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1. INTRODUCTION

The fundamental concept of fuzzy set given by L. Zadeh in his pioneering paper
[13] provides a natural frame-work for generalizing several basic notions of algebra.
A. Rosenfeld laid the foundations of the theory of fuzzy groups in [9]. The study of
fuzzy sets in semigroups was introduced by Kuroki [5, 6]. A systematic exposition
of fuzzy semigroups was given by Mordeson et al. in [3]. Biswas in [2] introduced
the concept of anti fuzzy subgroups of groups. Hong and Jun modified Biswas’s idea
and applied it to BCK-algebras (see [3]). In [I] Akram and Dar defined anti fuzzy
left h—ideals in hemirings. Shabir and Nawaz in [10] discussed the anti fuzzy ideals
in semigroups. Jeong [4] defined anti fuzzy prime ideals in BCK-algebras. Many
results on ternary semigroups can be seen in [11].

In this paper we introduce anti fuzzy left (right, lateral) ideals, anti fuzzy quasi-
ideals, anti fuzzy bi-ideals and anti fuzzy generalized bi-ideals in ternary semigroups
and discuss some basic properties of such ideals.
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2. PRELIMINARIES

A ternary semigroup is an algebraic structure (.5, f) such that S is a non-empty
set and f:S% — S is a ternary operation satisfying the following associative law:
f(f(a,b,e),d,e) = f(a, f(b,e,d),e) = f(a,b, f(c,d,e)) for all a,b,c,d,e € S.(cf [7]).
A non-empty subset A of a ternary semigroup S is called a ternary subsemigroup of
S if AAA C A. By a left (right, lateral) ideal of a ternary semigroup S we mean a
non-empty subset A of S such that SSA C A (ASS C A, SAS C A). If a non-empty
subset A of S is a left and right ideal of S, then it is called a two sided ideal of S.
If a non-empty subset A of a ternary semigroup S is a left, right and lateral ideal of
S, then it is called an ideal of S. A non-empty subset A of a ternary semigroup S' is
called a quasi-ideal of S if ASSNSASNSSA C A and ASSNSSASSNSSAC A.
A is called a bi-ideal of S if it is a ternary subsemigroup of S and ASASA C A. A
non-empty subset A of a ternary semigroup S is called a generalized bi-ideal of S
if ASASA C A. Tt is clear that every left (right, lateral) ideal of S is a quasi-ideal,
every quasi-ideal is a bi-ideal and every bi-ideal is a generalized bi-ideal. An element
a of a ternary semigroup S is called regular if there exists an element x € S such that
ara = a. A ternary semigroup S is called regular if every element of S is regular. It
is obvious that for a regular ternary semigroup the concept of quasi-ideal, bi-ideal
and generalized bi-ideal coincide.

A fuzzy subset f of a universe X is a function from X into the unit closed
interval [0,1], that is, f : X — [0,1]. For any two fuzzy subsets f and g, f < g
means f () < g (x) for all z € S. The symbols f A g and f V g have the following
meanings

(f A g)(2) = f (z) Ag(x) and (FV g) (x) = f (2) V g (x) for all z € S.

Let f,g and h be three fuzzy subsets of a ternary semigroup S. The product
fogohis a fuzzy subset of S defined by:

V (f@)Ag(y) Ah(z)) if there exist z,y,z € S

a=xyz

(fogoh)(a)= such that a = xyz,

0 otherwise,

A fuzzy subset f of a ternary semigroup S is called a fuzzy ternary subsemigroup
of S'if f (zyz) > min{f (), f (y), f ()} and is called fuzzy left (right, lateral) ideal
of S'if f(zyz) > f(2) (f (xyz) > f(x), f(xyz) > f(y)) for all z,y,z € S. A fuzzy
subset f of a ternary semigroup S is called a fuzzy ideal of S if it is a fuzzy left
ideal, fuzzy right ideal and fuzzy lateral ideal of S. A fuzzy subset f of a ternary
semigroup S is called a fuzzy quasi-ideal of S if

(oS o8)A(Sef 08) A(SoSef) < f,
(foSoS)A(S0SofoSoS)A(SoSof) < f

where S is the fuzzy subset of S mapping every element of S on 1.

A fuzzy subset f of a ternary semigroup S is called a fuzzy bi-ideal of S if it
is a fuzzy ternary subsemigroup of S and f (zuyvz) > min{f (z), f(y),f(2)}. A
fuzzy subset f of a ternary semigroup S is called a fuzzy generalized bi-ideal of S if

f (zuyvz) > min{f (x), f (y), f (2)} for all z,y, z,u,v € S.
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It is obvious that every fuzzy left (right, lateral) ideal of a ternary semigroup S
is a fuzzy quasi-ideal and every fuzzy quasi-ideal of S is a fuzzy bi-ideal and every
fuzzy bi-ideal of S is a fuzzy generalized bi-ideal of S, but the converse need not be
true.

Theorem 2.1 ([12]). The following conditions on a ternary semigroup S are equiv-
alent.

(1) S is regular.
(2) RNMNL=RML for every right ideal R, every lateral ideal M and every
left ideal L of S.

Theorem 2.2 ([11]). The following conditions on a ternary semigroup S are equiv-
alent.

(1) S is regular.
(2) BSBSB = B for every bi-ideal B of S.
(3) QSQSQ = Q for every quasi-ideal @ of S.

3. MAJOR SECTION

In this section we define anti fuzzy left (right, lateral) ideal, anti fuzzy quasi-
ideal, anti fuzzy bi-ideal and anti fuzzy generalized bi-ideal in ternary semigroups
and study some basic properties of these ideals.

Definition 3.1. A fuzzy subset f of a ternary semigroup S is called an anti fuzzy
ternary subsemigroup of S if

f(xyz) <max{f(x),f(y),f(2)} for all z,y,z € S.

Definition 3.2. A fuzzy subset f of a ternary semigroup S is called an anti fuzzy
left (right, lateral) ideal of S if

fayz) < f(2) (f (wyz) < f(2), f(zyz) < f(y)) forall z,y, 2 € 5.

A fuzzy subset f of a ternary semigroup S is called an anti fuzzy ideal of S if it
is an anti fuzzy left ideal, anti fuzzy right ideal and anti fuzzy lateral ideal of S.

Definition 3.3. An anti fuzzy ternary subsemigroup f of a ternary semigroup S
is called an anti fuzzy bi-ideal of S if it satisfies

f (wuyvz) < max{f (z), f (4) f ()} for all @,y,2,u,v € .

Definition 3.4. A fuzzy subset f of a ternary semigroup S is called an anti fuzzy
generalized bi-ideal of S if

f (zuyvz) < max {f (), f (4). f ()} for all 2,9, z,u,v € S,

Definition 3.5. For any fuzzy subset f of a ternary semigroup S and ¢ € [0,1],
the set
L(f;t)={zeS:f(x) <t}
is called the lower level cut of f.
Next we characterize anti fuzzy ternary subsemigroups left ( right, lateral, bi)

ideal of S by its lower level cuts.
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Theorem 3.6. A fuzzy subset f of a ternary semigroup S is an anti fuzzy ternary
subsemigroup of S if and only if @ # L (f;t) is a ternary subsemigroup of S for all
t €0,1].

Proof. Let f be an anti fuzzy ternary subsemigroup of S and z,y,z € L(f;t). Then

f(z) <t f(y) < tand f(z) < t. Since f(zyz) < max{f (), f (). (=)}, so
f (zyz) < max{t,t,t} = t. This implies that f (zyz) < t. Thus zyz € L(f;t) and
so L (f;t) is a ternary subsemigroup of S.

Conversely, assume that @ # L (f;t) is a ternary subsemigroup of S for all ¢ €
[0,1]. Suppose there exist x,y,z € S such that f (zyz) > max{f (z), f (v), f (2)}.
Choose t € [0,1] such that f(zyz) >t > max{f(x),f(y),f(2)}. Then z,y,z €
L(f;t) but zyz ¢ L(f;t), which is a contradiction. Thus

feyz) <max{f(z),f(y),f(2)}.

Hence f is an anti fuzzy ternary subsemigroup of S. O

Theorem 3.7. A fuzzy subset f of a ternary semigroup S is an anti fuzzy generalized
bi-ideal of S if and only if @ # L (f;t) is a generalized bi-ideal of S for allt € [0,1].
Proof. Let f be an anti fuzzy generalized bi-ideal of S and z,y,z € L(f;t). Then
f@) <t fy) <t f(2) <t Hence

fauyvz) <max {f (z),f(y),f(2)} < {t.t,t} =t
This implies that zuyvz € L (f;t). Thus L (f;t) is a generalized bi-ideal of S.

Conversely, assume that @ # L (f;t) is a generalized bi-ideal of S for all ¢ € [0, 1].
Suppose that there exist x,y, z,u,v € S such that

f(zuyvz) > max{f (z), f (y), f(2)}.

Choose t € [0, 1] such that f (zxuyvz) >t > max{f (x),f(y), f(z)}. Then z,y,z €
L(f;t) but zuyvz ¢ L(f;t), which is a contradiction. Hence

f(wuyvz) <max{f (), f(y),f(2)}.

Therefore f is an anti fuzzy generalized bi-ideal of S. O

Theorem 3.8. A fuzzy subset f of a ternary semigroup S is an anti fuzzy bi-ideal
of S if and only if @ # L (f;t) is a bi-ideal of S for all t € [0, 1].

Proof. Follows from Theorem 3.6 and Theorem 3.7. O

Theorem 3.9. A fuzzy subset f of a ternary semigroup S is an anti fuzzy left (right,
lateral) ideal of S if and only if @ # L(f;t) is a left (right, lateral) ideal of S for
all t € 10,1].

Proof. The proof is similar to the proof of Theorem 3.6. O

Theorem 3.10. A non-empty subset L of a ternary semigroup S is a left (right,
lateral) ideal of S if and only if the fuzzy subset f defined by

[t ifzeS\L,
f(z){ r if x € L.
is an anti fuzzy left (right, lateral) ideal of S, where t,r € [0,1], ¢t > 7.
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Proof. Suppose L is a left ideal of S and z,y,z € S. Let z € L. Then xyz € L.
Hence f (zyz) =7 = f(2). If 2z ¢ L, then f(z) =t > f(zyz). Hence f is an anti
fuzzy left ideal of S.

Conversely, assume that f is an anti fuzzy left ideal of S. Let z € L and z,y € S.
Then f (zyz) < f(z) = r. This implies that f (zyz) = r, that is zyz € L. Hence L
is a left ideal of S. d

The following theorems can be proved in a similar fashion.

Theorem 3.11. A non-empty subset A of a ternary semigroup S is a ternary sub-
semigroup of S if and only if the fuzzy subset f of S defined by

{t if ze S\ A,

flz) = r if x e A

is an anti fuzzy ternary subsemigroup of S, where t,r € [0,1], ¢t >r.

Theorem 3.12. A non-empty subset A of a ternary semigroup S is a generalized
bi-ideal (bi-ideal) of S if and only if the fuzzy subset f of S defined by

[t ifzeS\A4,
f(x){r if zeA.

is an anti fuzzy generalized bi-ideal (bi-ideal) of S, where t,r € [0,1], t > r.

Remark 3.13. From the above theorems we conclude that a non-empty subset A
of a ternary semigroup S is a left (right, lateral, bi, generalized bi) ideal of S if and
only if the characteristic function of the complemet of A, that is C'4c is an anti fuzzy
left (right, lateral, bi-, generalized bi) ideal of S.

Lemma 3.14. Union of any family of anti fuzzy left (right, lateral) ideals of a
ternary semigroup S is an anti fuzzy left (right, lateral) ideal of S.

Proof. Let {f;} be a family of anti fuzzy left ideals of a ternary semigroup S.

iel
Then
(\/ ﬁ-) (wyz) = \/ (fi (wy2)) < \/ (fi (2) = (\/ fl-) (2).
iel i€l i€l i€l
Hence \/,; fi is an anti fuzzy left ideal of S. O

Lemma 3.15. Intersection of any family of anti fuzzy left (right, lateral) ideals of
a ternary semigroup S is an anti fuzzy left (right, lateral) ideal of S.

Proof. Let {fi};c; be a family of anti fuzzy left ideals of a ternary semigroup S.

Then
( A ﬁ-) (ay2) = N\ (f: (ay2) < N\ (fi (2)) = ( A ﬁ-) (2).
iel iel iel iel
Hence A f; is an anti fuzzy left ideal of S. d

icl
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Definition 3.16. Let f, g, h be any three fuzzy subsets of a ternary semigroup S.
Then their product f % g h is defined by

N (f(p)Vg(q)Vh(r)) ifthere exist p,q,r € S
a=pqr
(fxgx*h)(a)= such that a = pqr,

1 otherwise,
forall a € S.

Theorem 3.17. The product of three anti fuzzy left (right, lateral) ideals of a ternary
semigroup S is again an anti fuzzy left (right, lateral) ideal of S.

Proof. Let f,g,h be three anti fuzzy left ideals of a ternary semigroup S. Then

(frgxh)(z)= N {f@p h(r)}

z=par
If z = pqr, then xy (pqr) = (xyp) qr, since f is an anti fuzzy left ideal of S. Hence
f(xyp) < f (p), and thus

(fxg=*h)(2)

N\ {f®)Va(@Vh(r)}

zZ=pqr

N\ A (@yp) Vgl Vh(r)}

z=pqr
= N F@vg®)Vvh()}
xyz=abc
= (frgxh)(zyz).
Hence (f xgx*h) (z) > (fxg*h)(zyz). If z is not expressible as z = pqr, then
(fxg*h)(2) =1> (f+xg=h)(xyz). Hence f *gx*h is an anti fuzzy left ideal of
S. O

Y

Theorem 3.18. Let f be an anti fuzzy right ideal, g an anti fuzzy lateral ideal and
h an anti fuzzy left ideal of a ternary semigroup S. Then

fxgxh>fVgVh.
Proof. Let f be an anti fuzzy right ideal of S, g an anti fuzzy lateral ideal and h an
anti fuzzy left ideal of S. If x is not expressible as x = abc, then
(frgxh)(x)=1=(fVgVh)(zx).
If « is expressible as © = abc, then

(fxgxh)(x) = N {f(@Vg®) Vhi()}

r=abc

/\ {f (abe) v g (abc) v h (abe)}

z=abc

— A\ @V Vi)

r=abc
= (fvgVvh)(z).
Thus fxgxh> fVgVh. U
232
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Theorem 3.19. Let [ be an anti fuzzy right ideal and g an anti fuzzy left ideal of
a ternary semigroup S. Then f*Oxg > fVg.

Where O is the fuzzy subset of S mapping every element of S on 0.

Proof. Let f be an anti fuzzy right ideal and g an anti fuzzy left ideal of S. Let
a € S. If a is not expressible as a = xyz for some z,y, z € S, then

(f*xOxg)(a) =1=(fVyg)(a).
If @ is expressible as a = zyz for some x,y, 2z € S, then

(fx0xg)(@) = N {f(@) VO Vvg(2)}

a=zyz

N\ {f (@yz) vg (zy2)}

a=zyz

= A\ (f@vg(a)

= (Vo) ().
Thus f*xOxg > fVg. O

v

Theorem 3.20. A fuzzy subset f of a ternary semigroup S is an anti fuzzy ternary
subsemigroup of S if and only if

fef=f=F
Proof. Suppose f is an anti fuzzy ternary subsemigroup of S and = € S. Then

(frfxfH@) = N {F@VFOVI)}

r=abc

> A flab)=f ().

r=abc

If 2 is not expressible as @ = abe for all a,b,c € S, then (fx f« f)(x) =1> f(x).
Hence f* f* f> f.
Conversely, assume that fx f* f > f. Then for all z,y,z € S, we have
flzyz) < (f*[fxf)(zyz)
= N {f@vrovieE)l

zyz=abc
< f@VIVE(z).
Hence f is an anti fuzzy ternary subsemigroup of S. 0

Theorem 3.21. A fuzzy subset f of a ternary semigroup S is an anti fuzzy left
(right, lateral) ideal of S if and only if Ox Oxf > f ( fxOxO > f, OxfxO >f ).

Where O is the fuzzy subset of S mapping every element of .S on 0.
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Proof. Suppose f is an anti fuzzy left ideal of S and x € S. Then

(0x0+f)(z) = N {0 (@Y= A f
r=abc r=abc
> N\ fl(abe) = f ().
rx=abc

If = is not expressible as © = abc for all a,b,c € S, then
(OxOxf) () =1> f(x).

Hence O x Oxf > f.
Conversely, assume that O « Oxf > f. Let z,y,z € S. Then

flwyz) < (O*O*f)(xyZ)
N\ {0@vo V()

zyz=abc

= A flo<

zyz=abc

This completes the proof. O

Definition 3.22. A fuzzy subset f of a ternary semigroup S is called an anti fuzzy
quasi-ideal of S if it satisfies

(i) f(x) <max{(f+Ox0O)(x), (Oxf+0)(x), (Ox0Ox«f)(x)},
(i) f(z) <max{(f*Ox0O)(z), (OxOxfxO*0)(x), (O*Oxf)(x)}.

Theorem 3.23. A fuzzy subset f of a ternary semigroup S is an anti fuzzy quasi-
ideal of S if and only if @ # L (f;t) is a quasi-ideal of S for all t € [0, 1].

Proof. Suppose f is an anti fuzzy quasi-ideal of S and a € SSL (f;t)NSL(f;t)SN
L(f;t)SS. Then there exist z,y,z € L(f;t) and r,s,p,q,u,v € S such that
a =pgx =rys = zuv. Thus f(x) <t, f(y) <t, f(z) <t

(0+0xf)(a) = N {O( Vv f(e)}

a=cde

< O(VO(@V[f(r)=flz) <t
(f+0x0)(a) = N\ {fO)vVO(m)vO(n)}

a=lmn
< {fEVOVOoW)}=/[(z)<t
and
(Ofx0) (@) = N\ {O@)Vf () VO (k)}
a=ijk
< {0V (W) VO(s)} = f(y) <t
Hence f (a) < max{(f+ O« O) (x), (Oxf+0) (), (O+Oxf)(2)} < t. Thus a €

L(f;t),s0 SSL(f;t)NSL(f;t)SNL(f;t)SS CL(f;t).
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Now, let a € (SSL(f;t)) N (SSL(f;t)SS) N (L(f;t)SS). Then there exist

x,y,z € L(f;t) and p,q,r,s,t,u,v,w € S such that a = pgx = zuv = rsylw. Now,
(O xOxfxO*0)(a) = /\ {O ) VO () VS (d)VO (e) VO (m)}
a=bcdem
< {0 VO () VI () vO (VO (w)} = fy) <t

Hence (a) < max {(f + 0+ O) (a), (O Oxfx050)(a), (O Oxf)(a)} < t. Thus
a € L(f;t). Hence (SSL (f;t))N(SSL(f;t) SS)N(L(f;t)SS) C L(f;t). Therefore
L (f;t) is a quasi-ideal of S.

Conversely, assume that @ # L (f;t) is a quasi-ideal of S for all ¢ € [0,1]. Let
a € S be such that max {(f * O xO) (a), (Oxf*xO0)(a), (OxOxf)(a)} < f(a).
Choose t € [0,1] such that

max {(f * O xO0)(a), (Oxf*x0)(a), (OxOxf)(a)} <t < f(a).

Then (f*Ox0)(a) < t implies a € L(f;t)SS, (OxfxO)(a) < t implies a €
SL(f;t)S and (O * Oxf)(a) < t implies a € SSL(f;t). This implies that a €
(SSL(f;t)NSL(f;t)SNL(f;t)SS C L(f;t). This implies that f (a) < ¢. Which
is a contradiction. Hence max{(f * O O)(a), (Oxf+0O)(a), (O*Oxf)(a)} >
f(a). Thus f is an anti fuzzy quasi-ideal of S. O

Theorem 3.24. A non-empty subset Q of a ternary semigroup S is a quasi-ideal
of S if and only if the fuzzy subset f defined by

[t ifzeS\Q,
f(:c){ r if x € Q.

is an anti fuzzy quasi-ideal of S, where r,t € [0,1], such that t > r.
Proof. Similar to the proof of Theorem 3.10. O

Remark 3.25. From the above theorems we conclude that a non-empty subset @ of
a ternary semigroup S is a quasi-ideal of S if and only if the characteristic function
of the complement of @, that is, Cg. is an anti fuzzy quasi-ideal of S.

Theorem 3.26. Every anti fuzzy left (right, lateral) ideal of a ternary semigroup S
is an anti fuzzy quasi-ideal of S.

Proof. Let f be an anti fuzzy left ideal of S. Then
max {(f * O 0) (z), (Oxf«0)(z), (OxOxf)(z)}
> (0% O0xf) (x) = f(z).
Similarly
max {(f * O 0) (x), (O Oxfx0x0)(x), (OxO«f)(x)}
2 (0% 0xf)(x) = f(x).
Thus f is an anti fuzzy quasi-ideal of S. g

Theorem 3.27. Fvery anti fuzzy quasi-ideal of a ternary semigroup S is an anti
fuzzy bi-ideal of S.
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Proof. Suppose f is an anti fuzzy quasi-ideal of S. Then
fayz) <{(f x O *0) (zyz) V (Oxf+0) (xyz) V (O« Oxf) (xyz)}

A {fl@vopvol N {0 Vf(g)vo (T)}]

ryz=abc TYz=pqr
v A {ovom)vfn)y
zyz=lmn
<{f@)VvO(y)vO ()} V{0 (@) Vf(y) VO ()} V{0 (z) VO (y) Vv f(2)}
=f@) VIV
This implies that f (zyz) < max{f (z),f (y),f(2)}. Also,

f (xuyvz) <{(f * O x O) (zuyvz) V (O x Oxf+O x O) (zuyvz) V (O * Oxf) (zuyvz)}

= [ N {F@)VvO(bed)vO(e)}

zuyvz=abcde

vl A {O(ID)VO(q)Vf(T)VO(S)VO(t)}l

TUYvz=pqrst

\Y

N\ {oGik)vo@)vf (m)}]

zuyvz=ijklm
<A{f (@) VO (uyv) VO (2)} V{0 (z) VO (u) Vf (y) VO (v) VO (2)}
VA{O (x) VO (uyv) V [ (2)}

=f@)V Vi),
This implies that f (zuyvz) < max{f(z),f(y),f(2)}. Thus f is an anti fuzzy
bi-ideal of S. d

Corollary 3.28. Ewvery anti fuzzy left (right, lateral) ideal of a ternary semigroup
S is an anti fuzzy bi-ideal of S.

Proof. Follows from Theorem 3.26 and Theorem 3.27. 0

4. REGULAR TERNARY SEMIGROUPS

In this section we are characterizing the regular ternary semigroups by the prop-
erties of their anti fuzzy ideals, anti fuzzy quasi-ideals, anti fuzzy bi-ideals and anti
fuzzy generalized bi-ideals.

Theorem 4.1. For a ternary semigroup S, the following conditions are equivalent.
(1) S is regular.
(2) (fVgVh)=[fxgxh for every anti fuzzy right ideal f and every anti fuzzy
lateral ideal g and every anti fuzzy left ideal h of S.
236
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Proof. (1) = (2) Let f be an anti fuzzy right ideal, g an anti fuzzy lateral ideal and
h an anti fuzzy left ideal of S. Then by Theorem 3.18 fxg«+h > fV gV h. Let
a € S. Then there exists € S such that ¢ = axza = a (xax) a. Thus we have

(fxgxh) = N {f®Vg@Vvh(r)}
{f(a)V g(zax) VvV h(a)}
{f(@)Vvg(a)Vvh(a)}
(fvgVvh)(a).

Thus fxg*xh < fVgVh. Hence fxgxh=fVgVh.

(2) = (1) In order to show that S is regular, we shall show that RNMNL = RML
for every right ideal R, every lateral ideal M and every left ideal L of S. Since
RML C RNMNL always holds. We only show that RNMNL C RML. Suppose on
contrary that there exist a € RN M N L such that a ¢ RM L. Then by Remark 3.13,
the characteristic functions Cre, Cpre and Cpe are anti fuzzy right ideal, anti fuzzy
lateral ideal and anti fuzzy left ideal of S, respectively. Since a € RN M N L. This
implies that a € R, a € M and a € L. Thus Cge (a) = Cpye (a) = Cpe (a) = 0, also
since a ¢ RM L. This implies that there does not exist x,y, z € S such that a = zyz.
Thus (Cge * Cpre * CLe) (a) = 1. Which is a contradiction to the hypothesis. Thus
RNMNL C RML. Hence RONMNL = RM L. Thus by Theorem 2.1 S is regular. [

IAIA

Theorem 4.2. For a ternary semigroup S, the following conditions are equivalent.

(1) S is regular.

(2) f=fxOxf+xOx [ for every anti fuzzy generalized bi-ideal f of S.
(3) f=f*xOxf+xOxf for every anti fuzzy bi-ideal f of S.

(4) f=f*xOxfxOx [ for every anti fuzzy quasi-ideal f of S.

Proof. (1) = (2) Let f be an anti fuzzy generalized bi-ideal of S and a € S. Since
S is regular, so there exist « € S such that @ = axa = azxaza

(f+Oxfx0xf)(a) = N\ {f®IVO(QVF(r)VO(s)Vf(t)}
< {f@VO@Vf@Vvo(x)Vf(a)}=f(a).

Thus f* O« f+« O« f < f. Since f is an anti fuzzy generalized bi-ideal of 5, so
fxOxfxOxf>f Hence f=f+«Oxf*x0Oxf.

It is clear that (2) = (3) = (4).

(4) = (1) Let A be any quasi-ideal of S. Then

ASASA C (ASS) N (SSASS)N (SSA) C A

because A is a quasi-ideal of S. By Remark 3.25, C4c is an anti fuzzy quasi-ideal

of S. Let a € A. Then Cyc(a) = 0. If a ¢ ASASA, then there does not exist

D,q,7,s,t € A such that a = pgrst. Thus ((Cae * O Cye) x O % Cac) (a) = 1, which

is a contradiction. So ASASA C A. Thus ASASA = A. By Theorem 2.2, S is

regular. U
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