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1. Preliminaries

The concept of fuzzy topology was first defined in 1968 by Chang [3] based on
the concept of a fuzzy set introduced by Zadeh in [8]. Since then, various important
notions in the classical topology such as compactness have been extended to fuzzy
topological spaces.

The purpose of this paper is to introduce and study the concept of fuzzy Cs-
closeness in fuzzy setting. Section 1 deals with preliminaries, Section 2 deals with the
concept of fuzzy Cs-closeness and some of the characterizations in fuzzy topological
spaces and properties are discussed. Finally the image of fuzzy Cs-closeness under
some functions are also investigated.

Let (X, τ) be a fuzzy topological space (fts, for short) and let µ be any fuzzy set
in X. We define the closure of µ to be Cl(µ) =

∧{λ | µ ≤ λ, λ is fuzzy closed} and
the interior of µ to be Int(µ) =

∨{λ | λ ≤ µ, λ is fuzzy open}.
A fuzzy point [6] xr is a fuzzy set with support x and value r ∈ (0, 1]. For a

fuzzy set µ in X, we write xr ∈ µ iff r ≤ µ(x). Evidently, every fuzzy set µ can be
expressed as the union of all fuzzy points which belong to µ. A fuzzy point xr is
said to be quasi-coincident [5] with µ denoted by xrqµ if and only if r + µ(x) > 1.
A fuzzy set µ is said to be quasi-coincident with λ, denoted µqλ if and only if there
exists x ∈ X such that λ(x) + µ(x) > 1. If µ is not quasi-coincident with λ, then we
write λq̄µ.
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Definition 1.1 ([5]). A fuzzy set A is said to be q-neighborhood if a fuzzy point xr

if there exist a fuzzy open set U with xrqU ≤ A.

Definition 1.2. A fuzzy set µ in a fts X is said to be:
(i) Fuzzy semiopen [2] (fso, for short) if µ ≤ Cl(Int(µ)),
(ii) Fuzzy semiclosed [2] (fsc, for short) if Int(Cl(µ)) ≤ µ,
(iii) Fuzzy regular semiopen [1] (frso, for short) if there exists a fuzzy regular

open set λ such that λ ≤ µ ≤ Cl(λ),
(iv) Fuzzy semiopen neighborhood [2] of a fuzzy point xr if there exists a fuzzy

semiopen set λ such that xr ∈ λ ≤ µ.

Definition 1.3 ([2]). The intersection of all fuzzy semiclosed sets containing a fuzzy
set µ is called a fuzzy semiclosure of µ and will be denoted by Scl(µ). The union of
all fuzzy semiopen sets contained in a fuzzy set µ is called a fuzzy semi-interior of µ
and will be denoted by Sint(µ).

Lemma 1.4. For a fuzzy set µ in a fts X, the following are true
(i) Every fuzzy regular semiopen set is fuzzy semiopen and semiclosed,
(ii) Scl(µ) is fuzzy regular semiopen for each fuzzy semiopen set µ in X.

Definition 1.5 ([7]). Let (X, τ) be a fts. A family of fuzzy sets ξ = {λα : α ∈ ∆}
in X is said to be a cover of X if

∨
λα∈∆ λα = 1 and a subfamily of ξ having a

similar property is called a subcover of ξ. A fuzzy topological space (X, τ) is said
to be a fuzzy compact (resp. semicompact) if every cover of X by fuzzy open (resp.
semiopen) sets has a finite subcover.

Definition 1.6 ([2]). A function f : (X, τ) → (Y, δ) is said to be fuzzy irresolute
(resp. semicontinuous) if the inverse image of a fuzzy semiopen (resp. open) set in
Y is a fuzzy semiopen (resp. semiopen) set in X.

Lemma 1.7 ([2]). A function f : (X, τ) → (Y, δ) is fuzzy irresolute if and only if
Scl(f−1(λ)) ≤ f−1(Scl(λ)) for each fuzzy set λ in Y

Lemma 1.8 ([2]). A function f : (X, τ) → (Y, δ) is fuzzy semicontinuous if and only
if Scl(f−1(λ)) ≤ f−1(Cl(λ)) for each fuzzy set λ in Y

Definition 1.9 ([4]). A fuzzy filter base on X is a non-empty collection ζ of fuzzy
sets on X satisfy the conditions:

(i) 0 6∈ ξ; where 0 stands for empty fuzzy set,
(ii) If λ1, λ2 ∈ ζ, then λ1 ∧ λ2 ∈ ζ,
(iii) If λ ≤ µ and λ ∈ ζ , then µ ∈ ζ.

2. Fuzzy Cs-closed space

Definition 2.1. Let (X, τ) be a fuzzy topological space. (X, τ) is said to be fuzzy
Cs-closed if for any ordinary subset A of X, A 6= X such that χA (the characteristic
function of A ⊂ X ) is a proper fuzzy semiclosed set and for each fuzzy semiopen
cover β = {λα : α ∈ ∆} of χA, there exists a finite subfamily β0 of β such that

χA ≤
∨

λα∈β0

Scl(λα).
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Remark 2.2. From this definition it is clear that fuzzy Cs-closed ness implies fuzzy
nearly C-compactness.

Theorem 2.3. In a fuzzy topological space (X, τ), the following statements are
equivalent:

(i) X is fuzzy Cs-closed .
(ii) For each subset A ⊂ X such that χA is a proper fuzzy semiclosed set and

for each fuzzy regular semiopen cover β = {λα : α ∈ ∆} of χA, there exists
a finite subfamily β0 of β such that

χA ≤
∨

λα∈β0

λα.

(iii) For each subset A ⊂ X such that χA is a proper fuzzy semiclosed set and
for each family of fuzzy semiclosed sets ξ = {λα : α ∈ ∆} such that

( ∧

λα∈ξ

λα

)
∧ χA = 0,

there exists a finite subfamily ξ0 of ξ such that( ∧

λα∈ξ0

Sint(λα)
)
∧ χA = 0.

(iv) For each subset A ⊂ X such that χA is a proper fuzzy semiclosed set and
for each family ξ = {λα : α ∈ ∆} of fuzzy semiclosed sets, if for each finite
subfamily ξ0 of ξ we have( ∧

λα∈ξ0

Sint(λα)
)
∧ χA 6= 0,

then ( ∧

α∈∆

λα

)
∧ χA 6= 0.

Proof. (i) ⇒ (ii) It follows from Lemma 1.4.
(ii) ⇒ (i) Let A be any subset of X such that χA is a proper fuzzy semiclosed set

and β = {λα : α ∈ ∆} be a fuzzy semiopen cover of χA. Then ξ = {Scl(λα) : α ∈ ∆}
is a fuzzy regular semiopen cover of χA. By (ii) there exists a finite subfamily ξ0 of
ξ such that

χA ≤
∨

λα∈ξ0

Scl(λα).

(ii) ⇒ (iii) Let A be any subset of X such that χA is proper fuzzy semiclosed set
and β = {λα : α ∈ ∆} be a fuzzy semiclosed family such that

( ∧

λα∈β

λα

)
∧ χA = 0.

Then ξ = {Scl(1− λα) : α ∈ ∆} is a fuzzy regular semiopen cover of χA and hence
there exists a finite subfamily ξ0 of ξ such that

χA ≤
∨

λα∈ξ0

Scl(1− λα).
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Thus (
1−

∨

λα∈ξ0

Scl(1− λα)
)
≤ (1− χA)

and hence ( ∧

λα∈ξ0

Sint(λα)
)
∧ χA ≤ (1− χA) ∧ χA

= χX−A ∧ χA

= χ(X−A)∩A = χφ = 0

(iii) ⇒ (ii) Let A be any subset of X such that χA is a proper fuzzy semiclosed
set and β = {λα : α ∈ ∆} be a fuzzy regular semiopen cover of χA. Then

χA ≤
∨

λα∈β

λα

and hence
1− χA ≥ (1−

∨

λα∈β

λα)

which implies ( ∧

λα∈β

(1− λα)
)
∧ χA ≤ χX−A ∧ χA = 0.

So
ξ = (1− λα : α ∈ ∆)

is a family of a fuzzy semiclosed such that
( ∧

λα∈β

(1− λα)
)
∧ χA = 0.

Then by (iii) there exists a finite subfamily ξ0 of ξ such that
( ∧

λα∈ξ0

Sint(1− λα)
)
∧ χA = 0,

which implies

χA ≤
∨

λα∈ξ0

(
1− Sint(1− λα))

)

≤
∨

λα∈ξ0

Scl(λα)

=
∨

λα∈ξ0

λα

(iii) ⇒ (iv) Let A be any subset of X such that χA is a proper fuzzy semiclosed
set and ξ = {λα : α ∈ ∆} be a family of fuzzy semiclosed sets such that for each
finite family ξ0 of ξ, ( ∧

λα∈ξ0

Sint(λα)
)
∧ χA 6= 0.

4
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Suppose that
(

∧

λα∈ξ

λα) ∧ χA = 0,

then by (iii) there exists a finite subfamily ξ0 of ξ such that
( ∧

λα∈ξ0

Sint(λα)
)
∧ χA = 0,

which a contradiction. Hence

(
∧

λα∈ξ

λα) ∧ χA 6= 0.

(iv) ⇒ (iii) Let A be any subset of X such that χA is a proper fuzzy semiclosed
set and ξ = {λα : α ∈ ∆} be a family of fuzzy semiclosed sets such that

(
∧

λα∈ξ

λα) ∧ χA = 0.

Suppose that for every finite subfamily ξ0 of ξ we have
( ∧

λα∈ξ0

Sint(λα)
)
∧ χA 6= 0,

then by (iv) we have

(
∧

λα∈ξ

λα) ∧ χA 6= 0

which a contradiction. Hence there exists a finite subfamily ξ0 of ξ such that
( ∧

λα∈ξ0

Sint(λα)
)
∧ χA = 0.

¤

Theorem 2.4. In a fuzzy topological space (X, τ), the following statements are
equivalent:

(i) X is fuzzy Cs-closed.
(ii) If A ⊂ X such that χA is a proper fuzzy semiclosed set and β = {λα : α ∈ ∆}

is a family of fuzzy semiclosed sets of X such that

χA ≤ 1−
∧

λα∈β

λα,

then there exists a finite subfamily β0 of β such that

χA ≤ 1−
∧

λα∈β0

Sint(λα).

Proof. (i) ⇒ (ii) Let A be any subset of X such that χA is a proper fuzzy semiclosed
set and β = {λα : α ∈ ∆} be a family of fuzzy semiclosed sets of X such that

χA ≤ 1−
∧

λα∈β

λα =
∨

λα∈β

(1− λα).

5
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Hence ξ = {1 − λα : α ∈ ∆} is a fuzzy semiopen cover of χA. Since X is fuzzy
Cs-closed , then there exists a finite subfamily ξ0 of ξ such that

χA ≤
∨

λα∈ξ0

Scl(1− λα) =
∨

λα∈ξ0

(
1− Sint(λα)

)

= 1−
∧

λα∈ξ0

Sint(λα).

(ii) ⇒ (i) Let A be any subset of X such that χA is a proper fuzzy semiclosed set
and β = {λα : α ∈ ∆} be a fuzzy semiopen cover of χA. Then ξ = {1− λα : α ∈ ∆}
is a family of fuzzy semiclosed sets such that

χA ≤
∨

λα∈β

λα =
∨

λα∈β

(
1− (1− λα)

)

= 1−
∧

λα∈β

(1− λα)

Hence by (ii) there exists a finite subfamily ξ0 of ξ such that

χA ≤ 1−
∧

λα∈ξ0

Sint(1− λα) =
∨

λα∈ξ0

(
1− Sint(1− λα)

)

=
∨

λα∈ξ0

Scl(λα).

Thus X is fuzzy Cs-closed . ¤

Definition 2.5. Let (X, τ) be a fuzzy topological space. A fuzzy filter ζ in X is
said to be semi adherence convergent if every fuzzy semiopen neighborhood of the
adherence set of ζ contains an element of ζ, where the adherence set of ζ is defined
by

∧{Scl(µ) : µ ∈ ζ}.

Theorem 2.6. If (X, τ) is fuzzy Cs-closed, then every fuzzy semiopen filter is semi
adherence convergent.

Proof. Let (X, τ) be fuzzy Cs-closed, ζ be any fuzzy semiopen filter with semi
adherence set λ of ζ and ρ be a fuzzy semiopen neighborhood of λ. Then λ =∧{Scl(µ) : µ ∈ ζ} and λ ≤ ρ and hence 1− ρ is fuzzy semiclosed. Since

1− ρ ≤ 1− λ = 1−
∧

µ∈ζ

Scl(µ)

=
∨

µ∈ζ

(
1− Scl(µ)

)

6
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Then {1− Scl(µ) : µ ∈ ζ} is a fuzzy semiopen cover of a fuzzy semiclosed set 1− ρ
and hence there exists a finite subfamily {1− Scl(µα) : α = 1, 2, ..., n} such that

1− ρ ≤
n∨

α=1

Scl
(
1− Scl(µα)

)

=
n∨

α=1

(
1− Sint

(
Scl(µα)

))

= 1−
n∧

α=1

Sint
(
Scl(µα)

)

= 1−
n∧

α=1

Scl(µα)

and hence
n∧

α=1

Scl(µα) ≤ ρ.

Since µα ≤ Scl(µα) for each α = 1, 2, ..., n, then
n∧

α=1

µα ≤ Scl(µα) ≤ ρ

Put γ =
∧n

α=1 µα, then γ ∈ ζ and hence ρ contains γ. Therefore ζ is semi adherence
convergent. ¤

Theorem 2.7. Let f : (X, τ) → (Y, δ) be a function from a fts (X, τ) to a fts (Y, δ).
Then the image of a fuzzy Cs-closed space under a fuzzy irresolute function is fuzzy
Cs-closed.

Proof. Let f : (X, τ) → (Y, δ) be a fuzzy irresolute function from fuzzy Cs-closed
X onto Y and let A ⊂ Y be any subset of Y such that χA is fuzzy semiclosed in
Y. Let β = {λα : α ∈ ∆} be a fuzzy semiopen cover of χA in Y . Since f is fuzzy
irresolute, then f−1(χA) is a fuzzy semiclosed set in X and {f−1(λα) : α ∈ ∆} is a
fuzzy semiopen cover of f−1(χA) in X. Since X is fuzzy Cs-closed, then there is a
finite subfamily {f−1(λα) : α = 1, 2, ..., n} such that

f−1(χA) ≤
n∨

α=1

Scl
(
f−1(λα)

)

≤
n∨

α=1

f−1
(
Scl(λα)

)
By Lemma 1.7,

and hence

χA ≤
n∨

α=1

Scl(λα)

Thus Y is fuzzy Cs-closed. ¤
7
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