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1. Introduction

The notion of (m,n)-ideal of a semigroup was introduced by Lajos [12, 13, 14].
Later (m,n)-quasi-ideals and (m,n)-bi-ideals and generalized (m,n)-bi-ideals were
studied in various algebraic structures (see [1] and [2]).

The notion of a rough set was originally proposed by Pawlak [15, 16] as a formal
tool for modeling and processing incomplete information in information systems.
Some authors studied the algebraic properties of rough sets. Biswas and Nanda [4],
introduced the notion of rough subgroups. Kuroki, in [10], introduced the notion of
a rough ideal in a semigroup. Jun applied the rough set theory to BCK-algebras [7].
Aslam et al. [3] introduced the concept of roughness in left almost semigroups. And
Davvaz applied the rough set theory to rings [6]. Kuroki and Mordeson [11], Xiao and
Zhang [17], Zhang and Wu [18] and Chinram [5] presented many results on roughness
in different structures. Michiro Kondo [9], studied the structure of generalized rough
sets. Kondo consider some fundamental properties of generalized rough sets induced
by binary relations and do not restrict the universe to be finite. Later Kim and Kim
[8] studied the generalized rough sets and relations. In this paper, we have introduced
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the notion of rough (m, 0)-ideals (rough (0, n)-ideals), generalized rough (m, 0)-ideals
(generalized rough (0, n)-ideals), rough (m,n)-bi-ideals (generalized rough (m,n)-bi-
ideals) and rough m-left ideals (generalized rough m-left ideals), which are extended
notions of (m, 0)-ideals, (0, n)-ideals, (m,n)-bi-ideals, m-left ideals and n-right ideals
in semigroups.

2. Rough subsets in semigroups

Let S be a semigroup and ρ be a congruence relation on S, that is, ρ is an
equivalence relation on S such that

(a, b) ∈ ρ implies (ax, bx) ∈ ρ and (xa, xb) ∈ ρ

for all a, b, x ∈ S. If ρ is a congruence relation on S, then for every x ∈ S, [x]ρ
denotes the congruence class of x with respect to the relation ρ.

A congruence ρ on S is called complete if [a]ρ[b]ρ = [ab]ρ for all a, b ∈ S.
Let A be a nonempty subset of a semigroup S. Then the sets

ρ−(A) =
{

x ∈ S : [x]ρ ⊆ A
}

and ρ−(A) =
{

x ∈ S : [x]ρ ∩A 6= φ
}

are called ρ-lower and ρ-upper approximations of A, respectively. For a nonempty
subset A of S, ρ(A) = (ρ−(A), ρ−(A)) is called a rough set with respect to ρ if
ρ−(A) 6= ρ−(A).

Theorem 2.1 ([10]). Let ρ be a congruence relation on a semigroup S. If A and B
are nonempty subsets of S, then

ρ−(A ∩B) = ρ−(A) ∩ ρ−(B).

Theorem 2.2 ([10]). Let ρ be a congruence relation on a semigroup S. If A and B
are nonempty subsets of S, then

ρ−(A)ρ−(B) ⊆ ρ−(AB).

Theorem 2.3 ([10]). Let ρ be a complete congruence relation on a semigroup S. If
A and B are nonempty subsets of S, then

ρ−(A)ρ−(B) ⊆ ρ−(AB).

Let S be a semigroup and ρ be a congruence relation on S. Then a subset A of a
semigroup S is called a ρ-upper rough subsemigroup of S if ρ−(A) is a subsemigroup
of S. Similarly a subset A of a semigroup S is called a ρ-lower rough subsemigroup of
S if ρ−(A) is a subsemigroup of S. A subset A of a semigroup S is called a ρ-upper
rough left [right, two-sided] ideal of S if ρ−(A) is a left [right, two-sided] ideal of S.
Similarly a subset A of a semigroup S is called a ρ-lower rough left [right, two-sided]
ideal of S if ρ−(A) is a left [right, two-sided] ideal of S.

Theorem 2.4 ([10]). Let ρ be a congruence relation on a semigroup S. Then
(1) If A is a subsemigroup of S, then ρ−(A) is a subsemigroup of S.
(2) If A is a left [right, two-sided] ideal of S, then ρ−(A) is a left [right, two-

sided] ideal of S.

Theorem 2.5 ([10]). Let ρ be a complete congruence relation on a semigroup S.
Then
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(1) If A is a subsemigroup of S, then ρ−(A) is, if it is nonempty, a subsemigroup
of S.

(2) If A be a left [right, two-sided] ideal of S, then ρ−(A) is, if it is nonempty,
a left [right, two-sided] ideal of S.

Lemma 2.6. Let ρ be a congruence relation on a semigroup S. Then for a nonempty
subset A of S

(1) (ρ−(A))n ⊆ ρ−(An) for all n ∈ N.
(2) If ρ is complete, then (ρ−(A))n ⊆ ρ−(An) for all n ∈ N.

3. Generalized rough subsets in semigroups

Let X be a nonempty set and θ be a binary relation on X. By P(X) we mean
the power set of X. For all A ⊆ X, we define θ− and θ+ : P(X) −→ P(X) by

θ−(A) = {x ∈ X : ∀ y, xθy ⇒ y ∈ A} = {x ∈ X : θN(x) ⊆ A}

and

θ+(A) = {x ∈ X : ∃ y ∈ A, such that xθy} = {x ∈ X : θN(x) ∩A 6= φ}.

Where θN(x) = {y ∈ X : xθy}. θ−(A) and θ+(A) are called the θ-lower approxima-
tion and the θ-upper approximation operations, respectively (see [9]).

Example 3.1. Let X = {a, b, c} and θ = {(a, a), (b, b), (b, c), (c, a), (c, b), (c, c)}.
Then θN(a) = {a}; θN(b) = {b, c}; θN(c) = {a, b, c}; θ−({a}) = {a}; θ−({b}) = φ;
θ−({c}) = φ; θ−({a, b}) = {a}; θ−({a, c}) = {a}; θ−({b, c}) = {b}; θ−({a, b, c}) =
{a, b, c}; θ+({a}) = {a, c}; θ+({b}) = {b, c}; θ+({c}) = {b, c}; θ+({a, b}) =
{a, b, c}; θ+({a, c}) = {a, b, c}; θ+({b, c}) = {b, c}; θ+({a, b, c}) = {a, b, c}.

Theorem 3.2. Let θ be a reflexive, transitive and compatible relation on a semigroup
S. If A and B are nonempty subsets of S. Then

θ−(A ∩B) = θ−(A) ∩ θ−(B).

Proof. Let a ∈ θ−(A ∩B). Then θN(a) ⊆ A ∩B. Thus

θN(a) ⊆ A and θN(a) ⊆ B

⇐⇒ a ∈ θ−(A) and a ∈ θ−(B)

⇐⇒ a ∈ θ−(A) ∩ θ−(B).

Thus θ−(A ∩B) = θ−(A) ∩ θ−(B). �

Theorem 3.3. Let θ be a reflexive, transitive and compatible relation on a semigroup
S. If A and B are nonempty subsets of S. Then

θ+(A)θ+(B) ⊆ θ+(AB).

Proof. Let c be any element of θ+(A)θ+(B). Then c = ab where a ∈ θ+(A) and
b ∈ θ+(B). Thus there exist elements x, y ∈ S such that x ∈ A and aθx and y ∈ B
and bθy. Since θ is compatible relation on S, so abθxy. As xy ∈ AB, so we have
c = ab ∈ θ+(AB). Thus θ+(A)θ+(B) ⊆ θ+(AB). �
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Definition 3.4. Let θ be a transitive and compatible relation on a semigroup S.
Then for each a, b ∈ S, θN(a)θN(b) ⊆ θN(ab). If θN(a)θN(b) = θN(ab), then θ is
called complete compatible relation.

Theorem 3.5. Let θ be a reflexive, transitive and complete compatible relation on
a semigroup S and A, B are nonempty subsets of S. Then

θ−(A)θ−(B) ⊆ θ−(AB).

Proof. Let c be any element of θ−(A)θ−(B). Then c = ab where a ∈ θ−(A) and
b ∈ θ−(B). Thus we have θN(a) ⊆ A and θN(b) ⊆ B. Since θ is complete compatible
relation on S, so we have θN(ab) = θN(a)θN(b) ⊆ AB, which implies that ab ∈
θ−(AB). Thus θ−(A)θ−(B) ⊆ θ−(AB). �

Let θ be a reflexive, transitive and compatible relation on a semigroup S. Then
a nonempty subset A of S is called a generalized θ-upper rough subsemigroup of
S if θ+(A) is a subsemigroup of S and A is called a generalized θ-lower rough
subsemigroup of S if θ−(A) is a subsemigroup of S

Theorem 3.6. Let θ be a reflexive, transitive and compatible relation on a semigroup
S. Then

(1) If A is a subsemigroup of S, then A is a generalized θ-upper rough subsemi-
group of S.

(2) If θ is complete, then for a subsemigroup A of S, θ−(A) is, if it is nonempty,
a subsemigroup of S.

Proof. (1) Let A be a subsemigroup of S. Then by Theorem 3.3, we have

θ+(A)θ+(A) ⊆ θ+(AA) ⊆ θ+(A).

Thus θ+(A) is a subsemigroup of S, that is A is a generalized θ-upper rough sub-
semigroup of S.

(2) Let A be a subsemigroup of S. Then by Theorem 3.5, we have

θ−(A)θ−(A) ⊆ θ−(AA) ⊆ θ−(A).

Thus θ−(A), if it is nonempty, is a subsemigroup of S. �

Lemma 3.7. Let θ be a reflexive, transitive and compatible relation on a semigroup
S, then for a nonempty subset A of S

(1) (θ+(A))n ⊆ θ+(An) for all n ∈ N.
(2) If θ is complete, then (θ−(A))n ⊆ θ−(An) for all n ∈ N.

4. Rough (m,n)-bi-ideals in semigroups

Definition 4.1 ([1]). A subset A of a semigroup S is called an (m, 0)-ideal ((0, n)-
ideal) if AmS ⊆ A (SAn ⊆ A).

A subset A of a semigroup S is called a ρ-upper rough (m, 0)-ideal ((0, n)-ideal) of
S if ρ−(A) is an (m, 0)-ideal ((0, n)-ideal) of S. Similarly a subset A of a semigroup
S is called a ρ-lower rough (m, 0)-ideal ((0, n)-ideal) of S if ρ−(A) is an (m, 0)-ideal
((0, n)-ideal) of S.
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Theorem 4.2. Let ρ be a congruence relation on a semigroup S. If A is an (m, 0)-
ideal ((0, n)-ideal) of S. Then

(1) ρ−(A) is an (m, 0)-ideal ((0, n)-ideal) of S.
(2) If ρ is complete, then ρ−(A) is, if it is nonempty, an (m, 0)-ideal ((0, n)-

ideal) of S.

Proof. (1) Let A be an (m, 0)-ideal of S, that is, AmS ⊆ A. Note that ρ−(S) = S.
Then by Theorem 2.2 and Lemma 2.6(1), we have(

ρ−(A)
)m

S ⊆ ρ−(Am)ρ−(S) ⊆ ρ−(AmS) ⊆ ρ−(A).

This shows that ρ−(A) is an (m, 0)-ideal of S, that is, A is an ρ-upper rough (m, 0)-
ideal of S. Similarly we can show that ρ-upper approximation of a (0, n)-ideal is a
(0, n)-ideal of S.

(2) Let A be an (m, 0)-ideal of S, that is, AmS ⊆ A. Note that ρ−(S) = S. Then
by Theorem 2.3 and Lemma 2.6(2), we have

(ρ−(A))m
S ⊆ ρ−(Am)ρ−(S) ⊆ ρ−(AmS) ⊆ ρ−(A).

This shows that ρ−(A) is an (m, 0)-ideal of S, that is, A is a ρ-lower rough (m, 0)-
ideal of S. Similarly we can show that ρ-lower approximation of a (0, n)-ideal is a
(0, n)-ideal of S. �

Definition 4.3 ([1]). A subsemigroup A of a semigroup S is called an (m,n)-bi-ideal
of S if AmSAn ⊆ A.

A subset A of a semigroup S is called a ρ-upper [ρ-lower] rough (m,n)-bi-ideal
of S if ρ−(A) [ρ−(A)] is an (m,n)-bi-ideal of S.

Theorem 4.4. Let ρ be a congruence relation on a semigroup S. If A is an (m,n)-
bi-ideal of S, then it is a ρ-upper rough (m,n)-bi-ideal of S.

Proof. Let A be an (m,n)-bi-ideal of S. Then by Theorem 2.2 and Lemma 2.6(1),
we have

(ρ−(A))mS(ρ−(A))n ⊆ ρ−(Am)ρ−(S) ρ−(An)
⊆ ρ−(AmS) ρ−(An)
⊆ ρ−(AmSAn)
⊆ ρ−(A).

From this and Theorem 2.4(1), we obtain that ρ−(A) is an (m,n) bi-ideal of S, that
is, A is a ρ-upper rough (m,n)-bi-ideal of S. �

Theorem 4.5. Let ρ be a complete congruence relation on a semigroup S. If A is
an (m,n)-bi-ideal of S, then ρ−(A) is, if it is nonempty, an (m,n)-bi-ideal of S.

Proof. Let A be an (m,n)-bi-ideal of S. Then by Theorem 2.3 and Lemma 2.6(2),
we have

(ρ−(A))mS(ρ−(A))n ⊆ ρ−(Am)ρ−(S)ρ−(An)
⊆ ρ−(AmS) ρ−(An)
⊆ ρ−(AmSAn)
⊆ ρ−(A).
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From this and Theorem 2.5(1), we obtain that ρ−(A) is, if it is nonempty, an (m,n)-
bi-ideal of S. �

Definition 4.6 ([1]). A subset A of a semigroup S is called a generalized (m,n)-
bi-ideal of S if AmSAn ⊆ A.

A subset A of a semigroup S is called a ρ-upper [ρ-lower] rough generalized
(m,n)-bi-ideal of S if ρ−(A) [ρ−(A)] is a generalized (m,n)-bi-ideal of S.

Theorem 4.7. Let ρ be a congruence relation on a semigroup S. If A is a generalized
(m,n)-bi-ideal of S, then it is a ρ-upper rough generalized (m,n)-bi-ideal of S.

Proof. The proof of this theorem is similar to the proof of Theorem 4.4. �

Theorem 4.8. Let ρ be a complete congruence relation on a semigroup S. If A
is a generalized (m,n)-bi-ideal of S, then ρ−(A) is, if it is nonempty, a generalized
(m,n)-bi-ideal of S.

Proof. The proof of this theorem is similar to the proof of Theorem 4.5. �

Definition 4.9 ([2]). A subset A of a semigroup S is called an m-left ideal (n-right
ideal) of S if SmA ⊆ A (ASn ⊆ A).

A subset A of a semigroup S is called a ρ-upper rough m-left ideal (ρ-upper rough
n-right ideal) of S if ρ−(A) is an m-left ideal (n-right ideal) of S. Similarly a subset
A of a semigroup S is called a ρ-lower rough m-left ideal (ρ-lower rough n-right
ideal) of S if ρ−(A) is an m-left ideal (n-right ideal) of S.

Theorem 4.10. Let ρ be a congruence relation on a semigroup S. If A is an m-left
ideal (n-right ideal) of S, then

(1) ρ−(A) is an m-left ideal (n-right ideal) of S.
(2) If ρ is complete, then ρ−(A) is, if it is nonempty, an m-left ideal (n-right

ideal) of S.

Proof. (1) Let A be an m-left ideal of S, that is, SmA ⊆ A. Then by Theorem 2.2
and Lemma 2.6(1), we have

Smρ−(A) = (ρ−(S))mρ−(A) ⊆ ρ−(Sm)ρ−(A) ⊆ ρ−(SmA) ⊆ ρ−(A).

This shows that ρ−(A) is an m-left ideal of S, that is, A is an ρ-upper rough m-left
ideal of S. Similarly we can show that ρ-upper approximation of a n-right ideal is a
n-right ideal of S.

(2) Let A be an m-left ideal of S, that is, SmA ⊆ A. Then by Theorem 2.3 and
Lemma 2.6(2), we have

Smρ−(A) = (ρ−(S))mρ−(A) ⊆ ρ−(Sm)ρ−(A) ⊆ ρ−(SmA) ⊆ ρ−(A).

This shows that ρ−(A) is an m-left ideal of S, that is, A is a ρ-lower rough m-left
ideal of S. Similarly we can show that ρ-lower approximation of an n-right ideal is
an n-right ideal of S. �
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5. Generalized rough (m,n)-bi-ideals in semigroups

Let θ be a reflexive, transitive and complete compatible relation on a semigroup
S. A subset A of a semigroup S is called a generalized θ-upper rough (m, 0)-ideal
((0, n)-ideal) of S if θ+(A) is an (m, 0)-ideal ((0, n)-ideal) of S. Similarly a subset A
of a semigroup S is called a generalized θ-lower rough (m, 0)-ideal ((0, n)-ideal) of S
if θ−(A) is an (m, 0)-ideal ((0, n)-ideal) of S.

Theorem 5.1. Let θ be a reflexive, transitive and compatible relation on a semigroup
S. If A is an (m, 0)-ideal ((0, n)-ideal) of S. Then

(1) θ+(A) is an (m, 0)-ideal ((0, n)-ideal) of S.
(2) If θ is complete, then θ−(A) is, if it is nonempty, an (m, 0)-ideal ((0, n)-

ideal) of S.

Proof. (1) Let A be an (m, 0)-ideal of S, that is, AmS ⊆ A. Then by Theorem 3.3
and Lemma 3.7(1), we have

(θ+(A))m
S ⊆ θ+(Am)θ+(S) ⊆ θ+(AmS) ⊆ θ+(A).

This shows that θ+(A) is an (m, 0)-ideal of S, that is, A is a generalized θ-upper
rough (m, 0)-ideal of S. Similarly we can show that generalized θ-upper approxima-
tion of a (0, n)-ideal is a (0, n)-ideal of S.

(2) Let A be an (m, 0)-ideal of S, that is, AmS ⊆ A. Then by Theorem 3.5 and
Lemma 3.7(2), we have

(θ−(A))m
S ⊆ θ−(Am)θ−(S) ⊆ θ−(AmS) ⊆ θ−(A).

This shows that θ−(A) is an (m, 0)-ideal of S, that is, A is a generalized θ-lower rough
(m, 0)-ideal of S. Similarly we can show that generalized θ-lower approximation of
a (0, n)-ideal is a (0, n)-ideal of S. �

A subset A of a semigroup S is called a generalized θ-upper [generalized θ-lower]
rough (m,n)-bi-ideal of S if θ+(A) [θ−(A)] is an (m,n)-bi-ideal of S.

Theorem 5.2. Let θ be a reflexive, transitive and compatible relation on a semigroup
S. If A is an (m,n)-bi-ideal of S, then it is a generalized θ-upper rough (m,n)-bi-
ideal of S.

Proof. Let A be an (m,n)-bi-ideal of S. Then by Theorem 3.3 and Lemma 3.7(1),
we have

(θ+(A))mS(θ+(A))n ⊆ θ+(Am)θ+(S) θ+(An)
⊆ θ+(AmS) θ+(An)
⊆ θ+(AmSAn)
⊆ θ+(A).

From this and Theorem 3.6(1), we obtain that θ+(A) is an (m,n)-bi-ideal of S, that
is, A is a generalized θ-upper rough (m,n)-bi-ideal of S. �

Theorem 5.3. Let θ be a reflexive, transitive and complete compatible relation on
a semigroup S. If A is an (m,n)-bi-ideal of S, then ρ−(A) is, if it is nonempty, an
(m,n)-bi-ideal of S.
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Proof. Let A be an (m,n)-bi-ideal of S. Then by Theorem 3.5 and Lemma 3.7(2),
we have

(θ−(A))mS(θ−(A))n ⊆ θ−(Am)θ−(S)θ−(An)
⊆ θ−(AmS) θ−(An)
⊆ θ−(AmSAn)
⊆ θ−(A).

From this and Theorem 3.6(2), we obtain that θ−(A) is, if it is nonempty, an (m,n)-
bi-ideal of S. �

A subset A of a semigroup S is called a generalized θ-upper rough m-left ideal
(generalized θ-upper rough n-right ideal) of S if θ+(A) is an m-left ideal (n-right
ideal) of S. Similarly a subset A of a semigroup S is called a generalized θ-lower
rough m-left ideal (generalized lower rough n-right ideal) of S if θ−(A) is an m-left
ideal (n-right ideal) of S.

Theorem 5.4. Let θ be a reflexive, transitive and compatible relation on a semigroup
S. If A is an m-left ideal (n-right ideal) of S. Then

(1) θ+(A) is an m-left ideal (n-right ideal) of S.
(2) If θ is complete, then θ−(A) is, if it is nonempty, an m-left ideal (n-right

ideal) of S.

Proof. (1) Let A be an m-left ideal of S, that is, SmA ⊆ A. Then by Theorem 3.3
and Lemma 3.7(1), we have

Smθ+(A) = (θ+(S))mθ+(A) ⊆ θ+(Sm)θ+(A) ⊆ θ+(SmA) ⊆ θ+(A).

This shows that θ+(A) is an m-left ideal of S, that is, A is a generalized θ-upper rough
m-left ideal of S. Similarly we can show that generalized θ-upper approximation of
a n-right ideal is a n-right ideal of S.

(2) Let A be an m-left ideal of S, that is, SmA ⊆ A. Then by Theorem 3.5 and
Lemma 3.7(2), we have

Smθ−(A) = (θ−(S))mθ−(A) ⊆ θ−(Sm)θ−(A) ⊆ θ−(SmA) ⊆ θ−(A).

This shows that θ−(A) is an m-left ideal of S, that is, A is a generalized θ-lower rough
m-left ideal of S. Similarly we can show that generalized θ-lower approximation of
a n-right ideal is a n-right ideal of S. �

6. Rough and generalized rough (m,n)-quasi-ideals in semigroups

A nonempty subset Q of a semigroup S is called a quasi-ideal of S if SQ∩QS ⊆ Q.
A subset Q of a semigroup S is called a ρ-lower [generalized θ-lower] rough quasi-ideal
of S if ρ−(Q) [θ−(Q)] is a quasi-ideal of S.

Theorem 6.1. Let θ be a reflexive, transitive and complete compatible relation on
a semigroup S. If Q is a quasi-ideal of S, then Q is a generalized θ-lower rough
quasi-ideal of S.
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Proof. Let Q be a quasi-ideal of S. Now by Theorems 3.2 and 3.5, we get

θ−(Q)S ∩ Sθ−(Q) = θ−(Q)θ−(S) ∩ θ−(S)θ−(Q)
⊆ θ−(QS) ∩ θ−(SQ)
= θ−(QS ∩ SQ)
⊆ θ−(Q).

Thus we obtain that θ−(Q) is a quasi-ideal of S, that is, Q is a generalized θ-lower
rough quasi-ideal of S. �

Corollary 6.2. Let ρ be a complete congruence relation on a semigroup S. If Q is
a quasi-ideal of S, then Q is a ρ-lower rough quasi-ideal of S.

Proof. This follows from Theorems 2.1 and 2.3. �

Definition 6.3 ([2]). A nonempty subset Q of a semigroup S is called an (m,n)-
quasi-ideal of S if SmQ ∩QSn ⊆ Q.

A subset Q of a semigroup S is called a ρ-lower [generalized θ-lower] rough
(m,n)-quasi-ideal of S if ρ−(Q) [θ−(Q)] is an (m,n)-quasi-ideal of S.

Theorem 6.4. Let θ be a reflexive, transitive and complete compatible relation on
a semigroup S. If Q is an (m,n)-quasi-ideal of S, then Q is a generalized θ-lower
rough (m,n)-quasi-ideal of S.

Proof. Let Q be an (m,n)-quasi-ideal of S. Now by Theorems 3.2 and 3.5 and
Lemma 3.7(2), we get

Smθ−(Q) ∩ θ−(Q)Sn = (θ−(S))mθ−(Q) ∩ θ−(Q)(θ−(S))n

⊆ θ−(Sm)θ−(Q) ∩ θ−(Q)θ−(Sn)
⊆ θ−(SmQ) ∩ θ−(QSn)
= θ−(SmQ ∩QSn)
⊆ θ−(Q).

Thus we obtain that θ−(Q) is an (m,n)-quasi-ideal of S, that is, Q is a generalized
θ-lower rough (m,n)-quasi-ideal of S. �

Corollary 6.5. Let ρ be a complete congruence relation on a semigroup S. If Q is
an (m,n)-quasi-ideal of S, then Q is a ρ-lower rough (m,n)-quasi-ideal of S.

Proof. This follows from Theorems 2.1 and 2.3, and Lemma 2.6(2). �
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