is a linear space. O

Definition 3.3 ([11]). Let A and B be two i-f-n-NLS and T': A — B be a linear
operator. 7T is said to be weakly intuitionistic fuzzy bounded on X™ if for any
a € (0,1), 3 Ly > 0such that V a1, 29, -+ ;2p_1,2 € X, y1,¥2, * ,Un—1 € Y and
t>0,

t t
N]_(xl,l'Q,"' 7xn717$am) Z (¢4 and M](.Z']_,IQ,"' 7xn717xai) g 1 -

= N2(y1uy27' o 7yn—1,T$»t) Z o and MQ(ylvy27 e 7yn—17T$7t) S 1—-oa.

Let us denote the set of all weakly intuitionistic fuzzy bounded linear operators
from A to B by F' (A, B).

Remark 3.4. F'(A, B) is a linear space.

Theorem 3.5 ([14]). Let A and B be two i-fn-NLS and T : A — B be a linear
operator. If T is strongly intuitionistic fuzzy bounded then it is weakly intuitionistic
fuzzy bounded, but not conversely.

The following example establishes that the converse does not hold.
Example 3.6. Let (X,||e, - ,e||) be an n-normed linear space. Define

a x b =min{a,b} and a ¢ b = max{a,b} for all a,b € [0, 1],

P —kl|zy,xa, e an||?  2K||my,ma, @]
Ni(@1,22, - Tnst) = gy g M1(@1, 22,20, 8) = @ 0 20

if ¢t > |\m1,x2,--~ ,a:n|| and Ny =M, =0ift < ||.131,l‘2,"' ,an,

Ellz1,z2, 20|

M (21, @2, Tnst) = T as ]

_ t
NQ($1,$27... ’an7t> = t+k||w1,w2,---,zn|\’
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ift > 0 and Ny, No, M7 and M are defined to be zero for ¢ < 0. (X, N7) and (X, Na)
are fuzzy n-normed linear spaces. Now we define a linear operator

T:(X,N1) — (X, N2)
by T(x1, 2, -+ ,&n) = (T1,22,  ,Zpn) ¥V &1, T2, -+ ,Tn € X. We choose
Lo = 1 VYo € (0,1).

Then for t > ||z1, 22, -, Z4|,
N1($17$2, crt T, LLQ) Z &
t2(1=a)? —k||z1,2, @n||?
= t2(172)2+k\\i1;z,'“;nHz 2 a
5 9 2 42 2 2
= (1= a)” —kl[ey, 25, , 20> = Pa(l — a)? + kalley, @5, , 2
k — -
=t k||oy, @0, x| <t «/1+a+\51(i7aa)\/1 a
. J/ITa
(32) = SHlres el 2 ViFar (e vise:
Now

VITa > o
VitatvVE(l-a)VI-a —

¢>\/1+a2a\/1+a+\/ga(1704)\/17a
<1+ a+ka® > ka?.
This is true for all « € (0,1). Thus from (3.2) we get

No(T (21,29, ,xy),t) > a if t > ||z1,22, -, 24|
Again since for ¢t < ||x1, 22, -, zy]l, i;’;”iizz ;:HZ =0, it follows that
Ni(x1, 29, &n, 1) 2 @ = No(T(1,22, - ,25),t) > aVa € (0,1).
Thus in any case we get
Ni(z1,29, - ,an, 7=) > @ = No(T (21,22, ,2,),t) > aV a € (0,1).
Similarly, Mi(z1, 22, , Tn, Lt—a) <1l—a= My(T(z1,22, -+ ,2n),t) <1—a.
Hence T is weakly intuitionistic fuzzy bounded. Now for ¢t > ||x1,Z2, - , Zy]l,

No(T(z1,22,+ ,2y),t) > Ni(21,22,  ,Tn, 7—) and
My(T(z1, 22, ,2n),t) < My(21, 29, ,xmﬁ)

t L2k w1, @9, 0 ||
t+k|‘x17$27"'7$nH - t2+L2ka17x27"'7xn||2
i

=

< L >
V2He1,2, ol [Fk]|21,22,0 20 |2
< L —o0ast— oo.
Hence T is not strongly intuitionistic fuzzy bounded.

Theorem 3.7 ([14]). Let A and B be two i-f-n-NLS and T : A — B be a linear
operator. Then T is strongly intuitionistic fuzzy continuous if and only if T is
strongly intuitionistic fuzzy bounded.

Theorem 3.8 ([14]). Let A and B be two i-f-n-NLS and T : A — B be a linear
operator. Then T is weakly intuitionistic fuzzy continuous if and only if T is weakly
intuitionistic fuzzy bounded.

138



N. Thillaigovindan et al./Ann. Fuzzy Math. Inform. 3 (2012), No. 1, 133-149

Theorem 3.9. Let A and B be i-f-n-NLS satisfying (14) and (15). Let T : A — B
be a linear operator. Then T is weakly intuitionistic fuzzy bounded if and only if T
is bounded with respect to a-n-norms of N1 and Na, a € (0,1).

Proof. First we suppose that T is weakly intuitionistic fuzzy bounded. Thus V o €
(0,1), 3 L, > 0 such that V z1, 29, -+ ,Zp—1,2 € X, y1,Y2," " s Yn—1 €Y and t >0
we have

Ni(z1, 29, ,Tp1,T, ﬁ) >« and Mi(z1,29, + ,Tp-1,2, i) <l-u«
= No(y1,92, s Yn—1, T2, t) > a and Ma(y1,y2, " ,Yn—1,T2,t) <1—q,
i.e.,
Ny(z1, 29, ,&pn-1, Loz, t) > a and My (z1, 2z, - ,Tp_1, Loz, t) <1—«
= No(y1,92,* ,Yn—1, 12, t) > o and Ma(y1,¥2, ** ,Yn—1,12,1) <1—q,
ie.,
sup{g3 € (0,1) : ||z1, 22, - ,xn_l,LaxHé <t} >a
= sup{f € (0,1) : ||ly1, 92, - ,yn,l,TmH% <t} >a.
Now we show that
sup{B € (0,1) : |1, za, - ,mn,l,LaacHé <tl>a
& ||z, T2, s Tno1, Laz||}, <t

If = 0 then the relation is obvious. Suppose x # 0. If

sup{3 € (0,1) : ||z1, 22, - ,xn,l,LaxH[l; <t} >a
then
(33) H$17x2a"' 7$TL717L063"||(11 St
If sup{g € (0,1) : ||x1, x2,- - - ,xn,l,LamHé <t} = a, then there exists an increasing
sequence {a,} in (0,1) such that «,, T « and ||z1, 22, - ,xn_l,LaxH}M < t. Then
we have
(3.4) |21, 29, Xn_1, Lax||} <t

Thus from (3.3) and (3.4) we get

(35) sup{B € (0,1) : ||z1, 22, ,Tn—1, Laz|| S t} >
= |1, 29, 201, Laz||} <t
Next suppose that ||z1, 22, ,2n_1, Laz||} < t. If ||x1, 20, - ;20 1, Lax||l, < t
then
Ni(z1, 29, ,xn-1,Lax,t) > o and My (z1, 29, - ,Tp_1, Loz, t) <1—q,
ie.,
(3.6) sup{B € (0,1) : ||y, za, - - - ,xn,l,LaxH}i <t}>a.
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If ||z1, 29, -+ ,@n_1, Lox||}, = t, ie., inf{s : Ny(z1,22,  ,Zn_1,Laz,s) > a and
My(z1, 22, ,Tn-1,Lax,s) <1—a} =t, then 3 a decreasing sequence {s;} in R
such that s, | t and

Nl(xlax%' o 7In—17Lax75k) 2 o and

Ml(xlax27 e 7mn717Lax78k) S l1-«a

= kliglo Ny(x1,29,+ ,Tp_1, Lox, sg) > a and
kli_)ngoMl(xhxg,--- -1, Lax,85) <1 —«
(3.7) = Ny(x1, 22, - ,xn,l,Lam,klllgo sk) > a and
Mi(x1,zg,- - ,xn,l,Law,kli_)n;osk) <l—q«
= Ni(x1,22, + ,Zn-1, Loz, t) > @ and
M (x1, 22, Tp_1, Lax,t) <1 —«
= sup{f € (0,1) : ||z1, 22, - ,xn,l,LamH% <t} >a

From (3.6) and (3.7) it follows that

(3 8) ||l'1,£l72,"' axn—l,LamHiSt
. = sup{p € (0,1) : ||z1, 22, -~ ,xn_l,LamHé <t} >a.
From (3.5)and (3.8) we have

(3.9) sup{B € (0,1) : ||z, 22, ,Tn_1, Laz|| S t} >
& |21, 22, 201, La||l < T

In a similar way we can show that

sup{B € (0,1) : llyn, v+ m—1, Tl 3 < 1} > a

(3.10) ,
~ Hylnya T 7yn—17T1'||a <t

Therefore from (3.9) and (3.10) we have
Ni(x1,29,- - ,xp_1, Loz, t) > a and
Mi(z1, 29, ,Zpn-1, Loz, t) <1 —«
= No(y1,92, ,Yn—1,T2,t) > « and
Ma(y1,92,-++ Yn—1, T2, 1) <1 —a.

Then ||z1,22,  ,Zn-1, Laz|lk <t = |ly1,y2, * ,yn_1,Tz||2 < t. This implies
that Hylay27"' ayn—laTx”i < La||$1,l’2,"' a‘rn—laxH(lx Vae (071)

Conversely suppose that Va € (0,1), 3 L, > 0 such that

||y17y27"' 7yn—17Tx||§ < LaHxl’va"' 7xn—17$”¢11
for every z1,29, - ,xp—1,2 € X, Y1,Y2,** ,Yn—1 € Y. Then for z # 0,
Hxlal‘Q;"' axn—laLax”(ly S t = ||y1ay27' o 7yn—1,T$||i S tVt > 07
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ie.,
inf{s: Ny(z1,22, - ,Zn-1,Lax,s) > o and
Mi(x1, 22, y&Tn-1,Lax,s) <1—a} <t
= inf{s: No(y1,y2, " yYn—-1,1x,s) > a and
Ma(y1,y2, - Yn—1,T2,8) <1—a} <t

In a similar way as above we can show that

inf{s: Ny(z1,22, - ,Zn-1,Lax,s) > o and

Mi(z1,29,+ &Tn-1,Lax,s) <1—a} <t
< Ny(z1, 29, ,Tn—1, Lax,t) > o and

Mi(x1, 29, ,Zpn-1, Loz, t) <1 —a,

and
inf{s: Na(y1,92, - ,Yn—1,T2,s) > a and
M2(y17y23 T 7yn717Tx78) S 1- 04} S 4
< No(y1,92, Yn—1,Tx,t) > a and
M2(y17y27"' ayn—that) S 1-oa.
Thus we have
Nl(xlvx27"' azn—17x7%) >« and Ml(zlax27"' y Ln—1,T, LL) < l-«a
= NQ(ylay27' o ayn—laTxat) Z (&7 and MQ(y17y27 e 7yn—17Tx7t) S l1-«a

forall x1,22, - ,2n_1,2 € X, y1,y2, - yyn_1 € Y. fx #0,t <Oand x =0,t >0
then the above relation is obvious. Hence the theorem follows. O

Theorem 3.10. Let A and B be i-f-n-NLS satisfying (14) and (15) and T : A — B
be a linear operator. If X is of finite dimension then T is weakly intuitionistic fuzzy
bounded.

Proof. Since A and B satisfy (14), we may suppose that |[e, -, e||L and |[e,--- , e|]2
are the a-n-norms of N; and Nj respectively. Since X is of finite dimension, T :
A — B is a bounded linear operator for each a € (0,1). Thus by Theorem 3.9, it
follows that T is weakly intuitionistic fuzzy bounded. O

4. INTUITIONISTIC FUZZY COMPACT LINEAR OPERATORS

Definition 4.1. Let A be an i-f-n-NLS. A subset D of X is said to be the clo-
sure of K C X if for any © € D, there exists a sequence {x;} in K such that

lim N(xy,29, + ,&n_1,2x —x,t) = 1 and lim M(x1,x9, - ,Tp_1,2 —x,t) =0
k—oo k—oo

for all t > 0.We denote the set D by K.

Definition 4.2. Let A be an i-f-n-NLS. A subset D of X is said to be intu-
itionistic fuzzy bounded if and if there exists ¢ > 0 and 0 < r < 1 such that
N(z1, 22, ,Zpn,t) =1 —7r and M (21,29, - ,2p,t) <7 for all @1, 29, -+ , 2, € D.

Definition 4.3. Let A be an i-f-n-NLS. A subset D of X is said to be compact if
every sequence {zx} in D has a subsequence converging to an element of D.
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Definition 4.4. Let A and B be i-f-n-NLS. A linear operator T': A — B is called
intuitionistic fuzzy compact if for every bounded subset K of X the subset T'(K) C Y
is relatively compact. i.e. the intuitionistic fuzzy closure of T'(K) is an intuitionistic
fuzzy compact set.

Example 4.5. Let (X, ||o,--- ,e||1) and (Y,]|e,--- ,e||2) be two ordinary n-normed
linear spaces and T : A — B be a compact operator. Then T': A — B is an
intuitionistic fuzzy compact operator, where N7 and Ns are standard fuzzy norms

induced by ordinary norms ||e,--- ,e||; and ||e, - - - | e||5 respectively. i.e. Ift > 0,¢ €
R,

Ny(en, 22,80 t) = Sy

No(y1,y2, 3 ynst) = el

_ y1,y2, s ynlle
Moy, 52,5 Ynst) = Ty gyl

and Ny, No, M1 and My are defined to be zero for ¢ < 0.

Theorem 4.6. Let A and B be i-f-n-NLS and T : A — B be a linear operator.
Then T is intuitionistic fuzzy compact if and only if it maps every bounded sequence
{zr} in X onto a sequence {Txr} in'Y which has an intuitionistic fuzzy convergent
subsequence.

Proof. Suppose that T be an intuitionistic fuzzy compact operator and {zy} be
an intuitionistic fuzzy bounded sequence in X. The intuitionistic fuzzy closure of
{T'z), : k € N} is an intuitionistic fuzzy compact set. So {Txy} has an intuitionistic
fuzzy convergent subsequence by definition.

Conversely, let D be an intuitionistic fuzzy bounded subset of X. We show that
the intuitionistic fuzzy closure of T'(D) is intuitionistic fuzzy compact. Let {Txy}
be a sequence in the closure of T'(D). For given € > 0,k € Nand ¢t > 0, 3 {Tz} in
T(D) such that No(y1,vy2, - sYn—1,Lxr — Tz, %) >1—¢€and

M2(ZJ1/!/2> T al/n—hTSUk - Tzka %) S €.
{T'z} has an intuitionistic fuzzy convergent subsequence {T'z,}. Let {Tzx, — y}
for some y € Y. Hence
NQ(yl,y27 T 7yn717TZki - Y, %) Z 1—e€
and
M2(y17y23 to 7yn717Tzki - Y, %) <e
for all k; > ng. Now,
NQ(ylay27 e ayn—laT‘Tki - y7t)
> min{NQ(yla Y2, 7yn—1;T1'ki - Tzk“ %)aN2(ylay27 o ayn—laTZki - Y, %)}
Z 1- €,
M2(y172/2, e aynflaTxk,; - y7t)

S maX{MZ(y17y27 e 7yn717Txki - Tzkm %)7 MQ(y17y27 T 7yn717TZki - Y, %)}
<e
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for all k; > ng. Hence {T'zy,} is an intuitionistic fuzzy convergent subsequence of
{Tz}. Thus the intuitionistic fuzzy closure of T'(D) is a fuzzy compact set. O

Lemma 4.7. Let A be an i-f-n-NLS satisfying (14) and {z} be a sequence
m X. Then klim N(z1, 22, ,Tp-1,2x —x,t) =1 and

lim M(xy,29, + ,Zp_1,2x —,t) =0Vt >0

k—o0
< lim ||x1, 22, - ,Zp—1,2k — || = 0Va € (0,1)
k—o0
where ||e, -, o||, denotes the corresponding cc-n-norm (0 < oo < 1) of N.

Proof. Let {xj} be a sequence in X such that z; — x (w.r.t N). Thus

lim N(xy, 22, - ,Tp_1, 7 —x,t) =1
k—oo

and
lim M(x1,22, -, Tn—1,2k — x,t) =0
k—o0

for all ¢ > 0. Choose 0 < o < 1. Then 3 a positive integer ko(«,t) such that

N(z1,29, + y&Tp_1,Tf —x,t) >  and

(41) M(I‘l,l‘g,"' 7$n71,$k—$,t)§1—05

for all k > ko(«,t). Now we have

||1'1a T2, - 7xn—laxk||o¢
(4.2) =inf{t > 0: N(x1,22, -+ ,ZTp_1,%k,t) > a and
M<x17x2; o axnflamkat) S 1-—- OZ}.
Thus from (4.1) it follows that ||z1, 22, ,Zn_1,2k — Z||a <tV E > ko(a,t). Since

t > 0 is arbitrary it follows that
l|z1, 22, ,2pn_1,2k —x||la — 0as k — coVa e (0,1).

Conversely, suppose that, ||z1, 22, ,Zpn_1,2k — Z|la = 0 as k — coVa € (0,1).
Then for o € (0,1) and € > 0,3 a positive integer ko(a, €) such that

llz1, 22y X1,k — Tl|o < eVE > ko(a,€).
143



N. Thillaigovindan et al./Ann. Fuzzy Math. Inform. 3 (2012), No. 1, 133-149

From (4.2) we have

€> ||z, 22, Tp_1, Tk — |a
=inf{t >0: N(x1,22, * ,Zp_1,2 — x,t) > « and
M(xy,xe,  ,xp_1,2 —x,t) <1 —a}Vk>ko(a,e)
= 3¢, > 0,€e > t, > 0 such that N(z1,29, + ,Tp_1,Tx — T, tn) >
and M(zq1,z2, -+ ,Tn_1,Tk — T, ty) <1 —aVk>ko(a,e)
= N(x1,x9,  ,Tp_1,Tf — T, €) > « and
M(xy,xe, - ,xp_1,2p —x,6) <1 —aVk>kola,e€)
:>klim N(z1,x9, + ,Tp_1,xf — T, €) > a and
— 00
klim M(zy,z9, ,Tp_1,2x —x,6) <1 —a
— 00
:>klim N(z1,29, -+ ,Tp_1,2x — z,€) = 1 and
—00
lim M(x1,29, - ,Tp_1,2 —x,€) =0
k—oo

(since a € (0,1) is arbitrary)
=z — x (wrt N).

This completes the proof. O

Definition 4.8. Let A be an i-f-n-NLS. We define the following subset of X.

B(z,a,t) ={y: N(z1,z2, - ,Zp_1,2 — y,t) > a and
M(xlax27"' 7$n717x_y7t) S ].—OZ}

where 1,29, ,xp_1,7 € X, € (0,1).

Lemma 4.9. Let A(z,a,t) = {y € X : ||z1,22,+ ,Zn-1,2 — Y||la < t} where
a € (0,1). Then B(z,a,t) = A(z, a,t).

Proof. If y € B(z,a,t) then

N(zy,x9,  ,Tp_1,2 —y,t) > o and M(z1, 29, - ,Tp_1,2 —y,t) <1 —a

= inf{t: N(z1,22, - ,Tn_1,2 —y,t) > a and

M(m17x27"' >$n—1733—y>t) S l—Oé}

= ||J}1,Z‘2,"' 7xn—1ax_y||o¢ St

=y € Az, a,t).
Now if y € A(z, o, t) then ||x1, 29, ,Zp_1,2 — Y|lo <t If

Hl'lax%"' 7xn713x_y”a <t
then N(z1,22, - ,&n-1, —y,t) > aand M (z1,22, - ,Tp-1,¢ —y,t) <1 —a. If
H.’L‘l,.’lﬁg,"' 7$n—1a$_y‘|a :t7 i'e'>
inf{s: N(x1,z2, -+ ,2p_1,2 —y,s) > a and
M(z1,x9, + ,xp_1,2 —y,8) <1l—a} =t
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then 3 a decreasing sequence {s;} in R such that s | ¢ and

N(xbe;"' y Tp—1,T _y78k) 2 a and
M(x1, 22, ,Tn_1,0 =Y, 8) S 1 -«
= klim N(x1,29, + ,Tp_1,% — ¥y, 8k) > « and
—00
lim M(l‘l,l‘g,"' 7xn—1ax_y75k:) S 1-«
k—oo
= N(x1,22," - ,xn_l,x—y,klim sg) > « and
—00
M(-/Elax27"' yIn—1,T — Y, lim Sk) <l-a
k—oo
= N(z1,22,"** ,Tn-1,2 —y,t) > o and
M(xy, 29, ,xp_1,2 —y,t) <1—a.
Thus in both the cases we find that y € B(x, o, t). Therefore B(z, o, t) = A(z, o, t).

O

Theorem 4.10. Let A be an i-f-n-NLS satisfying (14) and N(z1, 22, - ,Zn,s) be a
continuous function on R. Then X is a finite dimensional if and only if B(x,a,t)
is an intuitionistic fuzzy compact set in X, for each o € (0,1).

Proof. Let A(z,a,t) = {y € X : ||x1, 22, ,Zpn—1,T — Y||la < t} where a € (0,1).
By Lemma 4.9 B(z, «,t) = A(x, o, t). Now suppose that

dim X < oo,21,Z2, " ,Tn_1,x € X and t > 0.

Choose the sequence {x} in B(z,a,t). Clearly, A(z,«,t) is a compact subset of
(X,||e,--- ,®||n). Hence 3 a subsequence {zy,} of {xx} and v € A(z,a,t) such
that xx, — v (w.r.t |[e,--- ,e||y). Thus by Lemma 4.7 z;, — v (w.r.t N). Since
B(z,a,t) = A(z,a,t), we have v € B(z, a,t). Thus B(x,a,t) is intuitionistic fuzzy
compact.

Conversely, let B(z, «, t) be intuitionistic fuzzy compact. To show that X is finite
dimensional, it suffices to prove that A(x,«,t) is compact w.r.t a-n-norm. Choose
a sequence {zy} in A(x, «,t). Since B(x, «,t) is intuitionistic fuzzy compact, it has
an intuitionistic fuzzy convergent subsequence {zy,}. Lemma 4.7 implies that {x, }
is convergent under ||e,---  o||,. Thus A(x,a,t) is compact w.r.t c-n-norm which
shows that X is finite dimensional. g

Lemma 4.11. Let A and B be i-f-n-NLS satisfying (14) and (15) and T : A — B
be an intuitionistic fuzzy compact operator. Then

T: (X7||.7"' 7.||i¢) - (KH.’ 7.||i)
is an ordinary compact operator for all a« € (0,1).

Proof. We shall show that for each bounded sequence {z} in (X,||e,--- ,e||}), the

sequence {Tx;} has a convergent subsequence in (Y, ||, -, e||2). Then there exists
p > 0 such that ||z1, 22, -+, Zn_1,2k||L < p, V k € N. Hence
N(.I'17.'I}2,' o 7xn717$k?7p) 2 o a'nd M('rl?xQ) e 7xn717mk7p) S 1-— «

for all k, i.e., {xx} is intuitionistic fuzzy bounded. Also T': A — B is an intuition-

istic fuzzy compact operator. Hence {Tx} has an intuitionistic fuzzy convergent

subsequence {T'z, }. By Lemma 4.7 {Txy,} is convergent under ||, - ,o|[2. O
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Theorem 4.12. Let A and B be i-f-n-NLS satisfying (14) and (15). Then

(a) Every intuitionistic fuzzy compact operator T : A — B is weakly intuition-
istic fuzzy continuous.

(b) If dim X = oo then the identity operator I : A — A is not an intuitionistic
fuzzy compact operator.

Proof. (a) Choose a € (0,1). Let [[e,--- , e[|} and ||e,--- ,e]|2 be the a-n-norms on
X and Y corresponding to the fuzzy n-norms N; and N respectively. By Lemma
411, T : (X,]|]e,---,0|[L) — (Y,]|e, - ,e||2) is a compact operator. Since compact

operator is bounded 3 L, > 0 such that

||y17y23"' 7yn—17Tx||i < LOLHIlaIQa"' 7xn—1a‘r||(11'

Hence by Theorem 3.9, T' is weakly intuitionistic fuzzy bounded. Now Theorem 3.8
implies that T is weakly intuitionistic fuzzy continuous.

(b) The identity operator I maps B(z,«,t) to itself. Suppose on the contrary
that [ is an intuitionistic fuzzy compact operator. Then B(z,a,t) is intuitionistic
fuzzy compact for all a € (0,1). Now B(z,a,t) C A(x,a,t) = B(x,a,t), implies
that B(x, «,t) is closed and so intuitionistic fuzzy compact. Thus by Theorem 4.10,
X is finite dimensional which is a contradiction. d

Theorem 4.13. Let A and B be i-f-n-NLS. Then the set of all intuitionistic fuzzy
compact operators from A — B is a linear subspace of F (A, B).

Proof. Suppose that T; and T, are intuitionistic fuzzy compact linear operators
from A to B and {z\} be any intuitionistic fuzzy bounded sequence in X. Then the
sequence {Tixy} has an intuitionistic fuzzy convergent subsequence {Tixzy,}. The
sequence {Thzy} also has an intuitionistic fuzzy convergent subsequence {Thxy, }.
Hence {Thxy,} and {Thxy, } are intuitionistic fuzzy convergent sequences.

Let Thzy, — y and Toxy,, — 2. If t > 0, we have

klimoo No(yi,y2, - s Yn—1, (T1 + T2)xp, —y — 2,1)

> lim {minNQ(ylayQa”' 7yn—17Tlxk71 - Y, %)7N2(y17y2a"' ay77,—17T2xk7; 727%)}

k;—o0
and
k}i_r}loo Ms(yi,y2, -+ Yn—1, (T + To)xp, —y — 2,1)
< k}iinoo{maxMz(yl,yz, o Yn—ts Tk, — Y, &), Ma(yr, y2, -+ s yn—1, Towk, — 2, 5)}

for all y1,v2, " ,Yn-1,Y,2 € Y. Thus

khinooNQ(yl’yQ’ Y1, (T + Do)z, —y —2,t) =1
and

khinocMQ(yl,y%'“ yYn—1, (Ty + To)ay, —y — 2,t) =0

for all ¢ > 0. This implies that 77 4+ 75 is an intuitionistic fuzzy compact operator.
Now if Thxg, — y then

Jim No(y1, 92, yn—1, aTizp, — ay, )

= lim N2(y1uy27' o 7yn71aT1xki -, |i|) = 17
k;—o0
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Jim Ma(y1, 2, Yn—1, L1k, — @y, )

7

= lim MZ(yhva e 7yn—17T1$k1, - Y ﬁm) =0
ki—o0

for all @ € R\{0} and ¢ > 0. Hence a7} is also an intuitionistic fuzzy compact
operator which completes the proof. O

Theorem 4.14. Let A be an i-f-n-NLS and T : A — A be an intuitionistic fuzzy
compact linear operator and S : A — A be a strongly intuitionistic fuzzy continuous
linear operator. Then ST and T'S are intuitionistic fuzzy compact operators.

Proof. Let {x;} be any intuitionistic fuzzy bounded sequence in X. Then the
sequence {Txy} has an intuitionistic fuzzy convergent subsequence {T'zy,}. Let
{Txk,} — y for some y € Y. Since S is strongly intuitionistic fuzzy continuous,
by Theorem 2.10 we have STxy, — Sy. Hence {STz)} has an intuitionistic fuzzy
convergent subsequence. This proves that ST is intuitionistic fuzzy compact. Next
we show that T'S is intuitionistic fuzzy compact. Choose any intuitionistic fuzzy
bounded sequence {xy} in X. Then I ¢y > 0 and 79 € (0,1) such that

Ni(z1, 2, ,Tp_1,Tk,to) > 1—1g
and
Mi(21, 22, ,Zn_1, 2k, o) <70
for all £ > 1. By Theorem 3.7 S is strongly intuitionistic fuzzy bounded linear
operator. Thus 3 L, > 0 such that Nao(y1,92, , Yn—1, 5Tk, toLa) > 1 — 1o and
Ma(y1,y2,++ Yn—1, STk, toLa) < 1o

for all k. It follows that {Sz} is intuitionistic fuzzy bounded sequence in S(X).
Since T is intuitionistic fuzzy compact {T'Sxzy} has an intuitionistic fuzzy convergent
subsequence, which completes the proof. O

Lemma 4.15. Let A be an i-f-n-NLS satisfying (14) and N(x1,29, - ,&pn,.) be a
continuous function on R and dim X < co. Then each intuitionistic fuzzy bounded
sequence {x} in X has an intuitionistic fuzzy convergent subsequence.

Proof. Let {x;} be an intuitionistic fuzzy bounded sequence in X. 3ty > 0 and
ro € (0,1) such that N(z1, 22, - ,Tn-1,%k,to) > ro and

M(.Tl,l'Q,‘ .. ,xn_l,l'k,to) § 1 — 70
for all k € N. Hence zj, € B(0,79,to) for all k € N. By Theorem 4.10, B(0, ro, t) is

an intuitionistic fuzzy compact set and so {xy} has an intuitionistic fuzzy convergent
subsequence. O

Theorem 4.16. Let A be an i-f-n-NLS and T : A — A be an intuitionistic fuzzy
compact linear operator and S : A — A be a strongly intuitionistic fuzzy continuous
linear operator. Then ST and T'S are intuitionistic fuzzy compact operators.

Proof. Follows from Theorem 3.10 and Theorem 3.8. O

Theorem 4.17. Let A and B be two i-f-n-NLS satisfying (14), No(y1,Y2, "+ ,Yn,s)
s a continuous function on R and T : A — B a linear operator. Then the following
hold.
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(a) If T is weakly intuitionistic fuzzy bounded and dimT(X) < oo, then T is an
intuitionistic fuzzy compact operator.

(b) In addition if A and B satisfy (15) and dimT(X) < oo, then T is an
intuitionistic fuzzy compact operator.

Proof. (a) Let {1} be an intuitionistic fuzzy bounded sequence in X. There exist
to > 0 and r¢ € (0,1) such that

Ni(z1,29, -+ ,Tp_1,Zk, to) > ro and Mi(x1, 22, -+ ,Tpn_1, Tk, t0) < 1 —1

for all k¥ € N. Since T is weakly intuitionistic fuzzy bounded, 3 L,, > 0 such that
for all k

Ni(z1, @2, Tn-1, Tg, LtTUO) > 1o = Na(y1,y2, -+ s Yn—1, T, to) =70
and
My (z1, 22, , Tn—1, T, L%) <1—ro= Ma(y1,y2, " sYn—1, Ty, t0) <1 —ro.

It follows that {T'z)} is an intuitionistic fuzzy bounded sequence in T(X). Since
dimT'(X) < oo, the sequence {Tx;} has an intuitionistic fuzzy convergent subse-
quence by Lemma 4.15. Hence T is intuitionistic fuzzy compact.

(b) T is weakly intuitionistic fuzzy continuous by Theorem 4.16. Furthermore
Theorem 3.8 implies that T is weakly intuitionistic fuzzy bounded. Since dimT'(X) <
00, by (a) we conclude that T is an intuitionistic fuzzy compact operator. O
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